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Abstract

Inverse optimization problems focus on minimizing the adjustments made to the
input data to achieve a desired outcome. Popular matchings are relaxations of stable
matchings that prioritize the overall welfare of society over individual preferences.
In this work, we aim to determine a minimum cost set of nodes in order to make a
given matching popular by updating preferences at the chosen set. We show that the
problem is NP-hard, even if the input matching is perfect or the graph is bipartite.
If the desired matching is maximum size in the graph, we present a polynomial
time algorithm to determine this minimum in bipartite graphs, and provide a dual
characterization.

Mathematics Subject Classifications: 49N45, 90C27, 68Q17, 05C85

1 Introduction

Inverse optimization refers to a methodology that operates in opposition to conventional
mathematical optimization techniques. It focuses on minimizing changes to the input data
to obtain a desired outcome (see [11], [19]). Inverse optimization approaches are often
applied in practical scenarios. For instance, they are applicable to examining market
outcomes, such as reconstructing the electricity grid layout based on locational marginal
prices [22] or determining competitive retail locations [23]. The application of inverse
optimization methods extends to vehicle routing problems [25], forecasting the total power
output of an electric vehicle fleet [28], estimating schedule preferences [26], and studying
household activity patterns [27].

In this paper, we investigate the question of how to make a given matching “accept-
able” for most of the participants if preferences are given. Matching problems with pref-
erences are frequently encountered in daily life, such as medical match [29], school choice
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[30] or organ donation [31], and several algorithms have been developed [9]. We can define
the fairness of a matching in different ways. A classic approach is stable marriage intro-
duced by Gale and Shapley [6]. However, stability can sometimes be overly restrictive
and prioritize individual needs over collective well-being. In this paper, we consider in-
verse optimization related to a relaxed version of stability representing the common good,
called popularity (see [5] for a survey). No matching can beat a popular matching in a
one-on-one election. In other words, no fewer people prefer a popular matching over any
other matching. The concept of popularity was introduced by Gérdenfors [7]. There are
situations in the stable roommates problem where a stable matching does not exist, but
a popular one can be provided [13]. It is known that every stable matching is a mini-
mum size popular matching [1]. In a bipartite graph, a maximum-size popular matching
can be computed in O(mng) time, where m is the number of edges and ng is the size of
the smaller partition [14]. However, in a general graph, determining whether a popular
matching exists is an NP-complete problem [15].

We aim to modify the preferences “as little as possible” to make a given matching
popular. There are several definitions for the phrase “as little as possible”. In the situa-
tions that interest us, the desired result may already be predetermined, and the objective
is to ensure its acceptance by most of the participants. To achieve this, some individuals
can be influenced by bribes, and we aim to determine the minimum total cost of the
needed bribes. More precisely, the Inverse Popular Matching problem ! involves a graph
containing strict preference lists on each node and a predetermined matching. Our goal
is to minimize the total cost of the nodes that need to modify their preferences in order
to make the input matching popular with the updated preference lists. As for the stable
variant, it was proven in [17] that the Inverse Stable Roommates problem is equivalent
to the minimum vertex cover problem and can be solved in polynomial time for bipartite
graphs. However, there are instances where it is enough to change one preference list to
make a given matching popular, while we need to modify the preferences at every third
node of the graph to make the same matching stable.

Section 2 outlines more details about the Inverse Popular Matching problem. In
Section 2.1, we show that the Inverse Popular Matching problem is NP-hard. In reality,
we establish a stronger proposition, stating that the problem is NP-hard, even if the input
matching is perfect and the cost function is ¢ = 1. We demonstrate in Section 3 that the
problem is also NP-hard in bipartite graphs with uniform cost function, moreover, even
when the maximum degree is bounded by 7. Finally, Section 4 focuses on the case when
the graph is bipartite and the input matching is of maximum size within the graph. In
this scenario, we present a polynomial time algorithm that can determine the minimum
cost of the nodes requiring preference modifications in Section 4.2. Moreover, we provide
a minmax characterization of these optimal modifications in Section 4.3.

Previous work
Several studies have examined inverse optimization related to preference changes in stable
matching problems. One of them is to improve the man-optimal stable matching by

Tt can be found under a different name in the literature, specifically the Popular Roommates problem,
as referenced in [8].
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changing at most k& men’s preference lists “as little as possible” [18]. A man-optimal stable
matching is improved if the sum of the partner ranks is increased and every man obtains a
partner who is at least as favourable as in the original man-optimal matching. Inoshita et
al. presented polynomial time algorithms for both the optimization and decision variants
of this problem. Boehmer et al. examined preference modifications in bipartite graphs
to obtain a desired outcome, such as making a fixed matching stable or ensuring a fixed
matching is the only stable one or finding a stable matching with fixed edges [17]. They
investigated different versions of this problem by employing various manipulative actions,
identifying polynomial time solvable cases and NP-hard instances. Bérczi et al. examined
different modifications in the stable roommates problem, such as deleting nodes and
extending preference lists to ensure that the remaining graph admits a stable matching
[16]. Moreover, they investigated the problem of modifying the preferences as little as
possible to make a fixed matching stable using the [;-norm. They showed that the problem
is NP-hard in roommates instances and polynomial-time solvable in bipartite graphs. We
are not aware of any similar result to the ones above with preference changes in popular
matching problems.

2 Inverse Popular Matching Problem

Let G = (V, E) be an undirected graph and let us denote the neighbours of u by N(u) for
any vertex u € V. Let ¢: V — N be a cost function. For a set of nodes N C V', we define
the cost of N as the sum of the cost of the elements within the subset, i.e., ¢(IV) is equal
to >, ey c(v). Let <, be a linear order on N(u) U {0}, called the preference list of the
node for any u € V. We assume that ) is the least preferred element for any v € V. A
pair (G, <) is called an instance of the Popular Matching problem.

For a matching M, we denote the pair of u by M (u). If u is an unmatched node in M,
then M(u) = (. A node u prefers matching M over M' if M'(u) <, M (u).

Definition 1. Let (G, <) be an instance of the Popular Matching problem. A matching
M is called more popular than M’ if there are more nodes that prefer M over M’ than
those preferring M’ over M. A matching M is called popular if no other matching is
more popular than M.

Let us note that a popular matching is not necessarily stable (see Fig. 1).
Our aim is to modify preference lists with minimum cost in order to make a predeter-
mined matching popular.

Definition 2. Let (G, <) be an instance of the Popular Matching problem with a fixed
matching M. A set of nodes N is called eliminative if it is possible to change the
preference lists of the nodes within N, such that M becomes popular.

Problem 3 (Inverse Popular Matching problem). Graph G' = (V| E), matching
M C FE, preference list <, for each u € V' and a positive cost function ¢ : V' — N.
Find a minimum cost eliminative set, i.e., an eliminative set N minimizing

Z c(v).

veEN
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Figure 1: An example of a graph with a popular matching that is not stable. The red
and green matchings are both popular; however, only the green matching is stable. On

the edges, the number close to a vertex indicates the preference that vertex assigns to the
other vertex connected by the edge. Lower numbers indicate a more preferred position.

B -

Note that if v <, M(u) and v <, M(u), the relation between v and v" does not
influence the solution to Problem 3. Thus, we have the followings.

Observation 4. A minimal eliminative set with respect to containment does not contain
an unmatched node or a node where the matching edge is originally the most preferred.

Observation 5. Changing a preference list of a matched node can be assumed to position
the matching edge vM(v) as the most preferred edge of v.

With respect to the matching M, the following edge categories can be defined.

Definition 6. An edge uv € F is called
a negative edge if v <, M(u) and u <, M(v).
a zero edge if exactly one of the following holds M (u) <, v or M(v) <, u.
a blocking edge if M (u) <, v and M(v) <, u.

A path in a graph is a sequence of nodes (vq,vs ... vy), where v; # v; and v;v;41 € E
for any i,j € {1,2...k}, i # j. For a matching M, an alternating path is a path whose
edges belong alternately to the matching and not to the matching.

We will use the following characterization of popularity proven by Huang and Kavitha

1].

Theorem 7 (Huang and Kavitha). Let (G, <) be an instance of the Popular Matching
problem, and M be a matching in the graph. Let Gy; be the graph obtained from G by
deleting all negative edges. The matching M is popular if and only if Gy does not contain
any of the following structures:

1. an alternating cycle with a blocking edge,
2. an alternating path connecting two disjoint blocking edges,
3. an alternating path connecting a blocking edge with an unmatched node.

