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Abstract

The K-theoretic Littlewood—Richardson rule, established by A. Buch, is a com-
binatorial method for counting the coefficients in the expansion of the product
of two symmetric Grothendieck polynomials as a linear combination of symmet-
ric Grothendieck polynomials. In this paper, we provide an explicit combinato-
rial formula in terms of set-valued contratableaux for the K-theoretic Littlewood—
Richardson rule, generalizing the contratableau model for the classical Littlewood—
Richardson rule introduced by Carré.

Mathematics Subject Classifications: 05E05

1 Introduction

Grothedieck polynomials were defined by Lascoux and Schiitzenberger, and they provide
formulas for the structural sheaves of the Schubert varieties in a flag variety [10]. These
polynomials were further understood combinatorially by Fomin and Kirillov [4]. They
are indexed by permutations in the symmetric group S,, as in the case of Schubert
polynomials and when the stable limit of n — oo is taken into account, Grothendieck
polynomials become symmetric functions. This paper explores symmetric Grothendieck
polynomials G for a partition A, which are stable Grothendieck polynomials associated
to Grassmannian permutation wy, (see e.g., [2, §2] for more details about w),). Buch [2]
proved the following (see §2 for the notations)

Ga(x)= Y (=17 gD,

TESVT,())

Thus G, can be considered as a K-theory analogue of the Schur function s, as {G(x)}
indexed by partitions is a basis for (a completion of) the space of symmetric functions,
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see [9]. For A, p,v € P[n], the K-theoretic Littlewood-Richardson coefficients C¥ , are
defined as follows:

GA(X)Gu(x) = Y (-pM-key @, (x).

veP[n]

The coefficients CY , are non-zero only if [A| + |u| < |v|. When || + |u| = |v], the
coefficients CY , are the classical Littlewood-Richardson coefficients cf ,, defined by

Buch [2, Theorem 5.4] provided a rule to count the coefficients CY ,, which reduce to the
usual Littlewood-Richardson rule when |v| = |A| + |u|. Buch’s rule is further proved in
[6] using Bender—Kunth-type involutions. The main theorem of this article is to present
a new rule (Theorem 22) for the coefficients CY , involving set-valued contratableaux §3,
which extends the similar rule for c , [3].

In [8], Knutson and Tao gave a proof of the saturation conjecture for cx » utilizing
two new characterizations of Berenstein—Zelevinsky polytopes, referred to as honeycomb
models and hive models. Then, using the hive model, Buch [1] provided a simple proof of
this result. In [1, Appendix A] Buch gave a simple and direct bijection between the hives
with certain boundary, given by partitions A, u, v, and the set of Littlewood—Richardson
skew tableaux of shape v/\ and weight u. In the proof, it was shown that those hives
and the set of all u-dominant contratableaux of shape A with weight v — u, have the same
cardinality. Our approach to prove the main theorem, i.e., Theorem 22, by extending this
idea but without giving a hive model for C¥ . In [2, Theorem 5.4], it was proved that

%, counts the cardinality of the set SVT?_, (), which means, the set of all A-dominant
semi-standard set-valued tableaux of shape p with weight » — A. In this article, we prove

%, is the number of elements in the set SVCT},_,(\), namely, the set of all i-dominant
set-valued contratableaux of shape A\ with weight v — p. To prove this, we establish a
direct bijection between SVT}_, (1) and SVCT%_ .(A) without recourse to the hive model
construction for CY .

2 Preliminaries

2.1 Partitions and Young diagrams

We set Z, ={0,1,2,...} and N={1,2,...}.

A partition A = (A1, ..., ), is a non-negative integer sequence such that A\; > --- >
A; = 0. We define the length of A to be the smallest integer  such that A\, > 0 and \,;; = 0.
We write r = [(A) and |A| = A +---+);. We set P[n] as the set of all partitions with length
at most n. For a partition A, the set {(7,7) e Nx N:1 < <I(N\),1 <j<\}is called
Young diagram of A\. We use the notation that the Young diagram of X is the diagram
obtained by arraying | boxes having [()\) left-justified rows with the i** row consisting \;
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boxes. Throughout the paper we often make no distinction between partitions and the
corresponding Young diagrams. We say that p C X if u; < A; for all i > 0. A skew Young
diagram A/ is defined to be the set-theoretic difference A — u of the Young diagrams,
where © C A

2.2 Semi-standard set-valued tableau

Let [n] ={1,2,...,n}. A filling of a skew Young diagram \/pu is a map from the set of all
boxes in A/ to the set of non-empty subsets of [n]. We define a semi-standard set-valued
tableau of shape A/u to be a filling of the skew Young diagram A/p, such that the rows
are weakly increasing from left to right and the columns are strictly increasing from top
to bottom in the following manner: whenever a set A precedes another set B in a row,
max A < min B; and whenever C' lies below A in a column, max A < minC. We simply
write a set-valued tableau to refer a semi-standard set-valued tableau.

