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Abstract

Let D be a digraph, and let w: E(D) — {1,2,...} be a positive integer weight
assignment on the arcs of D. An arc e = (u,v) is called dominating if w(e) >
d?_D,w) (v), where d?raw) (v) denotes the weighted out-degree of v. We say (D, w)
is acyclic if every non-empty sub-digraph (D’,w) has a dominating arc. For a
graph G and a mapping f : V(G) — N, we say G is arc-weighted f-degenerate
if there is an arc-weighted orientation (D,w) of G (i.e., an orientation D of G
together with a positive integer weight assignment w) such that (D, w) is acyclic
and d?FDﬂu) (v) < f(v) for each vertex v. The arc-weighted degeneracy d,(G) of
G is the minimum d such that G is arc-weighted d-degenerate. Given an arc-
weighted acyclic orientation (D,w) of G with d?FDﬂU) (v) < f(v), there is not only
an easy algorithm that constructs an (L, M)-colouring of G for any (f + 1)-DP-
cover (L, M) of G, but also an easy winning strategy for the DP-(f + 1)-painting
game on GG. Moreover, arc-weighted f-degeneracy implies (f + 1)-Alon—Tarsi. As
an arc-weighted acyclic orientation (D, w) of G with w(e) =1 for all e is equivalent
to a (non-weighted) acyclic orientation of G, d,(G) is bounded from above by
the degeneracy d(G) of G. We observe that the difference d(G) — d(G) can be
arbitrarily large. Thus, d,,(G)+ 1 can provide a better upper bound than d(G) + 1
on its DP-paint number (and hence its DP-chromatic number, paint number and
choice number), as well as its Alon—Tarsi number. Thomassen’s proof of the 5-
choosability of planar graphs can be easily adapted to prove that all planar graphs
are arc-weighted 4-degenerate, implying that planar graphs are DP-5-paintable as
well as 5-Alon—Tarsi. As an extension of the characterization of degree-choosable
graphs, we prove that a connected graph G is arc-weighted (dg — 1)-degenerate
unless G is a GDP-tree. In particular, d,(G) < A(G) — 1 unless G is a complete
graph or a cycle. Then we prove that 3-connected non-complete planar graphs
are degree-truncated arc-weighted 14-degenerate, implying that such graphs have
degree-truncated DP-paint number at most 15. The previously known upper bound

for this parameter was 16.
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1 Introduction

For a graph G, an orientation D of G is a digraph obtained from G by replacing each
edge wv with an arc (u,v) or (v,u). A digraph D is acyclic if it contains no directed
cycles. Acyclic orientations of graphs are fundamental objects in graph theory and have
numerous applications.

Given a digraph D and a vertex v of D, N}, (v), N;(v) are the sets of out-neighbours
and in-neighbours of v, respectively. The out-degree of v is df,(v) = [N} (v)|, and the
in-degree of v is dp,(v) = |[Np(v)].

We denote by N the set of mappings f : V(G) - N ={0,1,...}. For f,g € N¥ and
a,b € N, af +bg € NY is defined as (af + bg)(v) = af(v) + bg(v). We write f < g if
f(v) < g(v) for all v € V(G). For brevity, for an integer k, we denote by k the constant
mapping in N¢ defined as k(v) = k for all vertices v. We denote by dg(v) the degree of
v, and use dg as a mapping in N,

Definition 1. For f € N9 we say G is f-degenerate if there is an acyclic orientation D
of G such that d}(v) < f(v) for each vertex v. The degeneracy d(G) is the minimum
integer k such that G is k-degenerate.

The number d(G) + 1 is called the colouring number of G (also called the strict degen-
eracy of G), and is an upper bound for many colouring parameters. We shall review the
definitions of those parameters in Section 2. Here, for an illustration of these relations,
we define list colouring and the choice number of a graph.

Definition 2. Let G be a graph. A list assignment of G is a mapping L which assigns
to each vertex v of G a set L(v) of permissible colours. Given a list assignment L of G,
an L-colouring of G is a mapping ¢ : V(G) — Uyev(e)L(v) such that for each vertex v,
#(v) € L(v) and for any edge e = uv of G, ¢(u) # ¢(v). For f € N9 an f-list assignment
of G is a list assignment L of G with |L(v)| > f(v) for each vertex v. We say G is
f-choosable if G is L-colourable for every f-list assignment L. The choice number ch(G)
of GG is the minimum k for which G is k-choosable.

Assume G is f-degenerate, D is an acyclic orientation of G with d},(v) < f(v) and L is
an (f + 1)-list assignment of G. Then, D induces an ordering vy, vy, . . ., v, of the vertices
of G such that an edge v;v; of G is oriented as (v;,v;) if and only if j < 4. Since v; has
only df (v;) neighbours v; with j < 4 and |L(v;)| = f(v;) + 1 > df,(v;), we can properly
colour the vertices of G greedily in the order vy, v, ..., v, with colours from their lists.
Therefore G is (f + 1)-choosable.

Definition 3. An arc-weighted orientation of a graph G is a pair (D, w), where D is an
orientation of G and w : E(D) — {1,2,...} is a mapping that assigns to each arc of D a
positive integer as its weight.

Given an arc-weighted orientation (D, w) of a graph G, for each vertex v, the weighted
out-degree and weighted in-degree of v are defined as

Tow(®) = Y wlwu), dpy= 3 w(wv).

uENzg(v) uEN (v)
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A natural problem is how to generalize the concept of acyclic orientation to arc-
weighted orientations, and provide better upper bounds for various colouring parameters.

An orientation D of G can be viewed as an arc-weighted orientation (D,w) with
w(e) = 1 for each arc e. A digraph D is acyclic if and only if every sub-digraph D’ has
a sink, i.e., a vertex v with d},(v) = 0. If D’ has at least one arc, then one of the arcs
e = (u,v) has its head v being a sink, and hence w(e) > d},(v). This motivates the
following definition of a dominating arc in an arc-weighted digraph.

Definition 4. Assume (D, w) is an arc-weighted digraph. An arc e = (u,v) is called
dominating if w(e) > dfj, (V).

An arc e = (u,v) with w(e) = 1 is dominating if and only if v is a sink. Thus one
can alternatively define acyclic digraphs (viewed as arc-weighted digraphs with each arc
of weight 1) as follows: A digraph D is acyclic if every non-empty sub-digraph D" of D
has a dominating arc. This leads to the following generalization of acyclic digraphs to
arc-weighted acyclic digraphs.

Definition 5. An arc-weighted digraph (D, w) is acyclic if, for every non-empty sub-
digraph D’ of D, (D', w) contains a dominating arc. We say that a graph G is arc-weighted
f-degenerate if G has an arc-weighted acyclic orientation (D, w) with dZ“DM)(v) < f(v) for
each vertex v.

We interpret a directed cycle C' in a digraph D as a “base” for “circulations of flow”
in D. In this sense, a directed cycle C' in D is not a directed cycle in (D, w) if it contains
a dominating arc e = (u,v): the flow of weight w(e) is “blocked” at the vertex v. So we
use the term acyclic for such an arc-weighted digraph (D, w). Some other generalizations
of acyclic orientation to arc-weighted orientation are discussed in Section 4.

Definition 6. The arc-weighted degeneracy d,(G) of G is the minimum integer k such
that G is arc-weighted k-degenerate.

Assume |E(D)| = m. Let Dy = D, and for i = 1,2,...,m, let ¢; = (z;,y;) be a
dominating arc in D;_; and D; = D; 1 — e;. We obtain an ordering e; = (z1,¥1), €2 =
(X2,Y2)s -+ -y €m = (T, Ym) of the arcs of D such that

w(€7/> > d?_Df{el,eg,...,ei,l},w)(yi) (1)

Conversely, if the arcs of D can be ordered this way, then every non-empty sub-digraph
D’ of D has a dominating arc (with respect to w). Thus, the existence of an ordering of
the arcs of D satisfying (1) is equivalent to (D, w) being acyclic.

We say (D, w) is minimal acyclic if w(e;) = d?rD_{elm ..... ey i) Flfori=1,2....m
in (1). Note that if (D, w) is acyclic, then there is a weighting function w’ such that w’ < w
and (D,w’) is minimal acyclic. For the purpose of deriving upper bounds for colouring
parameters, it suffices to consider minimal arc-weighted acyclic digraphs.

It follows from the definition that d,(G) < d(G) for any graph G. Figure 1 shows
that the Petersen graph P has d,(P) < 2, while d(P) = 3. We shall observe later that
the difference d(G) — d,,(G) can be arbitrarily large.
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Figure 1: An arc-weighted acyclic orientation of the Petersen graph, where w(e) = 1 for a
black arc and w(e) = 2 for ared arc. For each i, e; is a dominating arc in D—{ey,...,e;_1}.

The degeneracy d(G) gives an upper bound d(G) + 1 for many colouring parameters
of GG, including the DP-paint number and the Alon—Tarsi number of G. We shall show
that d,(G) 4+ 1 is also an upper bound for the DP-paint number and the Alon—Tarsi
number of GG. In the following, we prove that the arc-weighted f-degeneracy implies the
(f + 1)-choosability, and the proof illustrates the idea of finding a proper colouring via a
given arc-weighted acyclic orientation (D, w).

