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Abstract

The K-theoretic Littlewood–Richardson rule, established by A. Buch, is a com-
binatorial method for counting the coefficients in the expansion of the product
of two symmetric Grothendieck polynomials as a linear combination of symmet-
ric Grothendieck polynomials. In this paper, we provide an explicit combinato-
rial formula in terms of set-valued contratableaux for the K-theoretic Littlewood–
Richardson rule, generalizing the contratableau model for the classical Littlewood–
Richardson rule introduced by Carré.

Mathematics Subject Classifications: 05E05

1 Introduction

Grothedieck polynomials were defined by Lascoux and Schützenberger, and they provide
formulas for the structural sheaves of the Schubert varieties in a flag variety [10]. These
polynomials were further understood combinatorially by Fomin and Kirillov [4]. They
are indexed by permutations in the symmetric group Sn, as in the case of Schubert
polynomials and when the stable limit of n → ∞ is taken into account, Grothendieck
polynomials become symmetric functions. This paper explores symmetric Grothendieck
polynomials Gλ for a partition λ, which are stable Grothendieck polynomials associated
to Grassmannian permutation wλ, (see e.g., [2, §2] for more details about wλ). Buch [2]
proved the following (see §2 for the notations)

Gλ(x) =
∑

T∈SVTn(λ)

(−1)|T |−|λ|xwt(T ).

Thus Gλ can be considered as a K-theory analogue of the Schur function sλ as {Gλ(x)}
indexed by partitions is a basis for (a completion of) the space of symmetric functions,
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see [9]. For λ, µ, ν ∈ P [n], the K-theoretic Littlewood–Richardson coefficients Cν
λ,µ are

defined as follows:

Gλ(x)Gµ(x) =
∑

ν∈P[n]

(−1)|ν|−|λ|−|µ|Cν
λ,µGν(x).

The coefficients Cν
λ,µ are non-zero only if |λ| + |µ| ⩽ |ν|. When |λ| + |µ| = |ν|, the

coefficients Cν
λ,µ are the classical Littlewood–Richardson coefficients cνλ,µ, defined by

sλ(x)sµ(x) =
∑

ν∈P[n]

cνλ,µsν(x).

Buch [2, Theorem 5.4] provided a rule to count the coefficients Cν
λ,µ, which reduce to the

usual Littlewood–Richardson rule when |ν| = |λ| + |µ|. Buch’s rule is further proved in
[6] using Bender–Kunth-type involutions. The main theorem of this article is to present
a new rule (Theorem 22) for the coefficients Cν

λ,µ involving set-valued contratableaux §3,
which extends the similar rule for cνλ,µ [3].

In [8], Knutson and Tao gave a proof of the saturation conjecture for cνλ,µ, utilizing
two new characterizations of Berenstein–Zelevinsky polytopes, referred to as honeycomb
models and hive models. Then, using the hive model, Buch [1] provided a simple proof of
this result. In [1, Appendix A] Buch gave a simple and direct bijection between the hives
with certain boundary, given by partitions λ, µ, ν, and the set of Littlewood–Richardson
skew tableaux of shape ν/λ and weight µ. In the proof, it was shown that those hives
and the set of all µ-dominant contratableaux of shape λ with weight ν−µ, have the same
cardinality. Our approach to prove the main theorem, i.e., Theorem 22, by extending this
idea but without giving a hive model for Cν

λ,µ. In [2, Theorem 5.4], it was proved that

Cν
λ,µ counts the cardinality of the set SVTλ

ν−λ(µ), which means, the set of all λ-dominant
semi-standard set-valued tableaux of shape µ with weight ν − λ. In this article, we prove
Cν

λ,µ is the number of elements in the set SVCTµ
ν−µ(λ), namely, the set of all µ-dominant

set-valued contratableaux of shape λ with weight ν − µ. To prove this, we establish a
direct bijection between SVTλ

ν−λ(µ) and SVCTµ
ν−µ(λ) without recourse to the hive model

construction for Cν
λ,µ.

2 Preliminaries

2.1 Partitions and Young diagrams

We set Z+ = {0, 1, 2, . . . } and N = {1, 2, . . . }.
A partition λ = (λ1, . . . , λl), is a non-negative integer sequence such that λ1 ⩾ · · · ⩾

λl ⩾ 0.We define the length of λ to be the smallest integer r such that λr > 0 and λr+1 = 0.
We write r = l(λ) and |λ| = λ1+· · ·+λl. We set P [n] as the set of all partitions with length
at most n. For a partition λ, the set {(i, j) ∈ N× N : 1 ⩽ i ⩽ l(λ), 1 ⩽ j ⩽ λi} is called
Young diagram of λ. We use the notation that the Young diagram of λ is the diagram
obtained by arraying l boxes having l(λ) left-justified rows with the ith row consisting λi
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boxes. Throughout the paper we often make no distinction between partitions and the
corresponding Young diagrams. We say that µ ⊂ λ if µi ⩽ λi for all i > 0. A skew Young
diagram λ/µ is defined to be the set-theoretic difference λ − µ of the Young diagrams,
where µ ⊂ λ.

2.2 Semi-standard set-valued tableau

Let [n] = {1, 2, . . . , n}. A filling of a skew Young diagram λ/µ is a map from the set of all
boxes in λ/µ to the set of non-empty subsets of [n]. We define a semi-standard set-valued
tableau of shape λ/µ to be a filling of the skew Young diagram λ/µ, such that the rows
are weakly increasing from left to right and the columns are strictly increasing from top
to bottom in the following manner: whenever a set A precedes another set B in a row,
maxA ⩽ minB; and whenever C lies below A in a column, maxA < minC. We simply
write a set-valued tableau to refer a semi-standard set-valued tableau.

Given a skew diagram λ/µ, SVTn(λ/µ) is the set of all set-valued tableaux of shape
λ/µ with entries ⩽ n. The weight of a set-valued tableau T ∈ SVTn(λ/µ), denoted by
wt(T ), is the n-tuple (t1, . . . , tn) such that ti is the number of occurrences i in T .

Example 1. T = 1,2 2,3

1 3,4

1,4 4

∈ SVT4((4, 3, 2)/(2, 1)) with wt(T ) = (3, 2, 2, 3).