Given a skew diagram A\/p, SVT, (A/p) is the set of all set-valued tableaux of shape
A/ with entries < n. The weight of a set-valued tableau 7" € SVT, (A/u), denoted by

wt(T"), is the n-tuple (¢y,...,t,) such that ¢; is the number of occurrences i in 7.
Example 1. T = L2123 € VT, ((4,3,2)/(2,1)) with wt(T) = (3,2,2,3).
134
1.4] 4

A semi-standard Young tableau of shape A\/u is a semi-standard set-valued tableau of
shape A/ where each box of A\/u is filled by a positive integer in [n]. We let Tab,, (\/u)
denote the set of all semi-standard Young tableaux in SVT,, (A/p).

2.3 Skew symmetric Grothendieck polynomial

We define the skew symmetric Grothendieck polynomial G, (x) by

G,\/u(x) = Z (_1)|T|—|>\\+|ulxwt(T)’
TESVTrn (A1)
where for @ = (a1, a9,...,a,) € Z, welet x* = ay'25” - -apr, and [T is the total

number of entries in it.
The lowest degree homogeneous component of G/, (x) is the skew Schur polynomial
Sx/u(x), which is defined by

Sx/u(X) = Z XV

TeTaby, (/1)

3 Set-valued contratableau

In this section we define set-valued contratableau and each set-valued contratableau cor-
responds to a unique marked Gelfand-Tsetlin (GT) pattern, which are discussed in [11,
§4.2].
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X1,1
T21 T2.2
x3,1 Z3,2 X33

T41 L4,2 Ty4,3 T44
Figure 1: A Gelfand-Tsetlin array for n = 4

Definition 2. For a given \, the skew shape C'()) is defined by rotating Y () 180 degrees,
so that the new diagram has \; boxes in i row from the bottom and the rows are right
justified. A set-valued contratableau of shape A is a semi-standard set-valued tableau of
shape C'(A). For A € P[n|, SVCT,,()) is the set of all set-valued contratableaux of shape
A with entries < m.

Remark 3. A contratableau of shape \ is a semi-standard Young tableau of shape C(\),
see [3, §1] [1, Appendix|. For A € P[n|, Cont,,(A) is the set of all contratableau of shape
A with entries < m.

Example 4. For A = (4,2,1),C(\) = and 1245 a set-valued
233
11,3[ 4[4

contratableau of shape .

3.1 GT patterns

A GT pattern of size n is a triangular array of integers X = (z;)1<j<i<n (see Figure 1)
satisfying the “North-East” (NE), ”South-East” (SE) inequalities given below:

NE; j(X)=2;; —x@4-1,; =0 1<j<i<n,

SEM(X) = X(i-1),j — Ti(j+1) = 0 1<j<i<n.
Given A € P[n], we use the notation GTz(A) to denote the set of all GT patterns X =
(wij)1<j<i<n such that x,; = A; for 1 < j < n. Let X € GTz(A). Then the i-tuple z®
defined by 2 := (21, %2, ..., 7;;) is a partition with I(z®) < i for 1 <4 < n. Also, the
skew shape 2 /20~ (2() := ) is a horizontal strip, i.e., it does not contain a vertical
domino. Thus X € GTz()) if and only if 2 /z(~Y is a horizontal strip for 1 < i < n.

Example 5. An example of a GT pattern in GTz(4, 3,2,0) is given below:
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Definition 6 ([11, Definition 4.3]). A marked GT pattern of size n is a pair (X, M),
where X = (2;,)1<j<i<n 1s @ GT pattern of size n together with a set M of entries that are
“marked”, where M is a subset of the set {(7,7) : 1 < j <i<nand SE;;(X) > 0}. Given
a GT pattern X, MGT(X) is the set of all marked GT patterns whose corresponding GT
pattern X, together with X. Given A € P[n], we define MGTz(\) := U MGT(X).

XEGTz(N)
Clearly, GTz(\) is a subset of MGTz(\).

Example 7. Consider the GT pattern X in Example 5. Then MGTz(X) contains the
following marked GT patterns:

5 2
3) 1 3) 1 3 1 3) 1
4 3 9 0 4 3 (2 0 4 3 (2 0 4 3 (2 0

For A € Pln|, we recall the bijection T : MGTz(A) — SVT,(A) in [11, Proposition
5]. Let (X, M) € MGTz(\). We construct Y (X, M) recursively. Let us assume we have
added all the entries 1,2,...,7 — 1 and the result is X1, Now we fill each box of the
horizontal strip 2 /20~ with an ¢ and add to X@~Y. In addition, if (i, j) € M then add
an ‘i’ to the rightmost box containing (i — 1) in j** row of X~V and we obtain X®. We
note that this is the unique position where we can add i to the j** row of X~V Finally,
we define Y(X, M) := X™. Clearly, the process is reversible. Thus we have the following
the corollary.

Corollary 8. The bijection T : MGTz(A) — SVT, () restricts to a bijection between
GTz(\) and Tab,(X).

