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Abstract

Following their resolution of the Erdés B+ B+t problem, Kra, Moreira, Richter,
and Robertson posed a number of questions and conjectures related to infinite con-
figurations in positive density subsets of the integers and other amenable groups.
We give a negative answer to several of their questions and conjectures by producing
families of counterexamples based on a construction of Ernst Straus.

Included among our counterexamples, we exhibit, for any € > 0, a set A C N
with multiplicative upper Banach density at least 1 —e such that A does not contain
any dilated product set {bibat : b1,be € B,b; # ba} for an infinite set B C N and
t € Qsg. We also prove the existence of a set A C N with additive upper Banach
density at least 1 — € such that A does not contain any polynomial configuration
{b2+by+t : by, be € B, by < be} for an infinite set B C Nand ¢ € Z. Counterexamples
to some closely related problems are also discussed.

Mathematics Subject Classifications: 05D10, 11B13, 11B30

1 Introduction

In [11], Kra, Moreira, Richter, and Robertson provided a positive resolution to the Erdés
B+ B+t problem (asked in [6, 7, 8]) by showing that any positive density subset of the
integers contains a shift of an infinite sumset, i.e. a configuration of the form B® B+t =
{bi + by +1t:0b,by € B,by # by} for some infinite set B C N and some t € Z (and,
moreover, B may be taken as a subset of A). One is then left with the natural question of
which other infinite combinatorial configurations can be found in sets of positive density
of the integers or of other amenable groups. The survey article [12] provides an extensive
overview of questions along these lines, with some partial results in both the positive
and negative direction. The goal of the present paper is to provide a negative answer to
several of the questions and conjectures posed in [12].
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1.1 Sumsets in abelian groups

First, we address the generalization of the Erdés B + B + t problem to abelian groups.
Let I be a countable discrete abelian group. A Fualner sequence in I' is a sequence of
finite subsets (®y)yen of ' such that for any x € T,

The upper and lower density of a subset A C T' along a Folner sequence ® = (Pn)nen
are given by

AN Dy
and dg(A) = liminf —————
T daA) =l =g

The upper and lower Banach density of A C T' are defined by d*(A) = supg de(A) and
d.(A) = infe dy(A), where the supremum and infimum are taken over all Fglner sequences

® in I'. In [5], Charamaras and Mountakis prove a generalization of the main result of
[11] for abelian groups whose “even” elements form a finite index subgroup:

Theorem 1 ([5, Corollary 1.13]'). Let T be a countable discrete abelian group such that
2I' = {2z : « € T'} is a finite index subgroup of I'. If A C T is a set of positive upper
Banach density, then there exists an infinite set B C T' and a shiftt € I' such that

B@B+t:{b1+b2+tib1,b2EB,bl#bg}gA.

We prove that the Erdés B + B + t problem for an abelian group I' has a negative
answer whenever 2T is of infinite index, disproving [12, Conjecture 5.15]2.

Theorem 2. Suppose I' is a countable discrete abelian group and 2I' is a subgroup of
infinite index. Then for any e > 0, there exists A C T such that d*(A) > 1 — ¢ and if
BCTl andtel with B® B+tC A, then B is finite.

In fact, we can prove a similar result for higher-order sumsets as well. For k € N and

B CT, let
B@’“:{Zm:FgB,|F|:k:}.

zeF

Theorem 3. Let k > 2. Suppose I' is a countable discrete abelian group and kI' is a
subgroup of infinite index. Then for any e > 0, there exists A C T such that d*(A) > 1—¢
and if BCT andt € I with B®* 4t C A, then B is finite.

!The main result of [5] applies to a class of amenable groups under a technical assumption on the set
of squares. The result stated in Theorem 1 is the special case of their result in the setting of abelian
groups.