For a subset X of V(G), 1x is the characteristic function of X, defined as

1 (v) 1, ifvelX,
v) =
* 0, otherwise.

For simplicity, we write 1, for 1.
Lemma 7. If G is arc-weighted f-degenerate, then G is (f + 1)-choosable.

Proof. Assume G is arc-weighted f-degenerate, and L is an (f + 1)-list assignment of G.
We prove that GG is L-colourable. The proof is based on the induction of the number of
edges of G.

If E(G) = 0, then choosing any colour ¢(v) € L(v) for each vertex v gives an L-
colouring of G.

Assume |E(G)| > 1, and (D, w) is a minimal arc-weighted acyclic orientation of G
with dTD,m < f. Without loss of generality, we may assume that |L(v)| = f(v) +1 =
d?_D,w) (v) + 1 for each vertex v.

By definition, (D, w) has a dominating arc e = (z,y). Let G' = G — xy, let f' =
f—=(f(y)+1)1,, and let L’ be the list assignment of G obtained from L by deleting L(y)
from L(z), i.e., L'(z) = L(x) — L(y) and L'(v) = L(v) for v # x. Since |L(y)| = f(y) + 1,
we have |L'(z)| > |L(z)| — |L(y)| = f(z) +1— (f(y) + 1) = f'(x) + 1. Hence L' is an
(f"+ 1)-list assignment of G.

Let D' = D—{(z,y)}, and let w’ be the restriction of w to E(D’). Since e is dominating
and f(y) = d (), we have w(e) > f(y) + 1. Therefore,

dzrD/,wf)<x) = dzrp,w)@) —w(e) < f(z) = (f(y) +1) = f(x),
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and for every v # =z, dzrD, () < f(v) = f/(v). Thus dzrD, wy < f'. Moreover, (D', w')
is arc-weighted acyclic. According to the induction hypothesis, G’ has a L’-colouring ¢,

which is also an L-colouring of G. [

The proof of Lemma 7 gives an algorithm that finds an L-colouring of G via an
arc-weighted acyclic orientation (D, w) with déraw) (v) < |L(v)| for each vertex v. The
colouring procedure is to remove edges one by one, to obtain an empty graph G’ on the
same vertex set, and with each vertex having at least one colour available. Moreover, a
proper colouring of G’ using the available colours is also a proper colouring of G. It is
interesting to compare this colouring process with the greedy colouring process that is
used to derive a proper colouring through an acyclic orientation of G.

Let £ be the set of pairs (G, f), where G is a graph, and f € N%. For convenience, we
let (0, D) be a pair in £, which stands for the non-vertex graph (the term “empty graph”
is reserved for an edgeless graph). For f € Z% and a subset U of V(G), let f|U be the
restriction of f to U, and let f_y; : V(G)—U — Z be defined as f_y(z) = f(x)—|Ng(z)NU|
forx € V(G) —U and f_y = 0 if U = V(G). We write f_, for f_;,;, and when there is
no confusion, we may use f for f|U. For any u € V(G), Eg(u) is the set of edges incident
to u in G.

Given a pair (G, f) € £ and a vertex = of G, the vertez-deletion operation Del, on
(G, f) is defined as

Delz(G7 f) = (G -, f—m)

We say that operation Del, is legal for (G, f) if f_.(v) = 0 for v € V(G — z). It is easy
to see that a graph G is f-degenerate if, starting from (G, f), there is a sequence of legal
vertex-deletion operations that delete all vertices of G. We may view the move of deleting
a vertex z as colouring the vertex z: Originally, each vertex = has f(z) + 1 permissible
colours. Once x is coloured, each of its neighbours loses one permissible colour. The
legality condition ensures that no remaining vertex loses more colours than it can afford.
In the proof of Lemma 7, in removing the dominating arc e = (z,y), we remove all the
colours in L(y) from L(x). Formally, we define the operation of arc-deletion as follows:

Definition 8. Given (G, f) € L, if zy € E(G) and s > 0 is an integer, the arc-deletion
operation Del(, ) , is defined as

Del(r,y),s(Ga f) = (G/’ f/)?

where G/ = G — zy and

f(y) -5 ifv= )
flo)=9f@) =) +1-s), ifv=uz,
f(v), otherwise.

The operation Del(, ) , is legal for (G, f) if f(z) > f(y) + 1 — s and f(y) > s.

o
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For brevity, we write Del, ) for Del ) 0.

The motivation for this definition is as follows: Assume L is an (f + 1)-list assignment
of G. To delete the edge xy, we modify the lists at its two ends so that they become
disjoint. First we delete s colours from L(y) to obtain the list L'(y), and then delete
all colours in L'(y) from L(x) to obtain the list L'(x). For v # z,y, let L'(v) = L(v).
Since L'(z) N L'(y) = 0, every L'-colouring of G — zy is an L-colouring of G. The legality
conditions mean precisely that the two endpoints can afford these losses: y loses s colours,
while z is allowed to lose up to f(y) +1— s colours. Thus if G — zy is (f’ + 1)-choosable,
then G is (f + 1)-choosable.

We may recursively apply a sequence of arc-deletion operations to a pair (G, f) € £
Let

Q= DeI . Del(

xl yl xkzyk)zsk

be a sequence of arc-deletion operations. If k = 0, then 2 is the identity operation. If
k>1,let
Q/ = Del(gclvyl)’Sl -+ Del

(Th—1,Yk—1),8k—1"
We define
UG, f) = Q' (Dely . (G, ).
We say that Q is legal for (G, f) if Delw, 4,5, is legal for (G, f), and €' is legal for

Del(a, .y, s (G )
The followmg lemma gives an alternate definition of arc-weighted f-degeneracy. Given

a graph G, we denote by Gy the edgeless graph with V(Gy) = V(G).

)7sk

Lemma 9. A graph G is arc-weighted f-degenerate if and only if there is a sequence 2
of legal arc-deletion operations such that Q(G, f) = (G, fo) and fo = 0.

Proof. Assume G is arc-weighted f-degenerate and (D, w) is an arc-weighted acyclic ori-
entation of G with dzrD’w) < f. We prove by induction on the number of edges of GG
that there is a sequence €2 of legal arc-deletion operations such that Q(G, f) = (Go, fo)
and fy > 0. If G is edgeless, then there is nothing to prove. Otherwise, there is an arc
e = (u,v) such that w(e) > d/; ,(v) + L.

Let s = f(v) — d+D V), and let (G — e, f') = Del)s(G, f). 1t follows from the
definition that G — e is arc-weighted f’-degenerate. By the induction hypothesis, there is
a sequence (' of arc-deletion operations such that (G — e, f') = (G, fo) with fo > 0.
Let Q@ = Q'Dely,)s. Then Q is a sequence of legal moves such that Q(G, f) = (Go, fo)
with fo > 0

Conversely, assume that there is a sequence € of legal moves such that Q(G, f) =
(Go, fo) with fo > 0. We show by induction on } i g f(v) that there is an arc-
weighted acyclic orientation (D, w) of G with d*D (V) < f(v) for each vertex v. Again,
if G is edgeless, then there is nothing to prove. Assume that the first move is Del, ).,
Del(uw),s(G, f) = (G —uv, '), and Q(G, f) = UDely,.) (G, f) = (G —wv, f'). By
the induction hypothesis, there is an arc-weighted acyclic orientation (D', w’) of G — uw
such that dzrD, h(2) < f(z) for all z € V(G). We extend (D',w’) to an arc-weighted
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orientation (D, w) by adding the arc e = (u,v) with weight w(e) = f’(v)+1. Then (D, w)
is arc-weighted acyclic and dzraw) (x) < f(x) for each vertex x. O

The vertex-deletion operation has the same effect as a sequence of arc-deletion oper-
ations: Assume Ng(z) = {y1,¥2,...,yr}. Let s = f(x). Then Del, has the same effect
as

Del(y, z)Deliy,_yz) - - - Delgy, ) Deliy, )6

Note that after this sequence of operations, x becomes an isolated vertex, which can be
viewed as deleted. On the other hand, the arc-deletion operation is more flexible and will
lead to a better upper bound for many colouring parameters.

In Section 2, we define some colouring parameters, and prove that the arc-weighted
degeneracy plus one provides an upper bound for all these colouring parameters.

In Section 3, we adapt Thomassen’s proof to show that every planar graph is arc-
weighted 4-degenerate, and hence 5-DP-paintable and 5-AT.

In Section 4, we study the degree-truncated arc-weighted strict degeneracy of a graph.
We prove that every 3-connected non-complete planar graph has degree-truncated arc-
weighted strict degeneracy at most 15. This implies that every 3-connected non-complete
planar graph is degree-truncated 15-DP-colourable, and degree-truncated 15-AT, improv-
ing the previously known upper bounds on these parameters by 1.

In Section 5, we make some remarks and pose some open problems. In particular, we
compare arc-weighted degeneracy with weak degeneracy introduced by Bernshteyn and
Lee [3], and show that the difference d(G) — d,,(G) can be arbitrarily large.

2 f-Alon—Tarsi and f-DP-paintable graphs

For a graph G, d(G) + 1 is an upper bound for many colouring parameters, including the
DP-paint number and the Alon—Tarsi number of G. We shall show that d,,(G)+ 1 is also
an upper bound for its DP-paint number and Alon—Tarsi number.