Example 9. Consider the marked GT pattern (X, M) given by:

(S8
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Then, the sequence (XM, X® X3 X®) is given below:

1]1112,3 11112,3]4
112 |2 2314
1)1 i i 3,4 4
x@ X2 X3 xX@
Therefore we obtain Y(X, M) = X®. In the same way, we have:
2
31 T 1(1]2]4
f———
3 2 1 21314
4 3 2 0 314

Let A\, € P[n| be such that g C A. Then the diagram C(\)/C(u) is obtained by
removing the boxes of C'(u) from those of C'(X\). For A = (4,3,1),u = (2,1), C(A\)/C(n)
is the following diagram (omitting the diagram in yellow):

Now given (Y, M) € MGTz(\), we construct an element in SVCT,,(\) recursively. Sup-
pose we have added all the entries n,n —1,...,n+ 1 — (i — 1) and the result is Y1,
Then we fill each box in C(y¥)/C(y"~Y) (which obviously does not contain a vertical
domino) by n+1—i and add to Y0~ In addition, if (7, j) € M then we add an n+41 —i
to the leftmost box containing n + 2 — ¢ in j** row from bottom of Y=Y and we obtain
Y@, Finally we get Y™ € SVCT,()). It is evident that this procedure can be reversed.
So we obtain the following proposition.

Proposition 10. The map Q : MGTz(A\) — SVCT,()\) defined by (Y, M) +— Y™ is q
bijection.

Corollary 11. The bijection 2 : MGTz(\) — SVCT,,(\) restricts to a bijection between
GTz(\) and Cont,(N).

Remark 12. We can describe the bijection 2 as follows: Let (Y, M) € MGTz(A). Then
T(Y,M) € SVT,(\). Next, we rotate Y(Y, M) by 180 degrees and replace each i with
n+ 1 — ¢ and finally obtain Q(Y, M).
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Example 13. Consider the marked GT pattern (Y, M) given below:

4 3 (2 o

Then, the sequence (Y, Y® Y y®) is given below:

2] 11,2

3] 23 1]2]3

(4]4] [3]344] 23344 1[2,33.4] 4
y @ y (2 Yy (3 Yy @)

Thus, we have Q(Y, M) = Y. Similarly, we obtain the following:

4 3 2 0 (1]3[4]4]

Remark 14. For (X, M) € MGTz(\), if wt(Y(X,M)) = (a1, aq,. .., ) then we obtain
wt(QX, M)) = (ap, 1, ..., 01).

4 Proof of the main theorem

In this section, we prove our main theorem (Theorem 22).

Definition 15. The column word c¢(T') of a set-valued tableau T' of skew shape 6 is the
word obtained by reading each column of 7', starting from the rightmost column, according
to the following process, and then moving to the left. In each column, we read the entries
from top to bottom and within each cell we read the entries in decreasing order.

Definition 16. The row word r(T') of a set-valued tableau T' of skew shape 6 is the word
obtained by reading each row of T, starting from the top row, according to the following
procedure, and then continuing down the rows. In each row, we read the entries from
right to left and within each cell we read the entries in decreasing order.
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Example 17. T = is a set-valued tableau of shape (3,2,0) with ¢(T) =

2,34 4
322141432 and r(T) = 322114432.

Definition 18. A word u = wujusy - - - u, is said to be dominant word [5, §5.2] if for all
t > 1, the number of ’'s in ujusg - - - uy is at least the number of (i + 1)’s in it for all 7 > 1.
Also, the word wu is said to A-dominant if the concatenation word r (7)) * u is dominant,
where T), is the unique semi-standard Young tableau of shape and weight both equals to
A. Furthermore, A set-valued tableau 7" of skew shape 6 is said to be A-dominant if r(7T')
is A-dominant.

Example 19. The tableau in Example 17 is (4, 2, 1)-dominant but not (3, 1)-dominant.
Using similar argument in [7, Proposition 9.5], we can state the following.

Proposition 20. Let T be a set-valued tableau of any skew shape and \ be a partition.
Then r(T') is A-dominant if and only if ¢(T') is A\-dominant.

We now define SVT)_, () to be the set of all A-dominant semi-standard set-valued
tableaux T' of shape p such that wt(7") = v — A. Then Theorem 5.4 in [2] can be stated
as follows:

Theorem 21. CY , is the cardinality of the set SVTS ().
The following theorem is the main theorem in this article.

Theorem 22. The coefficient CY , is the number of all p-dominant set-valued contrat-
ableauz of shape \ with weight v — p.

Proof. First, we define SVCT),_,()) to be the set of all y-dominant set-valued contrat-
ableaux of shape A satisfying wt(S) = v — p. Our approach to prove Theorem 22 is to
produce a bijection between the sets SVT,_, (1) and SVCT}_,(X).

