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Abstract

Let X be a set of (h−1)-dimensional subspaces of PG(kh−1, q) with the property
that every hyperplane contains at most t elements of X . We prove the upper bound
|X | 6 (t− k + 2)qh + t, and characterise the structure of X in the case of equality.
We call spanning sets attaining this bound length-maximal. For k = 3, these sets
are higher-dimensional analogues of maximal arcs; when h = 1 they are precisely
the maximal arcs of PG(2, q), which for t < q exist if and only if q is even and t
divides q. For k = 4 and qh > 2, we show that any length-maximal set must satisfy
t = qh + 1 and that every hyperplane is either a t-secant or a 1-secant. Such sets
exist for all q and h, arising as field reductions of ovoids of PG(3, qh). For k > 5
and qh > 3, no length-maximal set exists. The case qh = 3, that is (q, h) = (3, 1),
is exceptional: there, examples arising from the ternary Golay code exist for k = 5
and k = 6, and none exist for k > 7. In the language of additive codes, these results
assert that additive codes over Fqh attaining the natural Griesmer-type bound do

not exist when the code dimension is 5 or more and qh > 3, apart from these two
sporadic F3 examples. We also determine the strongly regular graphs associated
with length-maximal sets.

Mathematics Subject Classifications: 51E20, 94B05, 05E30

1 Introduction

A maximal arc X in PG(2, q) is a set of points with the property that every line is incident
with 0 or t points of X . It is straightforward to prove that |X | = (t− 1)q + t and that t
divides q. Denniston [10] provided examples for q even and all possible values of t. Further
examples were discovered by Thas [13, 15], Mathon [12], and Hamilton and Mathon [11].
When q is odd, maximal arcs were shown not to exist by Ball, Blokhuis and Mazzocca
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(simeon.michael.ball@upc.edu).

the electronic journal of combinatorics 33(3) (2026), #P3.84 https://doi.org/10.37236/15422

https://doi.org/10.37236/15422


[2]; see also [3]. The parameter set (t, q) = (3, 9) was ruled out earlier by Cossu [7] and
the parameter set (t, q) = (3, 3h) by Thas [14].

In this article we consider a natural generalisation of maximal arcs to higher dimen-
sions. A maximal arc in PG(2, qh) yields, by field reduction, a set of (h− 1)-dimensional
subspaces in PG(3h− 1, q) with the property that every hyperplane contains either 0 or t
subspaces. This leads us to study sets X of (h−1)-dimensional subspaces in PG(kh−1, q)
with the property that every hyperplane contains at most t subspaces of X .

There is an equivalent formulation in terms of additive codes. An additive [n, k, d]hq
code C is an Fq-linear subspace of Fn

qh
of size qkh in which every non-zero vector has at

least d non-zero coordinates. Let G be a kh × n matrix whose row span is C. By fixing
a basis {e1, . . . , eh} for Fqh over Fq we can write

G =
h∑

j=1

ejGj,

where Gj is a kh× n matrix with entries from Fq. For each coordinate i ∈ {1, . . . , n} we
define a subspace πi as the span of the i-th column of Gj, j ∈ {1, . . . , h}. Thus πi is a
subspace of PG(kh−1, q) of projective dimension at most h−1. The property that every
non-zero vector of C has at least d non-zero coordinates is equivalent to the property that
every hyperplane of PG(kh − 1, q) contains at most t = n − d elements of the multi-set
X = {π1, . . . , πn}.

In this setting the length bound |X | 6 (t− k + 2)qh + t is a Griesmer-type bound for
additive codes. Codes attaining this bound are additive few-weight codes; for k = 3 they
are two-weight codes whose non-zero weights are n and n − t. An additive permutation
on each coordinate produces an equivalent code containing the all-one vector.

Although maximal arcs do not exist in planes of odd characteristic, Mathon [8] discov-
ered an example of 21 lines in PG(5, 3) (equivalently, k = 3, h = 2, q = 3, t = 3) with the
property that every hyperplane contains 0 or 3 lines. This example shows that a direct
generalisation of the Ball–Blokhuis–Mazzocca nonexistence theorem to higher dimensions
is not possible. To our knowledge it is the only known example in odd characteristic, and
the uniqueness question remains open.