In this section, we first review the definitions of some colouring parameters. Then we
prove that if a graph G is arc-weighted f-degenerate, then G is (f + 1)-Alon—Tarsi and
(f + 1)-DP-paintable.

For a graph G, let < be an arbitrary ordering of V(G) and let

Po(zp:veV(@) =[] (zu—m).

weE(G)u<v

For t € N%, let ca+ be the coefficient of the monomial Hvev(G) 21" in the expansion of

Pg. For f € NY we say that G is f-Alon—Tarsi (f-AT for short) if for some ¢ € N¢ with
t+1< f, cgr #0. The Alon—Tarsi number of G is defined as

AT(G) = min{k : G is k-AT}.

For a mapping ¢ : V(G) — N, let Pg(¢) be the evaluation of Pg at x, = ¢(v) for
v € V(G). Then Pg(¢) # 0 if and only if ¢ is a proper colouring of G, i.e., ¢p(u) # ¢(v)
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for each edge uv of G. Given a list assignment L of GG, finding a proper L-colouring of GG
is equivalent to finding a non-zero point of Fg in the grid X V(@) L(v). Combinatorial
Nullstellensatz [1] gives a sufficient condition for the existence of a non-zero point of a
polynomial f(zy,%,...,2,) in a grid Sy x Sa x ... x Sy: If [[I_, 2 is a highest degree
monomial of f, the coefficient of [}, z}* in the expansion of f is non-zero and t; < |S;|—1,
then f has a non-zero point in S} X Sg X ... x .S,. From this it follows that ch(G) < AT(G)
for every graph G.

Recently, Kozik and Podkanowicz introduced a polynomial for edge-weighted graphs.
Using this polynomial, they gave an alternative definition of the Alon—Tarsi number [17].

Let w € NP(©) be an integer weighting of the edges of G such that w(e) > 1 for each
edge e. Let

Pz, v e V(Q)) = H (z(€) — (@),

e=uveF u<v

For t € NY, let ¢(a,w),t be the coefficient of the monomial HveV(G) xf](v) in the expansion
of PG,w'

It is easy to see that Pg,, = Pg - g for some polynomial g. Hence, if ¢(g )+ # 0, then
there exists ¢’ € N¢ such that ¢ <t and cgy # 0. Thus we have the following lemma.

Lemma 10. A graph G is f-AT if and only if there exist a weighting w € NP of the
edges of G so that w(e) > 1 for each edge e, and t € NY such that cauwye 7 0 and
t+1<f.

Definition 11. An arc-weighted digraph (D, w) is called Eulerian if dérD,w) (v) =dp (V)
for each vertex v.

Assume (D, w) is an arc-weighted orientation of G. Let

E(D,w) = {H CE(D):(D[H],w) is an Eulerian weighted digraph},
Ee(D,w) {H € &(D,w) : |H]| is even},
E(Dyw) = {He€&(D,w):|H|is odd},

diff(D,w) = |E(D,w)| — |E(D,w)].

It is known [17] that
C(G,w),d+ - :i: diH(D, U)).

(D,w)

We say (D, w) is an arc-weighted AT-orientation of (G,w) if diff(D,w) # 0. If (D, w) is
an arc-weighted AT-orientation of (G, w) and w(e) = 1 for each edge e, then we say D is
an AT-orientation of G. Thus, we have the following lemma.

Lemma 12. For a graph G and f € N©, the following are equivalent:
1. G is f-AT.

2. G has an AT-orientation D with dj{) +1< f.
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3. G has an arc-weighted AT-orientation (D, w) with dZFD o PSS

Theorem 13. If G has an arc-weighted acyclic orientation (D, w), then G is (dzrD,w) +1)-
AT. So if G is arc-weighted f-degenerate, then G is (f +1)-AT.

Proof. For any non-empty sub-digraph D’ of D, (D’,w) has a dominating arc. Hence
(D', w) is not an arc-weighted Eulerian sub-digraph. Thus, (D,w) has only one arc-
weighted Eulerian sub-digraph, namely, the empty sub-digraph. Thus, diff(D,w) # 0,
and (D, w) is an arc-weighted AT-orientation of G. O

Next, we show that if G is arc-weighted f-degenerate, then G is (f + 1)-DP-paintable.
First we review the definition of DP-colouring, painting game, and DP-painting game.

Definition 14. A DP-cover of a graph G is a pair (L, M), where L is a mapping that
assigns to each vertex v a set L(v) of permissible colours such that L(v) N L(u) = 0 for
u#v,and M = {M, : e € E(GQ)}, where for each edge e = uv, M, is a matching between
L(u) and L(v). For f € N9 we say (L, M) is an f-DP-cover of G if |L(v)| > f(v) for
each vertex v € V(G).

Definition 15. Given a DP-cover (L, M) of a graph G, an (L, M)-colouring of G is a
mapping ¢ : V(G) = U,ey(q) L(v) such that for each vertex v € V(G), ¢(v) € L(v), and
for each edge e = uv € E(G), ¢(u)p(v) ¢ M. We say G is (L, M)-colourable if it has an
(L, M)-colouring.

For an (L, M)-colouring ¢ of G, we say the vertex v of G is coloured by the colour

¢(v).

Definition 16. Let G be a graph and f € N% We say G is f-DP-colourable if for
every f-DP-cover (L, M), G has an (L, M)-colouring. The DP-chromatic number of G is
defined as

Xpp(G) = min{k : G is k-DP-colourable}.

Given an f-list assignment L of a graph G, let (L', M) be the f-DP-cover of G induced
by L, where L'(v) = {(i,v) : ¢ € L(v)} for each vertex v of G, and M = {M,, : uv €
E(G)} is defined as

My, = {{(i,u)(i,v)} : i € L(u) N L(v)}
for each edge uv of G. It follows directly that G is L-colourable if and only if G is
(L', M)-colourable. Therefore if G is f-DP-colourable, then it is f-choosable, and hence
ch(G) < xpp(G). The proof of Lemma 7 can be easily adapted to prove the following
result:

Lemma 17. If G is arc-weighted f-degenerate, then G is (f + 1)-DP-colourable.

The DP-paint number xppp(G) is the online version of the DP-chromatic number, and
is defined through a two-player game [15].
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Definition 18. Given a DP-cover (L, M) of a graph G, a partial (L, M)-colouring of G
is a mapping ¢ : W — [J,cy () L(v) for a subset W of V(G) such that for each vertex
veW, ¢(v) € L(v), and for each edge e = uwv € E(G[W]), ¢p(u)p(v) ¢ M.. We say W is
the set of coloured vertices in this partial (L, M)-colouring.

Definition 19. For f € NY the f-DP-painting game on G is played by two players:
Lister and Painter. Initially each vertex v has f(v) tokens and is uncoloured.

In the ith round, Lister chooses a cover (L;, M;) of GG, and for each vertex v, removes
|L;(v)| tokens from v (thus |L;(v)]| is at most the number of remaining tokens of v). Painter
constructs a partial (L;, M;)-colouring h; of G that colours a subset X; of vertices of G.
The game ends either if all vertices of G are coloured, in which case Painter wins the
game, or some uncoloured vertex has no token left, in which case Lister wins. We say G
is f-DP-paintable if Painter has a winning strategy for this game. The DP-paint number
Xppp(G) of G is the minimum & such that G is k-DP-paintable.

If Lister chooses an f-DP-cover (L, M) in the first move, then Painter needs to respond
with an (L, M)-colouring of G (instead of a partial (L, M)-colouring of G), for otherwise,
Painter loses the game. So if G is f-DP-paintable, then G is f-DP-colourable, and the
converse does not hold.

In the definition of f-DP-painting game, if each cover (L;, M;) chosen by Lister is
required to satisfy the additional constraint that |L;(v)| < 1 for each vertex v, then the
game is called the f-painting game. This definition of the f-painting game is slightly
different from (but equivalent to) the standard formulation in the literature (see, e.g.,
[20]). We say G is f-paintable if Painter has a winning strategy in the f-painting game on
G, and the paint number x p(G) is the minimum & such that G is k-paintable. Equivalently,
in the ith round, Lister reveals a set U; = {v : |L;(v)| = 1} of uncoloured vertices, which
can be understood to be the set of vertices v whose lists contain colour . Painter chooses
an independent set X; of U;, and colours vertices of X; by the colour 7. In this sense, the
f-painting game on G is an online version of f-list colouring of G.

It follows from the definitions that for every graph G, ch(G) < xp(G) < xppp(G) and
xop(G) < xpep(G).

The following lemma from [15] can be viewed as an alternative definition of f-DP-
paintability and f-paintability.

Lemma 20. Let G be a graph and f € N¢. Then G is f-DP-paintable (respectively,
f-paintable) if and only if one of the following holds:
(1) V(G) =10.

(ii) For every g-DP-cover (L, M) of G with 0 # g < f (respectively, for every g-DP-
cover (L, M) of G with g(v) < min{l, f(v)} for each vertex v), there is a subset
X of V(Q), so that G[X] is (L, M)-colourable, and G — X is (f — g)-DP-paintable
(respectively, (f — g)-paintable).

Note that for a graph G to be f-DP-colourable, each vertex v has at least one colour,
i.e., f(v) = 1. In the DP-painting game, we consider DP-colouring of subgraphs of G.
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The mappings g, f involved in the description of the game may take the value 0 on some
vertices.