A semi-standard Young tableau of shape λ/µ is a semi-standard set-valued tableau of
shape λ/µ where each box of λ/µ is filled by a positive integer in [n]. We let Tabn(λ/µ)
denote the set of all semi-standard Young tableaux in SVTn(λ/µ).

2.3 Skew symmetric Grothendieck polynomial

We define the skew symmetric Grothendieck polynomial Gλ/µ(x) by

Gλ/µ(x) :=
∑

T∈SVTn(λ/µ)

(−1)|T |−|λ|+|µ|xwt(T ),

where for α = (α1, α2, . . . , αn) ∈ Zn
+, we let xα = xα1

1 xα2
2 · · · xαn

n , and |T | is the total
number of entries in it.

The lowest degree homogeneous component of Gλ/µ(x) is the skew Schur polynomial
sλ/µ(x), which is defined by

sλ/µ(x) :=
∑

T∈Tabn(λ/µ)

xwt(T ).

3 Set-valued contratableau

In this section we define set-valued contratableau and each set-valued contratableau cor-
responds to a unique marked Gelfand–Tsetlin (GT) pattern, which are discussed in [11,
§4.2].
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x1,1

x2,1 x2,2

x3,1 x3,2 x3,3

x4,1 x4,2 x4,3 x4,4

Figure 1: A Gelfand–Tsetlin array for n = 4

Definition 2. For a given λ, the skew shape C(λ) is defined by rotating Y (λ) 180 degrees,
so that the new diagram has λi boxes in ith row from the bottom and the rows are right
justified. A set-valued contratableau of shape λ is a semi-standard set-valued tableau of
shape C(λ). For λ ∈ P [n], SVCTm(λ) is the set of all set-valued contratableaux of shape
λ with entries ⩽ m.

Remark 3. A contratableau of shape λ is a semi-standard Young tableau of shape C(λ),
see [3, §1] [1, Appendix]. For λ ∈ P [n], Contm(λ) is the set of all contratableau of shape
λ with entries ⩽ m.

Example 4. For λ = (4, 2, 1), C(λ) = and 1,2

2,3 3

1 1,3 4 4

is a set-valued

contratableau of shape λ.

3.1 GT patterns

A GT pattern of size n is a triangular array of integers X = (xi,j)1⩽j⩽i⩽n (see Figure 1)
satisfying the “North-East” (NE), ”South-East” (SE) inequalities given below:

NEi,j(X) = xi,j − x(i−1),j ⩾ 0 1 ⩽ j < i ⩽ n,
SEi,j(X) = x(i−1),j − xi,(j+1) ⩾ 0 1 ⩽ j < i ⩽ n.

Given λ ∈ P [n], we use the notation GTZ(λ) to denote the set of all GT patterns X =
(xi,j)1⩽j⩽i⩽n such that xnj = λj for 1 ⩽ j ⩽ n. Let X ∈ GTZ(λ). Then the i-tuple x(i)

defined by x(i) := (xi,1, xi,2, . . . , xi,i) is a partition with l(x(i)) ⩽ i for 1 ⩽ i ⩽ n. Also, the
skew shape x(i)/x(i−1) (x(0) := ∅) is a horizontal strip, i.e., it does not contain a vertical
domino. Thus X ∈ GTZ(λ) if and only if x(i)/x(i−1) is a horizontal strip for 1 ⩽ i ⩽ n.

Example 5. An example of a GT pattern in GTZ(4, 3, 2, 0) is given below:

2

3 1

3 2 1

4 3 2 0 .
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Definition 6 ([11, Definition 4.3]). A marked GT pattern of size n is a pair (X,M),
where X = (xi,j)1⩽j⩽i⩽n is a GT pattern of size n together with a set M of entries that are
“marked”, whereM is a subset of the set {(i, j) : 1 ⩽ j < i ⩽ n and SEi,j(X) > 0}. Given
a GT pattern X, MGT(X) is the set of all marked GT patterns whose corresponding GT

pattern X, together with X. Given λ ∈ P [n], we define MGTZ(λ) :=
⋃

X∈GTZ(λ)

MGT(X).

Clearly, GTZ(λ) is a subset of MGTZ(λ).

Example 7. Consider the GT pattern X in Example 5. Then MGTZ(X) contains the
following marked GT patterns:

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0

2

3 1

3 2 1

4 3 2 0
.

For λ ∈ P [n], we recall the bijection Υ : MGTZ(λ) → SVTn(λ) in [11, Proposition
5]. Let (X,M) ∈ MGTZ(λ). We construct Υ(X,M) recursively. Let us assume we have
added all the entries 1, 2, . . . , i − 1 and the result is X(i−1). Now we fill each box of the
horizontal strip x(i)/x(i−1) with an i and add to X(i−1). In addition, if (i, j) ∈ M then add
an ‘i′ to the rightmost box containing (i− 1) in jth row of X(i−1) and we obtain X(i). We
note that this is the unique position where we can add i to the jth row of X(i−1). Finally,
we define Υ(X,M) := X(n). Clearly, the process is reversible. Thus we have the following
the corollary.

Corollary 8. The bijection Υ : MGTZ(λ) → SVTn(λ) restricts to a bijection between
GTZ(λ) and Tabn(λ).

Example 9. Consider the marked GT pattern (X,M) given by:

2

3 1

3 2 1

4 3 2 0
.
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Then, the sequence (X(1), X(2), X(3), X(4)) is given below:

1 1

X(1)

2

1 1 2

X(2)

3

2

1

3

1 2,3

X(3)

3,4

2

1

4

3

1

4

2,3 4

X(4)
.

Therefore we obtain Υ(X,M) = X(4). In the same way, we have:

2

3 1

3 2 1

4 3 2 0

Υ

3 4

2 3 4

1 1 2 4

.

Let λ, µ ∈ P [n] be such that µ ⊂ λ. Then the diagram C(λ)/C(µ) is obtained by
removing the boxes of C(µ) from those of C(λ). For λ = (4, 3, 1), µ = (2, 1), C(λ)/C(µ)
is the following diagram (omitting the diagram in yellow):

.

