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Abstract

We construct a weight-zero infinitesimal bialgebra structure on the k-module
spanned by planar binary trees, using the under product \ of Aguiar—Sottile and a
root-recursive coproduct Ajr. We prove that Afy is coassociative and satisfies the
infinitesimal derivation rule with respect to \, hence gives a unitary infinitesimal
bialgebra distinct from the usual Loday-Ronco Hopf structure. We also obtain an
elementary cut formula, establish freeness properties for unitary (\, V)-algebras and
unitary infinitesimal (\, V)-bialgebras, and build an infinitesimal bialgebra isomor-
phism from the infinitesimal bialgebra of planar binary trees to the known infinites-
imal bialgebra of planar rooted forests.

Mathematics Subject Classifications: 16T10, 16T30, 08B20, 05C05

1 Introduction

1.1 Motivation: infinitesimal compatibility on planar binary trees

Infinitesimal bialgebras were introduced by Joni and Rota as algebra—coalgebra structures
in which the coproduct is a derivation with respect to the product [29]. In weight zero,
this compatibility is expressed by

A(ab) = a- A(b) + A(a) - b.

Aguiar further developed infinitesimal Hopf algebras and emphasized that they are not
merely formal variants of ordinary Hopf algebras: they are related to associative Yang—
Baxter equations, pre-Lie structures, dendriform structures, and combinatorial Hopf al-
gebras [1]. The present paper takes this infinitesimal point of view in a concrete tree-
combinatorial setting. Instead of asking for a Hopf coproduct on planar binary trees, we
ask for a coproduct which is compatible with the associative operation \ in the infinites-
imal sense.
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Planar binary trees already carry rich Hopf-theoretic structures. The Loday-Ronco
Hopf algebra [33] relates them to associahedra, bracketings, and the Tamari order
[39, 40, 41]. The Aguiar—Sottile analysis of this Hopf algebra describes a distinguished as-
sociative operation \, progressive trees, and a planar rooted-forest /planar binary-tree cor-
respondence [2]. On the other hand, planar rooted forests form a classical source of com-
binatorial Hopf and infinitesimal bialgebras, including the Connes—Kreimer, Grossman—
Larson, and related rooted-tree constructions [12, 13, 23, 31, 38]. Weighted infinitesi-
mal bialgebras on planar rooted forests and their freeness properties were constructed in
[42, 44]. The pre-Lie and operadic aspects of rooted trees are part of the background
developed in [9, 10, 11]. Further Hopf-algebraic developments for rooted trees and deco-
rated rooted trees were obtained by Foissy and Holtkamp [16, 17, 18, 19, 26, 27]. Related
algebraic structures on or near planar binary trees include dialgebras, trialgebras, gener-
alized bialgebras, magmatic bialgebras, and Hopf operads [28, 34, 35]. Planar binary trees
also appear in QED and renormalization-inspired Hopf algebras, as well as in the Hopf-
theoretic study of bi-leveled trees and multiplihedra [5, 6, 20]. Noncommutative symmetric
functions, free quasi-symmetric functions, and the Malvenuto—Reutenauer Hopf algebra
provide another structural background for the Loday—Ronco setting [14, 22, 25, 36, 37].
Operated-algebra methods, including free operated algebras, Rota—Baxter type construc-
tions, rooted-forest cocycles, and cocycle V-Hopf algebras, give a parallel framework for
the constructions considered here [4, 7, 21, 24, 43, 45].

These two developments suggest a natural problem. Since forest concatenation has
a weight-zero infinitesimal coproduct, and since the Aguiar—Sottile correspondence sends
forest concatenation to the product \ on planar binary trees, one expects a corresponding
infinitesimal coproduct on planar binary trees. However, this coproduct should not be
confused with the Loday-Ronco Hopf coproduct, nor with the admissible-cut coproducts
appearing in the Connes—Kreimer or Loday—Ronco Hopf settings. The purpose of this
paper is to construct such an infinitesimal coproduct directly on planar binary trees and
then to explain its universal and functorial meaning.

1.2 The guiding problem and the choice of operations

The operation used throughout the paper is the associative operation \ from the Aguiar—
Sottile framework [2], not the original Loday—Ronco Hopf product in the fundamental
tree basis. For this operation, progressive planar binary trees are the free associative
generators. The problem addressed here can therefore be stated as follows:

Guiding problem. Construct and characterize a coproduct A ; on the k-module
spanned by planar binary trees such that

Lr(S\T) = S\ALR(T) + AL (S\T,

and such that the construction is compatible with the binary grafting operation Vv
and with the rooted-forest infinitesimal coproduct.

The binary grafting operation V is also essential. It gives the root decomposition
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T = T, vV T, of every non-trivial planar binary tree. The coproduct constructed in (4)
is root-recursive with respect to this decomposition, while the infinitesimal bialgebra
property is proved with respect to the product \ in Lemma 7 and Theorem 12. Thus
the paper studies the interaction of two operations: V controls the recursive construction,
and \ controls the infinitesimal compatibility.

1.3 Position among nearby tree bialgebras

The construction in this paper sits close to several familiar Hopf and infinitesimal frame-
works, but it is not identical to any of them. The table below records the distinctions
that will be used throughout the paper.

Framework Product Coproduct / cuts Role in this paper
Planar rooted-forest Forest product in the | Hopf coproduct described Hopf-type contrast;
Hopf algebras Hopf setting by admissible cuts not the coproduct
studied here
Source of the
Planar rooted-forest Recursive infinitesimal transported
infinitesimal Forest concatenation coproduct governed by infinitesimal
bialgebras BT structure in
Theorem 27
Present planar Under product \ Root-recursive coproduct Main object
binary-tree together with the Afr and elementary constructed in (4)
infinitesimal bialgebra | grafting operation Vv vertex cuts and Theorem 12

Table 1: Three nearby tree bialgebra frameworks.

Table 1 is meant to prevent two possible misreadings. First, Afy is not the Loday—
Ronco Hopf coproduct in a new basis. It is an infinitesimal coproduct for the under
product \. Second, although Theorem 27 proves that the rooted-forest infinitesimal co-
product is transported to Afy by the map O, this bridge is an a posteriori identification.
The coproduct A{y is constructed internally on planar binary trees in (4), and its main
properties are proved before the bridge with rooted forests is established.