Lemma 21. Let G be a graph, f,g € N¢ and 0 # g < f + 1. If G is arc-weighted
f-degenerate, then there is a non-empty subset X of V(G) such that G| X] is arc-weighted
(9 — 1)-degenerate and G — X is arc-weighted (f — g)-degenerate.

Proof. The proof is by induction on 3° .y ) f(v).

Assume that G is arc-weighted f- degenerate If E(G) =0, then let X = {v: g(v) >
1}, and the conclusion holds.

Assume |E(G)| > 1, and (D, w) is a minimal arc-weighted acyclic orientation of G.
If there is a vertex z for which f(z) > d+D w)( r), then let f' = f — 14 and ¢’ =
max{0,g — 13} Then ¢ < f' + 1 and G is arc-weighted f’-degenerate. If ¢’ = 0,
then g = 1(;3. Let X = {x}. From the definition it follows that G[X] is arc-weighted
(g9 — 1)-degenerate and G — X is arc-weighted (f — g)-degenerate.

Otherwise, assume ¢’ # 0. By the induction hypothesis, there is a non-empty subset
X of V(G), such that G[X] is arc-weighted (¢’ — 1)-degenerate, and G — X is arc-weighted
(f" — ¢')-degenerate. Then G[X] is arc-weighted (g — 1)-degenerate, and G — X is arc-
weighted (f — g)-degenerate.

Assume f(z) = dz“D (@) for each vertex z. By definition, (D, w) has a dominating arc

= (z,y). As (D, w) is a minimal arc-weighted acyclic orientation, w(e) = d/;, ,,(y)+1 =

f(y)+ 1. Then G’ = G — e is arc-weighted f’-degenerate, where f' = f — (f(y) + 1)1y

Let ¢ € N be defined as ¢'(v) = g(v), except that

g'(z) = min{f'(z) + 1, max{0, g(x) — g(y)}}.

If ¢ =0, then g(x) < ¢g(y) and g(v) = 0 for v # x. But g(z) < g(y) = 0 implies that
g = 0, a contradiction. Thus ¢’ # 0. By the induction hypothesis, there is a non-empty
subset X of V(G'), so that G'[X] is arc-weighted (¢ — 1)-degenerate, and G' — X is
arc-weighted (f' — ¢')-degenerate.

Case 1z € X.

As G— X = G — X is arc-weighted (f' — ¢’)-degenerate, and (f —g)(v) = (f'—¢')(v)
for v € V(G — X), we conclude that G — X is arc-weighted (f — g)-degenerate. It remains
to show that G[X] is arc-weighted (g — 1)-degenerate.

If y ¢ X, then G[X] = G'[X] is arc-weighted (¢ — 1)-degenerate, and hence arc-
weighted (g — 1)-degenerate, since ¢'(v) < g(v) for every v € X.

Assume that y € X. As G'[X] is arc-weighted (¢’ — 1)-degenerate, and x € X, we have
g'(z) > 1. Hence ¢'(z) = min{f'(z) + 1,9(z) — g(y)} < g(z) — g(y). Let (D, w’) be an
arc-weighted acyclic orientation of G'[X| with d?D,,w,) < ¢ — 1. Let (D", w") be obtained
from (D', w’) by adding the arc e = (x,y) of weight w”(e) = g(y) = ¢'(y). Then

w”(e) = g,<y) = d?_D/’w/)(y) +1= d (D" W' ( )
and
d?D,,’w,,)(x) = dZFD,’w,)(:U) +w"(e) < ¢'(z) + g(y) < g(x).
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Hence, e is a dominating arc in (D", w”) and (D" — e, w”) = (D’,w"). Therefore (D", w")
is an arc-weighted acyclic orientation of G[X] with dzrD,w,,) < g — 1. Hence G[X] is
arc-weighted (g — 1)-degenerate.

Case 2 z ¢ X.

Then G[X] = G'[X] is arc-weighted (¢’ — 1)-degenerate, and ¢'(v) = g(v) for all
v € X. Hence G[X] is arc-weighted (g — 1)-degenerate. It remains to show that G — X
is arc-weighted (f — g)-degenerate.

As G' — X is arc-weighted (f' — ¢')-degenerate, we know that (f' — ¢')(z) > 0. So
g'(x) # f'(z) + 1 and hence

g'(z) = max{0, g(z) — g(y)} = g(x) — g(y).

This implies that (f" — ¢')(z) < (f(z) — (f(y) +1)) — (9(z) — 9(y)) < (f — g)(x) (note
that f(y)+1 > g(y)). If y € X, then G— X = G’ — X is arc-weighted (f — g)-degenerate.

Therefore, we assume that y ¢ X.

Let (D', w') be an arc-weighted acyclic orientation of G’ — X with dz“D,yw,) <(f'—9)
Let (D", w") be obtained from (D', w’) by adding the arc e = (z,y) of weight w”(e) =
f'ly)—d () +1= f(y) —g(y) + 1. Thus, (D”,w") is an arc-weighted acyclic orientation
of G — X. As d(D,/M/,)(:v) < (f =g )(x)+w"(e) < (f —g)(x), we have dzrD”,w“) < f—ug,
and hence G — X is arc-weighted (f — g)-degenerate.

This completes the proof of Lemma 21. O

Theorem 22. If G is arc-weighted f-degenerate, then G is (f + 1)-DP-paintable.

Proof. We prove this by induction on the number of vertices. If V(G) = (), then this
follows from the definition. Assume V(G) # ). Assume g € N and 0 # g < f + 1 and
(L, M) is a g-DP-cover of G. We shall show that there is a non-empty subset X of V(G)
such that G[X] is g-DP-colourable, and G — X is (f +1— g)-DP-paintable. By Lemma 21,
there is a non-empty subset X of V(G) such that G[X] is arc-weighted (g — 1)-degenerate,
and G — X is arc-weighted (f — g)-degenerate. According to Lemma 17, G[X] is g-DP-
colourable, and according to the induction hypothesis, G — X is (f + 1 — g)-DP-paintable.
By Lemma 20, G is (f + 1)-DP-paintable. O

3 Arc-weighted acyclic orientations of planar graphs

Thomassen [22] proved that every planar graph is 5-choosable. This result was strength-
ened in [9] to show that every planar graph is 5-DP-colourable. Hefetz [12] asked whether
every planar graph is 5-AT. The question remained open for a decade before being an-
swered affirmatively in [27]; two alternative proofs were subsequently given in [11] and
[17]. The proofs in [9, 11, 17, 27] are all parallel to Thomassen’s proof. This is not a
coincidence. The following result shows that Thomassen’s proof can be easily adapted to
show that every planar graph is arc-weighted 4-degenerate and hence 5-DP-paintable, as
well as 5-AT.
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Theorem 23. Assume G is a plane graph with boundary B(G) = [v1vy ... v,). Let

0, ifve {v,v},
fG,’Ulvz(U> = 27 ifU S B<G) - {Ulv U2};

. if v is an interior vertex.

o

Then G — vivy is arc-weighted fa ,,0,-degenerate.

Proof. The proof is by induction on |V (G)|. The case |V(G)| < 3 is trivial. Assume
|V(G)| = 4, and the theorem holds for graphs with fewer vertices. If B(G) has a chord
e = v;v; that separates G into two parts Gy, G, with vy, v, € V(Gy), then we apply the
induction hypothesis to obtain an arc-weighted acyclic orientation (D;,w;) of G — v1v9
with dZFthl)(v) < fay o (v) and an arc-weighted acyclic orientation (Da, ws) of Gy —v;v;
with dp, 4,1 (V) < fGs,000;(0)-

Now we show that (D, w) = (D;UDs, w; Uws) is an arc-weighted acyclic orientation of
G —v1v9 with dZLDjw)(v) < faow, (V). We extend fg, vy0, to V(G) by letting fo, v,0,(v) =0
for v € V(G) — V(G1), and extend fg, v, to V(G) similarly. Then fa, viv, + faomw; <
fevrvs- S0 A (V) < G010, (v) for each vertex v of G.

For any non-empty sub-digraph D’ of D, if E(D')N E(D;) # 0, then since (D1, w,) is
acyclic, there is an arc e = (z,y) € E(D')N E(D;) that is dominating in (D' N Dy, w). As
the arcs in Dy do not increase the out-degree of y, e is also a dominating arc for D’. If
E(D')N E(D;) = 0, then there is an arc e = (z,y) € E(D’) N E(Dy) that is a dominating
arc in (D' N Dy, w), which is also a dominating arc in (D', w).

Assume B(G) has no chord. Let G' = G — v,. Let uj,us,...,u; be the interior
neighbours of v,,. By the induction hypothesis, there is an arc-weighted acyclic orientation
(D', w') of G' — vyve with d?FD,’w,)(v) < far o (v) for all v € V(G'). We extend D' to an
arc-weighted orientation (D, w) of G, by adding arcs (v, v1), (s, v,—1) of weight 1, and
arcs (u;,vy,) for i =1,2,... k of weight 2.

It follows from the definition that dzrD@) (v) < fame(v) for all v € V(G). Now we
show that (D, w) is an arc-weighted acyclic orientation of G—wvjvy. Let D’ be a non-empty
sub-digraph of D. We show that (D', w) has a dominating arc.