Now given (Y,M) ∈ MGTZ(λ), we construct an element in SVCTn(λ) recursively. Sup-
pose we have added all the entries n, n − 1, . . . , n + 1 − (i − 1) and the result is Y (i−1).
Then we fill each box in C(y(i))/C(y(i−1)) (which obviously does not contain a vertical
domino) by n+1− i and add to Y (i−1). In addition, if (i, j) ∈ M then we add an n+1− i
to the leftmost box containing n+ 2− i in jth row from bottom of Y (i−1) and we obtain
Y (i). Finally we get Y (n) ∈ SVCTn(λ). It is evident that this procedure can be reversed.
So we obtain the following proposition.

Proposition 10. The map Ω : MGTZ(λ) → SVCTn(λ) defined by (Y,M) 7→ Y (n) is a
bijection.

Corollary 11. The bijection Ω : MGTZ(λ) → SVCTn(λ) restricts to a bijection between
GTZ(λ) and Contn(λ).

Remark 12. We can describe the bijection Ω as follows: Let (Y,M) ∈ MGTZ(λ). Then
Υ(Y,M) ∈ SVTn(λ). Next, we rotate Υ(Y,M) by 180 degrees and replace each i with
n+ 1− i and finally obtain Ω(Y,M).
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Example 13. Consider the marked GT pattern (Y,M) given below:

2

3 1

3 2 1

4 3 2 0
.

Then, the sequence (Y (1), Y (2), Y (3), Y (4)) is given below:

4 4

Y (1)

3 3,4 4

3

Y (2)

2,3 3,4 4

32

2

Y (3)

1 2,3 3,4 4

31 2

1 1,2

Y (4)
.

Thus, we have Ω(Y,M) = Y (4). Similarly, we obtain the following:

2

3 1

3 2 1

4 3 2 0

Ω

1 3 4 4

31 2

1 2

.

Remark 14. For (X,M) ∈ MGTZ(λ), if wt(Υ(X,M)) = (α1, α2, . . . , αn) then we obtain
wt(Ω(X,M)) = (αn, αn−1, . . . , α1).

4 Proof of the main theorem

In this section, we prove our main theorem (Theorem 22).

Definition 15. The column word c(T ) of a set-valued tableau T of skew shape θ is the
word obtained by reading each column of T , starting from the rightmost column, according
to the following process, and then moving to the left. In each column, we read the entries
from top to bottom and within each cell we read the entries in decreasing order.

Definition 16. The row word r(T ) of a set-valued tableau T of skew shape θ is the word
obtained by reading each row of T , starting from the top row, according to the following
procedure, and then continuing down the rows. In each row, we read the entries from
right to left and within each cell we read the entries in decreasing order.
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Example 17. T =
1 1,2 2,3

2,3,4 4

is a set-valued tableau of shape (3, 2, 0) with c(T ) =

322141432 and r(T ) = 322114432.

Definition 18. A word u = u1u2 · · ·us is said to be dominant word [5, §5.2] if for all
t ⩾ 1, the number of i′s in u1u2 · · ·ut is at least the number of (i+ 1)′s in it for all i ⩾ 1.
Also, the word u is said to λ-dominant if the concatenation word r(Tλ) ∗ u is dominant,
where Tλ is the unique semi-standard Young tableau of shape and weight both equals to
λ. Furthermore, A set-valued tableau T of skew shape θ is said to be λ-dominant if r(T )
is λ-dominant.

Example 19. The tableau in Example 17 is (4, 2, 1)-dominant but not (3, 1)-dominant.

Using similar argument in [7, Proposition 9.5], we can state the following.

Proposition 20. Let T be a set-valued tableau of any skew shape and λ be a partition.
Then r(T ) is λ-dominant if and only if c(T ) is λ-dominant.

We now define SVTλ
ν−λ(µ) to be the set of all λ-dominant semi-standard set-valued

tableaux T of shape µ such that wt(T ) = ν − λ. Then Theorem 5.4 in [2] can be stated
as follows:

Theorem 21. Cν
λ,µ is the cardinality of the set SVTλ

ν−λ(µ).

The following theorem is the main theorem in this article.

Theorem 22. The coefficient Cν
λ,µ is the number of all µ-dominant set-valued contrat-

ableaux of shape λ with weight ν − µ.

Proof. First, we define SVCTµ
ν−µ(λ) to be the set of all µ-dominant set-valued contrat-

ableaux of shape λ satisfying wt(S) = ν − µ. Our approach to prove Theorem 22 is to
produce a bijection between the sets SVTλ

ν−λ(µ) and SVCTµ
ν−µ(λ).

Let T ∈ SVTλ
ν−λ(µ) and Υ−1(T ) = (XT ,MT ), where XT = (xi,j)1⩽j⩽i⩽n ∈ GTZ(µ).

Also, let Ti be the i
th row of T from the top. For 1 ⩽ i ⩽ j ⩽ n, 1 ⩽ k ⩽ l ⩽ n, we define

pji (T
l
k) := the number of occurrences of i, i+ 1, . . . , j appearing in Tk, Tk+1, . . . , Tl.

For every 1 ⩽ i ⩽ n, 0 ⩽ k ⩽ i, we define

Ni,k(T ) =

{
λi + pii(T

k
1 ) if k ⩾ 1,

λi if k = 0.
(1)

That is to say, Ni,k(T ) is the sum of λi and the number of occurrences of the entry i in
T1, T2, . . . , Tk for k ⩾ 1. We now verify that T is λ-dominant if and only if

Ni,k(T ) ⩾ Ni+1,k+1(T ), (2)
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for 1 ⩽ i < n, 0 ⩽ k ⩽ i.
First, we assume Ni,k(T ) ⩾ Ni+1,k+1(T ) for 1 ⩽ i < n, 0 ⩽ k ⩽ i. Let u = r(Tλ)∗r(T ),

which we write as the sequence u1 · · ·usus+1 · · ·ut. To show T is λ-dominant, we have to
prove (αs

1, . . . , α
s
n) is a partition for each 1 ⩽ s ⩽ t, where αs

j is the number of occurrences
of the entry j in u1 . . . us for j ⩾ 1. Suppose that the rightmost occurrence of the entry
i+ 1 of u1 . . . us is contained in Tl. Then using (2), we obtain

αs
i ⩾ Ni,l−1(T ) ⩾ Ni+1,l(T ) ⩾ αs

i+1.