1.4 Main results and their significance
The main contributions of the paper are the following.

1. A root-recursive infinitesimal coproduct. We define a linear map A{y : Hig —
Hip ® Hig recursively by

(V) =TT, + (de V)(AR(T) @ T,) + (V@ id)(T) @ Ag(T})),

with A{g(]) = 0; see (4). Proposition 4 proves coassociativity, while Lemma 7
shows that this coproduct satisfies the weight-zero infinitesimal derivation rule with
respect to \. Consequently, (Hfg,\,|,A{r) is a unitary infinitesimal bialgebra of
weight zero by Theorem 12. This gives a natural infinitesimal bialgebra structure
on planar binary trees which is different from the usual Hopf structures on the same
combinatorial objects.
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2. An elementary vertex-cut formula. For each internal vertex e of a planar binary
tree T', we define the elementary vertex cut e and its associated pair (P*(7T"), R°(T))
in Definition 8. The main formula is

Ajp(T)= ) PYT)®R(T),

e€Int(T)

proved in Theorem 10. Its significance is that the infinitesimal coproduct is con-
trolled by single-vertex cuts rather than by Hopf-type admissible cuts. This gives a
direct combinatorial interpretation of every summand of A{y (7).

3. One-sided grafting identities and comb examples. The grafting operation V
gives two unary operators B"(T) =T V | and BY(T) = | V T. Proposition 16 shows
that these operators satisfy recursive identities with respect to Ajy. Corollary 17
then gives closed formulas for the coproducts of the left and right comb families.
These formulas provide explicit test cases for the recursive definition and illustrate
how the infinitesimal structure behaves on basic tree families. We also record the
mirror symmetry of the coproduct and derive the corresponding infinitesimal com-
patibility for the over product /.

4. A universal property for the pair (\, V). We introduce unitary (\, V)-algebras
and prove that (Hfg, \, [, V) is the free such algebra on the empty set in Theorem 20.
We then introduce unitary infinitesimal (\,V)-bialgebras in Definition 21. Propo-
sition 22 shows that the planar binary tree object constructed here is an object of
this category, and Theorem 23 proves that it is free. This shows that Afy is not
an auxiliary coproduct introduced only for the present construction; rather, it is
determined by the unit, the under product \, the grafting operation V, and the
recursive infinitesimal compatibility.

5. A bridge with planar rooted forests. The final part of the paper compares the
internal construction with the known infinitesimal bialgebra on planar rooted forests.
Proposition 25 first proves a uniqueness criterion for A{y in terms of A{z(|) = 0,
the B"-recursion, and the infinitesimal derivation rule. Theorem 27 shows that there
is an isomorphism © : (Hfg,\,|,Afg) — (kF,-,1,A%) of unitary infinitesimal
bialgebras, which is indeed the linear extension of Knuth’s rotation correspondence.
Hence © identifies the planar binary tree coproduct with the rooted-forest infinites-
imal coproduct, although Afp and its properties are first constructed intrinsically
on planar binary trees.

Taken together, these results clarify the infinitesimal counterpart of the Aguiar—Sottile
rooted-forest /binary-tree correspondence. They also separate three different notions
which are often close in tree combinatorics: Hopf admissible cuts, planar rooted-forest
infinitesimal cocycles, and the elementary cut coproduct on planar binary trees.

Convention Throughout this paper, k is a unitary commutative ring of characteristic
zero. All modules, algebras, coalgebras, bialgebras, tensor products, and linear maps are

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 4



taken over k. By an algebra we mean an associative algebra, not necessarily unitary. For
any set X, kX denotes the free k-module with basis X. We use Sweedler’s notation for
the coproduct:

A(X) = ZX(I) & X(g).
(X)

2 The infinitesimal bialgebra of planar binary trees

This section constructs the infinitesimal bialgebra structure on the k-module spanned by
planar binary trees. We begin by fixing the basic tree operations used throughout the
construction.

2.1 Planar binary trees and the grafting operation

We first recall the operations V and \ on planar binary trees and the corresponding
bimodule structure on Hf ® Hfy.

Definition 1. [1, 44] A unitary infinitesimal bialgebra (of weight zero) is a quadru-
ple (A,-,14,A), where (A,-,14) is a unitary associative algebra and

AA— AR A
is a coassociative coproduct, not necessarily counitary, such that
A(ab) =a-A)+ A(a)-b, Va,be A (1)

A planar binary tree [33] is a finite rooted planar tree in which every internal vertex
has exactly two ordered incoming branches, called its left and right branches. The trivial
binary tree, denoted by |, has no internal vertices. Let ) be the set of planar binary
trees. For T' € Y, we denote by Int(7) the set of internal vertices of T; in particular,
Int(|) = 0. For n > 0, let ), denote the set of planar binary trees satisfying |Int(7T")| = n;
thus My = {| }. For example,

(Y} - DOV e (YY)

Hip :=kY = Pk,

n=0

Set

Definition 2. [33, 43] The binary grafting operation is the bi-linear map

where T; V T, is obtained by creating a new root and attaching 7; and T, as its left and
right branches, respectively.

(S48
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For example,

WYY Y

Every non-trivial planar binary tree T € ), T' # |, admits a unique root decomposition
T =T,V 'T,, where T} and T, are called respectively the left and right branches of the

root. For instance,
Y=Y
LYY

are called the right comb trees [2]. Denote by F, the right comb tree with n internal
vertices:

The trees

Fy:=|, F =F V|, Yn>1. (2)

Similarly, the left comb trees are given by
F=| F.=|VFE. ,, Vn>1 (3)

2.2 Recursive definition of the infinitesimal coproduct

We now define a coproduct on Hip by recursion on the root decomposition 7' = T; V T,..
This construction only uses the grafting operation V at this stage. Its coassociativity will
be proved first; the under product \ will then be introduced in order to formulate and
prove the infinitesimal compatibility relation.