2Terence Tao has also observed that the condition [I" : 2I'] < oo in Theorem 1 is necessary (see [14]).
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1.2 Product sets in (N, X)

The semigroup (N, x) of positive integers under multiplication has the property that
the subsemigroup of kth powers, {n* : n € N}, has zero (multiplicative) upper Banach
density for every k > 2. With a small amount of additional work, we can use Theorem 3
to construct a counterexample in (N, x) for all £ > 2 simultaneously:

Theorem 4. Let ¢ > 0. There exists A C N with d%,(A) > 1 — e such that if B C N,
t € Qso, and k > 2 with

k
tBQk:{tHbiIbl,...7bk€B,b1<"'<bk} QA,
=1

then B 1is finite.

The case k = 2 in Theorem 4 gives a disproof of [12, Conjecture 5.1].

1.3 Polynomial configurations

Our next counterexample deals with polynomial patterns in the integers. Seeking a sumset
analogue of the Furstenberg—Séarkozy theorem [10, 13], Kra, Moreira, Richter, and Robert-
son asked whether every set of positive density in the integers contains a configuration of
the form

{b3 4+ by :by,by € Bby < by} +1t

for some infinite set B C N and some t € Z (see [12, Question 3.13]). We show that the
answer is negative and remains negative for any polynomial of degree at least two in place
of the squares:

Theorem 5. Let P(z) € Q[z] be an integer-valued polynomial with deg P > 2. Then for
any € > 0, there exists a set A C N with d*(A) > 1 — ¢ such that if BCN, t € Z, and

P(B)QB‘I‘t:{P(bl)—FbQ—f-tbl,bQEB,bl <b2}§A,
then B is finite.

Remark 6. Let us comment briefly on the choice of ordering for the configuration appear-
ing in Theorem 5. One could also consider the related configuration P(B)B> B = {P(b;)+
by 1 by, by € B, by > by}. In [12) Example 3.14], a counterexample of an even stronger form
is given for this configuration. Namely, there exists a set A C N with d(A) = 1 such that
A does not contain any set of the form B*B> C = {b* +c: b € B,c € C,b > ¢} with
B, C C N infinite, and the only property of the squares used for the proof is that the set
of squares {n* : n € N} is of zero density, so the argument applies equally well to any
polynomial of degree at least 2.

3By an integer-valued polynomial, we mean a polynomial taking integer values on the integers. That is,
P(Z) CZ.
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The configuration P(B) < B in Theorem 5 is better behaved in several respects. First,
if AC Nand d*(A) =1, then A contains P(B) < B for some infinite set B C N. Second,
if AC N and d*(A) > 0, then there are infinite sets B,C' C N such that P(B) < C C A,
and, moreover, one may choose C' C A — P(0); see [12, Corollary 3.33].

Theorem 5 shows that, despite the improved behavior of ordered sumsets with the
polynomial input being of smaller size, one may still avoid infinite configurations of the
form P(B) < B in all shifts of a set of positive density. We should note that our proof
makes use of the algebraic structure of polynomials in addition to the fact that P(N) has
zero density. A natural lingering question is whether one can construct counterexamples
without this algebraic structure; see Question 20 and the accompanying discussion at the
end of the paper.

1.4 Product-sum sets

Finally, we show that [12, Question 3.18], which is a variant of [12, Question 3.13], also
has a negative answer:

Theorem 7. For any € > 0, there exists a set A C N with d*(A) > 1 — ¢ such that if
BCN,teZ, and

BQB@B‘{'t:{bl'b2+b3+tlb1,b2,b3€B,b1<b2<b3}§A,

then B is finite.