The first inequality, αs
i ⩾ Ni,l−1(T ) follows from the fact that αs

i is the sum of Ni,l−1(T )
and the number of occurrences of the entry i in u1 . . . us that contained in Tl, . . . , Tl′ such
that us ∈ Tl′ and the last inequality follows immediately.

Conversely, let T be λ-dominant. We fix i, k with 1 ⩽ i < n, 0 ⩽ k ⩽ i. Suppose i+ 1
does not appear in T1, . . . , Tk+1, then

Ni,k(T ) ⩾ Ni,0(T ) = λi ⩾ λi+1 = Ni+1,0(T ) = Ni+1,k+1(T ).

Otherwise, choose the largest index r ∈ {1, 2, . . . , k + 1} such that Tr contains an i + 1,
then we have

Ni,k(T ) ⩾ Ni,r−1(T ) ⩾ Ni+1,r(T ) = Ni+1,k+1(T ).

Consider the triangular array YT = (yi,j)1⩽j⩽i⩽n, where

yi,j := Nn−i+j,n−i(T ). (3)

Since 1 ⩽ j ⩽ i, it follows that
1− i ⩽ j − i ⩽ 0.

Adding n to each part gives

n+ 1− i ⩽ n+ j − i ⩽ n.

Finally, using 1 ⩽ i ⩽ n, we conclude that

1 ⩽ n− i+ j ⩽ n.

Therefore the array YT is well-defined. Now we show that YT ∈ GTZ(λ). Since T is
λ-dominant, it follows from (2) that

NEi,j(YT ) = yi,j − y(i−1),j = Nn−i+j,n−i(T )−Nn−i+j+1,n−i+1(T ) ⩾ 0.

Also, we have

SEi,j(YT ) = y(i−1),j − yi,j+1 = Nn−i+j+1,n−i+1(T )−Nn−i+j+1,n−i(T ).

Using (1), we see that SEi,j(YT ) counts the number of occurrences of the entry n−i+j+1
in Tn−i+1, and hence it is non-negative. It is also immediate that yn,j = Nj,0(T ) = λj∀j.
Thus, YT ∈ GTZ(λ).
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Let (i, j) ∈ MT . Then SEn−j+1,i−j(YT ) = yn−j,i−j−yn−j+1,i−j+1 = Ni,j(T )−Ni,(j−1)(T ).
Thus, SEn−j+1,i−j(YT ) represents the number of occurrences of i in jth row of T . Hence,

SEn−j+1,i−j(YT ) > 0,

since (i, j) ∈ MT . We now define

M ′
T := {(n− j + 1, i− j) : (i, j) ∈ MT}. (4)

So (YT ,M
′
T ) ∈ MGTZ(λ). Let T̃ = Ω(YT ,M

′
T ). Our aim is to show that T̃ ∈ SVCTµ

ν−µ(λ).

Let T̃ ↑
i be the ith row of T̃ from the bottom. Then for 1 ⩽ i ⩽ n, 1 ⩽ k ⩽ n − i + 1,

we define

N ↑
i,k(T̃ ) := µi + the numbers of occurrences of i in T̃ ↑

k , T̃
↑
k+1, . . . , T̃

↑
n . (5)

Since T̃ ↑
k = T̃n−k+1, the (n− k+1)th row of T̃ from the top, we can express N ↑

i,k(T̃ ) as the

sum of µi and the number of occurrences of the entry i in T̃1, . . . , T̃n−k+1. It then follows
directly from (2) that T̃ is µ-dominant if and only if

N ↑
i−1,k+1(T̃ ) ⩾ N ↑

i,k(T̃ ), (6)

for 1 < i ⩽ n, 1 ⩽ k ⩽ n − i + 1. We now introduce the following definition: for
1 ⩽ i < n, 1 ⩽ k ⩽ n− i,

M ′
i,k := {(n− i+ 1, k), (n− i+ 1, k + 1), . . . , (n− i+ 1, n− i)},

and for 1 ⩽ i ⩽ n, k = n− i+ 1,
M ′

i,k := ∅.

Unless otherwise specified, Ni,k and N ↑
i,k serve as shorthand for Ni,k(T ) and N ↑

i,k(T̃ ) re-
spectively.

We recall that T̃ ↑
i denotes the ith row of T̃ indexed from the bottom. We then define

T̃ ↑
p,[q′,q] to be the number of occurrences of the entry p within the rows T̃ ↑

q′ , T̃
↑
q′+1, . . . , T̃

↑
q .

Due to semi-standard property of the set-valued contratableau T̃ , each entry j can appear
only in T̃ ↑

1 , T̃
↑
2 , . . . , T̃

↑
n−j+1. Thus T̃

↑
j,[l,l] = 0 for l > n− j + 1. We note that (n− j + 1, n−

j + 1) /∈ M ′
T , as any (i′, j′) ∈ M ′

T must satisfy i′ > j′ (see Definition 6). Defining
yn−i,n−i+1 := 0, we have

T̃ ↑
i,[l,l] = (yn−i+1,l − yn−i,l) + |{(n− i+ 1, l)} ∩M ′

T |, (7)

for 1 ⩽ l ⩽ n − i + 1. Here |{(n − i + 1, l)} ∩ M ′
T | denotes the cardinality of the set

{(n− i+ 1, l)} ∩M ′
T .

Since T̃ ↑
i,[k,n] = T̃ ↑

i,[k,k] + T̃ ↑
i,[k+1,k+1] + · · · + T̃ ↑

i,[n−i+1,n−i+1], and N ↑
i,k = µi + T̃ ↑

i,[k,n], it

follows from (7) that

N ↑
i,k = µi+(yn−i+1,k−yn−i,k)+(yn−i+1,k+1−yn−i,k+1)+· · ·+(yn−i+1,n−i+1−0)+|M ′

i,k∩M ′
T |.
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Next, we define

Mi,k =

{
{(k + i, i), (k + i+ 1, i), . . . , (n, i)} if 1 ⩽ i < n, 1 ⩽ k ⩽ n− i,
∅ if 1 ⩽ i ⩽ n, k = n− i+ 1.