Define the infinitesimal coproduct to be the linear map

Afg: Hig — Hig ® Hig
by setting

0, if 7T = |,
Ap(T) =4 Tio T+ (ide V) (AfR(T) @ T))

ifT =T, VT, #|.
+(V®id)(Ti @ AfR(T3)) I 7
Equivalently, for T'= T,V T, # |,

Ap(T) =TT+ Y Tin® (T VT) + > (TiVTw) @ T (5)
(1) (1)

Example 3. For some low-degree planar binary trees, we have

2 =Y oY +10( + Y el
AER(Y):Y@@YH@YJFY@].
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For comparison, let A denote the Loday—Ronco Hopf coproduct on undecorated planar
binary trees [33]. For the same two trees, one has

AMY1=YeY+Ye Y +e Y+ el
A(Y):Y®Y+Y®Y+Y®Y+Y®Y+Y®|+|®Y.

Proposition 4. Ajy is coassociative:

(AiR ® id)AiR = (id ® AER)AER'

Proof. Let T € Y. We prove the identity by induction on |[Int(7)| > 0. For the initial
step of |Int(7")| = 0, we have T' = |. Hence

(AER ® id>AiR(D =0= (id ® AER)AER(D-

For the induction step of |Int(7)| > 1,

(AfR @ id)Af R (T ZTZ(1)®T1 ®T, + > Afg( @ (Tie VT
(Th)
+ Z ALr(TiV T ) @ T
()
ZTZ(U@JTl ® T, +ZA (Tl()\/Tr)
(T1)

+ Z T1 T 1) @15 2

(1)
+ Z Ty ® (Ti@ V Try) ® Trga)
T)
+ Z (Ti vV Tr@) @ Traye @ Tre)- (6)
(Tr),(Tr (1))
Similarly,
(id @ AL ) ALR(T Z TR T.m® T+ Y Tiay ®Afg(Tie VT

+ZT,VT ) @ AfR(Th2)

Z T @101 @ T 2 + Z Ti,0) @ Ti2) @ T
(T1)
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+ Z Ty @ Ty © (T V1)

(T1),(T1,(2))
+ Y T @ (Tue vV Tnw) @ T

(T1),(Ty)
+ZTNT ) @ AfR(Th ) (7)

We now compare (6) and (7). Write T' = T; V T,., applying the induction hypothesis to T;
gives
(ALr ®1d)ALR(T) = (id ® ALg)ALR(Th),

that is,
Z Ty @ Thy2) @ Tiye) = Z T1,(1) @ T 2)(1) @ Ti2)(2) -
(1) (T, 1)) (1) (T, 2))
Hence,
ZALRTz @ (T VT)= Y, Tn@heon® (TeooVh). (8
(T1),(T1,(2))
Similarly,
> (GVTLon) @ Tne @ T = Y (1Y) @ A(The). ()
(Tr),(Ty, (1)) (Tr)

Comparing (6) with (7), the common terms are identical, while the remaining terms are
identified by (8) and (9). This proves the induction step and completes the proof. O

We now introduce the under product. This product will be used to express the in-
finitesimal compatibility of Afy.

Definition 5. [2] The under product!’ is the bi-linear map
\: Hig ® Hig — Hig, S®T— S\T,

where S\T is obtained by adjoining the root of T" to the rightmost branch of S.
The trivial tree | is the unit, satisfying |\T' = T = T\|. Moreover, if S # | and
S =5,V S, is its root decomposition, then, for every T" € ), one has

S\T = S,V (S,\T). (10)

'We use the term “under product” for \, following Aguiar and Sottile [2], rather than the more generic
phrase “associative product”. This avoids confusing \ with other associative products on planar binary
trees, in particular the Loday—Ronco Hopf product.
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Example 6. Let S = \<( = Y\/ | and T' = Y Then,
ST=5vEAn =Y vy =Y vY =Y.

A right decomposition [2] of a planar binary tree T" is a way of writing 7" as R\S.
The trivial right decompositions are

T=T7\, T=|\T.

A non-trivial tree T' is called progressive [2] if the trivial right decompositions are its
only right decompositions. Equivalently, if 7" = T; V T, is the root decomposition of T
then T is progressive if and only if T, = |. Thus every non-trivial progressive tree is of

the form 7; v |. For instance,

Moreover, every non-trivial planar binary tree admits a unique factorization
T:Ul\\Um, U; GP(J)), m =1,

where P()) denotes the set of progressive planar binary trees. In particular, Aguiar and
Sottile [2] showed that (Hfg,\,|) is the free unitary associative algebra on P(}).
We equip Hfy ® Hfy with a bimodule structure induced by the under product \:

Hig ® (Hig ® Hig) — Hig @ Hig, U@ (Vo W)r— (U\V)a W,

€ € € € € (11>
(Hir ® Hig) @ Hig — Hig @ Hiz, (UQV)@Wr— U (V\W).

The mirror counterpart of the under product \ is the over product [2]:
/:Hig @ Hig = H{g, S®Tv+— S/T,

where S/T is obtained by grafting the root of S to the leftmost branch of T'.
Let 7 : Y — Y be the mirror symmetry [32] of planar binary trees, defined recursively
by
™):=1, 7(LVvT):=7(T)v7(T),

and extended linearly to Hfy. This symmetry satisfies 72 = id and
T(S\T) =7(T)/7(S), VS, T € Hig, (12)

equivalently,
S/T =7(r(T)\7(S)) VS, T € Hfy. (13)

Furthermore, with the opposite coproduct
(AfR)® =00 Afg, where o(U®V):=V&U,

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 9



one has

App(T(T)) = (T @ 7)(Arg)™(T), VT € Hig. (14)

As in (11), the over product / induces a bimodule structure on Hfy ® Hfp given by

Hig ® (Hig ® Hig) — Hig @ Hig, U@V W)+— (U/V)2 W,
(Higr @ Hig) @ Hig — Hig @ Hig, (UQV)QW — U ® (V/W).

The following result collects the properties for both the under and over products.