1. If (v,,v1) € E(D'), then (v,,v;) is a dominating arc in (D', w).
2. Otherwise, if (u;,v,) € E(D’) for some i, then (u;, v,,) is a dominating arc in (D', w).

3. Otherwise, if E(D') —{(vn,vn-1)} # 0, then (D' — {(vpn, v—1)}, w) has a dominating
arc by the induction hypothesis, which is also a dominating arc in (D', w).

4. Otherwise, (v,,v,_1) is a dominating arc of D’. O

4 Degree-truncated arc-weighted strict degeneracy

A graph G is called degree-choosable (respectively, degree-DP-colourable) if G is dg-
choosable (respectively, dg-DP-colourable).
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The class of degree-choosable graphs was characterized in [5, 10]: A connected graph
G is not degree-choosable if and only if it is a Gallai-tree, i.e., each block of G is either a
clique or an odd cycle (a block of G is a maximal 2-connected subgraph of G). The class
of degree-DP-colourable graphs was characterized in [2, 16]: A connected graph G is not
degree-DP-colourable if and only if it is a GDP-tree, i.e., each block of G is either a clique
or a cycle.

Lemma 24 below characterizes arc-weighted (dg — 1)-degenerate graphs.

Lemma 24. A connected graph G is not arc-weighted (dg — 1)-degenerate if and only if
G s a GDP-tree.

Proof. If G is a GDP-tree, then G is not degree-DP-colourable, and hence it is not arc-
weighted (dg — 1)-degenerate.

Assume that G is a connected graph and is not a GDP-tree. Then G has a block
B that is neither a cycle nor a complete graph. We claim that B has an induced theta
subgraph H, i.e., three internally disjoint paths connecting two vertices. Indeed, if B
is chordal, since B is not complete, B contains at least two maximal cliques. As B is
2-connected, the two maximal cliques have at least two common vertices. Choosing two
vertices in their intersection and one vertex from each clique outside the intersection gives
H. If B is not chordal, then B has an induced cycle C' of length at least 4. If there is a
vertex v € V(B) — V(C') adjacent to at least three vertices of C, then v together with a
segment of C' induces a theta graph. Otherwise, there is an induced path P connecting
two vertices of C, whose interior vertices are disjoint from C and not adjacent to the
vertices in C. Then P U C' is again an induced theta graph.

Let H be an induced theta graph, and let e = uv be an edge of H with dy(u) = 3 and
dy(v) = 2. Then H has an acyclic orientation D’ in which v is the unique source and u is
the unique sink. Reverse the direction of the edge uv as an arc (u, v) of weight 2, we obtain
an arc-weighted digraph (D, w) (other arcs of D are of weight 1). For any non-empty sub-
digraph D" of D, either (u,v) € E(D") and hence is a dominating arc in (D", w) or D"
has an arc (z,y) with y being a sink and hence is a dominating arc. So (D, w) is acyclic
and dELD,w) (x) < dg(x)—1 for each vertex x. Let D” be an acyclic orientation of G— E(H)
such that the vertices of H are the only sources. Such an orientation exists, for example,
by ordering the vertices so that every vertex in V(G) — V(H) has a neighbor preceding it
and all vertices of H come first and then orienting every edge from the earlier endpoint to
the later endpoint. Then (DU D", w) (with all other arcs of weight 1) is acyclic and each

vertex x has d?’DUD,, (@) < dg(x) — 1. Thus, G is arc-weighted (dg — 1)-degenerate. [

Definition 25. Let G be a graph, and k be a positive integer. Let

¢r(v) = min{k, dg(v)}.

If G is ¢p-choosable, then we say G is degree-truncated k-choosable. The degree-truncated
choice number of G is

ch*(G) = min{k : G is degree-truncated k-choosable},
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and for a family G of graphs,
ch®(G) = max{ch*(G) : G € G}.

If G is not degree-choosable, then G is not degree-truncated k-choosable for any k.
Thus, the degree-truncated choice number of Gallai-trees is not defined. For connected
graphs G other than Gallai-trees, Chd(G) is well-defined and is at most the maximum
degree of G.

Problems concerning the degree-truncated choice number of planar graphs were first
considered by Bruce Richter (see [13]). For any positive integer k, the complete bipartite
graph K j2 is planar, not a Gallai-tree, and not degree-truncated k-choosable. Thus there
is no constant upper bound on the degree-truncated choice number of planar graphs that
are not Gallai-trees.

Let P be the family of 3-connected non-complete planar graphs. Richter [13] asked
whether ch®(P) < 6.

Richter’s question has attracted some attention [7, 13] and has remained open for
a decade. It also remained open whether there is a constant upper bound for ché(P).
Recently, a negative answer was given in [26], where a graph G € P with ch®(G) = 8 was
constructed. In [26] it was also proved that ch®(P) < 16. These results were improved
in [14] and [23]. In [23], a graph G € P with ch®*(G) = 10 was given, and it was also
proved in [23] that ch®(P) < 11. So ch®(P) = 10 or 11, and it was conjectured in [23]
that ch®(P) = 10.

We generalize this concept to the degree-truncated arc-weighted strict degeneracy of
graphs.

Definition 26. Let G be a graph, and k be a positive integer. Let ¢x(v) = min{k, da(v)}.
If G is arc-weighted (¢ — 1)-degenerate, then we say G is degree-truncated arc-weighted
strict k-degenerate. The degree-truncated arc-weighted strict degeneracy of GG is defined
as

sd? (G) = min{k : G is arc-weighted (¢, — 1)-degenerate}.
For a family G of graphs,
sd? (G) = max{sd? (G) : G € G}.

Given a graph G, the degree-truncated DP-chromatic number x&5(G) of G, the degree-
truncated DP-paint number x$,5(G) of G, the degree-truncated paint number x%(G) of
G and the degree-truncated AT number AT(G) of G are defined similarly. For a family
G of graphs, x&p(G), X&pp(G), X5(G), and AT4(G) are the maximum of the corresponding
parameters for the graphs in G. It follows from Theorems 13 and 22 that for any family
G of graphs,

Xop(9) < Xppp(9) < 5dy,(G), and x5(G) < ATH(G) < sy, (G).
In [26] it was proved that x$p(P) < 16. Theorem 27 below implies that
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Theorem 27. For the family P of 3-connected non-complete planar graphs, we have
sd? (P) < 15.

Proof. Assume that the theorem is not true and G is a counterexample with minimal
number of vertices and subject to this, with maximum number of edges.
Let
Vi={veV(Q):ds(v) <15} and Vo = {v € V(G) : dg(v) > 15}.

Let ¢(v) = min{15, dg(v)}.

If Vo = 0, then ¢ = dg. Since a 3-connected non-complete graph is not a GDP-tree,
Lemma 24 implies that G is arc-weighted (¢ — 1)-degenerate. Hence, we may assume that
Vy # 0.

Let Q be the set of connected components of G[V;]. For each ) € Q, let 6 be the
face of G[V3] that contains @), and let V' (6g) denote the set of vertices on the boundary of
g. Note that G[V5] need not be connected, and hence G[V (6g)] need not be connected.

Note that any two vertices u, v of V5 on the boundary of a same face of GG are adjacent,
for otherwise adding the edge uv is a counterexample to Theorem 27 with more edges
than G, in contradiction to the choice of G.

As G is 3-connected, this implies that each face 6 of G[V5] contains at most one
connected component of G[V;]. So the faces g, Q) € Q, are pairwise distinct. Also every
vertex v of V(0g) has a neighbor in @, for otherwise, by adding an edge joining the two
neighbors of v in V(fg) results in a counterexample with more edges.

Given a non-empty plane graph X, let ©(X) be the bipartite graph with partite sets
V(X) and F(X) (the set of faces of X) in which vf is an edge if and only if v € V(0),
i.e., v is on the boundary of 6.

An acyclic orientation of a graph H with exactly one source and one sink is called a
bipolar orientation of H. Tt is well-known [8, 18] that for a 2-connected plane graph H
and two adjacent vertices u, v on the boundary of the infinite face of H, there is a bipolar
orientation D such that

1. w is the unique source, v is the unique sink, and

2. for each face 6 of H, the induced sub-digraph D[V (#)] also has a unique source sy
and a unique sink ¢y, and

3. for each vertex w € V(H) — {u, v}, there are exactly two faces 6 incident to w such
that w ¢ {sg,tg}.

Lemma 28. Assume H is a non-empty plane graph and uv is an edge on the boundary
of the infinite face of H. There exists, for each face 0, a subset Py (0) of V(0) such that
the following hold:

1. For each finite face 0 € F(H), |Py(0)] = |V(0)| — 2, and for the infinite face 6%,
Py (0*) =V (60%).

2. Fach vertex in {u,v} is contained only in Py (0*), and each other vertex of H is
contained in at most two of the sets {Py(0) : 0 € F(H)}.
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3. If vi,vy € V(0) — Py (0), then there is a cycle C in H containing vy and vy such
that 0 is contained in the interior of C.