1.5 Remarks about partition regularity versus density regularity

Consider the following families of sets discussed in the above results:
e For an abelian group I' and £ > 2:
Gr-sumset = LA C T : 3B C I infinite, B¥* C A}.
e For k > 2:
Gr-product set = {A C N: 3B C N infinite, B%* C A},

and

Cgproduct = U Cgk—product set -

k>2
e For an integer-valued polynomial P(z) € Q[x]:
¢p ={A CN: 3B C N infinite, P(B) { B C A}.

o ¢w+={ACN:3B C N infinite, B<] B <{ B C A}.
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Theorems 3, 4, 5, and 7 provide examples of sets with density arbitrarily close to 1
not containing any shift of an element of € sumset, Cproduct, €p, Or Ex 4, respectively. We
can therefore rephrase the main theorems as showing that these families of configuration
together with their shifts are not density reqular. This is made more meaningful by the
following observation, which is a simple consequence of Ramsey’s theorem.

Proposition 8. The families Gj_sumset, Cproduct, €p, and €y 4 are partition reqular. That
is, for each € € {G-sumset, Eproduct, €p, €x 4}, if C € € and C = J._, C;, then C; € €
for some i € {1,...,r}.

Remark 9. One can check that each of the families Gy sumset: Gproduct, €p, and Gy
contains all thick sets* and deduce that every piecewise syndetic set® contains a shift of
each of the configurations we have considered. The counterexamples we produce below
will therefore be examples of non-piecewise syndetic sets with positive density. Such sets
have been explored previously in [4, 3].

2 Revisiting the Straus example

All of the constructions in this paper are based on Straus’s counterexample to a density
version of Hindman’s theorem:

Theorem 10 (Ernst Straus, cf. [2, Theorem 2.20]). Let ¢ > 0. There is a set A C N
with d*(A) > 1 — € such that A does not contain any configuration of the form

FS((xn)nen) +t={asy +---+z, +t: ke Njiy < - <}
for an infinite sequence x1 < x9 < --- € N and t € 7Z.

Our goal is prove a similar result for the combinatorial configurations mentioned in the
introduction, and the basic approach will be very similar. In order to motivate the new
constructions in this paper, let us briefly review the main ideas in the proof of Theorem
10.

The first observation to make is that IP-sets (sets of the form FS((z,)nen) for an
infinite sequence z; < xy < --- € N) are “divisible” in the following sense: if A contains
an IP-set, then AN KN contains an [P-set for every k € N. The idea to prove Theorem 10
is then to remove from N an infinite arithmetic progression k;N +t for each t € Z with k;
growing sufficiently quickly so that | J,.;(kN+t) has small density. Isolating the essential
properties utilized by Straus, we can prove the following general result:

Theorem 11. Let I' be an abelian group. Let € be a family of infinite subsets of I', and
suppose there is a family 9 of subsets of I' and a Folner sequence ® with the following
properties:

4A set is thick if it contains a shift of every finite set, or, equivalently, if it has upper Banach density
equal to 1.

5 A set is syndetic if it has non-empty intersection with every thick set, or, equivalently, if it has positive
lower Banach density. A piecewise syndetic set is an intersection of a syndetic set with a thick set.
The family of piecewise syndetic sets is partition regular.

ot
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(1) For any C € € and D € 9, one has CND € €, and
(2) iIlfDegaq,(D) =0.

Then for any € > 0, there exists A C I with ds(A) > 1 — € such that for any t € T,
A—t¢%.

Taking € = {A C N : A contains an [P-set} and ¥ = {kN : k € N} reproduces
Theorem 10.

3 Key lemma and proof of Theorem 11

The key lemma for proving Theorem 11 can be interpreted as an approximate version of
countable subadditivity for the upper density along a Fglner sequence:

Lemma 12. Let I be a countable discrete abelian group with a Falner sequence ®. Let
(An)nen be a countable family of subsets of T'. There exists A C T such that

1. for any n € N, A, \ A is finite, and
2. do(A) <Y, enda(Ay).

Proof. Let 4, = do(A,), and let § = > _(0,. If § > 1, there is nothing to prove (one
may take A =1T"), so assume ¢ < 1. By the definition of upper density along ®, we have

for some e(n, k) € [0, 1] with e(n, k) — 0 as k — oc.