Lemma 7. For all S,T € Hfy, one has

ALr(S\T) = S\ALR(T) + ALg (ST, (15)
Apr(S/T) = S/ALR(T) + Air(5)/T. (16)

Proof. We first prove (15) by induction on | Int(S)| > 0 for S € Y. For the initial step of
|Int(S)| = 0, we have S = |. Hence

Arr(\T) = Afr(T) = NALR(T) + ALr(D\T
For the induction step of |Int(S)| > 1, on one hand,

Afr(S\T) 2 AR (S V (S\T))

5@ (SAT) + Y Sy @ (Sie) V (SAT)

(S1)
+ (V@1id) (S ® Afp(S\T))
=S ®(S\T)+ ) _ Sy ® (Sye) V (S:\T))
(S1)
+ (v @id) (S @ (SAALR(T) + ALr(S,)\T))
(by the inductive hypothesis)
= 5,@ (SA\T) + Y Sy @ (Su2) V (S:\T))
(S1)
+(V®id) (S ® (S\ALR(T))) + (V@id) (S ® (ALp(SO\T)).  (17)

On the other hand,
S\ATR(T) =D (S\T)) @ Tz
(T)

STV (S\TW) @ Ty
@
= (V@id)(S @ (S\A[r(T))), (18)
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and

ALRNT 2 ($1® 8, + 3 Sy ® (Sizy v S,)
(51)

+ Z(Sl V Sp1)) ® Sr,(2)>\T
(Sr)

® (5:\T) + ZSZ 1) @ ((Sie) vV SI\T)
(S1)
+> (S1V Sr 1) © (Sr@)\T)

(S0)
D5 @ (S\T) + 251 W @ (S V (S\T))

(11)

+ Z SV Sr,(l)) ® (Sr2)\T)

(5r)

=S ®(S\T)+ > Si1) @ (Sie) V (S\T)) (19)
(S1)

+ (V®id) (S @ (AfR(S)\T)).
Substituting (18) and (19) into (17), we conclude (15). Equation (16) follows from

Afp (r(r(T)\7(S)))
W (r @ 1) (ALL)* (F(T)\7(S))

D (r @ 7) [(ARFTN(S) ™ + (F(TNALL ()]

Y e (o))" @N\(S)” + (FD\F @) (A5) ()]
2 S/ ALR(T) + AfR(S)/T.

. (13)
Apr(S/T) =

)
(

This completes the proof. n

2.3 An elementary cut formula for the infinitesimal coproduct

We now give a combinatorial interpretation of the coproduct Ay in (4). For each T € ),
the planar embedding induces a strict total order <7 on Int(7") from left to right. In more
detail, this order is defined recursively on the number of internal vertices: if Int(]) = 0,
then there is nothing to do; if 7" = T} V T,, then the restrictions of < to Int(7;) and
Int(7}) coincide with <7, and <r,, respectively, and

u<ppr <rwv, Yué€lnt(T}),v € Int(T,).

Thus every internal vertex e € Int(7") separates the internal vertices of T" into left and
right parts.
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Definition 8. Let 7' € ). An elementary cut of T is the choice of an internal vertex
e € Int(7T). Cutting T" at e removes the vertex e and determines an associated pair

(PY(T),RY(T)) € Y x Y,

where P¢(T') (resp. R(T)) is the induced planar binary tree from 7" whose internal
vertices are

Int(P(T)) = {u € Int(T) | u <7 e}, (resp. Int(R*(T)) = {v € Int(T) | e <7 v}).

Recursively, the pair (P¢(T), R*(T)) can be obtained as follows. The trivial tree | has
no elementary cuts. If ' =T,V T, # | and e € Int(T"), then

(11, 7T,), if e = pr,
(PE(T),R(T)) ==« (PY(Th), R(T) vV T,), ifeent(Ty), (20)
(T, v P*(T,), R°(T})), if e € Int(T;).

Remark 9. 1. The elementary cut in Definition 8 is not an admissible cut in the sense of
the Connes—Kreimer coproduct [12, 31] or the Loday—Ronco Hopf coproduct [33, 43].

2. The (P*(T),R°(T)) is close to the lightning decompositions appearing in [3, 8],
but the grading behavior is different. In those constructions the number of internal
vertices is conserved, whereas in the present elementary cut the vertex e is removed.

3. With respect to the grading by the number of internal vertices, the product \ is
homogeneous of degree 0, whereas the coproduct Afy is homogeneous of degree
—1. This is a major difference from the Loday-Ronco Hopf coproduct, which is
homogeneous of degree 0.

The following formula shows that these elementary cuts give exactly the coproduct
A]G'JR.

Theorem 10. For every planar binary tree T' € Y, one has

Afp(T)= > PT)® R(T). (21)

e€Int(T)

Proof. We prove (21) by induction on |Int(7")| > 0. For the initial step of |Int(7")| = 0,
one has T' = | and Int(7) = (). Hence

Aip(T) = Ajg()=0= ) PY(T)® R(T).
e€Int(T)

For the induction step of |Int(7")| > 1, write 7' =1; V T,.. Then

AR(T) 2T @ T, + (id @ V) (ALg(T) ® T)
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+(V@id)(T ® AlR(T}))
=NoT,+ Y PYT)e (RYT)VT,)

u€lnt(T;)
+ Z (T, v P*(T})) ® R*(T}) (by the inductive hypothesis)
weInt(T})
:PPT( )®RPT + Z pu ®R“( )
u€lnt(7})
+ Y PYT)®R"(T) (by Definition 8)
weInt(T;)
= Z PT)® RY(T) (by the decomposition of Int(7")).
e€Int(T)
This proves the induction step and completes the proof. O

To make the combinatorial content of the coproduct formula transparent, we record
the following examples.

Example 11. Let

w
n="%

e PE(TI) Re(Tl)

YY)
w|\<(
pYI

Alr(Ty) = P(Ty) ® R*(Th) + P*(T1) ® RY(Th) + P°(T1) ® R°(Ty)

:Y®Y+|®Y+Y®|.

This agrees with Example 3.

with Int(77) = {p,v,w}. Then

Hence

We now state the resulting infinitesimal bialgebra structure.
Theorem 12. The quadruple (Hfg,\,|, A{g) is a unitary infinitesimal bialgebra.