Short proof. If a graph contains one of the above structures, we obtain a more popular
matching by swapping edges along that structure. Thus, the matching M is not popular.
For the other direction, let us suppose that there is a matching M’ in the graph that is
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Figure 2: An example of Inverse Popular Matching Problem. On the edges, the number
indicates the preference (see the description of Fig. 1). On the left, the path (a,d, b, e) is
a blocking structure that is eliminated by any non-empty subset of {a, d,b}. The blocking
nodes and edges are colored in blue, while the matching edges are red. On the right, if a
circle on an edge is near an endpoint, it indicates that the edge is linked to that node.

more popular than M. In other words, more nodes prefer M’ over M. Therefore, there
is at least one connected component of the graph (V, M U M’), where more nodes prefer
M’ over M. Then, this component has one of the structures described in the statement
of the Theorem. O

The structures in Theorem 7 are called blocking structures. By Theorem 7, elimi-
native sets are those that eliminate all the blocking structures in the graph. Thus, in the
remainder of this paper, our goal is to find a minimum cost set of nodes that eliminates
all blocking structures.

Definition 8. A node v is considered a blocking node if it is a matched node and there
is a blocking edge connected to it. (See an example in Figure 2.)

For a set of nodes N, let G, denote the graph obtained from G by changing the
preference list at every node in N according to Observation 5 and deleting the obtained
negative edges.

Definition 9. A set N eliminates a blocking edge uw if it is not blocking in G1;. A zero
edge or a blocking structure is eliminated by a set N if it is not part of GJ;. (An edge or
a blocking structure is eliminated by a node v if it is eliminated by {v}.)

Let us note that a complete ordering of preferences is not essential for our results.
For each node, it is sufficient to know, for every incident non-matching edge, whether
that edge is more preferred over or less preferred than its matching edge. The following
definition formalizes this information. We refer to an edge uv in G); as linked to v if
M(v) # 0 and M(v) <, u. Every edge is linked to its endpoint(s) that can eliminate it.
Note that a blocking edge connected to an unmatched node is only linked to the matched
endpoint. (See an example in Figure 2.)

ot
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Figure 3: An example of the Minimum Vertex Cover problem and its corresponding
instance of Problem 3. The matching edges are red. On the edges, the number indicates
the preference (see the description of Fig. 1).

»—-Ol\:—m

2.1 NP-hardness of the Inverse Popular Matching Problem

In this section, we consider a stronger version of Problem 3, where the matching is a
perfect matching and the cost function is uniform. We demonstrate the NP-hardness of
this problem. In other words, the following theorem will be proven.

Theorem 10. The Inverse Popular Matching problem is NP-hard even if the input match-
ing 1s a perfect matching and ¢ = 1.

Proof. We will establish the theorem from the NP-hardness of the minimum size vertex
cover problem [10]. Let G = (V, E) be an undirected graph. A subset of nodes C' C V' is
a vertex cover if every edge has at least one endpoint in C.

Problem 11 (Minimum Vertex Cover problem). Input: an undirected graph G =
(V. E).
Find a vertex cover C' that minimizes

€.

Let G = (V, E) be an instance of the Minimum Vertex Cover problem. In order to
reduce it to the inverse popular matching problem, we create an auxiliary graph G* =
(V*, E*) from G as follows. (See Fig. 3.)

Let us start with a copy of G. We add a new node v’ for each node v € V' and connect
it with a matching edge vv’. Then, we subdivide every original edge uv using two new
points w,, and w,,, where wy,,w,, is a matching edge for each uv € E. Let us now define
the preference lists. For every node, the matching edge is the least preferred edge, and
the non-matching edges can be arranged in any order. The cost function c¢(u) is equal to

1 for any node v € V*. In conclusion, we obtain the following instance of Problem 3 with
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a perfect matching.

V*={v,v" |ve V}U{wy,w, | we E}
E* ={vv" | v € V} U {uwyy, wyw),, w,,v | uw € E}

uv?

M*={v' | v e V}U{wy,w,, | uw € E}

It is clear that M* is a perfect matching in G* = (V*, E*) and all non-matching edge
are blocking edges. The blocking structures are only blocking paths (u, wy,, w!,,v) for
any edge uv € E.

Claim 12. There is a minimal eliminative set of nodes that is a subset of V.

Proof of Claim. By the construction, every edge uw,, or w., v is included in exactly one
blocking structure, which is the blocking path (u, wy,, w.,,v). Therefore, instead of modi-
fying the preferences at w,, or at w.,,, changing the preference list at u or v eliminates this
path as well. By Observation 4, a minimal eliminative set with respect to containment
does not contain v’ for any v € V. Thus, there is a minimal eliminative set containing

only original nodes. [

Claim 13. There exists an eliminative set of nodes with cost k in G* if and only if there
1s a vertex cover of size k in G.

Proof of Claim. Let ' C V' be an eliminative set of nodes. Due to Claim 12, we can
assume that F' C V holds. Let uv € E be an arbitrary edge in the original graph G.
Since the blocking path (u, wy,, w.,,v) is eliminated by F', either u € F or v € F holds.

Thus, the set F'is a vertex cover in GG. Similarly, it can be obtained that any vertex cover
is an eliminative set of nodes in (G*, M*, <, 1). [

Changing the preference list at any node in V' does not cause any edge to become
negative. Furthermore, this modification does not affect the type of edges that are not
connected to the altered node. Consequently, any blocking path (u, wy,, w.,,v) will re-
main a blocking path unless one of its nodes is modified.

Thus, solving Problem 3 in G* is equivalent to solving the minimum vertex cover
problem in G. This finishes the proof of Theorem 10. O

3 Inverse Bipartite Popular Matching Problem

In this section, we consider Problem 3 when the input graph is a bipartite graph G =
(S,T,E) and the cost function is uniform, and show that this problem is NP-hard.
Namely, the following theorem will be proven.

Theorem 14. The Inverse Popular Matching problem (Problem 3) is NP-hard even for
a bipartite graph and c = 1.
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We will reduce from a special version of the 3-SAT problem. In the 1-in-3-SAT+
problem, a 3-CNF formula without negated variables is given, and the aim is to decide
whether there exists a satisfying assignment where exactly one variable is true in each
clause. This problem is NP-complete [4].

Let ® be an instance of the 1-in-3-SAT+ problem. Let us denote the variables of ®
by Xi,Xs,... X, and the clauses by Ci,Cs,...Cy, where C; = (X;, V X;, V X,,). Let
cl(i) be the set of indices of the clauses that contain X;. The proof of Theorem 14 will
result from Lemma 15. To state this lemma, we first create an auxiliary graph G in the
following manner.

For every i € {1,2,...n}, two nodes a;, b; and a matching edge a;b; are added to G.
This matching edge a;b; will be the most preferred one for both a; and b;. The following
nodes and edges are added to G for every j € cl(i). (See Fig. 4.)

o A path (fi;, gij, hij, lij), where the first edge and the last edge are matching edges.
The matching edge will be the least favourite one for all of f;;, gi;, hs; and [;;.

e Edge b; f;; that is linked to f;;. (As we defined before, the matching edge is the most
preferred one for b;, and it is the least favourite one for f;;.)

fij1  9ij1 Rijp ligy
922091 1@2-1@
1

a; b; fijo  Gijo  Pijy  lijg

@ -1 1 @2-2@1-1@2-1@

ids 9igz hajz lijg
922@®1-1@®2-1@

Figure 4: Subgraph of G, where cl(i) = {j1,j2,j3}. The matching edges are red, while
the zero edges are black. On the edges, the number indicates the preference (see the
description of Fig. 1).