The main results of this paper are as follows. Theorem 1 establishes the bound |X | 6
(t − k + 2)qh + t and characterises equality. The divisibility condition t − k + 3 | qh
(Theorem 5) provides a further necessary condition for length-maximal sets. Theorem 7
shows that for k = 4 and qh > 2, any length-maximal set must satisfy t = qh + 1 and
have no zero-secant hyperplanes. Such sets exist for all q and h, as field reductions of
ovoids of PG(3, qh) (Example 17). Theorem 8 shows that no length-maximal set exists
for k = 5 when qh > 3, and by induction this extends to all k > 5. The borderline case
(q, h) = (3, 1), is genuinely exceptional in that length-maximal sets exist for k = 5 and
k = 6 but not for k > 7 (Example 10 and Proposition 11). In Section 4 we determine the
strongly regular graphs associated with length-maximal sets. The case q = 2 is discussed
in Section 5.

Throughout, k > 2, and dimension refers to projective dimension.
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2 An upper bound on the size of X

Theorem 1. Let X be a multi-set of (h− 1)-dimensional subspaces in PG(kh− 1, q) with
the property that every hyperplane contains at most t subspaces of X . Then

|X | 6 (t− k + 2)qh + t, (1)

with equality if and only if

1. every set of (k− 1) elements of X spans a ((k− 1)h− 1)-dimensional subspace, and

2. every hyperplane contains either 0, 1, . . . , k − 3 or t elements of X .

Proof. Write n = |X |. Let x1, . . . , xk−2 be elements of X and let π = 〈x1, . . . , xk−2〉. The
dimension of π is (k− 2)h− 1− e1 for some e1 > 0. Let (k− 1)h− 1− e1− e2 denote the
maximum dimension of 〈π, x〉 over x ∈ X \ {x1, . . . , xk−2}.

We count pairs (x,H) where x ∈ X \{x1, . . . , xk−2} and H is a hyperplane containing
both x and π. By hypothesis each such hyperplane contains at most t − k + 2 elements
of X \ {x1, . . . , xk−2}, so this count is at most

q2h+e1 − 1

q − 1
(t− k + 2).

Since (k − 1)h − 1 − e1 − e2 is the maximum dimension of 〈π, x〉, each element of X \
{x1, . . . , xk−2} lies in at least

qh+e1+e2 − 1

q − 1

hyperplanes through π, so the count is at least

qh+e1+e2 − 1

q − 1
(n− k + 2).

Combining these inequalities,

n 6
q2h+e1 − 1

qh+e1+e2 − 1
(t− k + 2) + k − 2.

This bound is maximised when e1 = e2 = 0, giving n 6 (t− k + 2)qh + t.
Equality requires e1 = e2 = 0, which means every (k − 1) elements of X span a

((k− 1)h− 1)-flat (part 1 of Theorem 1), and every hyperplane containing k− 2 elements
of X contains exactly t elements of X (part 2 of Theorem 1).

The bound (1) is called the maximal arc bound, and a set X attaining it which spans
PG(kh− 1, q) is called length-maximal. The spanning condition excludes the degenerate
case |X | = t = k−2, in which both conditions of Theorem 1 are vacuous, and corresponds
to the requirement that the associated additive code have size qkh. A length-maximal X
corresponds to an additive few-weight code over Fqh ; by part 2 of Theorem 1 its non-zero
weights lie in {n− t, n, n− 1, . . . , n− (k − 3) }, and for k = 3 it is a two-weight code
with weights n and n− t.
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Lemma 2. If X is a length-maximal set of (h−1)-dimensional subspaces in PG(kh−1, q)
with qh > 2 and k > 4, then t > k.

Proof. Since X spans PG(kh− 1, q), we have |X | > k. If t 6 k− 2 then t− k + 2 6 0, so
|X | = (t − k + 2)qh + t 6 t 6 k − 2, a contradiction; hence t > k − 1. If t = k − 1 then
|X | = qh +k−1 and the corresponding additive code is a [qh +k−1, k, qh] MDS code over
Fqh . Since k > 4 and qh > 2, a classical result of Bruen and Silverman [5, Theorem 6]
requires 36 | qh, whence t > k.

Lemma 3. Let X be a set of (h − 1)-dimensional subspaces in PG(3h − 1, q) with the
property that every hyperplane contains at most t elements of X . If |X | = (t − 1)qh + t
then t 6 qh + 1. If t < qh + 1 then there exists a hyperplane disjoint from X . If t = qh + 1
then every hyperplane contains exactly t elements of X .