Proof. Notice that (Hfg,\,|) is a unitary associative algebra [2]. Then the result follows
from Proposition 4 and Lemma 7. O]

Remark 13. The coproduct Afy is not counitary. Indeed, since Afg(]) = 0, there cannot
exist a linear map ¢ : Hfp — k satisfying

(e ®@id)Ajg =idpe, and (id®e)Ajg = idge,. .
Applying the first identity to | would give 0 = |, a contradiction.
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3 Free unitary infinitesimal (\, V)-bialgebras

In this section we formulate a universal property for the unitary infinitesimal bialgebra
obtained in Theorem 12.

3.1 Two one-sided grafting operators

The binary grafting operation V gives two natural one-sided operators by fixing the trivial
tree on the left or on the right.

Definition 14. Define two linear maps
B",B": Hiy — Hiy
by setting, for every tree T' € ),
B(T):=TvV|, BYT):=|VT.

Example 15. For the one-vertex tree, one has

FY)=Y V=Y. BOY)=IvY =Y

Iterating once more gives the two comb examples

)= viI=Y B =IvY =Y

The coproduct Afy behaves recursively with respect to these two one-sided grafting
operators.

Proposition 16. For every T' € Hiy, one has
ALr(B'(T)) =T @] + (id @ B")Ajx(T), (22)

and
ASp(BYT)) = | @ T + (B ® id) Afx(T). (23)
Proof. Tt is enough to verify the identities on 7" € ). For (22), using Definition 14 and
(4),
AER(BT(T)) = AeLR(T v |)
4) ‘ e : ¢
=T |+ (doV)(AR((T) @) + (Veid) (T ® Afg(])
=T®|+ ({d®V)(ART) ®|)
=T®|+ (id® B")A{R(T).
The proof of (23) is similar. This completes the proof. ]
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For the comb trees introduced in (2) and (3), the one-sided grafting operators give
Fy=(B)"(), F.=BY(), Vnx0.

As a consequence of Proposition 16, we obtain the coproduct formulas for these comb
trees.

Corollary 17. For every n = 0, one has
AiRFT Z n11®Fir7 (24)

Afn(FL) = ZFf ®FL, ., (25)

where the sum is understood to be zero for n = 0.

Proof. We prove (24) by induction on n > 0. For the initial step of n = 0, we have Fj = |,
and hence
ALr(F7) = Afr(]) =0.

For the induction step of n > 1, assume that
Air(F, Z L ®F
Since F = B"(F]_,), Proposition 16 gives
(22)

Arr(Fy) = F; 1®|+<1d®BT)AiR( 1)

=F_ ®F + Z o, ® B'(F]) (by the inductive hypothesis)

—FT1®FT+Z n—2—i @ Fiy

n—

= E?

n—1—1

—_

® F}.

I
o

%

Thus (24) holds. The proof of (25) is similar, using (23). O

3.2 Unitary (\, V)-algebras of planar binary trees

We now isolate the algebraic structure carried by planar binary trees with the operations
\ and V. This allows us to formulate the universal property satisfied by (Hfg, \, |, V).

The following definition is inspired by the operated-algebra and cocycle bialgebra
viewpoints used for rooted forests [24, 42, 44] and by the compatibility between the under
product \ and the binary grafting operation V on planar binary trees [2].
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Definition 18. A unitary (\, V)-algebra is a unitary associative algebra (H,\y, 1x)
together with a bi-linear map
Vi HH— H

such that

A morphism of unitary (\, V)-algebras is defined as usual.
Lemma 19. The quadruple (Hfg,\,|, V) is a unitary (\,V)-algebra.

Proof. The triple (Hfg, \,|) is a unitary associative algebra by Aguiar—Sottile [2], and the
compatibility (26) follows from (10). O

Now we arrive at our main conclusion of this subsection.

Theorem 20. The unitary (\,V)-algebra (Hfg,\,|, V) is the free unitary (\,V)-algebra
on the empty set.

Proof. (Existence). Let (H,\m,1y,Vy) be a unitary (\,V)-algebra. Define the linear
map

o:Hipn—H
on basis trees recursively by
o) :=1p, M VT):=2(M) Ve (1), VI,T, €). (27)
We now verify that ® preserves \
O(S\T) = (S \g®(T), VS, Te), (28)

by induction on [Int(S)| = 0. For the initial step of [Int(S)| = 0, one has S = |, and hence
O(\T) = &(T) = 1u\u®(T) = S()\u®(T).

For the induction step of |Int(S)| > 1, write S = S; V S,. Then

B(S\T) ‘2 o(S, v (S,\T))

L a(5) var 2(S\T)
= (S) Vi (®(S)\u®(T)) (by the inductive hypothesis)

2 ((S) Vi B(5,)\u®(T)

D (5, v S, )\ud(T)
= Q(S)\u (7).

Thus ® is compatible with the products \ and \z. By (27), it also preserves the unit and
the grafting operation. Hence ® is a morphism of unitary (\, V)-algebras.
(Uniqueness). It follows from (27). O
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3.3 Unitary infinitesimal (\, V)-bialgebras

We now add the infinitesimal coproduct to the preceding (\, V)-algebraic structure and
require it to be compatible with the grafting operation.

Definition 21. A unitary infinitesimal (\, V)-bialgebra is a quintuple

(Ha\HalHaAHavH)

such that:
(a) (H,\m, 1y, Vy) is a unitary (\, V)-algebra;
(b) (H,\u, 1y, Ay) is a unitary infinitesimal bialgebra;
(c) The operation Vp satisfies the compatibility

Ap(zVpy) =2@y+(1doVy)(Au(z)@y) + (Ve ®id)(z® Ap(y)), VYaz,y € H. (29)
A morphism of unitary infinitesimal (\, V)-bialgebras is defined as usual.

Proposition 22. The quintuple (Hfg,\,|,A{g,V) is a unitary infinitesimal (\,V)-
bialgebra.