Next, two identical subgraphs of G are constructed by adding the following nodes and
edges to G for any clause C; = (X;, V X, V Xj,). (See Fig 5.)

e Paths (t;;, i, vi,;) and (t; ;,u; ;,v; ;) for any k € {1,2,3}, where the first edges
are matching edges, while v;; and v; ; are uncovered by M. The matching edge
will be the most preferred one for w;,; or « ., and it will be the least favourite one

k30
/
for t;,; and ¢ ;.

e Edges a;t;,; and a;t] ; that are linked to ¢;,; and t] ; for any k € {1,2, 3}, respec-
tively. (As we defined before, the matching edge is the most preferred one for a;,

and it is the least favourite one for #;; and #;.)
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Vipg Vigj  Vigj

1 1 1
0j a5 9 Uigjg Uigjg Ty Zj
® [ ® [ o [ [
1 12 31 3 1 3 1 21 1

. / . / . / . / . /

o1 210 327 32 32 12
@ ® ® ® ® ®
p;j Tj i tilji tiggi tigi¥j

ail a7;2 ai3

Figure 5: A part of G, where C; = (X;, V X;, V X;,). The matching edges are red, while
the zero edges are black, and the blocking edges are blue. The unmatched nodes are
green. On the edges, the number indicates the preference (see the description of Fig. 1).

e Edges w;,jti,_,; and u; ;t; . for k € {3,2}, that are linked to ¢;,_; and ; .,
respectively.

/

e Paths (z;,y;,2;) and (27,9}, 2}), where the first edges are matching edges and the
nodes z;, zj are unmatched. The matching edges z;y; and zy} will be the most
preferred one for all of x;, y;, ¥, ;.

e Edges z;t;,; and z linked to ¢;,; and ¢;_ ., respectively.

141
J ti3j ’ 1357

e Paths (0}, pj, q;,7;) and (0, p;, ¢}, ), where the first edges and last edges are match-
ing edges. Matching edges o;p;, o}p} and g;rj, ¢;r; will be the least preferred ones
for all of their nodes.

i, that are linked to r; and r}, respectively.

o Edges w; ;7; and ug 17,

This finishes the building of the auxiliary graph G. Let us consider the subgraph

induced by the following nodes for any ¢ € {1,2...n}.

{tij>t;jauijau;jvijavz,‘j> fijs 9ijs hijy i | § € cl(@) } U {ai, b;}
This subgraph is called as being associated with the variable X; and denoted by G,.
(See Fig. 6.)

We will define another subgraph within G that is related to a clause C; and denote
this subgraph by G¢,. For a clause C; = (X;, V Xj, V Xj,), the subgraph G¢; contains
the following nodes and the existing edges between them. (See Fig. 7.)

{tikjvt;kjauikjau;kjvikjuU;kﬁaik;bikufikjagikﬁhikjalikj | ke {1,273}} U
{0j70;‘7pj7p;‘7Qj7qz'7rjurg'7xjax;'7ijy;"zjwz;}
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Vijy  Wijp  tigp
.,1,2’.1.3.q fijr 9ijy hagr ligy

1 92209110210
1

AN

/ (

vij; @12@1-3@, 2a;  b; 7
Vijo @1-2@1-3@

1
1 922091 1@2-1@
CSEEY SEEY 1 fijo 9id2 hijy  lijg
/ / /

Yijo Yijo  lijg

Figure 6: The subgraph Gy,, where cl(i) = {j1, jo}. The matching edges are red, while
the zero edges are black, and the blocking edges are blue. The unmatched nodes are
green. On the edges, the number indicates the preference (see the description of Fig. 1).

As a result of the construction, the blocking edges of GG are the followings.
{gishis | 7 €{1,2,.. .k, Xi € C;} U {p;q;, 054 | 7 € {1,2,.. . k}} (1)
Finally, the unmatched nodes of G are the following ones.
{vi, v, 2, | X; € Cj} (2)
In order to prove Theorem 14, we will establish the following lemma.

Lemma 15. The munimum size eliminative set of nodes in G has a size of 4k if and only
if @ can be satisfied.

Proof. First, we will start with the following claim.

Claim 16. The auziliary graph G contains only the following blocking structures.

A blocking path in Go; U Gg, from an unmatched node v;; or vj; to a blocking edge gihy.

<U£J/-)>U§;)7t£;),ai,bu fus gy ha)  for any i € {1,2,...n}, 4,1 € cl(7) (3)

A blocking path in Gc, UGc, from an unmatched node vfg or vf;)J to a blocking edge g;,ihiy

or Gisihig, respectively.

/ / / / /
</Ui(k)71j’ ugk)—lj’ tgk)—1j7 ul(k)j’ tl(k)j’ Wiy, 5 bik’ fi/J? Gigls hikl> (4>

foranyie {1,2,...n},j,0 € cl(iy), k € {2,3}
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Figure 7: Subgraph G¢;, where C; = (X;, V Xj, V X;;). The matching edges are red,
while the zero edges are black, and the blocking edges are blue. The unmatched nodes
are green. On the edges, the number indicates the preference (see the description of Fig.

1).

A blocking path in Go,UGc, from an unmatched node vy, ; or vglj to a blocking edge g ihig-

w40

Wl D ) ) iois Lo Qiss Digy fials Gists Pigt)  for any j, 1 € cl(is) (5)

1177 1 Yi1g0 Tieg) i2g)

A blocking path in Go, U Gg, from a blocking edge p;q; or piq; to another blocking edge
ithir.-

<p§‘,)7 q](‘/)a T](‘,)a Uz(i)y tl(?]’ 7 bi17 fillv Girls hill> fO’f’ any j7 S Cl(ll) (6)
<p§'/)7 qj('/)a T'](-,), uz(i)Ja t£1)37 UE;)W tg;)ja Ay, bi27 fi2l7 Giols hi21> fO’I" any j’ [ € cl (12) (7>

<p§'/)7 qj(‘/)a ’I";-,), Ug)ﬁ tg)j) US;)ja tz(;)], UE;)Jv ti;)]a Qg bigv figla Gisly h23l> fO’I" any j7 led (23) (8)

A blocking path in Gg; from a blocking edge p;q; or pjq; to an unmatched node z; or 2,
respectively.

( ) q(/) () O 40

n L0
Pj Q5 5Ty Uiy g Uiy Uiy s Liggo

0 40 2V yj(/),z(-/)) for any 9)

Wizj» Visj> 5 i
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Proof of Claim. It is clear that these paths are blocking paths.

Let B be a blocking structure that contains a;b; for any i € {1,2,...n}. By the
construction, a;b; is an internal edge in B. Then, there is a j € cl(i), such that B
also contains t;;a; or tj;a;. Similarly, there is [ € cl(7), such that b;f; is also part of B.
Therefore, B ends in the blocking edge g; h;. Because every path that starts with the edge

higs and ends at ZJ(,) has even length (including the edge h;g;), there is no alternating

path between them. Therefore, the other end of B is either the blocking edge pg-/)q](/) or an

unmatched node UZ(QJ for X;, € C;. Thus, B is one of the blocking paths above, and there
is no other blocking structure in the graph that contains a;b; for any i € {1,2,...n}.
Let B be a blocking structure in G, such that it does not contain a;b; for any ¢ €
{1,2,...n}. Every blocking structure containing g,;jh;; for some i € {1,2,...n},j €
{1,2,...k} also includes the matching edge a;b;. Thus, B does not contain g;;h;;. It is
clear that every blocking structure contains at least one blocking edge, i.e., at least one
edge from (1). Therefore, B contains either p;q; or p)q}, where Cj = (X;, V X;, V Xj,).
Since there is no cycle in G containing p;q; or p’qj, there is no blocking cycle in the
graph. Therefore, B is a path that starts with p§,)q](/). Since a;b; ¢ B, it ends at an

unmatched node that is either zj(-') or UZ(;)] for k € {1,2,3}. Because every path that starts
with the edge pg»/)qj(-/) and ends at vz(;)J
k € {1,2,3}, there is no alternating path between them. Therefore, P ends at zj(/) and it

is a path described in (9). |

has even length (including the edge p§')q§')) for any

As a consequence, we get the following.

Observation 17. Let B be a blocking structure in the auxiliary graph G. Then, B
contains either (tij, a;, by, fu, ga, ha) or (ti;, ai, bi, fu, ga, ha) as a subpath for some j,1 €
cl(i), or B is one of the following blocking paths, where C; = (X;, V X;, V X,).

(Djs Qi T Wings tinjs Wings Ling Wisgs Lisgs Tjs Yjs 25)
< / ! / ! t/ ! t/ / t/ / ! /> (1O>
Pjs Qjs > Wiy s Vi s Wings Viggs Wigjs Vigjs Tjs Yjo 25

Let us examine the minimal eliminative sets within G.

