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Abstract

Boolean combinations allow combining given combinatorial objects to obtain new,
potentially more complicated, objects. In this paper, we initiate a systematic study of
this idea applied to graphs. In order to understand expressive power and limitations
of Boolean combinations in this context, we investigate how they affect different
combinatorial and structural properties of graphs, in particular x-boundedness, as
well as characterize the structure of Boolean combinations of graphs from various
classes.
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1 Introduction

Understanding complexity of graphs with respect to combinatorial, structural, or algorith-
mic properties is a recurring theme in graph theory. A broad approach to measuring the
complexity of graphs is to express them using a small number of simpler graphs. This
includes modular decomposition [40], graph coverings [11], edge-decompositions [59], tree
decomposition [46, 73], and logical transductions [28].

Graph coverings and edge-decompositions are examples of how graphs can be expressed
as unions of other graphs. The corresponding measures of complexity of a graph G with
respect to a class X are defined as the minimum number of graphs in X whose union or
edge-disjoint union coincides with G. These include clique cover number (with respect to
cliques) [34, 5], threshold dimension (with respect to threshold graphs) [27], thickness (with
respect to planar graphs) [60], equivalence covering number (with respect to equivalence
graphs) [32, 5], arboricity (with respect to forests) [61], linear arboricity (with respect
to linear forests) [47], star arboricity (with respect to star forests) [2, 4], biclique cover
number or bipartite dimension (with respect to complete bipartite graphs) [36], biparticity
(with respect to bipartite graphs) [48].

Similarly, graphs can be expressed as intersections of several graphs with certain
properties. Complexity measures associated with such representations are known as
intersection dimensions. The intersection dimension of a graph GG with respect to a graph
class X is the minimum number k£ such that G is the intersection of k£ graphs from X
29, 54]. Intersection dimensions of graphs with respect to specific graph classes have been
studied extensively and can be encountered under different names, including boxicity (with
respect to interval graphs) and cubicity (with respect to unit interval graphs) [72], circular
dimension (with respect to circular-arc graphs) [35, 77], overlap dimension (with respect
to circle graphs [29]), chordality (with respect to chordal graphs) [58], Ferrers dimension
(with respect to chain graphs) [25], threshold dimension (with respect to threshold graphs)
and cograph dimension (with respect to cographs) [22].
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Another related type of graph representation is the expression of graphs as XORs
(sum mod 2) of several simpler graphs. XORs of complete bipartite graphs [19], graphs
consisting of a clique and isolated vertices [20, 69], paths [15] have been studied in the
literature.

A natural generalization of the above three types of graph representations (i.e., unions,
intersections, and XORs) are expressions of graphs as arbitrary Boolean combinations of
several simpler graphs. Boolean combinations of graphs have recently proved useful in
the context of adjacency labeling schemes® [23, 50]. This is due to the simple fact that
if graphs from a class can be expressed as Boolean combinations of graphs from another
class, then an adjacency labeling scheme for the latter class can naturally be extended
to an adjacency labeling scheme for the former class and the size of adjacency labels is
increased only by a constant factor.

Motivated by this application, the main goal of this paper is to initiate a systematic
study of Boolean combinations of graphs with the aim of understanding their expressive
power and limitations. In order to do this, we study how Boolean combinations affect
different combinatorial and structural graph properties, as well as characterize the structure
of Boolean combinations of graphs from various classes.

To outline our results, we first define informally Boolean functions of graphs and graph
classes. Let G, Hy, Ho, ..., H; be graphs on the same vertex set V. We say that G is a
Boolean combination or a Boolean function of Hy, Hs, ..., Hy, if there exists a k-variable
Boolean function f such that for all a,b € V, the adjacency between a,b € V in G is
determined by applying f to the adjacencies between a, b in the graphs Hy, Ho, ..., Hy.
This definition naturally extends to classes of graphs. Namely, a class X' is a function of a
class ), if there exists k € N such that every graph in X is a Boolean combination of k

graphs in ).

Boolean combinations and properties of graph classes. In Section 3, we consider
several properties of graph classes and show how they are affected by Boolean combinations.
These include the speed of a class, the size of adjacency labeling schemes, the Erdos-Hajnal
property, edge-stability, the neighborhood complexity, and VC dimension. Each result
in this section is either fairly straightforward or a reformulation of a known fact in our
context, but they seem worth collecting in one place and serve as a warm-up for how
Boolean combinations can affect properties of graph classes.

Naturally, not every property is preserved by Boolean combinations. For example,
monadic stability, monadic dependence, and y-boundedness, are not preserved. The first
two of these properties, together with a broader model-theoretic perspective on Boolean
combinations of graphs, are discussed in Section 6. The effect of Boolean combinations on
x-boundedness is studied in detail in Section 5 and further discussed later in this section.

Boolean functions of special graph classes. In Section 4, we provide characterizations
of Boolean combinations of some special classes of graphs. In Section 4.2, we characterize
Boolean combinations of graph classes of bounded degree, bounded degeneracy, bounded

We postpone the definitions of most terms mentioned in the introduction until the next section.
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chromatic number, and weakly-sparse graph classes. In Section 4.3, we consider a hierarchy
of subclasses of equivalence graphs (i.e., graphs in which every component is a clique)
and characterize Boolean combinations of these classes. In particular, we show that
some known families of graph classes (e.g. subfactorial classes and classes of structurally
bounded degree) can be characterized precisely as Boolean functions of some classes of
equivalence graphs.