(8)

Then using (4) we can conclude that for 1 ⩽ i < n, 1 ⩽ k ⩽ n− i,

(n− i+ 1, t) ∈ M ′
i,k ∩M ′

T if and only if (t+ i, i) ∈ Mi,k ∩MT ,

for k ⩽ t ⩽ n−i. Thus we obtain |M ′
i,k∩M ′

T | = |Mi,k∩MT | for 1 ⩽ i ⩽ n, 1 ⩽ k ⩽ n−i+1.
It then follows from (3) that

N ↑
i,k = µi +(Nk+i−1,i−1−Nk+i,i)+ (Nk+i,i−1−Nk+i+1,i)+ · · ·+(Nn,i−1 − 0)+ |Mi,k ∩MT |.

Thus,

N ↑
i,k = µi+(Nk+i−1,i−1+Nk+i,i−1+· · ·+Nn,i−1)−(Nk+i,i+Nk+i+1,i+· · ·+Nn,i)+|Mi,k∩MT |.

(9)
It is evident that

µi = pn1 (T
i
i )− |Mi,1 ∩MT |. (10)

Also, using (1), we obtain

Nk+i−1,i−1 + · · ·+Nn,i−1 = (λk+i−1 + pk+i−1
k+i−1(T

i−1
1 )) + · · ·+ (λn + pnn(T

i−1
1 )).

Thus we get

Nk+i−1,i−1 +Nk+i,i−1 + · · ·+Nn,i−1 = λk+i−1 + λk+i + · · ·+ λn + pnk+i−1(T
i−1
1 ). (11)

Similarly, applying (1), we also have

Nk+i,i +Nk+i+1,i + · · ·+Nn,i = λk+i + λk+i+1 + · · ·+ λn + pnk+i(T
i
1). (12)

Now applying (10), (11) and (12) in (9), we have
N ↑

i,k = pn1 (T
i
i )− |Mi,1 ∩MT |+ (λk+i−1 + · · ·+ λn) + pnk+i−1(T

i−1
1 )− (λk+i + · · ·+ λn)−

pnk+i(T
i
1) + |Mi,k ∩MT |.

We note the following equalities

pn1 (T
i
i ) = pk+i−1

1 (T i
i ) + pnk+i(T

i
i ), (13)

pnk+i−1(T
i−1
1 ) = pk+i−1

k+i−1(T
i−1
1 ) + pnk+i(T

i−1
1 ), (14)

pnk+i(T
i
1) = pnk+i(T

i−1
1 ) + pnk+i(T

i
i ). (15)

Applying (13), (14) and (15) in the above expression of N ↑
i,k yields

N ↑
i,k = λk+i−1 + pk+i−1

1 (T i
i ) + pk+i−1

k+i−1(T
i−1
1 )− |Mi,1 ∩MT |+ |Mi,k ∩MT |. (16)
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We now computeN ↑
i−1,k+1−N ↑

i,k using (16) and establish thatN ↑
i−1,k+1 ⩾ N ↑

i,k for 1 < i ⩽ n

and 1 ⩽ k ⩽ n− i+ 1, thereby showing that T̃ is µ-dominant (by (6)).
N ↑

i−1,k+1 − N ↑
i,k = pk+i−1

1 (T i−1
i−1 ) + pk+i−1

k+i−1(T
i−2
1 ) − |Mi−1,1 ∩ MT | + |Mi−1,k+1 ∩ MT | −

pk+i−1
1 (T i

i )− pk+i−1
k+i−1(T

i−1
1 ) + |Mi,1 ∩MT | − |Mi,k ∩MT |.

Additionally, we note that

pk+i−1
1 (T i−1

i−1 ) = pk+i−2
1 (T i−1

i−1 ) + pk+i−1
k+i−1(T

i−1
i−1 ), (17)

pk+i−1
k+i−1(T

i−2
1 ) = pk+i−1

k+i−1(T
i−1
1 )− pk+i−1

k+i−1(T
i−1
i−1 ). (18)

Applying (17) and (18) in the above expression of N ↑
i−1,k+1 −N ↑

i,k, we get

N ↑
i−1,k+1 −N ↑

i,k =
{
pk+i−2
1 (T i−1

i−1 ) − |Mi−1,1 ∩MT | + |Mi−1,k+1 ∩MT |
}
−
{
pk+i−1
1 (T i

i ) −

|Mi,1 ∩MT |+ |Mi,k ∩MT |
}
.

We note that pi1(T
j
j ) = xi,j + |{(j + 1, j), (j + 2, j), . . . , (i, j)} ∩MT |. Hence using (8),

we have
xi,j = pi1(T

j
j )− |Mj,1 ∩MT |+ |Mj,i+1−j ∩MT |.

Thus
xk+i−2,i−1 = pk+i−2

1 (T i−1
i−1 )− |Mi−1,1 ∩MT |+ |Mi−1,k ∩MT |, (19)

xk+i−1,i = pk+i−1
1 (T i

i )− |Mi,1 ∩MT |+ |Mi,k ∩MT |. (20)

Since 1 < i ⩽ n and 1 ⩽ k ⩽ n− i+ 1, so by (8), we have

Mi−1,k = {(k + i− 1, i− 1), (k + i, i− 1), . . . , (n, i− 1)},

Mi−1,k+1 =

{
{(k + i, i− 1), . . . , (n, i− 1)} if 1 < i ⩽ n, 1 ⩽ k ⩽ n− i,
∅ if 1 < i ⩽ n, k = n− i+ 1.

Then the following is evident

|Mi−1,k ∩MT | =
{

|Mi−1,k+1 ∩MT |+ 1 if (k + i− 1, i− 1) ∈ MT ,
|Mi−1,k+1 ∩MT | elsewhere.

(21)

Applying (21) in (19) and assuming ci,k = pk+i−2
1 (T i−1

i−1 )−|Mi−1,1∩MT |+ |Mi−1,k+1∩MT |,
we get

xk+i−2,i−1 =

{
ci,k + 1 if (k + i− 1, i− 1) ∈ MT ,
ci,k elsewhere.

(22)

Applying (20) and (22) in the last expression of N ↑
i−1,k+1 −N ↑

i,k, we get

N ↑
i−1,k+1(T̃ )−N ↑

i,k(T̃ ) =

{
xk+i−2,i−1 − xk+i−1,i − 1 if (k + i− 1, i− 1) ∈ MT ,
xk+i−2,i−1 − xk+i−1,i elsewhere.