Claim 18. There exists a minimum size eliminative set of nodes in G that is part of

{tijat;j;fij ‘ 1€ {1,2, .. n},j S Cl(’l)}

Proof of Claim. By Observation 4, a minimum size eliminative set does not contain the
following nodes.
{ai,bi,ug),vg), kij,og-l),r](./),xg./),yj(»/),z](-/), lie{l,2...n},j €cl(i)}.
By Observation 17, if a blocking structure contains the blocking edge g;;h;;, then
b; fi; is also part of this blocking structure for any i € {1,2...n},j € cl(i). Therefore, f;;

eliminates the same blocking structures as g;; or h;;. Then we can assume that a minimum
size eliminative set of nodes does not contain g;; or h;; for any i € {1,2...n},j € cl(i).
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Similarly, by Claim 16, if a blocking structure contains the blocking edge p;q; or pjq;,

then t;,; or t; , is also part of it and #;,; or t; ; eliminates this blocking structure. Thus,

J
we can assume that pg-’), qj() are not part of a minimum size eliminative set for any j €

(1,2,...k}. ]

From now, let K be a minimal eliminative set of nodes, such that

K Q {tijat;ja fij | 1€ {1, 2, .. n},j S CZ(Z)} (11)
Claim 19. At least one of the following holds true for any i € {1,2,3...n}.

{137 zy‘jed()}CK (12)

{fiyljed@}cK (13)

Proof of Claim. Let us assume that {f;; | 7 € cl(i)} € K for an index i € {1,2,...n},
otherwise, the Lemma holds true. Thus, there exists an index [ € ¢l(i), such that f; §é K.
To finish the proof, it is enough to show that {¢;;,¢;; | j € cl(i)} € K. Let us indirectly
assume the existence of an index j € cl(i), such that #;; ¢ K. The situation when t;; ¢ K
can be handled similarly. Let us consider the following blocking path.

P = (vij, wij, tij, a;, by, fa, ga, har)

By the indirect assumption and the condition of (11), the path P does not intersect K.
Thus, P is not eliminated by K, which is a contradiction, since K is an eliminative set of
nodes. [ |

Claim 20. Let K; = KNGg,, where j € {1,2,3...k}. Then |Kj;| > 4 holds and | K;| = 4
if and only iof K; is one of the following sets.

{tis ty o Jings Jini (14)
{firgs tinjs Uiy Jisi } (15)
{fi1j)fi2j7ti3j7tg3j} (16>

Proof of Claim. Since K is an eliminative set of nodes, it eliminates all the blocking
structures within G¢;. In particular, it eliminates the following four disjoint blocking
structures in Goj.

4 Uzljauzlja zlgaazla bzu fuj)gzua hzlj>

i <UZ2J7 Wigjs Ligs Wi Vig, fingy Ging h123>
<U13]a Wisjs Lisjs Qg Digy fisiy Gisgy hz3j>

/ / !
* pJ’qJ’ J’ le’tllj’ %2J’t%2j’ Za]’tzw’ J’yj’ J>
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Therefore, K; contains at least one node from each of these paths. This proves the first
part of the claim.
For the second part, let us assume that |K;| = 4. Due to Claim 19, ¢
part of K for any k € {1,2,3}. Let g be the size of {f;,;, fisj, fisj} N Kj.
Case 1: q=3
Thus, {fi,j, firjs fisj} € K; holds. The following two blocking paths are disjoint and do
not include any of these three nodes.

injs W or f;,; are

i <pj7 d;,Tj; Ui, tilj? Wigg s ti2j7 Uisg, ti3j7 Ljs Yj, Zj>
/ / /
<p]’qj’ Jo ll]’tn]’ 12]’t12]7 ZSJ’tlsj’ ]’yj’ ]>

Since K is eliminative, it contains at least one node from each of these paths and |K;| > 5
This is a contradiction, because |Kj;| = 4.

Case 2: ¢ <1
Without loss of generality, we can assume that f; ;, fi,; ¢ K;. By Claim 19, we get that
{tisj, thy > tinj» iy} C K. Moreover, either {t;,;,t; ;} C Kj or fi,; € K; holds. Thus, the
size of K is at least b, Wthh is a contradiction.

Therefore, the only possible case is when ¢ = 2. Then, by Claim 19, K is one of the
sets described in (14)-(16). It is clear that these subsets eliminate the blocking structures
in ch . [ |

Using (11) and Claim 20, we obtain the following.

Corollary 21. The subsets K NGc, and K NG, are disjoint for any j,1 € {1,2,3...k}
and
|K| > 4k

where k is the number of clauses in P.
Using Claim 20 and Corollary 21, we obtain the following.

Observation 22. If K is a minimal eliminative set of nodes as in (11), |K| = 4k, then
K N Gg, is one of the subsets in (14)-(16) for any j € {1,2,3...k}.

Claim 23. If there exists an eliminative set of size 4k, then ® can be satisfied.

Proof of Claim. Let K be an eliminative set of size 4k. By Claim 18, let us assume that
(11) holds.

Let us fix an index i € {1,2,3...n}. Due to Observation 22, whenever t;;,t;; € K
holds for some j € cl(i), then it follows that f;; ¢ K. Thus, using Claim 18, we have
that (12) is satisfied. This implies that for any j € cl(i), we have that t;,t;; € K and
fij ¢ K according to Observation 22. A similar statement is true whenever f;; € K holds
for some j € cl(7).

Therefore, exactly one of the conditions (12) and (13) holds for any i € {1,2,3...n}.
Let us define the following assignment to the variables in ®. If condition (12) holds, then
the variable X is assigned to “TRUE”; otherwise, it is assigned to “FALSE”. By Obser-
vation 22, K N G, is one of the subsets (14)-(16) for any j € {1,2,3...k}. Therefore,
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exactly one variable is assigned to TRUE in each clause, and the assignment defined above
is a satisfying assignment for ®.
[ |

Claim 24. If there exists a satisfying assignment for ®, then there exists an eliminative
set of nodes of size 4k.

Proof of Claim. Let us consider a satisfying assignment for ® and define the following
two subsets of indices.

T = {i| X; is assigned to “TRUE” }
F ={i| X is assigned to “FALSE"}

Let us consider the following set of nodes in G.
K= {tijyt;j ‘ 1€ T,] € Cl(Z)} U {fz] ‘ 1€ F,j € Cl(’l)}

Since there is exactly one variable assigned to “TRUE” in every clause, we have |K N
Gg,| = 4 for any j € {1,2,...k}. Since K N G¢, and K N Gg, are disjoint for any
J,l € {1,2,3...k}, the size of K is 4k.

In the following, we will show that K is an eliminative set of nodes in G. Let B be a
blocking structure in G, and we show that it is eliminated by K.

Due to Observation 17, if B contains the edge a;b; for i € {1,2,...n}, then t%)ai and
b; fu are also part of B for some j,l € cl(i). By the definition of K, either f; € K or
Lijrs tgj, € K holds depending on whether X; is assigned to TRUE or FALSE. Therefore,
B is eliminated by K.

The remaining case is when B does not contain a;b; for any i € {1,2,...n}. By
Observation 17, B is one of the paths described in (10).

Since one of X; , X;,, X;, is assigned to “TRUE”, we have that one of {tﬁ’],tﬁ;@,tﬁg}
is part of K and B is eliminated. Therefore, K eliminates every blocking structure in G.

In summary, the set K is an eliminative set of size 4k, and this finishes the proof of

Claim 24. [ |

By combining Corollary 21 with Claims 23 and 24, we obtain Lemma 15, i.e., there
is an eliminative set of size 4k if and only if ® can be satisfied. m

Proof of Theorem 14. Lemma 15, provides a polynomial-time reduction from the the 1-
in-3-SAT+ problem to Problem 3 with a bipartite graph and a uniform cost function. As
the 1-in-3-SAT+ problem is NP-hard, it proves the NP-hardness of the Popular Matching
Problem with a bipartite graph and a uniform cost function, i.e., Theorem 14 is proven.

O

Let us note that, the path (vi,;, ;. tiss, Tj, Y, 2;) is an augmenting path for the
constructed matching for any C; = (X;, V X;, V Xj,). (see Fig. 5.) Thus, we get the
following observation.
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Observation 25. The constructed matching is not a mazimum size matching in the graph

G.

Finally, let us consider the Planar Cubic 1-in-3 SAT+ problem. In this problem, a
3-CNF formula without negated variables is given, where each variable appears in exactly
three clauses, and the incidence graph is planar. The objective is to determine whether
a satisfying assignment exists such that exactly one variable is true in each clause. This
problem is known to be NP-hard [2]. When every variable appears in exactly three clauses,
the maximum degree of our constructed auxiliary graph is 7. Consequently, the following
statement can be established analogously to Theorem 14, using the NP-hardness of Planar
Cubic 1-in-3 SAT+. SAT+ problem.