Let T € SVT) ,(u) and Y™HT) = (X7, M), where X7 = (7;;)1<j<icn € GTz(p).
Also, let T} be the 1" row of T from the top. For 1 <i < j < n,1 <k <1< n, we define

p}(T}) := the number of occurrences of 7,7 + 1, ..., j appearing in Ty, Tys1, - - ., 1.

For every 1 <7 < n,0 < k <1, we define

i + pi(TF if k>1,
N’F’C(T):{Ai n k= 0. (1)

That is to say, N;x(T) is the sum of \; and the number of occurrences of the entry ¢ in
Ty,T5, ..., T for k > 1. We now verify that T is A-dominant if and only if

Niw(T) = Nig1p41(T), (2)
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for1 <i<n,0< k<.

First, we assume N; x(T) = N1 541(T) for 1 < i <n,0 < k <i. Let u=r(Ty)*r(T),
which we write as the sequence ug - - - ustgyq - - - us. To show T'is A-dominant, we have to
prove (af, ..., q;) is a partition for each 1 < s < ¢, where o is the number of occurrences
of the entry j in u; ... us for j > 1. Suppose that the rightmost occurrence of the entry
i+ 1 of uy...u, is contained in T;. Then using (2), we obtain

@ = Ni(T) 2 Nigu(T) = af .

7

The first inequality, af > N;,;_1(T) follows from the fact that af is the sum of N;;_1(T)
and the number of occurrences of the entry 7 in uy ... u, that contained in 77, . .., Ty such
that us € Ty and the last inequality follows immediately.

Conversely, let T be A-dominant. We fix i, k with 1 <7 < n,0 < k < 4. Suppose ¢ + 1
does not appear in 71, ..., Ty, then

M,k(T) = M,O(T) = )\i = )\H—l = M+1,0(T) = M+1,k+1 (T)

Otherwise, choose the largest index r € {1,2,...,k + 1} such that 7, contains an i + 1,
then we have

Niw(T) 2 Niwa(T) 2 Nig1 o (T) = N1 1 (7).
Consider the triangular array Yr = (vi;)1<j<i<n, Where
Yij = anz#j,nfi(T)- (3)

Since 1 < j < 1, it follows that
1-i<j—i<O.

Adding n to each part gives
n+l—i<n+jyj—1<n.
Finally, using 1 <7 < n, we conclude that
1<n—i1+7<n

Therefore the array Yr is well-defined. Now we show that Yy € GTz()). Since T is
A-dominant, it follows from (2) that

NEi,j(YT) =Yij; —Yi-1),5 = Nn7i+j,n7i<T) — Nn7i+j+1yn7i+1(T) > 0.
Also, we have
SEi,j(YT) =Y6-1),5 — Yij+1 = Nn—i+j+1,n—i+1(T) - Nn—i—l—j—i—l,n—i(T)-

Using (1), we see that SE; ;(Yr) counts the number of occurrences of the entry n—i+j+1
in T,,_;+1, and hence it is non-negative. It is also immediate that y, ; = N;o(T) = \;Vj.
ThUS, YT € GTz()\)
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Let (4,5) € Mp. Then SE,_j11:—5(Yr) = Yn—jimj—Yn—j+1i-jt1 = Nij(T)—=Ns j—1y(T).
Thus, SE,_;.+1.—;(Yr) represents the number of occurrences of i in j row of 7. Hence,

SE,_jt1-i(Yr) >0,
since (i,j) € My. We now define
M= {(n—j+1,i—j): (i,j) € Myr}. (4)

So (Y, M}) € MGTz(\). Let T = Q(Yy, M}). Our aim is to show that T € SVCTy_ ().
Let Tf be the i" row of T from the bottom. Then for 1 <i<n,1 <k <n—i+1,
we define

N (T) == p; + the numbers of occurrences of i in T} T,IH, LT (5)

i, n

Since T = T_ps1, the (n—k+1)"™ row of T from the top, we can express M W(T [') as the
sum of y; and the number of occurrences of the entry ¢ in Ty, ..., T g1 1t then follows

directly from (2) that T is p-dominant if and only if

N (T) = NIL(D), (6)

(2

for 1l < i < n 1<k g n — 1+ 1. We now introduce the following definition: for
1<i<nl<ks<n—

M, ={(n—i+1k),(n—i+1L,k+1),...,(n—i+1,n—1)},

and for 1 <t <nk=n—1+1,

Unless otherwise specified, N, and /\/:r . serve as shorthand for NV, ,(7T") and /\/j (1) Te-
spectively. .
We recall that 7 T denotes the i row of T indexed from the bottom. We then define

T;[q g to be the number of occurrences of the entry p within the rows T,, Tq’+1’ e 7TqT.