Since SEk+i−1,i−1(XT ) = xk+i−2,i−1 − xk+i−1,i, by Definition 6, we have

SEk+i−1,i−1(XT ) ⩾

{
1 if (k + i− 1, i− 1) ∈ MT ,
0 elsewhere.
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Thus we conclude N ↑
i−1,k+1(T̃ ) ⩾ N ↑

i,k(T̃ ) for 1 < i ⩽ n, 1 ⩽ k ⩽ n+ 1− i. This proves T̃

is µ-dominant (by (6)). Next we verify that wt(T̃ ) = ν − µ. Using (16), we obtain

N ↑
i,1(T̃ ) = λi + pi1(T

i
i ) + pii(T

i−1
1 ).

Since T is a semi-standard set-valued tableau, the entries 1, 2, . . . , i− 1 cannot appear in
Ti, the ith row of T from the top. Thus pi1(T

i
i ) = pii(T

i
i ). Hence we get

N ↑
i,1(T̃ ) = λi + pii(T

i
i ) + pii(T

i−1
1 ) = λi + pii(T

i
1) = νi.

The last equality in the above expression holds since wt(T ) = ν−λ and pii(T
i
1) counts the

total occurrences of the entry i in T1, . . . , Ti, i.e., in T . Also, using (5),

N ↑
i,1(T̃ ) = µi + the number of occurrences of i in T̃1, T̃2, . . . , T̃n.

i.e.,
N ↑

i,1(T̃ ) = µi + the number of occurrences of i in T̃ .

Therefore, the number of occurrences of the entry i in T̃ is νi−µi. Hence, wt(T̃ ) = ν−µ,
which implies T̃ ∈ SVCTµ

ν−µ(λ).
Now we define the following map

Γ : SVTλ
ν−λ(µ) → SVCTµ

ν−µ(λ) by Γ(T ) = Ω(YT ,M
′
T ) = T̃ . (23)

Our target now is to show Γ is a bijection. First, we verify that Γ is injective. Let
Γ(T ) = Γ(T ′), i.e., T̃ = T̃ ′. Also, let Υ−1(T ) = (XT ,MT ),Υ

−1(T ′) = (XT ′ ,MT ′) and
Ω−1(T̃ ) = (YT ,M

′
T ),Ω

−1(T̃ ′) = (YT ′ ,M ′
T ′), where XT = (xi,j)1⩽j⩽i⩽n, XT ′ = (x′

i,j)1⩽j⩽i⩽n

and YT = (yi,j)1⩽j⩽i⩽n, YT ′ = (y′i,j)1⩽j⩽i⩽n. We will show that xi,j = x′
i,j for 1 ⩽ j ⩽ i ⩽ n

and MT = MT ′ . Since M ′
T = M ′

T ′ , it follows from (4) that MT = MT ′ . Then it is clear
that

pii(T
j
j ) = xi,j − x(i−1),j + |{(i, j)} ∩MT |. (24)

By hypothesis, yn−1,j = y′n−1,j∀j ∈ {1, . . . , n − 1}. Now, using (3), we get yn−1,j =
Nj+1,1(T ). Then using (1),

λj+1 + pj+1
j+1(T

1
1 ) = λj+1 + pj+1

j+1(T
′1
1 ).

Applying (24),

λj+1 + xj+1,1 − xj,1 + |{(j + 1, 1)} ∩MT | = λj+1 + x′
j+1,1 − x′

j,1 + |{(j + 1, 1)} ∩MT ′|.

Since MT = MT ′ ,
xj+1,1 − xj,1 = x′

j+1,1 − x′
j,1. (25)

For j = 1, we have
x2,1 − x1,1 = x′

2,1 − x′
1,1.
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Suppose that T and T ′ have weights wt(T ) = (t1, t2, . . . , tn) and wt(T ′) = (t′1, t
′
2, . . . , t

′
n)

respectively. Then t1 = x1,1 and t′1 = x′
1,1. Since wt(T ) = wt(T ′), x1,1 = x′

1,1. Therefore,

x2,1 = x′
2,1. (26)

Putting j = 2 in (25) we obtain,

x3,1 − x2,1 = x′
3,1 − x′

2,1.

Applying (26), we have x3,1 = x′
3,1. In the same way, xn,1 = x′

n,1. Similarly, for each fixed
k ∈ {2, . . . , n− 1}, yn−k,j = y′n−k,j∀j ∈ {1, . . . , n− k} implies xr,k = x′

r,k∀k ⩽ r ⩽ n. Now
for n > 1, let us define

An := {(n, 1), (n, 2), . . . , (n, n− 1)}.

We have
tn = pnn(T

1
1 ) + · · ·+ pnn(T

n−1
n−1 ) + pnn(T

n
n ).

Then using (24), we have

tn = (xn,1 − x(n−1),1) + · · ·+ (xn,n−1 − x(n−1),(n−1)) + xn,n + |An ∩MT |,

t′n = (x′
n,1 − x′

(n−1),1) + · · ·+ (x′
n,n−1 − x′

(n−1),(n−1)) + x′
n,n + |An ∩MT ′ |.

Since wt(T ) = wt(T ′), tn = t′n. Also, we have proved that xn,1 = x′
n,1, . . . , xn,n−1 =

x′
n,n−1 and x(n−1),1 = x′

(n−1),1, . . . , x(n−1),(n−1) = x′
(n−1),(n−1). Consequently, xn,n = x′

n,n is
obtained from the relations tn = t′n and MT = MT ′ . Thus XT = XT ′ . Now combining the
facts that XT = XT ′ and MT = MT ′ , we conclude that Γ is injective.