Proof. If H is 2-connected, then let D be a bipolar orientation of H with u be the unique
source and v be the unique sink. For each interior face 6 of H, let Py (0) = V(0) —{sg, to}
and for the infinite face 6* of H, let Py (6*) = V(6*). Then each of u, v is contained only
in Py(0*), and each vertex w # w,v of H is contained in exactly two Pg(f#) for which
w € V(0) and w & {sg, g}

If H is connected but not 2-connected, then let By, B, ..., By be the blocks of H.
Assume uv is a boundary edge of By. For each i > 2, let u;v; be a boundary edge of B;
such that w; is the cut-vertex of H contained in B; along the shortest path from B; to Bj.
For each i, for each face 6 € F(B;), let Pg,(6) be defined as above.

Then for each face 6 of H, there is a subset Iy of {1,2,...,k} such that 6 is the
intersection NM;er,0;, where 0; is a face of B;. Hence V' (0) = U,V (60;). If 6 is the infinite
face of H, then each 6; is the infinite face of B;, and we define Py () = V (#). Otherwise,
there is a unique index j € Iy such that 60, is a finite face of B;. In this case, define

P (0) = V(0) \ (V(6;) \ Ps,(0;)) = V(0) \ {sq,, 10, }.

We verify that these sets have the desired properties. Property (1) follows immediately
from the definition. For property (2), for a vertex « ¢ {u, v}, let B, be the block containing
x that is closest to By. If x is a non-cut vertex, then x is contained in no other block. If
x is a cut-vertex, then in every other block B; containing z, the vertex x is the unique
source and is not contained in Pp,(#") for any finite face 6’ of B;. Hence

{Py(0): 0 € F(H),z € Py(0)}| = |{Py,(0) : 0 € F(B,),x € Py, (0)} <2.

If uw or v is a cut vertex, then it is respectively the source or sink in By and is the unique
source in every other block containing it. Thus u and v belong only to Py (6*). Finally,
for each finite face 6, V/(6) \ Pr(0) = {se,,ts,}. The boundary cycle of 6; contains these
two vertices and encloses #, proving property (3).

If H is not connected, then let Jy, ..., Ji be the connected components of H. Similarly,
for each face 6 of H, there is a subset Iy of {1,2,...,k} such that § = N;cp,0; and
V(0) = Uier,V(0;), where 6; is a face of J;. If 0 is the infinite face of H, then 0; is the
infinite face of J; for each i € Iy. Otherwise, there is exactly one index j € Iy such that
6, is a finite face of J;. Let Py(6) = Uy, Py, (6;). 1t is easy to verify that Py (6) satisfies
(1), (2) and (3). m

We apply Lemma 28 to G[V5]. For Q € Q, vertices in Pgpy,)(fg) are protectors of @,
and vertices in V(0g) — Pap,)(0g) are non-protectors of Q). Thus each component @ € Q
has at most two non-protectors, and each vertex v € V5 is a protector of at most two
components of Q.

Lemma 29. For each component () € Q, there is a leaf-block B of () such that B contains
a non-root vertex adjacent to a protector of Q).
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Proof. Assume to the contrary that no protector of () is adjacent to a non-root vertex of
a leaf-block of Q).

First, note that () has at least two leaf-blocks. Otherwise, @) itself is a leaf-block, and
every vertex of () is a non-root vertex. Recall that every vertex of V(6g) is adjacent to
some vertex of B. Thus at least one protector in V' (6g) is adjacent to (), which contradicts
the assumption.

Let B, and B, be two leaf-blocks of ). By the assumption, we have Ng,(U(B;)) €
{v1,v9} for i = 1,2, where U(B;) is the set V(B;) with its unique cut vertex removed,
and vy, vy are the two non-protectors of @ (if they exist).

If Nepy)(U(B;)) = {v1,v2} for i = 1,2, then there is a cycle C' contained in {vy,v2} U
U(B;) UU(By) such that all vertices of @ — C' lie in the interior of C, while all vertices
of V(0g) — {v1,v2} lie in the exterior of C. Hence no vertex of V(6g) — {v1,v2} can be
adjacent to U(B;) U U(Bs), contradicting the fact that every vertex of V() is adjacent
to some vertex of Q.

Therefore, without loss of generality, assume that vy ¢ Ng(U(B)). Let  be the root
of B;. Since no protector of @ is adjacent to a vertex of U(Bj;) and vy, vy are the only
non-protectors of @), we have Ng(U(B1)) \ U(B;) C {z,v1}. Since @ has another leaf
block, the set {z, v, } separates U(By) from the rest of G, contradicting the 3-connectivity
of G. O

For each @) € Q, choose a non-root vertex vg of a leaf block of () such that
1. vg is adjacent to a protector of Q.
2. Subject to (1), the number of non-protectors adjacent to vg is minimum.

For each ) € Q, we now describe how to orient the edges inside () and the edges
between () and V5.

Assume that ) is not a GDP-tree. Take an arc-weighted acyclic orientation (Dg, wq)
of @ given by Lemma 24, such that dZFDQ’wQ)(v) < dg(v) — 1 for every vertex v € V(Q).
Orient all edges between () and V5 from @ to V5 with weight 1.

Assume that @) is a GDP-tree. Note that dg(vg) < 3 and if dg(vg) = 3, then the
leaf-block of ) containing vg is a copy of K. We consider two cases. Arcs defined below

have weight 1, unless it is specified otherwise.

Case 1 dg(vg) < 2, or dg(vg) = 3 and v is adjacent to at most one non-protector of Q.

In this case, we orient edges in () so that it is acyclic with vg as the unique source,
orient all edges between ) and V5 as arcs from () to V5, except that if v is a protector of
() adjacent to vg, then the edge vvg is oriented as an arc (v, vg) of weight 5.

Case 2 dg(vg) = 3 and vg is adjacent to two non-protectors of Q).

In this case, the leaf-block B of ) containing vg is a copy of K4, and by Lemma 28,
there is a cycle C' contained in V(6g) containing the two non-protectors of @), and @ is
contained in the interior of C. Then B has one vertex ug that is contained in the interior
of the triangle 7" induced by the other three vertices of B. Note that since vg is adjacent
to the two non-protectors in C, vg # uq.
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If ug is the root of B (and hence a cut-vertex of ()), then there is another leaf-block
B’ contained in the interior of T'. Then a non-root vertex v’ of B’ is adjacent to a vertex
of V5. As the two non-protectors of @) lie in the exterior of 7', v is not adjacent to any
non-protector of (). Hence v’ is adjacent to a protector of (). This contradicts the choice
of vg. Thus ug is a non-root vertex of B. If ug is adjacent to some vertex of V5, then ug
is adjacent to a protector of (), but not adjacent to any non-protector of ). Again this
contradicts the choice of vg. Thus ug is not adjacent to any vertex of V,. We orient all
edges between () and V5 as arcs from @) to V5, except that if v is a protector of ) adjacent
to vg, then the edge vug is oriented as an arc (v,vg) of weight 5. Orient edges in @ so
that it is acyclic with vg as the unique source, and with ug be a sink.

After this process has been completed for all ) € Q, we obtain an arc-weighted
orientation (D', w’) of G — E(G[V3]). Let (D”,w") be an arc-weighted acyclic orientation
of G[V3] with dzrD//’w/,)(v) < 4 for each vertex v € V5. By Theorem 23, such an orientation
exists. Let (D,w) = (D/,w") U (D", w"). Now we show that (D,w) is an arc-weighted
acyclic orientation and dzraw)(v) < ¢(v) — 1 for each vertex v.

First, we check the out-degree of the vertices of D. If @) is not a GDP-tree, then for
every v € V(Q), d?_D,w)(U) < dzrDQMQ)(v) +dg(v) —dg(v) < dg(v)—1. If Q is a GDP-tree,
then all outgoing arcs of a vertex v € V(Q) have weight 1, and every such vertex has an
incoming arc. Hence dzraw)(v) < dg(v) — 1. For v € Vj, an edge vw with w € V; is an
out-going arc of v if and only if w = vg for some ) € Q such that v is a protector of
(). As v is a protector of at most two components ) € Q, and each such arc (v,vg) has
weight 5, we know that such arcs contribute at most 10 to d, ,\(v). As d{p 0 (v) < 4,
we conclude that dj, ,(v) < 14 = ¢(v) — 1.

We now show that (D, w) is arc-weighted acyclic. Let H be an arbitrary non-empty
subdigraph of D. For each @ € Q, let Eg be the set of arcs of D incident with a vertex
of ), and let

Ou={Q € Q: E(H)NEg#0}.

We prove by induction on |Qp| that H contains a dominating arc.

If Qy = (0, then H is a non-empty subdigraph of D", and hence contains a dominating
arc. Now assume that Qg # (), and choose Q € Qp.

First suppose that @) is not a GDP-tree. If H — E( is non-empty, then, by induction,
H — Eq contains a dominating arc. Since all arcs between ) and V, are directed from @)
to Vs, restoring the arcs in Fg does not increase the out-degree of the head of this arc.
Hence it remains dominating in H. If H — Eg is empty, then either H contains an arc
from @ to V5, which is dominating since its head is a sink in H, or H is a non-empty
subdigraph of (Dg,wg) and hence contains a dominating arc.

It remains to consider the case that ) is a GDP-tree. If () is oriented as in Case 2
and H contains an arc incident with ug, then this arc is dominating, since every such arc
is directed into ug and ug has no neighbour in V5.