Proof. Counting pairs (x,H) where x ∈ X and H is a hyperplane containing x,

|X | · q
2h − 1

q − 1
6 t · q

3h − 1

q − 1
,

with equality if and only if every hyperplane contains exactly t elements of X . Substituting
|X | = (t− 1)qh + t and simplifying,

(t− 1)qh + t 6 t
q3h − 1

q2h − 1
= t

(
qh +

1

qh + 1

)
.

This rearranges to qh(qh − t+ 1) > 0, which holds if and only if t 6 qh + 1, with equality
precisely when t = qh + 1 and every hyperplane is a t-secant. For t < qh − 1, apply
Theorem 1, part 2.

We next establish a divisibility condition satisfied by t in the extremal case.

Lemma 4. Let X be a multi-set of (h−1)-dimensional subspaces in PG(kh−1, q) of size
(t−k+2)qh + t with the property that every hyperplane contains either 0 or t subspaces of
X . Let π be an (s− 1)-dimensional subspace skew to X . Then π is contained in exactly

qh − qkh−s−h

q − 1
+

(k − 2)(qkh−s − qh)

t(q − 1)

zero-secant hyperplanes. In particular, if there exists a point skew to X , then t divides
(k − 2)qh.

Proof. Let a0 and at denote the number of zero-secant and t-secant hyperplanes containing
π, respectively. Counting hyperplanes through π,

a0 + at =
qkh−s − 1

q − 1
,
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and counting pairs (x,H) with x ∈ X and H a hyperplane through both π and x,

tat =
(
(t− k + 2)qh + t

)qkh−s−h − 1

q − 1
.

Solving for a0 gives the stated formula. Applying this for s = 0 and s = 1 yields

t | (k − 2)qh(1 + q + · · ·+ qkh−h−1) and t | (k − 2)qh(1 + q + · · ·+ qkh−h−2),

from which t divides (k − 2)qh.

Theorem 5. Let X be a length-maximal set of (h−1)-dimensional subspaces in PG(kh−
1, q) with k > 3 and t < qh + k − 2. Then t− k + 3 divides qh.

Proof. For k = 3, part 2 of Theorem 1 gives that every hyperplane contains 0 or t
elements of X . Since t < qh + 1, we have |X | = (t−1)qh + t 6 q2h. The elements of X are

pairwise disjoint by part 1 of Theorem 1, so they cover at most q2h qh−1
q−1 < q3h−1

q−1 points of

PG(3h− 1, q). Hence there is a point skew to X , and Lemma 4 gives that t divides qh.
For k > 4, we argue inductively. By part 1 of Theorem 1, taking the quotient at any

element x ∈ X yields a set X ′ of (h− 1)-dimensional subspaces in PG((k − 1)h− 1, q) of
size ((t − 1) − (k − 1) + 2)qh + (t − 1), with every hyperplane containing at most t − 1
elements of X ′. Thus X ′ is length-maximal with parameter t− 1 in PG((k − 1)h− 1, q).
Since t− 1 < qh + k − 3, the induction hypothesis gives (t− 1)− (k − 1) + 3 = t− k + 3
divides qh.

3 Length-maximal sets for k > 4

We enumerate secant hyperplanes of a length-maximal set X . A hyperplane containing
precisely s elements of X is called an s-secant. For X length-maximal we write N(t, h, k, s)
for the number of s-secants of X in PG(kh− 1, q).

Lemma 6. Let X be a length-maximal set of (h− 1)-dimensional subspaces in PG(kh−
1, q). Set n = |X | = (t− k + 2)qh + t. Then

1. N(t, h, 3, t) =
q3h − 1

q − 1
− qh − 1

q − 1
·
(
qh(qh + 1)

t
− qh

)

2. N(t, h, 3, 0) =
qh − 1

q − 1
·
(
qh(qh + 1)

t
− qh

)

3. N(t, h, 4, t) =

(
qh + 1− 2qh

t

)(
qh + 1− qh

t− 1

)
q2h − 1

q − 1

4. N(t, h, 4, 1) = n ·N(t− 1, h, 3, 0) =
(
(t− 2)qh + t

)
· q

h − 1

q − 1
·
(
qh(qh + 1)

t− 1
− qh

)
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5. N(qh + 2, h, 5, 2) =
n

2
·N(qh + 1, h, 4, 1) =

q2h + 2

2
· (q2h + 1) · q

h − 1

q − 1

6. N(qh + 2, h, 5, qh + 2) =
(q2h + 2)(q2h + 1)qh(qh − 1)

(qh + 2)(q − 1)

Proof. Set n = (t−k+2)qh + t and we use the term (h−1)-flat for an (h−1)-dimensional
subspace.