Now we prove that Γ is surjective. Let S ∈ SVCTµ
ν−µ(λ) and Ω−1(S) = (ZS,MS). Let

ZS = (zi,j)1⩽j⩽i⩽n. For 1 ⩽ j ⩽ i ⩽ n, we define the following

Di,j :=

{ {
(n− j + 1, 1), (n− j + 1, 2), . . . , (n− j + 1, i− j)

}
if 1 ⩽ j < i ⩽ n,

∅ if 1 ⩽ j = i ⩽ n.
(27)

For 1 ⩽ j ⩽ n, we also define
zn−j,0 := νj. (28)

Then we define another triangular array ZS′ = (z′i,j)1⩽j⩽i⩽n by

z′i,j := (zn−j,0+zn−j,1+· · ·+zn−j,i−j)−(zn−j+1,1+zn−j+1,2+· · ·+zn−j+1,i−j+1)−|Di,j∩MS|.
(29)

In the above expression, |Di,j ∩MS| denotes the cardinality of the set Di,j ∩MS. Then
we show that ZS′ ∈ GTZ(µ). For 1 ⩽ j < i ⩽ n, we have

NEi,j(ZS′) = z′i,j − z′i−1,j = (zn−j,i−j − zn−j+1,i−j+1)− |Di,j ∩MS|+ |Di−1,j ∩MS|.

By definition, Di,j = Di−1,j ∪ {(n− j + 1, i− j)}. Thus

|Di−1,j ∩MS| =
{

|Di,j ∩MS| − 1 if (n− j + 1, i− j) ∈ MS,
|Di,j ∩MS| elsewhere.

(30)
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Thus we obtain

NEi,j(ZS′) = z′i,j − z′i−1,j = SEn−j+1,i−j(ZS)− |{(n− j + 1, i− j) ∩MS}|. (31)

By Definition 6,

SEn−j+1,i−j(ZS) ⩾

{
1 if (n− j + 1, i− j) ∈ MS,
0 elsewhere.

Thus we have
NEi,j(ZS′) ⩾ 0. (32)

Given 1 ⩽ j < i ⩽ n, we get

SEi,j(ZS′) = z′i−1,j − z′i,j+1 = (zn−j,0 − Ai,j)− (zn−j−1,0 −Bi,j), (33)

where

Ai,j = (zn−j+1,1 − zn−j,1) + · · ·+ (zn−j+1,i−j − zn−j,i−j) + |Di−1,j ∩MS|, (34)

and

Bi,j = (zn−j,1 − zn−j−1,1) + · · ·+ (zn−j,i−j−1 − zn−j−1,i−j−1) + |Di,j+1 ∩MS|. (35)

We recall that S↑
p,[q′,q] denotes the number of occurrences of the entry p within the rows

S↑
q′ , S

↑
q′+1, . . . , S

↑
q , where S↑

i denotes the ith row of S indexed from the bottom. The
semi-standard property of the set-valued contratableau S implies that the entry j must
lie in S↑

1 , S
↑
2 , . . . , S

↑
n−j+1. Thus S↑

j,[k,k] = 0 for k > n − j + 1. It is worth noting that

(n − j + 1, n − j + 1) /∈ MS, as the condition i > j holds for any (i, j) ∈ MS (see
Definition 6). Now assuming zn−j,n−j+1 := 0, we have for 1 ⩽ k ⩽ n− j + 1

S↑
j,[k,k] = (zn−j+1,k − zn−j,k) + |{(n+ j − 1, k)} ∩MS|. (36)

As S↑
j,[1,i−j] = S↑

j,[1,1] + · · ·+ S↑
j,[i−j,i−j], it follows from (36) that

S↑
j,[1,i−j] = (zn−j+1,1 − zn−j,1) + · · ·+ (zn−j+1,i−j − zn−j,i−j) + |Di,j ∩MS|. (37)

Thus using (30), (37) in (34) we get

Ai,j =

{
S↑
j,[1,i−j] − 1 if (n− j + 1, i− j) ∈ MS,

S↑
j,[1,i−j] elsewhere.

Let wt(S) = (s1, s2, . . . , sn). Since wt(S) = ν − µ, it follows that sj = νj − µj. We also

note that sj = S↑
j,[1,i−j] + S↑

j,[i−j+1,n] and zn−j,0 = νj (see (28)). Hence νj − S↑
j,[1,i−j] =

µj + S↑
j,[i−j+1,n] = N ↑

j,i−j+1(S) (by (5)). Thus

zn−j,0 − Ai,j =

{
N ↑

j,i−j+1(S) + 1 if (n− j + 1, i− j) ∈ MS,

N ↑
j,i−j+1(S) elsewhere.

(38)
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Similarly, Bi,j = S↑
j+1,[1,i−j−1]. Thus

zn−j−1,0 −Bi,j = νj+1 − S↑
j+1,[1,i−j−1] = µj+1 + S↑

j+1,[i−j,n] = N ↑
j+1,i−j(S). (39)

Using (38),(39) in (33), we have

Si,j(ZS′) =

{
N ↑

j,i−j+1(S)−N ↑
j+1,i−j(S) + 1 if (n− j + 1, i− j) ∈ MS,

N ↑
j,i−j+1(S)−N ↑

j+1,i−j(S) elsewhere.

Since S is µ-dominant, N ↑
j,i−j+1(S) ⩾ N ↑

j+1,i−j(S) (by (6)). Thus

Si,j(ZS′) ⩾

{
1 if (n− j + 1, i− j) ∈ MS,
0 elsewhere.

(40)

By (29), we have

z′n,j = (zn−j,0+zn−j,1+· · ·+zn−j,n−j)−(zn−j+1,1+zn−j+1,2+· · ·+zn−j+1,n−j+1)−|Dn,j∩MS|.

By isolating the term zn−j,0 and grouping the remaining terms, this expression simplifies
to:

z′n,j = zn−j,0−
{
(zn−j+1,1−zn−j,1)+· · ·+(zn−j+1,n−j−zn−j,n−j)+zn−j+1,n−j+1+|Dn,j∩MS|

}
.

We recall that wt(S) = (s1, s2, . . . , sn). Using (36) and the following fact

sj = S↑
j,[1,1] + · · ·+ S↑

j,[n−j,n−j] + S↑
j,[n−j+1,n−j+1],

we have

sj = (zn−j+1,1 − zn−j,1) + · · ·+ (zn−j+1,n−j − zn−j,n−j) + zn−j+1,n−j+1 + |Dn,j ∩MS|.

Also, sj = νj − µj (since wt(S) = ν − µ) and zn−j,0 = νj (see (28)). Thus

z′n,j = zn−j,0 − sj = νj − (νj − µj) = µj.