Corollary 26. The Inverse Popular Matching problem (Problem 3) is NP-hard even when
restricted to bipartite graphs with mazimum degree 7 and ¢ = 1.

4 Inverse Bipartite Popular Matching Problem with Maximal
Matching

In the proof of Theorem 14, the constructed matching is not a maximum size matching
in the graph. This section presents a polynomial algorithm to find a minimum cost
eliminative set in bipartite graphs provided that the input matching is of maximum size.
Namely, we solve the following problem.

Problem 27 (Inverse Bipartite Popular Matching problem with maximal
matching). Input: bipartite graph G = (5,7, E), maximum size matching M C FE,
preference list <, for each u € S UT and cost function ¢: SUT — N.

Find a minimum cost eliminative set of nodes.

To begin with, we examine the problem and the modifications that occur on the graph
Gy when a preference list is altered. Then, the problem is converted into a more practical
equivalent form to discuss the algorithm (see Sec. 4.1). Subsequently, the algorithm is
addressed in Section 4.2. The core idea of this method is to create a network graph with a
source s and a sink ¢, then establish that the minimum s-t cut of this graph is equivalent
to the optimal solution of the above mentioned transformed version of the Problem 27.

Let (G, M, <,c) be an instance of Problem 27, where G = (S UT, E) is a bipartite
graph, M C F is a maximum size matching in G and c¢(v) > 0 for any v € SUT. By
Theorem 7, a matching M is popular if and only if there is no blocking structure in Gy;.
Due to Observation 4, only the matched nodes are considered to be part of an eliminative
set. Let us recall that G% denotes the graph obtained by modifying the preferences in K
according to Observation 5 and deleting the negative edges. Let us examine the differences
between G, and G;. When an edge becomes negative, it is deleted from the graph Gjy;.
A zero edge is removed if its endpoints are matched and the preference list of the linked
endpoint is changed. Note that a zero edge connected to an unmatched node is not linked
to any of its endpoints, and it can never be deleted. A blocking edge is deleted from
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Figure 8: An example of Inverse Bipartite Popular Matching Problem with maximal
matching and its transformed problem. In the original problem (left), the blocking nodes
and edges are colored in blue, while the matching edges are red. On the edges, the number
indicates the preference (see the description of Fig. 1). In the transformed problem (right),
the nodes in Xg U X7 are colored in green, while the matching edges are red. If a black
circle on an edge is near an endpoint, it indicates that the edge is linked to that node.

Gy when both of its endpoints are matched, and they are part of K. A blocking edge
uv turns into a zero edge if the preference list is modified at a matched endpoint. If the
other endpoint is also a matched node, the obtained zero edge is linked to it. In summary;,
changing the preferences at a matched node v results in the following modifications on

G-
e Zero edges linked to v are deleted from G,;.

e A blocking edge uv is transformed into a zero edge. If u is matched, the obtained
zero edge wv is linked to u. If u is unmatched, the obtained zero edge is not linked
to any of its endpoints.

For a set of nodes K, the graph G is obtained by applying the modifications described
above to G); for each node in K one by one. Using these observations, we can rephrase
the problem without preferences as follows.

4.1 Transformation of the problem

In this section, we will transform an instance of Problem 27 into a more useful form
for the algorithm. The goal is to formulate an equivalent problem without preferences,
only using the information that which endpoint(s) of an edge can eliminate it, presented
through linking. To define this converted problem, an auxiliary graph G’ is created below
for (G, M, <,c). (See Fig. 8)

Let B and U denote the blocking and unmatched nodes of GG, respectively. Note that
B and U are disjoint and B C V(M). The process of forming the auxiliary graph G’
begins with copying all nodes from G and including all matching edges from M. Let
us denote them as v’ for any v € SUT and M’, respectively. The blocking nodes are
duplicated, and their duplicate is denoted by v*. The key is to represent each blocking
node v by a pair of nodes (v/,v°) in G’ and show that an eliminative set in G' can be
represented by a set in G containing at most one node from each pair. The cost of each
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node in G’ is equal to the cost of the original node in G.

d(W) =c(v) forany v e SUT
d(v®) = ¢(v) for any v € B

Hence, the nodes and matching of G are the following.

S ={v|veStu{v’|veSnB}
T ={u|uveT}u{u|ueTnB}
M = {u'v | uw e M}

The following notations for specific sets of nodes in .S” UT" will be useful.

By ={v"|veSnB}

Bl = {v"|veTnB}

Us={v]vesSnU}

Up={|veTnU}
We will call By U B/ the blocking nodes of G’. The non-matching edges in G’ are linked
to one, both or none of their endpoints, and they are defined as follows. Recall that the

purpose of linking is to sign those endpoint(s) that can eliminate the edge from G by
the change of preferences.

e For any zero edge uv € E:

— Edge /v is linked to v' if u,v € V(M) and wv is linked to v.
— Edge /v’ is linked to none of its endpoints if v € U.

e For any blocking edge uv € F:

— Two parallel edges u/v’, one is linked to v" and the other u/v’ is linked to u’
and edges u/v” and 4’0’ linked to both endpoints if u,v € V(M).

— Edge u'v' is linked to v’, edge w/'v" linked to none of its endpoints and edge u/v°

linked to v? if uw € U.

In summary, the non-matching edges of G’ are the following. (Linkings are indicated
by underlines.)

E' ={u'v | u,v € V(M) and uv € F is a zero edge}U

{t/v'' | v € U and uv € FE is a zero edge}U

{u/'v', ' w0, u' | u,v € V(M) and uwv € E is a blocking edge}U

{u/'v',w'v', 40’ | v € U and uwv € E is a blocking edge}

Now we discuss how the popularity of M can be captured in G'.
Due to the construction of G’ and the fact that there is no alternating path connecting
two unmatched nodes in G, we have the following observation.
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Observation 28. Because of the mazimality of M, there is no alternating path from Uj
to Ur.

Let Xg and X7 be the following sets of nodes.

Xs=BgUU;
X = B UUL

Claim 29. There is a blocking structure in Gy if and only if there is an alternating path
in G' connecting Xg and X

Proof of Claim. Let R be a blocking structure in GG);. Let us suppose that R is a blocking
path and
R= <’U1,’l)2,"03 c ’Uk>.

Without loss of generality, we can assume that viv, is a blocking edge. Then, by the
construction, we have the followings.

vool € B and vb € XU X/,
, k
VU5 € M" and vy, vy, € E' for any i € {1,2...5 — 1}

Finally, if vy € U, then v;, € Xg U Xr holds. Otherwise, vi_1v; is a blocking edge, thus
v, v € E and v? € X4 U X/.. Therefore, (%, v} ... v,/v?) is an alternating path in G’.
When R is a blocking cycle (v1,vs,v3... vk, v1), it can be proven similarly that there is
an alternating path (v? v}, v} ... v},0%) in G’ connecting X§ and X/.

Similarly, a blocking structure in G can be constructed from an alternating path
P. By Observation 28, at least one endpoint of P is part of By U B}. Let P =
(Vb vy, vy .. u), (vh ), where the last node vj, or v}, is part of X4 U XF.

Let vy, v, ... vk, vgr1 be the equivalent nodes in G. If either vy or vi,; is equal to an
internal node v;, then (vy,ve, ... v;_1) or (V;11, Viya, ... Vkr1) is a blocking cycle. Otherwise,
(v1, 09,03 ... Uk, (Ugy1)) is & blocking path. [ |

Note that the cost of a set K/ C S’UT” is defined as the sum of the cost of the elements
within the subset, i.e., ¢'(K’) is equal to ) . c/(v). For any K C S"UT’, let G, be
the graph that is obtained from G’ by deleting all non-matching edges linked to a node
v e K'. A set of nodes K" C S"UT" is called a linked cut if there is no alternating path
from Xg to X7, in G%,. The transformed problem is to find the minimum cost linked cut
in G’. In the following, we will show that he minimum cost eliminative set in G can be
determined by using a minimum cost linked cut for the transformed problem. Namely,
we prove the following theorem.