We will construct a sequence (ky,)nen by induction, put A}, = A, \ U, @k, and then
let A = {J,enA,. Note that property (1) is automatically satisfied (regardless of the
choice of (ky)nen) since A, \ A C U,y P

Let ky = 1. For n € N, given ky, ..., k,_1, choose k, > k,_1 such that

n

Sk <

j=1

for all £ > k,. We check that property (2) is satisfied for this choice of (k,)nen. For
k € N, let ny = max{n € N: k, < k}. Note that AN P, = U?il AiNd, C U;lil AN Dy

Therefore
[AN®] _ -4 N0 _ o U 1
0; + e(j, k) <o+ —,
|<I>k| Z |Dy| gz1 J le (J, k) T
SO )
dp(A) < 8+ limsup — = 6. O
k—oo Tk
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Remark 13. The proof of Lemma 12 does not use that ® is a Fglner sequence nor does it
utilize any algebraic structure of I'. The same result holds for any notion of upper density
on a set obtained by taking a limit of finitely-supported probability measures.

We can now give a very short proof of Theorem 11.

Proof of Theorem 11. Let € > 0. By property (2), we may choose a family of sets (D;);er
in 2 such that >, - do(D;) < . Then by Lemma 12, let S C I such that de(S) < € and
(D; + 1)\ S is finite for each t € T. Let A =T\ S. Then dg(A4) =1 —ds(S) > 1 —e.
Moreover, for each ¢ € T, the intersection (A—t)ND; = D;\ (S —t) is finite. In particular,
(A—t)N D, ¢ €, so by property (1), A—t ¢ %. O

4 Constructing the counterexamples

Using Theorem 11, all that remains in order to prove Theorems 3, 4, 5, and 7 is to
find the appropriate family of sets & for each corresponding collection of combinatorial
configurations % .

4.1 Sumsets in abelian groups

Let T" be a countable discrete abelian group. Recall G sumset = {A C ' : dB C
[ infinite, B®* C A}.

Lemma 14. Let I' be a countable discrete abelian group and k € N. If C' € G sumset and
A < T is a finite index subgroup with kI' C A, then C N A € G-sumset -

Proof. Let B C I' be an infinite set such that B®* C C. By the pigeonhole principle,
there exists € I' such that B' = B N (A + z) is infinite. Since kx € A, we conclude
B'®F C CnA. O

Proof of Theorem 3. Let 2 = {A<T:kI’CAand [I': A] < oco}. A finite index sub-
group A < I' has uniform density ﬁ, so by Theorem 11 and Lemma 14, it suffices
to show sup,c4[I' : A] = co. By assumption, [I' : k'l = oo, so I'/kI' is an infinite
group. Since each element of I'/kT" has order dividing k, we may write I'/kI" as an in-
finite direct sum of cyclic groups I'/kI' = @,.y Z/niZ with n; | k for each i € N (see,
e.g., |9, Theorem 17.2]). The subgroups Kj = {(x;)ien : ®; = 0 for i < 5} < T'/EkT satisty
[L'/kL : /Kj] = [[i<; mi, so sup;ey[I'/ET Kj] = oo. Lifting Kj to a subgroup A; < T, we
have A; € Z and sup;y[I": Aj] = oc. O

4.2 Product sets in (N, X)

Proof of Theorem 4. Consider the group isomorphism ¢ : (Qso, xX) = (,,cy %, +) that
maps an element to its prime factorization. That is, if ¢ = [[/_, pj’, where p; < ps < ...
is the increasing enumeration of the primes, then ¢(q) = (e1,ea,...,€5,0,...).

Let ® be a Fglner sequence in (N, x ), and let ® be the Fglner sequence in (6, . Z, +)

given by Dy = ©(®x). By Theorem 3, we may find, for each k > 2, a set A, C P, yZ
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such that dz(Ag) > 1 — 27 %< and no shift of A, contains an infinite k-fold sumset BE*.
(As stated in the introduction, Theorem 3 only guarantees d*(Ay) > 1 — 27*z. However,
from the conclusion of Theorem 11, we see that one may replace the upper Banach density
with the lower density along the Fglner sequence ®.)