Proof. By Lemma 19, (Hfg,\,|,V) is a unitary (\,V)-algebra. By Theorem 12,
(Hfg, \,|,A{g) is a unitary infinitesimal bialgebra. The compatibility (29) follows di-
rectly from (4). O

Having identified the planar binary-tree object inside this category, we now record its
corresponding universal property.

Theorem 23. The unitary infinitesimal (\, V)-bialgebra (Hf g, \, |, A{g, V) is the free uni-
tary infinitesimal (\,V)-bialgebra on the empty set.

Proof. Let (H,\g, 1y, Ag,Vy) be a unitary infinitesimal (\,V)-bialgebra. By Theo-
rem 20, there exists a unique morphism ¢ : Hfp — H of unitary (\, V)-algebras satisfy-
ing

O(|)=1y, (T, VT,)=(T)Vy ®(T,), VT, T.€).
It remains to prove that ® is compatible with the coproducts, namely,
(@ ® D)ALR(T) = Au(®(T)), VT €Y. (30)

We prove (30) by induction on |[Int(7")| > 0. For the initial step of [Int(7")| = 0, we have
T = |. Since A{x(]) = 0, we get

(®® ®)Aig(]) = 0.
Also, the infinitesimal compatibility in H gives

Ap(lg) = Ag(1a\uln) ¢ Li\uAu(1g) + Au(lg)\alay = 2Au(1g),
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hence Ag(1y) = 0. Since ®(|) = 1y, we get
Au(®(])) = 0.

Thus (30) holds for |Int(T")| = 0.
For the induction step of |Int(7")| > 1, write T'=T; V T,. We compute

(@@ )AL (T) 2 (@0 0)(T @ T, + (ide V) (A (1) & T,)
+(veid)(T® A;R(Tr)))

D o(1) @ O(T,) + (1d @ Vi) (2 © )AL(TH) @ ©(T;))

+ (Vi ©1d)(9(T)) @ (P @ P)AfR(T))
= ®(Th) @ ®(T;) + (id @ Vi) (A (P(T)) @ O(T))

+ (Vg ®1d)(®(T7) @ Ap(9(T}))) (by the inductive hypothesis)
D Ay (®(T) Vi O(T:))

(27

D Au(S(TV T))
— Ap(®(T)).

This proves (30) for [Int(7)| > 1 and completes the induction.

Therefore ® preserves the coproduct. Since ® is already a morphism of unitary (\, V)-
algebras, it is a morphism of unitary infinitesimal (\,V)-bialgebras. Finally, uniqueness
follows from Theorem 20. This completes the proof. O]

4 An infinitesimal bialgebra isomorphism from planar binary
trees to planar rooted forests

In this section, we establish an infinitesimal bialgebra isomorphism from the infinitesi-
mal bialgebra (Hfg,\,|, A{g) of planar binary trees constructed in last section to the
infinitesimal bialgebra (kF,-, 1, Agp) of planar rooted forests [44].
Let 7 and F denote the sets of planar rooted trees and planar rooted forests, respec-
tively. The grafting operation
Bt F—TCUF

sends a forest to the tree obtained by grafting its roots to a new common root. We recall
from [44] that the k-module kF, equipped with forest concatenation product -, unit 1,
and the infinitesimal coproduct

Al i kF — kF @ kF,
is a unitary infinitesimal bialgebra (of weight zero). Moreover,
AL (FG) = F - Aqr(G) + AR (F) -G, VF,G € kF, (31)
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and

AL (BY(F)) = F @1+ (id® B)AL(F), VF € kF, (32)

In particular, Agp(1) = 0 [44]. Under the correspondence used below, the grafting oper-
ator Bt corresponds to the operator B” on planar binary trees, and forest concatenation
corresponds to the associative product \ on Hfy. Hence the infinitesimal coproduct A%y
should correspond, via a bridge map, to A{y.

The key point is that on the rooted-forest side the coproduct is governed by the
infinitesimal 1-cocycle condition for Bt together with the derivation law for concatenation,
whereas on the planar binary tree side Afy is governed by the corresponding recursive
identity for B" together with the derivation law for \.

Remark 24. There are two reasons for using B”, rather than Bf, in the forthcoming
proposition.

1. The B'-recursion (33) below has the same one-sided form as the infinitesimal 1-
cocycle formula for planar rooted forests [44]:

Afr(BT(F)) = F®1+ (id® BY)Agp(F).
By contrast, the Bf-identity (23) has the opposite form
Air(BYT)) =@ T + (B ®id)Afg(T),
and therefore does not match the rooted-forest 1-cocycle pattern.
2. The choice of B" is made to be compatible with the progressive tree:
P(Y)={B"(U)|U € Y}.

Here B" parametrizes the generators on which the uniqueness argument starts,
whereas B does not.

This leads to the following uniqueness characterization of Afy.

Proposition 25. The coproduct Ajy is uniquely determined by the following three con-
ditions:

Air(]) =0,
Afr(B'(T)) =T ® |+ (id® B")A{R(T), VT € Hig, (33)
ALr(S\T) = S\A[R(T) + AR (S)\T, VS € Hig, T € {[} UP(). (34)
Proof. Let B
A: Hfp — Hip ® Hig

be a coproduct satisfying the same three conditions. We want to prove that Afy = A.
Notice that (Hfg,\,|) is freely generated by progressive trees as a unitary associative
algebra [2]. So we are left to verify that

A(T) = Ajp(T), VT €{|}UP),
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which is done by induction on |Int(7")| > 0.
For the initial step of |Int(7")| = 0, one has 7" = |. Hence

A(T) = A()) = 0= Afx(]) = AfR(T).

For the induction step of |Int(7")| > 1, the tree T is non-trivial and progressive. Hence
there exists a unique U € )Y such that

T=BU)=UV]

By the defining condition for A and by (33),

A(T)=U® |+ (id® B"A(U), (35)
Ag(T) =U® |+ (id® B")Afg(U). (36)
Write the unique \-factorization of U as

U=U\" - \Up, where U; € P(Y) and m > 0.