Due to semi-standard property of the set-valued contratableau 7', each entry j can appear
onlymTlT,T;,.. T;]H ThusTM—Oforl>n j—l—l Wenotethat(n j+1,n—
j+1) & My, as any (i,5') € M} must satisfy i > j' (see Definition 6). Defining

Yn—in—i+1 = 0, we have
Thin = Wn-is1i— Ynia) + {(n —i+ 1,0} N Mz, (7)

for 1 <1 <n—1i+1. Here |{(n —i+ 1,1)} N M}| denotes the cardinality of the set
{(n—z+1 l)}ﬂM’

=4 =4 =4 =

Since T ] = Lo T Lprrpery T+ L i nmigrp and Njk = pi + Ty 0 1
follows from (7) that

/\ka = li+(Yn—it1,6—Yn—ik) + (Yn—it1 k41— Yn—ij+1)++ -+ Yn—it1,n—it1—0)+ \Ml’k NMyp|.
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Next, we define

Mo — {(k+i,9),(k+i+1,7),...,(n,3)} if 1<i<n1<k<n—i, (8)
k=1 g if 1<i<nhk=n—i+tl
Then using (4) we can conclude that for 1 <i<n,1 <k <n—i,
(n—i+1,t) € Mj, N My if and only if (t +4,4) € M N My,

for £ <t < n—1. Thus we obtain ]Mz’kﬂM’T\ = |M; ;NMrp|for1 <i<n,1<k<n—itl.
It then follows from (3) that

-/V;rk = pti + Niric1,i-1 — Niii) + Nirisicr — Nigigri) + -+ (Noim1 — 0) + | M . N M.
Thus,

-/V;rk = pitNiric1ic1+ Neriio1+ A NMuic1) — Negi i+ Negis1i+ - -+ Nosi)+| M g NMp|.
(9)

pi = py(T7) — | M1 0 My, (10)

It is evident that

Also, using (1), we obtain
Nitictimr + -+ Nojict = (Negim1 + Pﬁiﬁj(ﬂi_l)) ot A+ pR(TT).
Thus we get
Nitictio1 + Nigiic1 + 0+ Noict = Mepio1 + Nei + -+ X+ i (T, (11)
Similarly, applying (1), we also have
Nitii + Nigizti + -+ Noi = N + Meier + -0+ + o + 0 (T1). (12)

Now applying (10), (11) and (12) in (9), we have '

N = pH(TF) = [Mig M|+ i+ 4 M)+ Piaa (T8 = i+ ) =
Piyi(T1) + [Mig 0 Mr|.

We note the following equalities

PHTY) = Py T + pi(T)), (13)
Proi (T = P (T + p (T, (14)
PZH(TD = pZH(Tffl) + PZﬂ(TZ) (15)

Applying (13), (14) and (15) in the above expression of /\/:r . yields

N = Neima + o571 T + il (TV) = [Miy 0 M| + | Mg 0 My (16)
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We now compute N;| il M using (16) and establish that N | Bl 2 /\/jk forl<i<n

and 1 <k<n—i+1, thereby showing that 7" is p-dominant (by (6)).
f\ff e — NGy, = T + i fa (1) = [Micia N My | + [Mioyen 0 My| =

Py T = P (T + [ Mo 0 M| — [ Mg 0 M.
Additionally, we note that

PYTTNTEY) = pV AT 4+ pi (T, (17)
P (T?) = ppbi s (T — pibi i (T)). (18)

Applying (17) and (18) in the above expression of '/\/j—l,k’-i-l - ./\/Zk,, we get
N = N = {2 — 1My 0 M| 4+ (Mg 0 M| b= {1 (T) =

|M; N My| + | My, 0 MTy}.

We note that pll(Tj) =zi; +{(G+1,7),G+2,7),...,(,7)} N Mp|. Hence using (8),
we have o
Lij = pzl(Tj) — | M1 N Mp| 4+ |M;ip1-; 0 Mr|.

Thus ‘
Thriin =PV 2 (T — |Mi_1a 0 M| + | My N M|, (19)

Thiot; = py VN TY) — | Miq O M|+ | M, 0 My (20)
Since 1 <i<mand 1 <k<n-—1i+1,so0by (8), we have
Mz—l,k:{(k+l_1az_1)7<k+lal_l)77(77'71_1)}7
M Ak +id,i—-1),...,(ni— 1)}  if I<i<n1<k<n—i,
ELEL T if 1<i<nk=n—i+1.
Then the following is evident

‘Mifl,kJrlﬁMT’—i-l if (k—i—l—l,l—l) EMT,

| M;_1 g+1 0N Mr| elsewhere. (21)

| M1 N Mrp| = {

Applying (21) in (19) and assuming ¢; , = pi™ (T} 7)) — |M;_1.1 0 M|+ |M;_1 1 O M|,
we get

i 1 if (k+1—1,1—1)¢€ My,
Tl 21‘12{6’]€+ i (k4 ! ) g (22)

Cik elsewhere.