Put Ny = (B,,cnZ) \ Ai. Then dg(Ny) < 27%e, so by Lemma 12, there exists a set
N C @,y Z such that N, \ N is finite for each k > 2 and dg(N) < e.

Let A=~ (B,enZ) \ N)NN. Then d% (A) > dy(A) = 1—dz(N) > 1—¢. Suppose
B CN,t€ Q. k=2 and tB* C A. Then ¢ (tB**) NN = 0. But ¢ is a group
isomorphism, so we have ¢ (tB®%) = o(t) + p(B)®*. Therefore, from the construction
of N, the set (¢(t) + ¢(B)®*) N Ny is finite. Hence, removing finitely elements from B,
we obtain a cofinite subset B’ C B such that (¢(t) + ¢(B')®*) C Ax. By construction,
the set Ax — (t) does not contain any infinite k-fold subset, so we conclude that B’ (and
hence B) is a finite set. O

4.3 Polynomial configurations

Lemma 15. Let P(z) € Q[z] be an integer-valued polynomial. Let k € N. If C € p,
then there exists n € N such that C N (kN + P(n) +n) € €p.

Proof. Let B C N be an infinite set such that P(B) { B C A. Let D € N such that
D - P(x) € Z|x] has integer coefficients. Then for any k € N, if n = m (mod Dk), then
P(n) = P(m) (mod k). By the pigeonhole principle, there exists n € {0,1,..., Dk — 1}
such that B = BN (DkN + n) is infinite. Then P(B') 4B C AN (kN+ P(n) +n). O

As suggested by Lemma 15, the relevant family & for applying Theorem 11 will be
the family of sets of the form Dy = (J,,cy (AN + P(n) +n) for k£ € N. In order to show
that such sets have arbitrarliy small density (condition (2) in Theorem 11), we use the
following property of polynomials:

Lemma 16. Let P(z) € Q[x] be an integer-valued polynomial with deg P > 2. Let Pp be
the set of prime numbers p € P such that P(Z) represents every residue mod p. That is,

Pp={peP:VreZ necZ, Pn)=r (modp)}.

Then

Y o

pEJP\]P)p p

Proof. Let us first reduce to the case that P has integer coefficients. Let D € N such that
Q(z) = D - P(x) € Z[z]. For any prime p € P with p { D, we have p € Pp if and only
if p € Pg, since D is invertible mod p. Therefore, Pp C PoU{p € P: p | D}. The set
{peP:p| D} is finite, so

Z lZOO < Z Z%zoo.

pEP\Pp p peP\Pg
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We may therefore assume without loss of generality that P has integer coefficients.
In this case, P is well-defined mod p for every p € P, so p € Pp if and only if P acts
as a permutation on Z/pZ; that is, P is a permutation polynomial mod p. If Pp is
finite, there is nothing to prove, so suppose Pp is infinite. Then P is a composition of
Dickson polynomials® and linear polynomials by [15, Theorem 2]. Hence, we may assume
P =P oPyo---0 P, where each P;(z) is either linear or a Dickson polynomial. Since
deg P > 2, at least one of the polynomials P; has deg P, > 2 and is therefore a Dickson
polynomial. Let ¢ € {1,...,7} such that P, is a Dickson polynomial, say P, = D,,(a;,x)
for some a; € Z and n; > 2. If p € Pp, then P, must be a permutation polynomial mod
p, so either p | a; and ged(ng, p—1) =1 or p 1 a; and ged(ng, p? — 1) = 1. In particular, if
q is a prime factor of n; and p € Pp, then g1 p — 1. Therefore, for any prime factor ¢ € P
of n;,

{peP:p=1 (modq)} CP\Pp.