Here we employ the convention that U = | if m = 0. For m > 1, one has |Int(U;)| <
|Int(7")|, and hence the induction hypothesis gives

AU) = A g (Uy), Vi=1,...,m.
Since both coproducts satisfy the same derivation rule, the factorization U = Uy \ - - - \Up,
gives

AWU) =D (UN - AU DN\AUN Ui\ - \Un)

= U\ Vo)A R U\ (U \ -+~ \Ui) (by the inductive hypothesis)

where the sum is understood to be zero for m = 0. Hence (35) and (36) imply A(T) =
Afg(T). This completes the induction and hence the proof. O

The following recalls Knuth’s rotation correspondence, under the name left-child /right-
sibling representation in [30].

Lemma 26. [30] There is a set bijection © : Y — F determined recursively by
(“)(D = ]_, @(Tl V Tg) = B+ (@(Tl))@(Tg), VT]_,TQ < y (37)

The planar rooted-tree version of Knuth’s rotation correspondence used in [15] is given

N
by the composition map Y O, F 2 T Now we arrive at the main result of this section.
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Theorem 27. There is an isomorphism of unitary infinitesimal (\, V)-bialgebras:
O (Hig, \, |, Afg. V) — (KF,\#, 1, Agr, V). (38)
In particular, © is an isomorphism of unitary infinitesimal bialgebras
O: (Hig, \, [, Afr) — (KF,-, 1, Agy). (39)
Proof. Define bi-linear maps
\]:,\/]: kF @ kF — kF

by setting
F\rG:=FG, FVyG:=BY"F)G, VFGEeF.

Since
(FVrG)\sH = BY*(F)GH = F Vr (G\;H),

the quadruple (kF,\#,1,Vz) is a unitary (\,V)-algebra. By (31), (kF,\x,1,Agy) is a
unitary infinitesimal bialgebra. Moreover, for F,G € F,

Agp(F Vi G) = Mgy (BT (F)G)
L BHF) A (G) + D (B (F)) G
L Fo0+(de V) (da(F)®6) + (Vr©id)(F & Au(3)).

Hence (kF,\r, 1, Air, V) is a unitary infinitesimal (\, V)-bialgebra.

Since (HER, \, [, Af g, \/) is the free unitary infinitesimal (\, V)-bialgebra on the empty
set by Theorem 23, there exists a unique morphism of unitary infinitesimal (\,V)-
bialgebras B

Notice that ©(]) = 1 and
(1 V) =0(Th) Vr O(T) = BT (6(11))0(Tn), VT, T € ).
Together with Lemma 26, we have
Oly=6:Y — F
is a set bijection, and so © is a linear isomorphism. O

We conclude this section with a final remark.

Remark 28. 1. Recall the Aguiar—Sottile rooted-forest/binary-tree bijection ¢ : F —
Y characterized by [2]

p(1) =1, ©(FG)=p(F)\e(G), ¢(B*(F)) =¢F)V| VFGeF.

We have O]y = p~!. The underlying bijection is classical, but the algebraic struc-
tures identified here are different.

2. Since Aguiar—Sottile’s framework also connects planar binary trees with permuta-
tions, it is natural to ask whether one can study an infinitesimal bialgebra structure
on permutations compatible with these maps.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 21



Acknowledgments

This work is supported by the National Natural Science Foundation of China (12571019),
the Natural Science Foundation of Gansu Province (25JRRA644) and Innovative Funda-
mental Research Group Project of Gansu Province (23JRRA684). The authors thank the
referee for helpful suggestions.

References

1]
2]
3]

M. Aguiar. Infinitesimal Hopf algebras. In New Trends in Hopf Algebra Theory, vol-
ume 267 of Contemp. Math., pages 1-29. Amer. Math. Soc., Providence, RI, 2000.

M. Aguiar and F. Sottile. Structure of the Loday-Ronco Hopf algebra of trees. J.
Algebra, 295(2): 473-511, 2006.

N. Bergeron, R. S. Gonzalez D’Leén, S. X. Li, C. Y. A. Pang, and Y. Vargas. Hopf
algebras of parking functions and decorated planar trees. Adv. Appl. Math., 143:
Article 102436, 62 pp., 2023.

L. A. Bokut, Y. Chen, and J. Qiu. Grébner—Shirshov bases for associative algebras
with multiple operators and free Rota—Baxter algebras. J. Pure Appl. Algebra, 214(1):
89-100, 2010.

C. Brouder and A. Frabetti. QED Hopf algebras on planar binary trees. J. Algebra,
267(1): 298-322, 2003.

C. Brouder, A. Frabetti, and F. Menous. Combinatorial Hopf algebras from renor-
malization. J. Algebraic Combin., 32(4): 557578, 2010.

P. Cartier. On the structure of free Baxter algebras. Adv. Math., 9(2): 253-265, 1972.

P. Catoire. Tridendriform structures. SIGMA Symmetry Integrability Geom. Methods
Appl., 19: Paper No. 066, 36 pp., 2023.

F. Chapoton and M. Livernet. Pre-Lie algebras and the rooted trees operad. Int.
Math. Res. Not., 2001(8): 395-408, 2001.

F. Chapoton. A Hopf operad of forests of binary trees and related finite-dimensional
algebras. J. Algebraic Combin., 20(3): 311-330, 2004.

F. Chapoton. Operads and algebraic combinatorics of trees. Sém. Lothar. Combin.,
58: Art. B58c¢, 27 pp., 2007.

A. Connes and D. Kreimer. Hopf algebras, renormalization and noncommutative
geometry. Comm. Math. Phys., 199(1): 203-242, 1998.

A. Connes and D. Kreimer. Renormalization in quantum field theory and the
Riemann—Hilbert problem. I. The Hopf algebra structure of graphs and the main
theorem. Comm. Math. Phys., 210(1): 249-273, 2000.

G. Duchamp, F. Hivert, and J.-Y. Thibon. Noncommutative symmetric functions. VI.
Free quasi-symmetric functions and related algebras. Internat. J. Algebra Comput.,
12(5): 671-717, 2002.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 22



[15]
[16]
[17]
[18]
[19]

[20]

K. Ebrahimi-Fard and D. Manchon. The Magnus expansion, trees and Knuth’s rota-
tion correspondence. Found. Comput. Math., 14(1): 1-25, 2014.