Part 1. By part 2 of Theorem 1, every hyperplane is a 0-secant or a t-secant when k = 3.
Counting pairs (x,H) with x ∈ X and H a t-secant through x, and using the fact that

each (h− 1)-flat in PG(3h− 1, q) lies in q2h−1
q−1 hyperplanes,

N(t, h, 3, t) · t = n · q
2h − 1

q − 1
.

Substituting n = (t − 1)qh + t and rearranging gives the formula. Part 2 follows since
N(t, h, 3, 0) +N(t, h, 3, t) = |PG(3h− 1, q)|.
Part 3. By part 1 of Theorem 1, any two elements of X span a (2h − 1)-flat; each such

flat lies in q2h−1
q−1 hyperplanes of PG(4h− 1, q). By part 2 of Theorem 1, each hyperplane

is a 0-, 1-, or t-secant when k = 4. Counting triples (x, y,H) with x 6= y in X and H a
t-secant through both,

N(t, h, 4, t) ·
(
t

2

)
=

(
n

2

)
· q

2h − 1

q − 1
.

Substituting n = (t− 2)qh + t and simplifying gives the formula.

Part 4. For k = 4, a 1-secant hyperplane contains exactly one element xi ∈ X . The
quotient of X at any xi ∈ X is a length-maximal set X ∗i in PG(3h− 1, q) with parameter
t − 1. Each 0-secant of X ∗i corresponds to a 1-secant of X through xi, so summing over
all xi,

N(t, h, 4, 1) = n ·N(t− 1, h, 3, 0).

Substituting the formula from part 2 of Lemma 6 with t replaced by t−1 gives the result.

Part 5. Now let k = 5 and t = qh + 2, so n = q2h + 2. By part 2 of Theorem 1, every
hyperplane is a 0-, 1-, 2-, or t-secant. Since any hyperplane containing 3 or more elements
of X must contain t elements (as any 3 elements span a (3h− 1)-flat, and any hyperplane
through a (3h− 1)-flat that contains a fourth element of X must contain all t by part 2
of Theorem 1), the secant types are restricted to 0, 1, 2, and t.

For k = 5, each element xi ∈ X lies in a 2-secant hyperplane H if and only if H contains
exactly one further element xj 6= xi. The number of 2-secant hyperplanes through xi
equals the number of 1-secant hyperplanes of the quotient set X ∗i in PG(4h− 1, q), which
has parameter t− 1 = qh + 1. Summing over all xi and dividing by 2 (since each 2-secant
is counted twice),

N(qh + 2, h, 5, 2) =
n

2
·N(qh + 1, h, 4, 1).
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By Theorem 7 (proved below), the quotient set X ∗i has t−1 = qh+1 and has no 0-secants,
so N(qh + 1, h, 4, 1) = |PG(4h− 1, q)| −N(qh + 1, h, 4, qh + 1). Alternatively, substituting
t− 1 = qh + 1 directly into part 4 of Lemma 6 and simplifying gives

N(qh + 2, h, 5, 2) =
q2h + 2

2
· (q2h + 1) · q

h − 1

q − 1
.

Part 6. With k = 5, t = qh + 2, n = q2h + 2, any three elements of X span a (3h− 1)-flat
(since any k − 1 = 4 elements span a (4h− 1)-flat by part 1 of Theorem 1, which implies

any three also span a (3h − 1)-flat). Each (3h − 1)-flat in PG(5h − 1, q) lies in q2h−1
q−1

hyperplanes. Counting quadruples (x1, x2, x3, H) with distinct xi ∈ X and H a t-secant
through all three,

N(qh + 2, h, 5, qh + 2) ·
(
t

3

)
=

(
n

3

)
· q

2h − 1

q − 1
.

Substituting n = q2h + 2 and t = qh + 2 and simplifying,

N(qh + 2, h, 5, qh + 2) =
(q2h + 2)(q2h + 1)q2h

(qh + 2)(qh + 1)qh
· q

2h − 1

q − 1

=
(q2h + 2)(q2h + 1)qh(qh − 1)

(qh + 2)(q − 1)
.