By Dirichlet’s theorem on primes in arithmetic progressions, it follows that

leoo. ]

pE]P\IPp p

Proof of Theorem 5. For each k € N, let Dy = U, oy (EN+ P(n) +n), and let 2 =
{Dy, : k € N}. Note that Dy has uniform density equal to %, where

Ry ={P(n)+nmod k:necZ} CZ/KZ.

Therefore, by Theorem 11 and Lemma 15, it suffices to show infzey % =

Let Pp,, be the set as in Lemma 16 for the polynomial P(z) + x. We will consider
k of the form k = [[_, p; with py,...,ps € P\ Ppy, distinct. By the Chinese remainder
theorem, P(n) +n = r (mod k) if and only if P(n) +n = r (mod p;) for every i €
{1,...,s}. Therefore, |Ry| < []_, |Ry:|- By the definition of Pp_,, we have |R,,| < p;—1,

SO
| Ry| ® |R,, ° < 1 )
EEIT < - —)-
k Zl—Il Di 211 Di
We have thus shown R .
g L] o A
ken & H p>
PEP\Pp i

But by Lemma 16, the infinite product HpelP’\lP’p+z (1 — %) is equal to 0, so we are done. [

Remark 17. The family {P(z) € Q[z] : P is integer-valued and deg P > 2} is countable,
so the set A in Theorem 5 can be chosen independent of the polynomial P by another
application of Lemma 12.

5The Dickson polynomials are defined recursively by Dg(a,z) = 2, Di(a,x) = x, and D,(a,z) =
xDy_1(a,x) —aD,_2(a,z), and a Dickson polynomial D,,(a,z) (considered as a polynomial in = with
a € 7 fixed) is a permutation polynomial mod p if and only if either p | a and ged(n,p—1) =1orpta
and ged(n,p? — 1) = 1; see [15, Lemma 1.4].
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4.4 Product-sum sets

Lemma 18. Let C' € € 4. Then for any k € N, there exists n € N such that AN (kN +
n?+n) € €y .

Proof. Let B C N be an infinite set such that B <] B €| B C A. By the pigeonhole
principle, let n € {0,1,...,k — 1} such that B’ = B N (kN + n) is infinite. Then
B' B 4B CAN(KN+n?+n). O

The family 2 = {{,cy (kN +n? +n) : k € N} is the same family of sets that ap-
peared in the proof of Theorem 5 for P(z) = z?, so the same argument proves Theorem
7.

5 Concluding remarks

Each of Theorems 3, 4, 5, and 7 can be strengthened as follows. Instead of simply
concluding that B is a finite set, we may make the stronger conclusion that |B| < M,
where M, is some finite bound depending on ¢t. That is, each shift of the set A not
only does not contain any infinite configuration of the desired type, but it in fact only
contains configurations of bounded size. This can be deduced using the following variant
of Theorem 11:

Theorem 19. Let I' be an abelian group. For each m € N, let 6, be a family of subsets
of I' and of cardinality at least m such that €1 O 63 O .... Suppose there are families
D1 C Dy C ... of subsets of I' and a Folner sequence ® with the following properties:

(1) For any m,r € N, there exists M = M (m,r) € N such that if C € €y and D € 9,
then CN D € 6,,, and

(2) inf,eninfpeg, de(D) = 0.

Then for any € > 0, there exists A C I' with dy(A) > 1 — ¢ and (My)er in N such that
foranyt e, A—t & G-

Theorem 19 can be proved along exactly the same lines as Theorem 11, and the claimed
strengthenings of Theorems 3, 4, 5, and 7 hold by similar arguments to those presented
in Section 4. To avoid significant repetition, we omit the proofs and leave the details to
the interested reader.