Theorem 30. Let (G, M, <,c) be an instance of Problem 27. Let K' be a minimum cost
linked cut for the transformed graph G' described above. Then

K={v|veK orvec K} (17)
s a mintmum cost eliminative set of nodes in G.
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Proof. First, let us show the following.

Claim 31. Let K' be a linked cut in G'. Then the set in (17) is an eliminative set of
nodes in G.

Proof of Claim. Let us suppose, to the contrary, that K is not eliminative. Then, by
Theorem 7, there exists a blocking structure R in GL, and let us assume that it is a
blocking path. (The case when R is a blocking cycle can be finished similarly.) If the
path contains only one edge, then it is a blocking edge uv connecting to an unmatched
node u € U. Then there is a non-matching edge between v* and v/, which is an alternating
path connecting X¢ and X7.. Thus, let

R = (v, v, ... Uk, (Vk41)),

where either vy is an unmatched node or viv11 is a blocking edge. Since v,v5 is a blocking
edge in G¥,, we get vy, vy ¢ K. Thus, we have

0o vy ¢ K’ and 0l € E'(Gh)).
By the construction, we have

k
Uéivéi-&-l € M' for any i € {1,2... liJ —1}.

Since vg;11V9;19 is a non-matching edge in Gﬁ, we get

/ / / ! - k
Finally, if v, € U, then v;_,v; is a non-matching edge in G’ as it is linked to none of
its endpoints. Otherwise, vyvr;1 is a blocking edge, and it can be obtained that vjv? 41 €
E'(G'), similarly to edge vjvh. Therefore, (0%, v}, v} ... v}, (vh 1)) is an alternating path
in G, connecting Xg and X/, which contradicts the condition of K’ being a linked
cut. |

As a consequence of Claim 31, every linked cut in G’ corresponds to an eliminative set
in GG of at most the same cost. To finish the proof of Theorem 30, we will demonstrate
that, for every eliminative set of nodes in GG, a linked cut of equal cost can be constructed
in G'. Namely, we prove the following statement.

For any K7 C V, Ky C B, let us define the following set of nodes in G'.

K'(K,Ky) ={v|ve Ki}u{v®|ve Ky} (18)

Claim 32. Let K1 C V, Ky C B, such that Ky = K'(Ky, K3) is a linked cut. If v €
K1 N Ky, then either K'(Ky \ {v}, K3) or K'(Ky, K>\ {v}) is also a linked cut in G'.
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Proof of Claim. Suppose to the contrary that neither of K\ {v'} nor Ky \ {v°} is a linked
cut.

On one hand, as K, \ {v'} is not a linked cut, there is an alternating path P’ from
X5 to X7 in G\ (,ry- Since Ky is a linked cut, P’ is not part of G, Thus, there is an
edge v';v" € P’ linked to v’ and it is not linked to any other node in Ky \ {v'}. Let P/,
denote the part of P’ that starts with v and a matching edge. This is an alternating path
starting at v’ and ending at 7 € XgU X7.. Since any edge in P’ — v’ ;v" is part of G, we
have P/, C G’KO.

On the other hand, there is an alternating path P’ from X% to X7 in G’KO\{U,J} that is
not part of G’ . Therefore, it starts at v® and let v’w’ be the first edge in P’. Thus, we
have

w' ¢ Ky and vw is a blocking edge in G. (19)

Let P, denote the path that we obtain from P’ by deleting v*. This is an alternating
path from w’ that starts with a matched edge and ends in z € Xg U X/.. Since any edge
in P —v’w’ is part of G, we get that P,y C G,

Finally, by (19), there is a non-matching edge v'w’ part of G’ . In conclusion, every
edge in Py + v'w’ + Py is part of G, . Therefore, the walk obtained by combining
Py, v'w', Py, is an alternating walk connecting Xg and X7. Since G’ is bipartite, it
contains an alternating path from Xg to X7.. This is a contradiction, as K, was a good
selection. [ |

Claim 33. Let K be an eliminative set in G. The set K can be partitioned into two sets
K1UK2:K, KlﬂKQZQ), K2 Q B, such that

K'(Ky, K»)

15 a linked cut in G'.

Proof of Claim. First, let us define the following set of nodes K" = K'(K, K N B). First,
we will show that K” is a linked cut in G’. Suppose to the contrary that there exists an
alternating path P’ from X§g to X7, in G'%,. According to Observation 28, at least one
endpoint is part of By U Bf.. Let us suppose that

P = l{,vé,vé...v;ﬂ),

where v; € By and vy, € Ur. (When P’ is connecting By and B/, the proof can be finished

similarly.) Since vv} is a non-matching edge in G’ linked to both endpoints, edge v;vy

is originally a blocking edge in G' and
v vl ¢ K.
Thus, vy, v, ¢ K and v;v, remains blocking in GL. Similarly, we get

V9iV2i41 € M and vy 1V2i40 € E(G]I\{/[) \ M
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for any i € {1,2...% —1}. If there is an index i € {2,3...k — 1}, such that v] = v}, then
(v1,v2...v_1,v; = v1) is a blocking cycle. (Note that v; # v;, if ¢ # j and i,j ¢ {1, k},
since v}, v; € (S"UT")\ (XgU X7) and there is a bijection between (S"UT') \ (XgU X7)

and SUT \ U.) Finally, as v; € U, the path of (vy,vy...v;) is a blocking path in G%.
This contradicts to the condition that K is an eliminative set. In summary, we got that

K'(K,KNB)=K"

is a linked cut in G’. By Claim 32, we can divide K into two sets by removing either v’
or v* from K” one at a time for any blocking node v € K. This finishes the proof of the
claim. |

Due to Claims 31 and 33, the cost of a minimal eliminative set in G is equal to the
cost of a minimal linked cut in G’, and these solutions are equivalent. This finishes the
proof of Theorem 30. O]

To sum up everything, finding a minimum cost linked cut in the transformed problem
is sufficient to solve Problem 27. The following section will discuss an algorithm for this
purpose.

4.2 Algorithm for computing a minimum linked cut in G’

In this section, an auxiliary network graph G* with terminal nodes s,¢ will be defined,
and we will show that the minimum s-t cut of this graph is equivalent to a minimum
linked cut in G’. The idea of the following model is to create a graph in which deleting
an arc corresponds to a node being part of a linked cut.

Let us start by defining this auxiliary graph for the transformed problem (G’, M’, ).
Every node v or v° from (S’ UT")\ (U4 U U}) is duplicated as v or v,. Two extra nodes,
ng and nr, are created to represent UG and Uy, respectively. A new node my,, is created
for every matching edge u'v' € M’. We call these nodes the matching nodes. Finally, let
us define two terminal nodes s,t. In summary, the nodes of G* are the following.

V(G ={v|v e VIM)}U{vy | v* € BgUBLYU {my, | W/v' € M’} U {ng,nr, s,t}

For the sake of simplicity, X5 and X7 denote the sets S"\ X% and 7"\ X},, respectively.
Then the following arcs are given to G*. (See Fig. 9.)

e For any u'v' € M’, where v € S’ and v € T’, arcs v — my, and my, — u with
capacities ¢*(vmy,) = ¢ (v) and ¢*(my,u) = ¢'(u), respectively.

e For any non-matching edge u'v’:
— Arc myp) — v with capacity oo, if v' € XL, u' € X5 and w'v' is linked to .

— Arc u — M)y With capacity oo, if v’ € X_g, u € X_’T and u/v’ is linked to u'.

— Arc ny — M), With capacity oo, if v’ € Uy
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Figure 9: The corresponding auxiliary graph for the transformed problem shown in Fig.
8. The blocking nodes are blue, while the matching nodes are red. The unlabelled arcs
have infinite capacities.

— Arc my) — ns with capacity oo, if v € Us.
e For any non-matching edge u’v':

— Arc u, — v with capacity oo, if v/ € X5 and u® € Bi.
— Arc v — wu,, with capacity oo, if v’ € X7, and u® € Bj.
— Arc uy, — ng with capacity oo, if o' € U} and u® € Bg.
— Arc np — w, with capacity oo, if v/ € U} and u® € Bf.

e For any blocking node u’ € Bl and v* € Bj, arcs s — u, and v, — ¢ with capacities
c*(sup) = ¢ (u®) and c*(vypt) = ¢ (v?), respectively.

e Arcs s — np and ng — t with capacity oo.