Theorem 7. Let X be a length-maximal set of (h−1)-dimensional subspaces in PG(4h−
1, q) with qh > 2. Then t = qh + 1 and every hyperplane is either a t-secant or a 1-secant
of X .

Proof. By part 2 of Theorem 1, every hyperplane is a 0-, 1-, or t-secant. The counts
N(t, h, 4, 0), N(t, h, 4, 1), N(t, h, 4, t) are non-negative integers summing to |PG(4h−1, q)|.
Using parts 3 and 4 of Lemma 6,

N(t, h, 4, 0) = |PG(4h− 1, q)| −N(t, h, 4, t)−N(t, h, 4, 1)

=
qh(qh − 1)(t− qh − 1)

(
t(qh + 1)− 4qh − 2

)
t(q − 1)

. (2)

By Lemma 2, t > 4. Taking the quotient of X at any of its elements yields a length-
maximal set in PG(3h− 1, q) with parameter t− 1, so Lemma 3 gives t− 1 6 qh + 1, that
is, t 6 qh + 2. We rule out every value other than t = qh + 1.

For 4 6 t 6 qh, (t−qh−1) 6 −1, and t(qh+1)−(4qh+2) > 4(qh+1)−(4qh+2) = 2 > 0,
so from (2) N(t, h, 4, 0) < 0, a contradiction.

For t = qh + 2, substituting into part 4 of Lemma 6 gives N(t, h, 4, 1) = 0, so every
hyperplane is a 0- or t-secant. Since |X | = q2h + qh + 2 and each element is an (h− 1)-flat

with qh−1
q−1 points, the elements of X cover at most (q2h + qh + 2) · qh−1

q−1 < q4h−1
q−1 points of

PG(4h − 1, q), so some point is skew to X . Lemma 4 then gives t | 2qh; but t = qh + 2
divides 2qh = 2(qh + 2) − 4 only if qh + 2 | 4, giving qh 6 2. Therefore t = qh + 1, and
substituting gives N(t, h, 4, 0) = 0.
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Theorem 8. There is no length-maximal set of (h−1)-dimensional subspaces in PG(5h−
1, q) when qh > 3.

Proof. Suppose for a contradiction that X is such a set, with |X | = (t − 3)qh + t. The
quotient of X at any element is a length-maximal set in PG(4h − 1, q) with parameter
t−1. By Theorem 7, we obtain t−1 = qh +1, that is t = qh +2. Hence n = |X | = q2h +2.

The secant types are 0, 1, 2, and t = qh + 2. Consider the quantity

δ = N(qh + 2, h, 5, qh + 2) +N(qh + 2, h, 5, 2)− |PG(5h− 1, q)|, (3)

which satisfies δ 6 0 since N(qh + 2, h, 5, 0) and N(qh + 2, h, 5, 1) are non-negative. Sub-
stituting parts 5 and 6 of Lemma 6 and expanding, we obtain

2(qh + 2)(q − 1) δ = (qh)6 − 5(qh)5 + 7(qh)4 − 3(qh)3 = (qh)3(qh − 1)2(qh − 3). (4)

Since qh > 3, this gives δ > 0, contradicting δ 6 0. (When qh = 3 the right-hand side
of (4) vanishes and there are two secant types. This case is genuinely exceptional, see
Example 10.)

Remark 9. By induction on the quotient construction, Theorem 8 extends to all k > 5
when qh > 3.

Example 10. For (q, h) = (3, 1), length-maximal sets exist both for k = 5 and for k = 6.
In each case t = k and |X | = k + 6, so X is a set of k + 6 points of PG(k − 1, 3) giving a
[k + 6, k, 6]3 code. In each case the dual code has minimum distance k, so every k − 1 of
the points are linearly independent and part 1 of Theorem 1 holds.

For k = 5, let X be the 11 points of PG(4, 3) given by the columns of a generator
matrix of the [11, 5, 6]3 code dual to the perfect ternary Golay code. This is a projective
two-weight code with weights 6 and 9, so every hyperplane meets X in 11 − 6 = 5 or
11 − 9 = 2 points; thus t = 5 = qh + 2 and the secant types are 2 and t. Here the
right-hand side of (4) vanishes.

For k = 6, let X be the 12 points of PG(5, 3) given by the columns of a generator
matrix of the self-dual extended ternary Golay code [12, 6, 6]3. Its weights are 6, 9 and
12, so every hyperplane meets X in 6, 3 or 0 points; thus t = 6 and the secant types are
0, 3 = k − 3 and t. In particular this length-maximal set is a three-weight code.