In the proof of Theorem 5, the reason we work with polynomials P(x) € Q[z] with
deg P > 2 is that the set of values P(Z) C Z is sparse (of zero upper Banach density).
This is a key aspect of what allows for property (2) in Theorem 11 to hold. A natural
question, then, is whether the polynomial structure is really needed, or if the same result
holds for arbitrary sparse sequences.
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Question 20. Does there exist an increasing function f : N — N such that lim,, @ =
oo with the following property: for any A C N with d(A) > 0, there exists an infinite set
B C N and ¢t € Z such that

f(B)<]B+t:{f(b1)+b2+tbl,bQEB,bl <b2} C A?

Under the stronger assumption that the set {f(n) +n : n € N} is sparse in the
Bohr topology, we can apply Theorem 11 to obtain a counterexample. Let us make this
precise. Let I' be a countable discrete abelian group, and let G denote the dual group
G =T. We will write G4 for the group G considered with the discrete topology. The
Bohr compactification of I' is the group bI' = G4. Note that 0I' is a compact Hausdorft
topological group, and I" embeds as a dense subset of bI' by ¢(g) = e,, where e, € G, is

the evaluation map e,(x) = x(g). Say that a set S C I' is Bohr-sparse if +(S) C bl is a
set of measure zero with respect to the Haar probability measure m,r on bI'. In general,

d*(A) < myr <L(A)> for a subset A C I', so Bohr-sparse sets are sets of density zero.

However, not all density zero sets are Bohr-sparse (for instance, [1, Section 5] gives several
interesting examples of quickly growing sequences that are dense in bZ), so Proposition 21
below does not fully resolve Question 20. Nevertheless, Proposition 21 includes Theorems
2 and 5 as special cases: subgroups of infinite index are Bohr-sparse (one can check that
distinct cosets of a subgroup have disjoint closures in the Bohr compactification), and
polynomials are Bohr-sparse in the integers (this follows from the argument in Section
4.3).

Proposition 21. Let f : T' — T such that {f(g) + g : g € T'} is Bohr-sparse. Then for
any e > 0, there exists A C T with d*(A) > 1 —¢ such that if B = {by,bs,...} CT, t €T,
and

f(B)ydB+t={f(bi) +bj+t:i<j}CA,

then B 1is finite.

Proof. Let € = {ACT :3B = {by,by,...} infinite, f(B) B C A}. Consider the set
K={(f(g)+g):g€T} Cbl'yand let 2 = {+1(U): U C bl open, K C U}. We will
check that the families ¥ and & satisfy the hypotheses of Theorem 11.

(1) Let C € € and D € 2. Let B = {b1,bs,...} C I' be an infinite set such that
f(B) <€ B C C. We will assume that the elements by, by, ... are distinct. Let U C b’
be an open set, K C U, such that D = .}(U). Let (z,y) be an accumulation point for
the sequence (¢(f(bn)),t(bn)),en- Then x4 y is an accumulation point for the sequence
t(f(by) + by), so x+y € K. Since U O K is an open set and b’ is a topological
group, there exist open neighborhoods V; > x and V, > y such that V; + V5, C U.
Let S = {neN: ((f(bn)),t(bn)) € Vi x Vo}, and note that S is infinite. Enumerate
S ={s; <sy<...},and let B' = {b},0,,...} with &/, = bs,. Then for i < j, we have
)+, = f(bs,)+bs, € C, and o( (b)) +(V;) € Vi+Va C U, s0 f(b;)+0; € H(U) = D.
Thus, f(B)<dB' CCND,soCNDeFE.

(2) By assumption, myr(K) = 0. Therefore, by outer regularity of the Haar measure,
for any € > 0, there exists an open set U O K such that m,r(U) < e. Since bl is a
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compact Hausdorff space (hegce a normal topological space), there exists an open set
V C bl such that K €V C V C U. Noting that d*(:7*(V)) < mur(V) < myr(U) < g,
we conclude that infpeqy d*(D) = 0.

Applying Theorem 11 completes the proof. [
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