L. Foissy. Finite-dimensional comodules over the Hopf algebra of rooted trees. J.
Algebra, 255(1): 89-120, 2002.

L. Foissy. Les algebres de Hopf des arbres enracinés décorés. 1. Bull. Sci. Math.,
126(3): 193-239, 2002.

L. Foissy. Les algebres de Hopf des arbres enracinés décorés. 11. Bull. Sci. Math.,
126(4): 249-288, 2002.

L. Foissy. Bidendriform bialgebras, trees, and free quasi-symmetric functions. J. Pure
Appl. Algebra, 209(2): 439-459, 2007.

S. Forcey, A. Lauve, and F. Sottile. New Hopf structures on binary trees. In Pro-

ceedings of the 21st International Conference on Formal Power Series and Algebraic
Combinatorics (FPSAC 2009), Discrete Math. Theor. Comput. Sci. Proc., AK: 411-
420, 2009.

T. Zhang, X. Gao, and L. Guo. Hopf algebras of rooted forests, cocycles, and free
Rota—Baxter algebras. J. Math. Phys., 57(10): Article 101701, 2016.

I. M. Gelfand, D. Krob, A. Lascoux, B. Leclerc, V. S. Retakh, and J.-Y. Thibon.
Noncommutative symmetric functions. Adv. Math., 112(2): 218-348, 1995.

R. Grossman and R. G. Larson. Hopf-algebraic structure of families of trees. J. Al-
gebra, 126(1): 184-210, 1989.

L. Guo. Operated semigroups, Motzkin paths, and rooted trees. J. Algebraic Combin.,
29(1): 35-62, 2009.

M. Hazewinkel. The algebra of quasi-symmetric functions is free over the integers.
Adv. Math., 164(2): 283-300, 2001.

R. Holtkamp. Comparison of Hopf algebras on trees. Arch. Math. (Basel), 80(4):
368—-383, 2003.

R. Holtkamp. On Hopf algebra structures over free operads. Adv. Math., 207(2):
544-565, 2006.

R. Holtkamp, J.-L. Loday, and M. Ronco. Coassociative magmatic bialgebras and
the Fine numbers. J. Algebraic Combin., 28(1): 97-114, 2008.

S. A. Joni and G.-C. Rota. Coalgebras and bialgebras in combinatorics. Stud. Appl.
Math., 61(2): 93-139, 1979.

D. E. Knuth. The Art of Computer Programming, Vol. 4A: Combinatorial Algo-
rithms, Part 1. Addison-Wesley, Upper Saddle River, NJ, 2011.

D. Kreimer. On the Hopf algebra structure of perturbative quantum field theories.
Adv. Theor. Math. Phys., 2(2): 303-334, 1998.

Y. Li, Z. Lin, and T. Zhao. Two involutions on binary trees and generalizations. Adwv.
Appl. Math., 156: Article 102677, 2024.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 23



[33] J.-L. Loday and M. O. Ronco. Hopf algebra of the planar binary trees. Adv. Math.,
139(2): 293-309, 1998.

[34] J.-L. Loday and M. Ronco. Trialgebras and families of polytopes. In Homotopy
Theory: Relations with Algebraic Geometry, Group Cohomology, and Algebraic K-
Theory, volume 346 of Contemp. Math., pages 369-398. Amer. Math. Soc., Provi-
dence, RI, 2004.

[35] J.-L. Loday. Generalized bialgebras and triples of operads. Astérisque, no. 320, 126
pp., Société mathématique de France, Paris, 2008.

[36] C. Malvenuto and C. Reutenauer. Duality between quasi-symmetric functions and
the Solomon descent algebra. J. Algebra, 177(3): 967-982, 1995.

[37) M. Ronco. Eulerian idempotents and the Milnor-Moore theorem for certain non-
cocommutative Hopf algebras. J. Algebra, 254(1): 152-172, 2002.

[38] W. R. Schmitt. Incidence Hopf algebras. J. Pure Appl. Algebra, 96(3): 299-330, 1994.

[39] J. D. Stasheff. Homotopy associativity of H-spaces. 1. Trans. Amer. Math. Soc.,
108(2): 275-292, 1963.

[40] J. D. Stasheff. Homotopy associativity of H-spaces. II. Trans. Amer. Math. Soc.,
108(2): 293-312, 1963.

[41] D. Tamari. The algebra of bracketings and their enumeration. Nieuw Arch. Wiskd.
(3), 10: 131-146, 1962.

[42] Y. Zhang, D. Chen, X. Gao, and Y. F. Luo. Weighted infinitesimal unitary bialgebras
on rooted forests and weighted cocycles. Pacific J. Math., 302(2): 741-766, 2019.

[43] Y. Zhang and X. Gao. Hopf algebras of planar binary trees: an operated algebra
approach. J. Algebraic Combin., 51(4): 567-588, 2020.

[44] Y. Zhang, X. Gao, and Y. F. Luo. Weighted infinitesimal unitary bialgebras of rooted
forests, symmetric cocycles, and pre-Lie algebras. J. Algebraic Combin., 53(3): 771
803, 2021.

[45] Y. Zhang, X. Gao, and L. Guo. Hopf algebra of multidecorated rooted forests,
free matching Rota—Baxter algebras, and Grobner—Shirshov bases. Pacific J. Math.,
317(2): 441-475, 2022.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(3) (2026), #P3.85 24



	Introduction
	Motivation: infinitesimal compatibility on planar binary trees
	The guiding problem and the choice of operations
	Position among nearby tree bialgebras
	Main results and their significance

	The infinitesimal bialgebra of planar binary trees
	Planar binary trees and the grafting operation
	Recursive definition of the infinitesimal coproduct
	An elementary cut formula for the infinitesimal coproduct

	Free unitary infinitesimal (backslash,vee)-bialgebras
	Two one-sided grafting operators
	Unitary (backslash,vee)-algebras of planar binary trees
	Unitary infinitesimal (backslash,vee)-bialgebras

	An infinitesimal bialgebra isomorphism from planar binary trees to planar rooted forests