Proposition 11. For qh > 2 there is no length-maximal set with k > 7.

Proof. From Theorem 8 it suffices to consider (q, h) = (3, 1). Iterating the quotient
construction down to dimension 5 and applying Theorem 7, any length-maximal set with
(q, h) = (3, 1) and k > 5 has t = k and |X | = (t − k + 2) · 3 + t = k + 6. Suppose such
a set X exists with k = 7, so that t = 7 and n = |X | = 13 in PG(6, 3). By part 1 of
Theorem 1, any six points of X span a unique hyperplane. By part 2 of Theorem 1 such
a hyperplane must be a t-secant. Counting the pairs (S,H) in which S is a six-element
subset of X and H is the hyperplane spanned by S gives(

t

6

)
N(7, 1, 7, 7) =

(
n

6

)
, so N(7, 1, 7, 7) =

(
13
6

)(
7
6

) =
1716

7
,
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which is not an integer. This rules out k = 7, and the cases k > 8 are ruled out
inductively.

Remark 12. Restricting to the case h = 1, let κ(s, q) denote, as in [1], the largest k for
which a length-maximal linear code of Singleton defect s over Fq exists. Conjecture 5.1
of [1] asserts that κ(s, q) 6 4 for q > 3, so Theorem 8, together with the quotient induction
in Remark 9, establishes it. Furthermore, Theorem 7 shows that a length-maximal set
with k = 4 has t = q + 1, that is s = q − 2, while Example 17 shows that such sets exist
for every q. Hence κ(q − 2, q) = 4 (for q > 3), which is the third of the three cases of
Conjecture 5.2 of [1].

4 The associated strongly regular graphs

The classical correspondence among projective two-weight codes, two-intersection sets and
strongly regular graphs is well known; see Delsarte [9] and Calderbank and Kantor [6]. In
this section we interpret the preceding results from the graph-theoretic side.

Let X be a length-maximal set of (h−1)-dimensional subspaces of PG(kh−1, q) with
k > 3 and n = |X |. By part 1 of Theorem 1 the elements of X are pairwise disjoint, so
the h-dimensional Fq-subspaces V1, . . . , Vn of Fkh

q that they determine meet pairwise in
the zero vector. Put

D =
( n⋃
i=1

Vi

)
\ {0}, |D| = n(qh − 1),

and let Γ(X ) denote the Cayley graph on (Fkh
q ,+) with connection set D. Thus Γ(X ) has

qkh vertices and is regular of degree n(qh − 1).
Let S denote the set of points of PG(kh − 1, q) covered by the members of X . Since

these members are pairwise disjoint,

|S| = N := n
qh − 1

q − 1
,

and S spans PG(kh − 1, q) because X does. Thus S is a spanning set of N points of
PG(kh − 1, q), giving rise to a projective [N, kh]q code in the sense of Calderbank and
Kantor [6, Section 2], and D = {v ∈ Fkh

q \{0} : 〈v〉 ∈ S}. Consequently Γ(X ) is the graph
that [6, Section 3] associates with S, and the results of that section apply verbatim.

Proposition 13. Let X be a length-maximal set of (h − 1)-dimensional subspaces of
PG(kh− 1, q) with k > 3, and let n = |X |. If H is an s-secant hyperplane of X then the
eigenvalue of Γ(X ) afforded by the corresponding character is

θH = sqh − n.

Consequently Γ(X ) is strongly regular if and only if X has exactly two secant types s1 < s2,
in which case its parameters are

v = qkh, K = n(qh − 1), λ = K + r + σ + rσ, µ = K + rσ,

where r = s2q
h − n and σ = s1q

h − n are the restricted eigenvalues.
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Proof. Let H be an s-secant hyperplane of X . Each of the n − s members of X not
contained in H meets H in a hyperplane of itself, so

|S ∩H| = s
qh − 1

q − 1
+ (n− s) q

h−1 − 1

q − 1
,

and the codeword of the projective code determined by H has weight

wH = |S| − |S ∩H| = (n− s)qh−1.

By [6, Lemma 3.4] the eigenvalue of Γ(X ) afforded by the corresponding character is
K − qwH , where K = N(q − 1) = n(qh − 1) is the valency; hence

θH = n(qh − 1)− q(n− s)qh−1 = sqh − n,

as claimed. The map s 7→ sqh − n is injective, so the restricted eigenvalues of Γ(X )
correspond bijectively to the secant types of X .