Otherwise, suppose that H contains an arc (v,vq), where v is a protector of ). In
Case 1, we have der’w) (vg) < 4. The same inequality holds in Case 2, since the arc
between vg and ug is not present in H. Therefore, (v, vq) is dominating, as w((v,vg)) =
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5> d?_H,w)(UQ).

Finally, suppose that neither of the preceding cases applies. If H — Eg is non-empty,
then it contains a dominating arc by induction. Since H contains no arc from a protector
of  to vg, every arc of H N Eg between () and V5, is directed from @ to Va. Thus
restoring Eg does not increase the out-degree of the head of the dominating arc, so it
remains dominating in H.

If H — Eg is empty, then either H contains an arc from () to V5, whose head is a sink
in H, or H is contained in the acyclic orientation of Q). In the latter case, an arc incident
with a sink of H is dominating. Thus, in every case, H contains a dominating arc.

This completes the proof of Theorem 27. O]

A graph H is a minor of a graph G if a copy of H can be obtained from G by deleting
vertices and edges and contracting edges. A family G of graphs is minor-closed it G € G
and H is a minor of G implies that H € G. If G is minor-closed and does not contain
all the graphs, then G is proper minor-closed. It was proved in [26] that if G is a proper
minor-closed family of graphs, and G € G is highly connected and non-complete, then
ch®(G) < k for some constant k. Theorem 30 strengthens this result to arc-weighted strict
degeneracy. The proof uses a similar idea as in the proof of Theorem 27, and is parallel
to the proof of Theorem 5 in [26].

Theorem 30. Assume G is a proper minor-closed family of graphs. Let s be the minimum
integer such that Ksy ¢ G for some positive integer t. Then there is a constant k = k(s)
such that every s-connected graph in G which is not a GDP-tree is degree-truncated arc-
weighted strict k-degenerate. In particular, for any surface 32, there is a constant k such
that every 3-connected non-complete graph embedded in 3. is degree-truncated arc-weighted
strict k-degenerate.

Proof. First we note that for any proper minor-closed family G of graphs, there exist
positive integers s,t such that the complete bipartite graph K, ¢ G. This is so, because
there is a complete graph K ¢ G (for otherwise K, € G for all s and hence every graph
is in G and G is not proper), and K is a minor of K. So the integer s as described in
the theorem is well-defined.

Let ¢ be the minimum integer such that K,; ¢ G. Let

q= 4$+18!St(8 +t— 1) + 17 and k = 25+2tq.

Let
f(v) =min{k — 1,dg(v) — 1}.

We prove that G is arc-weighted f-degenerate by using the alternate definition of arc-
weighted f-degeneracy given in Lemma 9. For simplicity, we also use the vertex-deletion
operation (recall that Del, can be realized by a sequence of arc-deletion operations, as
described in Section 1). Thus we shall apply the two operations: arc-deletion and vertex-
deletion to (G, f) to obtain a no-vertex graph.
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If s = 1, then graphs in G have maximum degree at most t — 1. For G € G which
is not a GDP-tree, GG is arc-weighted (dg — 1)-degenerate, and hence degree-truncated
arc-weighted (k — 1)-degenerate. Assume s > 2.

Let Vi = {v € V(G) : d(v) < k} and V, = V(G) — V4. Let p = |V;|. Using the fact
that G is K, ;-minor-free, we can show that G is (2572t — 1)-degenerate.

The following two lemmas, proved in [21], are needed in the proof.

Lemma 31. Every non-empty graph G with at least 2°T1t|V(G)| edges has a K -minor.

Lemma 32. If G is a bipartite graph with partite sets A and B, and with at least (s —
1)|A| + 45T1slt| B edges, then G has a K, ;-minor.

The following is a consequence of Lemma 32.

Corollary 33. Assume G is a bipartite graph with partite sets A and B, and each vertex
in A has degree at least s. If G has no K,;-minor, then |E(G)| < 4°T'slst|B| and
consequently, B has a vertex v of degree at most 457 1slst.

Proof. Assume G has no K ;-minor. By Lemma 32, |F(G)| < (s — 1)|A] +4°1s!t|B|. So
|E(G)] — (s — 1)|A] < 45T1sl¢|B.

As each vertex in A has degree at least s, we have |E(G)| > s|A|, which implies that
E(G)] — (s — V|A] > |E(G)| — =L|E(G)| = |E(G)|/s. Therefore |E(G)] < s(|E(G)| —
(s — 1)]|4]) < 45 slst|B|. O

It follows from Lemma 31 that each subgraph of G has minimum degree at most
25%2¢ — 1, that is, G is (2572t — 1)-degenerate. Hence the vertices of V3 can be ordered as
Wy, Wa, . .., w, so that each w; has at most 2572t — 1 neighbors w; with j < i.

We process the vertices of V5 in the order wy,ws,...,w,. When processing w;, for
each neighbor w; of w; with j > i, we apply the arc-deletion operation

Del(w; wy), fwi)—g+15

where f(w;) denotes the current value of f at the time the operation is applied. Proceeding
in this way for i = 1,2,...,p, all edges of G[V3] are deleted. The choice of k and the fact
that G is (2572t — 1)-degenerate guarantee that all these operations are legal. Let (G, f’)
be the resulting pair. Then V3 is an independent set in G’ and f’'(w;) > g — 1 for every
w; € Vé

We contract each connected component () of G'[V4] into a vertex vg. Denote the
resulting bipartite graph by H. By Corollary 33, there exists an ordering wuy, us, ..., u,
of the vertices of V5 such that, for each i, the vertex u; has degree at most 4°*1s!st in
H— {ui+1, PN ,Up}.

We process the vertices of V5 one by one in the order u;,us, ..., u,. Denote by X the
set of deleted vertices. Initially X = (). In the process, deleted vertices are added to X.
So X is a dynamic set, whose size increases in the process.

To process u;, we do the following:
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e For each connected component @ of G[V;] that is a GDP-tree, delete vertices of @
that are not adjacent to any vertex of V5 in G — X and that are not cut-vertices of

Q- X.

e For each connected component @) of G[V;] that is a GDP-tree and for which u; is the
last vertex in the ordering u, us, . .., u, having a neighbour in ), choose a non-root
vertex w of a leaf block of ) — X. As w is not a cut-vertex of () — X, w is adjacent
to u;. Apply the operation Del(,, ).

e Delete vertex u;.

It can be shown that all these operations are legal. Denote by (G”, f”) the resulting
pair after all vertices of V, are processed (note that all vertices of V5 are deleted).

Assume that @ is a connected component of G[V;] which is not a GDP-tree. No vertex
of @ is deleted during the processing of V5. Hence, f”(z) = dg(z) — 1 for every z € V(Q).

Since () is connected and is not a GDP-tree, Lemma 24 implies that @) is arc-weighted
(dg —1)-degenerate. Therefore, Q) is arc-weighted f”|y(o)-degenerate. By Lemma 9, there
is a sequence of legal arc-deletion operations which transforms (Q, f”|v(g)) into an edgeless
pair (Qo, g) with g > 0. All vertices of )y are isolated and hence can subsequently be
deleted legally by vertex-deletion operations.

Assume @) is a connected component of G[V;] and a GDP-tree. The graph @ — X is
connected and contains a vertex w such that f”(w) > dg_x(w), while f"(x) > dg_x(x)—1
for every other vertex = € V(Q — X). By repeatedly deleting a leaf of a spanning tree of
@ — X rooted at w, and deleting w last, all vertices can be deleted legally, as the required
inequalities are preserved after each deletion. O

5 Some remarks and questions

As a generalization of degeneracy, Bernshteyn and Lee [3] introduced the concept of weak
degeneracy.

A graph G is f-degenerate if starting with the pair (G, f), we can apply legal vertex-
deletion operations recursively to delete all vertices. Assume that each vertex x has a set
L(z) of f(x)+1 acceptable colours. The vertex-deletion operation Del, is interpreted as x
being coloured and each of its neighbours y losing one permissible colour. Thus applying
Del, to (G, f) results in (G — x, f'), where f" = f — 1y,@). The operation Del, is legal if
f=0.

For the definition of weak degeneracy, another operation is used, called delete-save
operation. This operation is defined as follows:

Definition 34. Assume (G, f) € £, 2 € V(G) and y € Ng(x). The delete-save operation
Del-Save(, ) on (G, f) is defined as

Del-Save(, (G, f) = (G — =, f_» + 1,).
The operation Del-Save, ) is legal for (G, f) if f-, + 1, > 0 and f(x) > f(y).
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Assume that L is a list assignment of G with |L(v)] = f(v) + 1 for each vertex
v. The delete-save operation Del-Save(, ,) means that we colour vertex x with a colour
in L(xz) — L(y), and hence z is deleted, and each uncoloured neighbour of x loses one
permissible colour, however, y does not lose any colour. For = to be coloured in this way,
the set L(x) — L(y) needs to be non-empty. Thus, the operation is legal if f(z) > f(y).

We say that G is weak f-degenerate if there is a sequence €2 of legal vertex-deletion
and delete-save operations such that Q(G, f) = (0, f'), where ) is a non-vertex graph and
f =0.

Observe that Del-Save(, ,y applied to (G, f) has the same effect as Del,Del(,,, applied
to (G, f). Therefore, if G is weak f-degenerate, then it is arc-weighted f-degenerate.
The following lemma shows that weak f-degeneracy corresponds to a special type of
arc-weighted acyclic orientation.