We will prove that computing the minimum cut in G* defines a minimum cost linked
cut in G'. The aim is to show that deleting arc v — m,, or m,, — u is equivalent to
adding v" or u’ to K’, while removing the arc s — v, or v, — t is equal to including
v or ub For this, a corresponding set is defined for any finite cut in G*. Note that
{sup | ub € By} U {vpt | v* € B} is a finite cut in G* as there is no alternating path
between Ug and Uy in G'. Let F be an arbitrary finite cut in G*, and K'(F) C V' is

defined the following way.
o v e K'(F),if v € S and v = my, € F
e v e K'(F),ifu €T and my, »u€F

e v’ € K'(F), if v* € X} is a blocking node and v, — t € F
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o v’ € K'(F), if u® € X/ is a blocking node and s — u, € F'

Similarly, we can define a cut F/(K’) corresponding to a set of nodes K in G'.
Note that any minimum s-¢ cut in G* only contains arcs with finite capacities. Thus,
if I is a minimum s-¢ cut, then the capacity of this cut is equal to 3, ey ¢ (w).

Lemma 34. Let F' € E(G*) be a minimum s-t cut in G* and K' a minimum cost linked
cut in G'. Then

eckF wekK'’

Proof. First, we will show that Y _.c*(e) = >, cx ¢ (w), and then the other direction
will be proven.
Zc*(e) > Z ' (w) :
ecF wekK’
Let K'(F') be defined as above. Arguing indirectly, assume there is an alternating

path P’ from X§ to X7 in G . First, let us consider the case when P’ has only one
edge, meaning there is an edge between v* € By U Bl and o’ € UL U U Since v®u/ is part
of Gy, we have v* ¢ K'(F). Therefore, b, — t ¢ F and the path of s — np — b, — t
is part of G* — F. This is a contradiction.

Now, let us discuss the case when P’ has more than one edge. First, let us suppose
that it is connecting By U Bf. and Ug U Uj.. Without loss of generality, we assume that
its endpoints are u} € B} and v, € Ul and

/b ! ! / /
P’ = wuj, v}, uy, v5 ... uy, vy

As ubv) € G /(r), We have that ub and v} are not a part of K’(F). This is equivalent to
s — upy & F and v; — My, ¢ F. This means that

S = Uy —> V] = Myyy, € G* — F.

Since uyvy € Gy, it is linked to an endpoint that is not a part of K'(F). If it is still
linked to uj, then uh ¢ K'(F) and my,,, — us & F. Thus, my,,, — s — My, is a path
in G* — F. Otherwise, the edge ubv is linked to v) and mu,,, — Vg —> My, is a path
from My, 0 Myyy, in G* — F.

By repeating this argument, we obtain that

* *
Moy —> Wi = My 0; © G —F 0T My, = Vi = My, 0, © G — F

holds for any i € {2,3...k}. Finally, as u}v; is a non-matching edge in G’ and v, € Ug,
there is an arc my,,, , — ng in the auxiliary graph G*. Thus,

My, —> Ng —> t

is clearly part of G* — F', as its arcs have infinite capacities. Therefore, there is an st-path
in G* — F', which is a contradiction.
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When the endpoints of P’ are blocking nodes v?,v% € By U Bl the proof can be
finished similarly.
Thus, K'(F') is a linked cut and

Zc*(e) = Z d(w) > Z d(w)

ceF weK'(F) weK'

This finishes the first part of the proof.
Z c*(e) < Z c'(w) : Let F(K’) be a set of arcs defined above. Let us suppose to the

ecF weK’
contrary that there is an st-path P in G* — F(K'). In cases where there is no matching

node P, the path will take the form of s - ny — b, — t or s = u, — ng — t. We will
discuss the case when the remaining path is s — ny — b, — t, and the other case can
be managed similarly. Since b, — t ¢ F(K'), then v* ¢ K’ holds. As ny — b, € E(G*),
there is a non-matching edge u/v? linked to v in G%, where v’ € U}, and v* € Bj. Thus,
this edge is an alternating path from Xg to X7., which contradicts the requirement for K’
to be a good set.

When there are matching nodes in P, let us denote the matching nodes of this path
by Muyvy s Muguys - - - Mayo,_, i the same order as they appear in the path. The first part
of P is either s = up — v1 — Myyy, OF S = Ny —> My, . In the first case, there is a
non-matching edge u®v] in G’ by the construction. Since s — wuy, v1 — My, ¢ F(K'),
then w® v} ¢ K" and u’v; € E'(G%). In the second case, there is a non-matching edge
u'v) € E'(G') by the construction. Since v’ € Ul, the edge u'v] is linked to none of its
endpoints and it is part of G’%.,. Therefore, we get that

uPv, € E'(Gh)  or vy € E'(GY)),
where u’ € Bl or v’ € U 1t is straightforward that
Vg, € M

holds for any i € {1,2,...k}. Then, the directed path from m,,,, , to m,,, ., represents
a non-matching w,v! in G'. By the construction, this part of the path is either m,,,, —
U —> Miygpy OF Myyy, —> Vo —> Mgy, 1 it contains ug, then my,,, — ug ¢ F and u), ¢ K.
Otherwise, vy — My4, ¢ F and v5 ¢ K'. In both cases, we get that ubv} is part of the
G'. Similarly, it can be obtained that

uv: € E'(Gyr)

holds for any 7 € {1,2,...k—1}. Finally, it can be established that there is a node v" € U
or v* € BY, such that

up' € B'(Gl))  or  uj’ € B'(G),
with a proof that is similar to v’ or u®. Hence, (u'/u®, v}, ub,v}.. v, |, us, v’ /vb) is an
alternating walk in G’ between X§g and X/. It contains an alternating path between X7
and X7., which is a contradiction. Therefore, there is no st-path in G* — F(K").
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Thus, F(K') is a cut in G* and

ecF e€F(K') weK’

This finishes the proof of Lemma 34. O

() ) ()
SRR A
S R0
o S

e © @x@\ @2\
[ AN

Figure 10: On the left, the auxiliary graph G* with cost ¢ = 1 and the transformed
problem G’. The yellow arc shows a minimum s-t cut in G*, which corresponds to the
yellow node in G’. After deleting the linked (yellow) edges from G’, there will be no
alternating path between Xg and X7 (green nodes).

On the right, the original problem with the original preference lists (above) and with the
modified ones (below) according to the min-cut.

103 2 1 2

[N}

B —— DD
—_— ) —
- ——

In summary, the minimum cut in G* corresponds to a minimum-cost linked cut in G'.
According to Theorem 30, this linked cut is equivalent to a minimum-cost eliminative set
of nodes in G = (V, E). Therefore, Problem 27 with a maximum-size matching can be
solved using Algorithm 1. The running time of this algorithm is determined by step 3,
which involves computing a minimum cut in the directed graph G*. The complexity of
this step depends on the size of G*. The auxiliary graph G* = (V*, A*) contains O(|V|)
nodes and O(|V| + |E|) arcs. Consequently, by employing Orlin’s O(|V*||A*|) max-flow
algorithm [3], the running time of Algorithm 1 is O(|V'|? 4+ |V||E|), which is polynomial
in the size of the original problem instance.

In problem 27, we assume that the cost function is positive. Algorithm 1 can be used
with an arbitrary cost function ¢ : SUT — N U {occ} as follows. First, the preference
lists are altered at every node v such that ¢*(v) < 0 according to Observation 5. The
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Algorithm 1 Minimum cost eliminative set in a bipartite graph with maximum size
matching

1: Input: (G, M, <,c) an instance of Problem 27

2: Create the auxiliary graph G* as described above.

3: Let F be a minimum cut of G*.
4: RETURN K ={v | myv € F or vyt € F} U{u | umy, € F or su, € F'}

obtained problem is an instance of Problem 27, thus, Algorithm 1 solves it. Note that
the algorithm works in the same way if a node has co cost.

Another interesting special case is when a node set V/ C V is given, where it is possible
to change the preferences. In other words, there are some nodes v € V' \ V', where we
cannot alter the preference list. This special version can be solved by choosing ¢*(v) = oo
for any v € V'\ V' and applying Algorithm 1. (Note that if the minimum cut is infinite,
the original problem is not feasible.)