Therefore, by (32), (40) and the above equation, we conclude that ZS′ ∈ GTZ(µ) and
using (40) we can also say that (ZS′ ,MS′) ∈ MGTZ(µ), where

MS′ := {(i, j) : (n− j + 1, i− j) ∈ MS}. (41)

Let Υ(ZS′ ,MS′) = S ′. Then we show that S ′ ∈ SVTλ
ν−λ(µ) such that Γ(S ′) = S.

For each 1 ⩽ i ⩽ n, 1 ⩽ k ⩽ i, we recall from (1) that

Ni,0(S
′) = λi;Ni,k(S

′) = λi + pii(S
′k
1) = λi + pii(S

′1
1) + pii(S

′2
2) + · · ·+ pii(S

′k
k). (42)

Since pii(S
′r
r) = z′i,r−z′i−1,r+ |{(i, r)}∩MS′| for 1 ⩽ r ⩽ i. Here we define z′i−1,i := 0. Thus

we obtain

Ni,k(S
′) = λi + (z′i,1 − z′i−1,1) + · · ·+ (z′i,k − z′i−1,k) + |{(i, 1), . . . , (i, k)} ∩MS′ |.
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Using (31), we obtain
Ni,k(S

′) = λi+SEn,i−1(ZS)+SEn−1,i−2(ZS)+ · · ·+SEn−k+1,i−k(ZS)−|{(n, i−1), (n−
1, i− 2), . . . , (n− k + 1, i− k)} ∩MS|+ |{(i, 1), . . . , (i, k)} ∩MS′ |.

By (41), (i, j) ∈ MS′ if and only if (n− j + 1, i− j) ∈ MS. Thus

|{(n, i− 1), . . . , (n− k + 1, i− k)} ∩MS| = |{(i, 1), . . . , (i, k)} ∩MS′ |.

Therefore we have

Ni,k(S
′) = λi + SEn,i−1(ZS) + SEn−1,i−2(ZS) + · · ·+ SEn−k+1,i−k(ZS).

Since SEi,j(ZS) = zi−1,j − zi,j+1, we get

Ni,k(S
′) = λi + (zn−1,i−1 − zn,i) + (zn−2,i−2 − zn−1,i−1) + · · ·+ (zn−k,i−k − zn−k+1,i−k+1).

Using zn,i = λi, and then simplifying the above expression, we have

Ni,k(S
′) = zn−k,i−k, (43)

for 0 ⩽ k ⩽ i. Thus for 1 ⩽ i < n, 0 ⩽ k ⩽ i, we have

Ni,k(S
′)−Ni+1,k+1(S

′) = zn−k,i−k − zn−k−1,i−k = NEn−k,i−k(ZS) ⩾ 0.

Hence by (2), we conclude that S ′ is λ-dominant. Also, by (42), (43), we have

Nj,j(S
′) = λi + pjj(S

′j
1) = zn−j,0 = νj.

Thus, pjj(S
′j
1) = νj − λj. By the semi-standard property of S ′, the entry j is restricted to

the top j rows of S ′. Hence if wt(S ′) = (s′1, . . . , s
′
n), then s′j = pjj(S

′j
1) = νj − λj. Thus

wt(S ′) = ν−λ. Also, we already proved that S ′ is a λ-dominant semi-standard set-valued
tableau of shape µ. Therefore S ′ ∈ SVTλ

ν−λ(µ).
Now if Γ(S ′) = S̄ and Ω(YS̄,MS̄) = S̄, where YS̄ = (ȳi,j)1⩽j⩽i⩽n, then using (3) and

(43),
ȳi,j = Nn−i+j,n−i(S

′) = zn−(n−i),(n−i+j)−(n−i) = zi,j.

Thus YS̄ = ZS. Also, using (4), MS̄ = {(n− j + 1, i− j) : (i, j) ∈ MS′}.
Let (n−j+1, i−j) ∈ MS̄. Then (i, j) ∈ MS′ . So by (41), (n−j+1, i−j) ∈ MS. Thus

MS̄ ⊂ MS. Conversely, let (i, j) ∈ MS and i1 = n− i+ j+1, j1 = n− i+1. Then (n− j1+
1, i1−j1) = (i, j) ∈ MS. So (i1, j1) ∈ MS′ (by (41)). Hence (n−j1+1, i1−j1) = (i, j) ∈ MS̄.
Thus MS ⊂ MS̄, it follows that MS = MS̄. So Γ(S ′) = S̄ = Ω(YS̄,MS̄) = Ω(ZS,MS) = S.
Thus we conclude that Γ is surjective.

Example 23. Let λ = (3, 2, 1), µ = (3, 1), ν = (4, 4, 3, 2). Then SVTλ
ν−λ(µ) contains the

following two tableaux:

T =
1 2,3 4

2,3,4

, S =
1 2 3,4

2,3,4

.
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Then SVCTµ
ν−µ(λ) contains the following two tableaux:

T̃ =
2

1,2,3 3

2,3 4 4

, S̃ =
1,2

2,3 3

2,3 4 4

.

Let Υ−1(T ) = (XT ,MT ), where

MT = {(3, 1), (3, 2), (4, 2)} (44)

and

1

2 1

XT = 2 1 0

3 1 0 0 .

Then under the map Γ defined in (23), the set-valued tableau T corresponds to the element
Ω(YT ,M

′
T ) ∈ SVCTµ

ν−µ(λ) (see Proposition 10). Here, the Gelfand–Tsetlin pattern YT =
(yi,j)1⩽j⩽i⩽4, is determined by (3), i.e., by yi,j = N4−i+j,4−i(T ). Thus we obtain

2

3 2

YT = 3 2 1

3 2 1 0 .

Also, M ′
T is defined by via (4):

M ′
T = {(5− j, i− j) : (i, j) ∈ MT}.

Substituting the values from (44), we obtain:

M ′
T = {(4, 2), (3, 1), (3, 2)}.

Now we see that Ω(YT ,M
′
T ) = T̃ (by Proposition 10) as follows:

4 4

Y (1)

3 4 4

3 3

Y (2)

2,3 4 4

32,3

2

Y (3)

2,3 4 4

31,2,3

2

Y (4) = T̃ .
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Similarly, it can be checked that Γ(S) = S̃.
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