Applying (20) and (22) in the last expression of J\/iuc 1= /\/? w We get

xy =N Thai—2i-1 — Thti-14 — 1 if (k‘ +1—1,7— 1) € Mr,
Nj_Lk“(T) M’“(T) - { Thtio2i-1 — Thio1, elsewhere.
Since SEjti—1,i-1(X7) = Tkti—2i-1 — Tk+i—1,4, by Definition 6, we have

1 if (k+i—1,i—1)€ Mr,
SEiyi-1,i-1(X7) = { 0 elsewhere.
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Thus we conclude /\/117“1(7;) > /\/jk(f) for 1 <i<mn,1<k<n+1—i This proves T

is p-dominant (by (6)). Next we verify that wt(7T") = v — . Using (16), we obtain

NL(T) = X +pi(T)) + pi(TTY).

)

Since T is a semi-standard set-valued tableau, the entries 1,2,...,7 — 1 cannot appear in
T;, the i'" row of T from the top. Thus pi(T7¥) = pi(T¢). Hence we get

Ml(T) =\ +p§(77) ‘*’p::(Tli_l) =\ +P§(T1i) = V.

2y

The last equality in the above expression holds since wt(7T') = v — X and pi(T}) counts the
total occurrences of the entry i in T3,...,T;, i.e., in T. Also, using (5),

NI(T) = p; + the number of occurrences of i in Ty, Ty, . .., T,

1y

ie.,
NI(T) = p; + the number of occurrences of i in 7.

2

Therefore, the number of occurrences of the entry i in T is v; — ;. Hence, wt(T) = v —p,
which implies T € SVCT},_,(A).

Now we define the following map
T:SVT, (1) = SVCTL_,(\) by T(T) = Q(Yy, M}) =T. (23)

Our target now is to show I' is a bijection. First, we verify that I' is injective. Let
I(T) = I(T"), ie., T = T". Also, let Y™Y(T') = (Xp, My), YT"1(T") = (Xq, My/) and
QNT) = (Yp, M7), Q@ NT") = (Yrr, My,), where Xo = (2j)1<j<i<n, X1 = (2] ;) 1<j<i<n
and YT = (yi,j)lgjgignpyT’ = (yg,j)léjéi@@‘ We will show that X5 = ‘T;,j for 1 < j < 1 < n
and Mp = Mq. Since M7, = M}, it follows from (4) that My = Mp.. Then it is clear
that o

pi(T}) = @iy — w15 + [{(i,5)} 0 M|, (24)
By hypothesis, y,-1; = y,1,Yj € {1,...,n — 1}. Now, using (3), we get y, 1; =
Nj+11(T). Then using (1),

Aj+1 "‘pﬂ}(Tf) = Aj+1 +P§E(T1/1)-
Applying (24),
Ajr1+ @ — zia + {0+ L DMz = N+ 2l — 2, + {0+ 1L,1)}0 Mr.

Since MT = MTI,
o /
Tjy11 — Tjg = Ty — Tjg- (25)

For 7 =1, we have

/ /
T2, — X110 = Tgq — Lqq-
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Suppose that 7" and 7" have weights wt(7T') = (t1,to,...,t,) and wt(T") = (¢}, 5, ..., 1))
respectively. Then ¢, =z, and t} = 27 ;. Since wt(T') = wt(T"), z1 1 = ' ;. Therefore,

To1 = ZL’IZ’I. (26)
Putting j = 2 in (25) we obtain,
/

/
T3,1 — T2,1 = Tgq — Lojq-

Applying (26), we have x3; = 25 ;. In the same way, x,; = z;, ;. Similarly, for each fixed
kel{2,....,n—=1}, ynrj =Y 4 ,Y5 €{1,...,n—k} implies z,, = 2, Vk <r < n. Now
for n > 1, let us define

A, ={(n,1),(n,2),...,(n,n—1)}.

We have
to =PI + -+ p(Tr2) + p(T)).

Then using (24), we have
( n,1 — T(n-1), 1) + e+ (mn,nfl - x(n—l),(n—l)) + Tnn + ‘An N MT‘:
= (z,

),1) +oee (w:’b,n—l - x/(n—l),(n—l)) + l{n,n + |An N MT’|‘

Since Wt(T) = Wt(T/), n = t,. Also, we have proved that @, = 2,,1,..., Zpp1 =
Ty g and T(,_1)1 = x’(nfl)’l, ey D) (n—1) = (n 1),(n-1) . Consequently, z,, =z, is

obtained from the relations t,, =t/ and My = Mp.. Thus XT = Xp7. Now combmmg the
facts that Xp = X and My = My, we conclude that I' is injective.

Now we prove that I is surjective. Let S € SVCT}_,(A) and Q71(S) = (Zg, Msg). Let
Zg = (zij)1<j<i<n- For 1 < j < i < n, we define the following

D {(n—j+1,1),(n—j+1,2),...,(n—j+1,i—j)} if 1<j<i<
R if 1<j—@<n.