4.3 Minmax theorem

In the previous section, it was established that the minimum eliminative set of nodes is
equivalent to a minimum cut in a specific auxiliary graph denoted as G*. An s-t path in
G* can be transformed into a blocking structure similarly to the method demonstrated in
the proofs of Lemma 34 and Claim 29. Thus, an s-t flow in G* can be converted into some
blocking structure. By directly applying the well-known max-flow min-cut theorem to this
graph, we get that the size of the minimum eliminative set is equal to the number of the
obtained blocking structures. In the following, we present a better-formulated minmax
theorem for Problem 27 with cost function ¢ = 1. For a general integer cost function, a
similar result can be proven in the same manner.

Let (G, M, <, 1) be an instance of Problem 27, where M is a maximum size matching.
Let us consider a blocking structure R = (v, vs,...v;) in Gy, where v; # v; holds for
any i # 7, (i,7) # (1,k). Note that if R is a blocking cycle, then v; = v holds. We will
say that a structure R covers the following nodes.

C(R) ={v; e V(M)NV(R) | vi_1v; or v;v;41 is linked to v;} (20)

If there is no internal blocking edge, the blocking structure R is eliminated by a matched
node that has a linked edge from R. Therefore, to eliminate a blocking structure without
internal blocking edges, at least one of its covered nodes must be part of the eliminative
set. When internal blocking edges are present, an eliminative set has to include more
than one node from R to eliminate it. Let us denote the number of blocking edges in R
by B(R). Let w(R) be the minimum number of nodes that eliminate a blocking structure
R. 1t is straightforward to verify the following.

B(R), if R is a cycle
w(R) =< B(R), if R is a path and one endpoint is unmatched
B(R) —1, if R is a path with no unmatched node
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In conclusion, let R be a set of blocking structures in Gy, such that C(R)NC(R') =0
for any R, R' € R. Since they cover different nodes, only distinct nodes can eliminate
them. Therefore, at least ), w(R) nodes must be part of an eliminative set. We will
demonstrate that this is strict by proving the following theorem.

Theorem 35. Let (G, M,<,1) be an instance of Problem 27. Then, the size of the
minimal eliminative set is equal to the following maximum.

max { Z w(R) | R is a set of blocking structures, C(R)NC(R') =0 VR,R € R}
RER
(21)

Proof. In previous observations, we established that the expression 21 is a lower bound
for the minimum size eliminative set. To prove the theorem, it is enough to find an
eliminative set and disjoint blocking structures for which the equality holds. For this
purpose, the min-cut model of Problem 27 is used. First, we will show that an integer
flow in the auxiliary graph is equivalent to a set of disjoint blocking structures in Gy.

Claim 36. Let x be an integer s-t flow of value k. Then there is a set of blocking structures
R, such that C(R)NC(R') =0 for any R,R' € R and ) p.r w(R) > k.

Proof of Claim. Since x is an integer s-t flow, it consists of k st-paths along with some
directed cycles. Let us denote these paths by Py, P, ... P,. For any path P;, an alternating
walk between Xg and X7, can be constructed in the transformed problem similarly as in
the proof of Lemma 34. Then, the obtained walks are equivalent to alternating walks by
replacing every node in the walk with the original one.

Therefore, Py, P> ... P, are equivalent to k alternating walks Pj, Py... P} that start
or end with a blocking edge. The opposite end of each walk is either a blocking edge or
an unmatched node. We refer to the union of the edges in them as £. If P/ contains an
edge uv that is linked to uw and u € T, then P! contains su; or my,u. Similarly, if P/
contains an edge uv that is linked to v and v € S, then P; contains vyt or vm,,. Since
the capacities of these edges are 1, every node is linked to at most two edges in £.

Let us consider a node u that is linked to two edges from &£ and denote these edges by
uv and uv’. One of these edges, called uv, is the starting blocking edge of an alternating
walk denoted as P/. Consequently, u is an internal node within a different alternating
walk P.

P = (u,v,ul, vl ub, .. uj,v})
Pl = (uj, v, u}...ul = u, vl =0 ul,v])

The following two new alternating walks are established. The first one P/ follows P;
until reaching node wu, at which point uv’ is removed and P/ continues along uv on the
walk P}. Let us consider the case when there is an internal blocking edge in the remaining
walk P]’ after the node u. Meaning there is an index r + 1 < ¢’ < s, such that uf],vé, is a
blocking edge in P;. Then, P starts in the first blocking edge and follows the alternating
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walk P until reaching the end. Otherwise, the other obtained alternating walk P} is an
empty walk. Thus, we get the following blocking walks

" — (o ] J— i i i
P/ = (ui,v],ud ... vl =wu,v,uy,v],us,. .. u;,v))
/2 B B | JoaJ "o

Pl = (u), vl ul .. ud,vl) or P =1,

where ugvg is a blocking edge and ué,vé, is not blocking for any r +1 < ¢’ < q.
After creating P/ and P} from P/ and P}, it can be easily confirmed that

w(Pl) +w(P}) = w(P!) + w(F})

holds. Repeating the merging procedure, we eventually get that there is no two edges
within the union of {P/, P)... P/} that are linked to the same node. Furthermore, the
value of the flow was k and w(P;) > 1 for each i € {1,2...k}. Therefore, we have the

following.
D owP) = wF)>k

1<i<k 1<i<k

C(PHYNC(P) =0  Vi,je{l,2,...k}

Finally, the blocking structures are established in the following manner using the obtained
alternating walk. If a walk P/ contains a cycle with a blocking edge, then this cycle is
deleted from the walk and serves as a blocking structure itself. The other cycles without
blocking edges are also deleted. The remaining walk is simplified by deleting the matched
nodes from the ends that are not connected to a blocking edge. (The resulting walk
is a blocking path.) Let us denote these blocking structures by Ry, Ry,...R;. By the
formation of these blocking structures, we get the following.

D wR) = w(B) =k
1<i<k 1<i<k

Therefore, Ry, R, ... R; form a set of blocking structures that satisfies the conditions of
the lemma. [}

Due to well-know max-flow min-cut theorem, the minimum cut in G* is equal to the
maximum integer flow. By Lemma 34, the minimum cut is equivalent to the minimum
size eliminative set of nodes. According to Claim 36, the maximum flow provides a set
of blocking structures that meet the conditions of (21), and the equation holds. This
finishes the proof of Theorem 35. m

For a positive, integer cost function, the following theorem can be proven similarly.
For a set of blocking structures R, let Cr(v) denote the number of blocking structures R
in R, such that v € C(R) for any v € SUT.

Theorem 37. Let (G, M,<,c) be an instance of Problem 27. Then, the cost of the
minimal eliminative set is equal to the following maximum

max { Z w(R) | R is a blocking structure, Cr(v) < c(v) for any v € SU T} (22)
RER
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5 Conclusion and open questions

We showed that the Inverse Popular Matching problem is NP-hard, even if the cost func-
tion ¢ = 1 is uniform and the input matching is perfect. In this scenario, the vertex cover
problem is reduced to the problem. Furthermore, we established that the inverse popular
matching problem remains NP-hard in a bipartite graph with a uniform cost function
and maximum degree of 7. Our proof relies on the NP-hardness of the 1-in-3-SAT+
problem and the construction of an auxiliary graph. Finally, we presented a polynomial
time algorithm to determine the minimum cost of an eliminative set in bipartite graphs
if the desired matching is maximal. First, we transformed the problem into an equivalent
version with linked edges. This transformation was fundamentally based on duplicating
specific nodes and showing that a minimal linked cut included only one instance from each
pair of replicated nodes. Subsequently, we created a flow graph and showed that the min-
imum cut of it is equivalent to the minimum cost linked cut in the transformed problem.
Finally, using the above-mentioned flow model, we established a minmax characterization
for an integer cost function.

We conclude with open questions that we hope will inspire further study and poten-
tially lead to discoveries in this field. In our paper, we define a preference modification
as an entire rearrangement. Is the problem polynomial if a predefined cost is associated
with swapping two consecutive elements in a preference list? Our goal was to make a
fixed matching popular. Can we solve the problem with alternative goal variants, such
as modifying the preferences to ensure the existence of a popular matching that includes
particular edges? The linked cut problem may be analyzed independently, without ref-
erence to instances of the Popular Matching problem. Consider an arbitrary bipartite
graph with a fixed matching, where each non-matching edge is linked to one, both, or
neither of its endpoints. A linked cut between two predetermined disjoint node sets is
defined as in 4.1. Is it possible to solve the minimum cost linked cut problem in general?
Furthermore, can the problem be addressed without a matching by identifying a linked
cut K that eliminates all paths from Xg to X7 in the graph Gg?
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