Lemma 35. A graph G is weak f-degenerate if and only if there is an arc-weighted
orientation (D, w) such that dELD w0 (V) < f(v) for each vertez v, and for each sub-digraph
D' of D, either D' has a sink, or (D', w) has a dominating arc (u,v) such that u is a sink

in D" — (u,v).

Proof. We prove the lemma by induction on the number of vertices of G. The case
|[V(G)| =1 is trivial. Assume |V (G)| > 2.

?=". Assume that G is weak f-degenerate. Then G has a vertex z such that
Del.(G, f) = (G — z, f') and G — z is weak f’-degenerate, or there is an arc (x,y) such
that Del-Save(, v (G, f) = (G — z, f') and G — x is weak f’-degenerate.

According to the induction hypothesis, G — z has an arc-weighted orientation (D', w’)
that satisfies the required conditions. If Del,.(G, f) = (G — z, f'), then extend (D', w’)
to an orientation (D,w) of G by orienting every edge zz as the arc (z,z) of weight
1. Then df}, , (2) = dlp n(2) +1 < f'(2) +1 = [(z) for every 2 € Ng(x), while
d?_DﬂU) () =0< f(z), and d?—D,w) (v) = dZLD',w/)(U) < f'(v) = f(v) for every other vertex v.
Every sub-digraph of D containing x has x as a sink, while the condition for every other
sub-digraph follows from the induction hypothesis.

If Del-Save(, (G, f) = (G — z, f'), then extend (D', w’) to (D,w) by orienting zy
as (z,y) of weight dZFD,M,)(y) + 1, and every other edge xz as (z,x) of weight 1. Since
Del-Save(, ) is legal and f'(y) = f(y), dTD’w)(I) = d?rD,vw,)(y) +1< fly)+1 < f(a).
For z € Ne(2) \ {y}, dlpy(2) = dlp () +1 < f(2) +1 = f(2), and d}, ,\(v) =
d?_D’,w’)<U) < f'(v) = f(v) for every other vertex v. Thus dZFD’w) < f. For any sub-digraph
D' containing (x,y), (z,y) is dominating, and z is a sink in D’ — (z,y). If D’ contains x
but not (z,y), then z is a sink; otherwise, the result follows from the induction hypothesis.

?<4=": Assume that (D, w) is an arc-weighted orientation of G satisfying the conditions
in the lemma. Assume that D has a sink z. Then Del, is legal. Let Del,.(G, f) = (G—=, f').
Since every edge incident to z is oriented towards z, the restriction (D — x,w) satisfies
the conditions of the lemma with respect to f’. By the induction hypothesis, G — x is
weak f’-degenerate. Hence G is weak f-degenerate.

Suppose that D has no sink. By assumption, D has a dominating arc (z,y) such that
x is a sink in D — (z,y). Thus (z,y) is the only out-arc of z. If f(y) = dZLD’w) (y), then
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f(x) = w(z,y) > f(y), so Del-Save(, ) is legal. Let (G — z, f') = Del-Save(, (G, f).
Otherwise, f(y) > dzrDyw)(y) + 1, let (G — z, f') = Del,(G, f). In either case, (D — x,w)
satisfies the conditions of the lemma with respect to f’. By the induction hypothesis,
G — x is weak f’-degenerate. Hence G is weak f-degenerate. O

Assume L is an (f + 1)-list assignment of G. If G is f-degenerate (respectively, weak
f-degenerate or arc-weighted f-degenerate), then there is an algorithm, which we call
the D-Algorithm (respectively, the WD-Algorithm or AWD-algorithm), that finds an L-
colouring of G.

Both the D-Algorithm and the WD-Algorithm delete one vertex in each move. The
difference is that in the WD-Algorithm, a move that deletes vertex v may “protect” one
neighbour of v from losing a colour.

The AWD-Algorithm deletes one edge in each move. The advantage of the operation
Del(,y),s lies in its flexibility: it prohibits the vertex x from using any colour assigned to
the vertex y without immediately colouring x. This flexibility is useful in many cases,
for example in Thomassen’s proof of the 5-choosability of planar graphs. In [3], a proof
was given for the weak 4-degeneracy of planar graphs. However, that proof has a gap.
A correct and more complicated proof of this result was given in [4]. Our paper has
gone through a series of revisions. The first version of this paper appeared on arXiv in
August 2023. At that time, there was no correct proof of the weak 4-degeneracy of planar
graphs. Also, the proof of arc-weighted 4-degeneracy of planar graphs is shorter and more
transparent than the correct proof of their weak 4-degeneracy.

The weak degeneracy d*(G) of a graph G is the minimum k such that G is weak
k-degenerate. From the definition it follows that d,,(G) < d*(G). In [25] it was proved
that for any integer r, there are r-regular graphs G' with d*(G) < |5 + 2. As r-regular
graphs have degeneracy r, we know that the difference d(G) — d*(G) can be arbitrarily
large, and hence the difference d(G) — d,,(G) can be arbitrarily large. The difference
between d*(G) and d,(G) can also be arbitrarily large. The argument of Bradshaw and
Zeng [6] can be interpreted in our framework to give, for some absolute constant ¢ > 0,
dw(Knn) < n—cy/nlogn. On the other hand, Bernshteyn and Lee [3] showed that
d*(K,n) = n —+/2n. Consequently,

d*(Kpn) — dw(Knn) = cy/nlogn —v2n,

which tends to infinity as n — oo.

In earlier versions of this paper, different generalizations of acyclic orientation were
studied, and the arc-weighted acyclic orientation (D, w) in the current paper was called
Type-2 acyclic in one of the earlier versions. The Type-1 acyclic arc-weighted orientation
is defined as follows:

Definition 36. We say that an arc-weighted digraph (D, w) is Type-1 acyclic if (D, w)
contains no nonempty Eulerian sub-digraph, i.e. a sub-digraph (D', w) with dZLD, ) (v) =
dipy ) (V) for each vertex v.
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The Type-1 acyclic arc-weighted digraph (D, w) is also a natural generalization of an
acyclic digraph to the arc-weighted setting. Compared to the Type-2 arc-weighted acyclic
digraph (which we simply call arc-weighted acyclic digraph in this paper), there are two
undesirable features of Type-1 acyclic arc-weighted digraphs:

(1) It is co-NP-complete to determine whether a given arc-weighted digraph is Type-
1 acyclic. Equivalently, determining whether a given arc-weighted digraph contains a
non-empty Eulerian sub-digraph is NP-complete. This is through a reduction from the
zero-sum subset problem: given a set S of integers, the zero-sum subset problem asks if
S has a non-empty subset S’ with X,cga = 0. It is well-known that the zero-sum subset
problem is NP-complete. Let ST ={a € S:a >0} and S ={a € S:a < 0}. Let
(D, w) be the arc-weighted digraph consisting of two vertices u, v, |S™| parallel arcs (u, v)
of weights ST and |S~| parallel arcs (v,u) of weights {|a| : @ € S7}. Then D has a
non-empty sub-digraph D’ with dZFD,’w)(u) = d(_D,M) (u) if and only if S has a non-empty
subset S’ with sum Y,cqa = 0.

(2) Given a Type-1 acyclic arc-weighted digraph (D, w), let f(v) = dzrnw) (v) + 1 for
each vertex v. We know that G is f-AT and therefore f-paintable and f-choosable.
However, given an f-list assignment L of G, we do not know of an efficient algorithm to
find an L-colouring of G. It is an interesting and challenging problem to find an efficient
algorithm (even a sub-exponential algorithm) that constructs an L-colouring from such
an orientation.

Also, the following question remains open.

Question 37. Given a Type-1 acyclic arc-weighted digraph (D, w), let f(v) = dzrD w(V)+1
for each vertex v. Is G f-DP-colourable? Or even f-DP-paintable?

As shown in Lemma 35, weak degeneracy corresponds to a special family of arc-
weighted acyclic orientations (D, w). This was called Type-4 acyclic orientation in an
earlier version of this paper. Type-3 acyclic orientation corresponds to a generalization of
weak degeneracy, where the operation Del-Save, ) is replaced by Del-Save(, ;) where U is
a subset of Ng(z): When colouring a vertex z, instead of protecting one neighbour y of
(by colouring x with a colour from L(z) — L(y)), we may protect a subset U of Ng(z) (by
colouring x with a colour from L(z) — Uyer L(y), provided that [L(z)| > > i/ [L(y)])-
In this language, the vertex deletion operation Del, is the same as Del-Save, 3. For the
reasons mentioned above and for brevity, we have decided to concentrate on Type-2 arc-
weighted acyclic orientations in the current version of the paper. However, the other
types of arc-weighted acyclic orientation are also useful and have been studied in some
published papers [6, 19, 24|, where the earlier version of this paper is cited.

For a given graph G and f € N it can be determined in linear time whether G is
f-degenerate. Given an arc-weighted orientation (D, w) of a graph G, a naive peeling
procedure determines in time O(m?) whether (D, w) is acyclic. The following question
remains open:

Question 38. What is the complexity of the following problem:
Instance: A graph G and a function f € N¢.
Question: Is G arc-weighted f-degenerate?
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