(27)
For 1 < j < n, we also define
Zn—j,0 = Vj. (28)
Then we define another triangular array Zs = (2] ;)1<j<i<n by
% = (Zn—jotzn—jit-+zn—ji=j) = (Znjrr1+2n—jrra -+ 2njrrizjer) — | Dig N Ms|.
(29)

In the above expression, |D; ; N Mg| denotes the cardinality of the set D; ; N Mg. Then
we show that Zs € GTz(p). For 1 < j < i < n, we have

NE; j(Zs') = 2 — %15 = (#nji-j — Zn—jiri—j+1) — |Dij O Mg| + |Di—1; N Ms|.

i—1,j
By deﬁnition, Di,j = Difl’j U {(77, —j -+ 1,2 — j)} Thus

|Dz"jﬂMs|—1 if (n—j+1,i—j)€Ms,

’Difl,j N Mg| = { |D;; N Mg elsewhere. (30)
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Thus we obtain

NE;j(Zs) = 2 ; — 21 = SEn_ji1i-5(Zs) — {(n — j+ 1,i — j) N Mg}|. (31)

i—1j =
By Definition 6,

1 if (n—j+1,i—j)e Ms,
SEn—j+1,i—j(ZS)>{ 0 ( i ]) S

elsewhere.
Thus we have
NE, (Zs) = 0. (32)
Given 1 < j < i < n, we get
SE;j(Zs) = 2_1; — Zijs1 = (2n—jo — Aij) — (2n—j—10 — Bij), (33)
where
Aij = (Znoji11 — Zn—j1) + -+ (Znojyrioj — Zn—ji—j) +|Dic15 0 Mg], (34)
and
Bij = (2n-j1— Zn—j-11) + + (Zajij1 = Zn—jori—j-1) + [Dijza N Ms|.  (35)

We recall that SZ .d]
Sg,,Sg,H, . ,S’g, where SZT denotes the i row of S indexed from the bottom. The
semi-standard property of the set-valued contratableau S implies that the entry j must
lie in S,57,... ,S,I_M. Thus S;,[k,k] = 0for k > n—j+ 1. It is worth noting that
(n—j+1,n—j+1) ¢ Mg, as the condition ¢ > j holds for any (i,j) € Mg (see

Definition 6). Now assuming z,,_;,—j+1 := 0, we have for 1 <k <n—j+1

denotes the number of occurrences of the entry p within the rows

ST ey = Gngirn = 2ngn) + {(n +4 = 1,k)} N Ms. (36)

A
o5

li—jij it follows from (36) that

ST ey = (Gnoging = Zng) + o+ (Znjiniog — Znjiy) + [Dig N Mgl (37)

s

Thus using (30), (37) in (34) we get

a4 Sy —1 i (n—j+1i—j) e Ms,
S S]T[Li_j] elsewhere.

Let wt(S) = (s1,582,...,58y). Since wt(S) = v — p, it follows that s; = v; — p;. We also
note that s; = S;[Li_j] + S;[i_jﬂm] and z,_j0 = v; (see (28)). Hence v; — S;[l,i—j} =
i+ ST i = Njiga(S) (by (5)). Thus

NzifjJrl(S)_‘_l if (n—j+1,i—j)€ Ms,
i (S) elsewhere.

Zn—3,0 — Az’,j = { (38>
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. ot
Similarly, B; ; = Sj+17[17i_j_1

- Thus
Zn—j-10 = Bij = Vi1 — 5311,[1,@'7];1} = Hj+1+ S]T'Jrl,[ifj,n} - j+1,i—j(S)' (39)
Using (38),(39) in (33), we have

Sii(Zsr) = { Aqifjﬂ(s) _N?H,zej(s) +1 if (n—j+1,i—7)€ Msg,
s i1 (S) — -/V;TH,Z-,J-(S) elsewhere.
Since S is p-dominant, ./\/;ti_jﬂ(S) > ,/\/;r+17i_j(5) (by (6)). Thus

if (n—j+1,1—j)€ Mg,
elsewhere.

Si4(Zs) > { ; (10)

By (29), we have

Zng = (Zn—jotzn—jit +znojn—i) = (Znjrrii+zn—jrr2t F2njrin—j+1) = DniNMs].

By isolating the term z,_;o and grouping the remaining terms, this expression simplifies
to:

2= Zn—j,o—{(Zn—j+1,1—2n—j,1)+' ' '+(Zn—j+1,n—j—Zn—j,n—j)+zn—j+1,n—j+1+|Dn,jﬂMs|}-

We recall that wt(.S) = (s1, S2, ..., ,). Using (36) and the following fact
%= S;,[l,l] Tt S;,[n—j,n—j] + S;[n—j+17n—j+1]’
we have
$j = (Zn—j11 = Zn—j1) + -+ (Zn—jrin—j = Zn—jin—j) T Zn—jain—jr1 + [Dny N Msl.
Also, s; = v; — p; (since wt(S) = v — p) and z,_j0 = v; (see (28)). Thus
Zng = Znejgo — S5 = V5 — (Vj — 115) = .