If S is the whole of PG(kh − 1, q) then D = Fkh
q \ {0}, the graph Γ(X ) is complete

and there is a single secant type. Otherwise S is a proper, non-empty, spanning set of
points, and by [6, Theorem 3.2] the graph Γ(X ) is strongly regular if and only if S is a
two-intersection set, that is, if and only if X has exactly two secant types s1 < s2. In that
case the associated code is a projective two-weight code with weights w1 = (n − s2)qh−1
and w2 = (n − s1)q

h−1 by [6, Theorem 3.1], and the parameters of Γ(X ) given in [6,
Corollary 3.7] are, in terms of the restricted eigenvalues r = K − qw1 = s2q

h − n and
σ = K − qw2 = s1q

h − n, precisely µ = K + rσ and λ = K + r + σ + rσ.

Corollary 14. Let X be a length-maximal set of (h−1)-dimensional subspaces of PG(kh−
1, q).

1. If k = 3 and t < qh + 1 then Γ(X ) is strongly regular with parameters(
q3h, n(qh − 1), n(t− 2) + qh − t, n(t− 1)

)
, n = (t− 1)qh + t,

the restricted eigenvalues being r = qh − t and σ = −n.

2. If k = 4 and qh > 2 then Γ(X ) is strongly regular with parameters(
q4h, (q2h + 1)(qh − 1), qh − 2, qh(qh − 1)

)
,

the restricted eigenvalues being r = qh − 1 and σ = qh − q2h − 1.

3. If k > 5 and qh > 3 then no such X exists. For (q, h) = (3, 1), length-maximal
sets exist precisely for k ∈ {5, 6}: for k = 5 the graph Γ(X ) is strongly regular with
parameters (243, 22, 1, 2); for k = 6 the secant types are 0, 3 and 6, so Γ(X ) is not
strongly regular.
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Proof. In each case we determine the secant types and appeal to Proposition 13. For
k = 3, part 2 of Theorem 1 gives the types 0 and t, and by Lemma 3 both occur when
t < qh + 1; substituting s1 = 0 and s2 = t gives r = tqh− n = qh− t and σ = −n, whence
µ = K + rσ = n(t − 1) and λ = µ + r + σ = n(t − 2) + qh − t. For k = 4 and qh > 2,
Theorem 7 gives t = qh + 1, n = q2h + 1 and the two secant types 1 and t; substituting
yields r = qh−1, σ = qh− q2h−1, µ = qh(qh−1) and λ = qh−2. For k > 5 the existence
statement is Theorem 8 together with Proposition 11, and the secant types for k = 5 and
k = 6 are read off from Example 10: for k = 5 they are 2 and 5, so that n = 11, K = 22,
r = 4 and σ = −5, giving (243, 22, 1, 2); for k = 6 there are three types.

Remark 15. For h = 1 the graphs of part 1 of Corollary 14 are the strongly regular
graphs classically associated with maximal arcs of PG(2, q); a hyperoval of PG(2, 4), for
instance, gives SRG(64, 18, 2, 6). For h = 1 the sets of part 2 are the ovoids of PG(3, q),
and for an elliptic quadric the graph is the affine polar graph VO−(4, q); inequivalent
ovoids may give non-isomorphic graphs with the same parameters, cf. [6]. For h > 1, the
examples in part 2 furnished by Example 17 arise by restriction of scalars from ovoids
of PG(3, qh). The graph with parameters (243, 22, 1, 2) in part 3 is the Berlekamp–van
Lint–Seidel graph [4], the coset graph of the perfect ternary Golay code.

Remark 16. When k = 3 and t = qh + 1 every hyperplane is a t-secant by Lemma 3, so D
is all of F3h

q \ {0} and Γ(X ) is complete; this is the reason for the hypothesis t < qh + 1 in
part 1 of Corollary 14. With this boundary case set aside, Corollary 14 gives the complete
list: the associated graph is non-trivially strongly regular when k = 3 and t < qh + 1,
when k = 4 and qh > 2, and in the single exceptional case k = 5, (q, h) = (3, 1). In the
case k = 4 it is Theorem 7 that reduces the possible secant types from three to two.