Therefore, by (32), (40) and the above equation, we conclude that Zs € GTz(u) and
using (40) we can also say that (Zg, Mg) € MGTz(p), where

Mg :={(i,j) : (n=j +1,i—j) € Ms}. (41)

Let Y(Zg/, Mg/) = S’. Then we show that S’ € SVT)_, (1) such that T'(S") = S.
For each 1 < i < n,1 <k <1, we recall from (1) that

Nio(S) = N Nig(S) = N + pi(SY) = N+ pi(S'Y) + pi(S) + -+ +pi(Sh).  (42)

Since p(S")) = 2, — z_1, + [{(i,r)} N Mg/| for 1 <7 < i. Here we define z]_, ; := 0. Thus
we obtain

Nik(S") =i+ (2 —zi) + -+ (i — zioag) FHE D), (6 F) 0 M.
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Using (31), we obtain

Nik(S) =N+ SE,;i-1(Zs)+SEp_1,-2(Zs)+ -+ SEn_ks1,i-£(Zs) — |{(n,i—1), (n—
17i_2)7"'7(n_k+17i_k)}mMS’+’{(ial)a--w(iak)}mMS/"

By (41), (i,j) € Mg if and only if (n — j+ 1,7 — j) € Mg. Thus

H(n,i—1),...,(n—k+1,i—k)}nMs| =|{(i,1),...,(i,k)} N Mg]|.
Therefore we have

Nip(S) =N+ SE,;i-1(Zs) + SEp_1,-2(Zs) + -+ + SEp_ps1,-1(Zs).
Since SE; j(Zs) = zi—1j — Zi j+1, we get

M,k(S/) =N+ (Zn-14-1 — 2ni) + (Zn—2i-2 — Zn—1-1) + - + Zn—ki-k — Zn—k+1i—k+1)-
Using z,; = A;, and then simplifying the above expression, we have
Nik(S) = zn—kizks (43)

for 0 < k <. Thus for 1 <i < n,0 < k < i, we have

Nik(S") = Nis1k+1(5") = zn—rick — Zn—k—1i-k = NEn_ki—r(Zs) = 0.
Hence by (2), we conclude that S’ is A-dominant. Also, by (42), (43), we have

N;i(S) = N+ pi(ST) = zn_jo = v;.

Thus, pg(S’{) = v; — Aj. By the semi-standard property of S’, the entry j is restricted to
the top j rows of S’. Hence if wt(S’) = (s7,...,s),), then s, = pg(S’jl) = v; — Aj. Thus
wt(S’) = v— . Also, we already proved that S’ is a A-dominant semi-standard set-valued
tableau of shape . Therefore S” € SVT)_, ().

Now if ['(S") = S and Q(Yg, Mg) = S, where Y5 = (i j)1<j<i<n, then using (3) and
(43)7

Yij = No—itjn-i(S) = 2a—(n-i),(n—itj)—(n—i) = Zij-
Thus Yg = Zs. Also, using (4), Mg ={(n—j+1,i—j): (i,j) € Mg }.

Let (n—j+1,i—j) € Mg. Then (i,5) € Ms. Soby (41), (n—j+1,i—j) € Mg. Thus
Mg C Mg. Conversely, let (i,7) € Mg and iy =n—i+j+1,71 =n—i+1. Then (n—j; +
Lii—j1) = (4,j) € Ms. So (i1, j1) € Mg (by (41)). Hence (n—ji1+1,i1—j1) = (i,7) € M.
Thus Mg C Mg, it follows that Mg = Mg. So I'(S") = S = Q(Ys, Mg) = Q(Zs, Mg) = S.
Thus we conclude that I' is surjective. O]

Example 23. Let A = (3,2,1), 1 = (3,1),v = (4,4,3,2). Then SVT}_, (1) contains the
following two tableaux:

1 23] 4 1| 2 |34
T: 75:

2,34 2,34
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Then SVCT},_,()) contains the following two tableaux:

- 2 - 1,2
T — 75 —
1,2,3] 3 2,3 3
2.3 4 4 2.3 4 4
Let Y-YT) = (X7, M), where
MT - {(37 1)) (37 2)7 (47 2)} (44)
and
1
2 1
XT — 2 1 0

3 1 0 0

Then under the map I' defined in (23), the set-valued tableau T" corresponds to the element
Q(Yp, My) € SVCT)_ ()) (see Proposition 10). Here, the Gelfand-Tsetlin pattern Y, =
(Vi j)1<j<i<as is determined by (3), i.e., by v j = Ny—i+ja—i(T). Thus we obtain

Also, M7 is defined by via (4):
My ={(5—3j.i—7): (i,5) € My}
Substituting the values from (44), we obtain:
My = {(4,2),(3.1), 3,2)},

Now we see that (Y, M7}.) =T (by Proposition 10) as follows:

2 2

313 23] 3 1,2,3 3

4 | 4 314114 2314 | 4 2314 | 4
y @) y (@) y (3) y@w =T
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Similarly, it can be checked that I'(S) = S.
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