5 Remarks on small cases and open questions

For k = 2, a length-maximal set is a set of (h−1)-dimensional subspaces of PG(2h−1, q)
such that every hyperplane contains at most t elements, with |X | = tqh + t = t(qh + 1).
This corresponds to a partition of PG(2h− 1, q) into (h− 1)-flats (a spread), which exists
for all q and h.

For k = 3, length-maximal sets correspond to the higher-dimensional analogues of
maximal arcs. The field reduction of a maximal arc in PG(2, qh) yields an example for
every parameter t | qh and all q even. Mathon’s example [8] provides an instance with
k = 3, h = 2, q = 3, t = 3 in odd characteristic, and to our knowledge is the only
such example in odd characteristic. Whether this example is unique, and whether further
examples exist in odd characteristic for larger parameters, are questions that remain open.

Example 17. For k = 4 the bound of Theorem 7 is attained for every prime power q and
every h > 1, by field reduction of an ovoid. Let O be an ovoid of PG(3, qh): a set of q2h+1
points meeting every plane in 1 or qh + 1 points. Elliptic quadrics are ovoids and exist for
every qh. Regard F4h

q as a 4h-dimensional vector space over Fq, and to each point 〈v〉F
qh

of

PG(3, qh) associate the (h− 1)-flat PGFq(Fqhv) of PG(4h− 1, q). Set X = {PGFq(Fqhv) :
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〈v〉F
qh
∈ O }. An Fq-hyperplane of F4h

q has the form ker
(
x 7→ TrF

qh
/Fq(a · x)

)
for some

nonzero a ∈ F4h
q , and by nondegeneracy of the trace form PGFq(Fqhv) is contained in it

if and only if a · v = 0. Thus the Fq-hyperplanes correspond to the planes a · X = 0 of
PG(3, qh), an element of X lying in a hyperplane exactly when the corresponding point
lies in the corresponding plane. Hence every hyperplane meets X in 1 or qh + 1 members,
so t = qh + 1 and

|X | = q2h + 1 = (t− 2)qh + t.

Therefore X is length-maximal, with every hyperplane a 1-secant or a t-secant, and the
associated two-weight additive code has weights q2h and q2h − qh. When h = 1 these
length-maximal sets are precisely the ovoids of PG(3, q).

The results of Section 3 are constrained to qh > 2, and Theorem 8 requires qh > 3.
In particular the binary case q = 2 is excluded only when h = 1, so these results do
apply to F2-linear codes over F2h for every h > 2. For instance, taking q = 2 and h = 2,
Theorem 7 shows that a length-maximal set in PG(7, 2) has t = 5 and consists of 17 lines,
as realised by Example 17 from an ovoid of PG(3, 4), while Theorem 8 shows that none
exists in PG(9, 2). For (q, h) = (2, 1), the trivial binary [k+1, k, 2] MDS codes, the frames
{〈e1〉, . . . , 〈ek〉, 〈e1 + · · · + ek〉} of PG(k − 1, 2), with t = k − 1, provide length-maximal
sets for every k. The existence question for (q, h) = (2, 1) is completely settled by results
in the literature. A bound of Faldum and Willems in [1], gives t 6 q + k − 2 for every
length-maximal set with h = 1 and k > 3, so for q = 2 only t = k−1 and t = k can occur.
The MDS examples above realise t = k− 1 for every k, and Alderson and Zhang [1] show
that length-maximal sets with t = k exist precisely for k 6 4. For k = 4 such a set is the
complement of a plane in PG(3, 2), an 8-cap, with secant types 0 and 4.

In the language of additive codes, our results assert that additive [n, k, d]hq codes meet-
ing the maximal arc bound do not exist for k > 5 when qh > 3. The case qh = 3, namely
(q, h) = (3, 1), is exceptional in that the ternary Golay code yields length-maximal sets
for k = 5 and k = 6, while none exist for k > 7 (Example 10 and Proposition 11). For
k = 4 and qh > 2, any such code must satisfy t = qh + 1 and have exactly two nonzero
weights n− 1 and n− t; such codes exist for all q and h, arising by field reduction of an
ovoid of PG(3, qh) (Example 17).
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for sending us a note generated using bolzano.app that drew our attention to the con-
struction in Example 17. We also thank the referee for a careful reading and for several
suggestions which improved the paper, in particular for prompting the discussion of Sec-
tion 4.

Tim Alderson acknowledges the support of the Natural Sciences and Engineering
Research Council of Canada (NSERC), [funding reference number 2019-04103]. Cette
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