These results demonstrate the usefulness of Boolean functions of graph classes in
studying the poset of hereditary graph classes under containment. This is a complex
structure, and one way to tame its complexity is by coarsening it using reductions between
classes and considering only representative classes (see [18] for an example of such a
coarsening via first-order transductions between graph classes). Reductions between
graph classes via Boolean functions provide another way to coarsen the poset, and our
characterization of Boolean combinations of classes of equivalence graphs shows that
this coarsening can naturally highlight interesting properties of graph classes, including
subexponential speed, subfactorial speed, and structurally bounded degree.

Boolean functions of graphs and x-boundedness. Informally, a graph class is
x-bounded, if the chromatic number of every induced subgraph G of every graph in the
class can be bounded in terms of the clique number of G via a function that depends only
on the class. Classes of graphs that are y-bounded are natural extensions of the class
of perfect graphs, which are exactly the graphs in which the chromatic number of each
induced subgraph is equal to its clique number. A systematic study of xy-bounded graph
classes was initiated by Gyarfas [44] in the 1980s and remains an active area of research
to date (see the survey [76]). The main goal of this line of research is to understand which
graph classes are y-bounded. Since Boolean functions allow us to construct new graph
classes from a given class in a controlled but rather general way, it is natural to understand
how Boolean combinations affect y-boundedness. We investigate this question in detail in
Section 5.

In general, it is known that Boolean combinations do not preserve y-boundedness
(see Section 5.1). We identify in Section 5.1 some broad conditions on a class that
imply preservation of y-boundedness under Boolean combinations. We further show
that x-boundedness is preserved in some special classes of graphs including split graphs
(Section 5.2) and permutation graphs (Section 5.3). In fact, for the latter two classes, we
show that their Boolean combinations are polynomially x-bounded, i.e., the chromatic
number is upper-bounded by a polynomial function of the clique number. Finally, in
Section 5.4 we study y-boundedness of Boolean combinations of classes of equivalence
graphs, one of the simplest classes of perfect graphs. Equivalence graphs are permutation
graphs, and therefore, by the above, their Boolean combinations are polynomially y-
bounded. We show that, in general, the polynomial upper bound cannot be improved
(Section 5.4.1). We complement this by identifying some restrictions under which Boolean
combinations of equivalence graphs are linearly x-bounded (Section 5.4.2), and even perfect
(Section 5.4.3).
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2 Preliminaries

In this section, we introduce most of the notions and notation that we use in the paper.
We denote by N the set of natural numbers, i.e., the set of positive integers. For a set S
and a natural number k£ € N; we denote by (i) the set of all k-element subsets of S.

2.1 Graphs

All graphs in this work are simple, i.e., undirected, without loops or multiple edges. We
denote by V(G) and E(G) the vertex set and the edge set of a graph G, respectively.
For distinct a,b € V(G), we denote by G(a,b) the adjacency indicator of a and b, i.e.,
G(a,b) = 1if (a,b) € E(G) and G(a,b) = 0 otherwise. Given a graph G = (V, E) and a
vertex v € V', the neighborhood of v in G is the set of its neighbors, i.e., vertices w € V|
such that w is adjacent to v. The neighborhood of v is denoted by Ng(v). The degree of
v, denoted by deg(v), is the cardinality of Ng(v); the co-degree of v is |[V| — degq(v) — 1,
i.e., the number of non-neighbors of v. When G is clear from the context, we sometimes
write N(v) and deg(v) instead of Ng(v) and degy(v). The mazimum degree of G, denoted
A(G), is the maximum degree of a vertex in G. A complete graph on a vertex set V' is the
graph in which all vertices are pairwise adjacent; an empty graph on V' is the graph with no
edges. A graph is homogeneous if it is either a complete graph or an empty graph. A set of
pairwise adjacent vertices in GG is a clique of G and a set of pairwise non-adjacent vertices
is an independent set of G. The maximum size of a clique (respectively, an independent set)
in G is called the cliqgue number (respectively, the independence number) of G and denoted
by w(G) (respectively, a(G)). A graph is bipartite if its vertex set can be partitioned into
two independent sets, called parts of the bipartite graph. A bipartite graph is complete if
every vertex in one of its parts is adjacent to every vertex in the other part. A biclique of
size k is a complete bipartite graph with k& vertices in each of the parts.

For a set of vertices S C V, we denote by G[S] the subgraph of G induced by 5, i.e.,
the graph with vertex set S where z,y € S are adjacent in G[S] if and only if x,y are
adjacent in G. For disjoint sets A, B C V, we denote by G[A, B] the bipartite graph with
parts A, B, where a € A and b € B are adjacent in G[A, B] if and only if they are adjacent
in G; we say that A is complete to B in G if G[A, B]| is complete, and we say that A is
anticomplete to B in G if G[A, B] has no edges. The complement G of G is the graph
with the same vertex set as G in which two vertices are adjacent if and only if they are
not adjacent in G. The chromatic number x(G) of G is the minimum number of colors
in a proper vertex coloring of G, i.e., a coloring of its vertices in which no two adjacent
vertices get assigned the same color.

Given two graphs G; = (Vi, Fy) and Gy = (Va, Es), the union G; U Gy and the
intersection G1NGs of the two graphs are the graphs (V;UV,, E1UE,) and (ViNVa, E1NEs),
respectively. If Vi and V; are disjoint, then we call G; UG5 the disjoint union of G and Go
and denote it by G; + Gs. For a graph G and p € N we denote by pG a graph isomorphic
to the disjoint union of p copies of G.

We use standard notation for common graphs: K, O,, K, ., Cy, P, denote respectively
the n-vertex complete graph, the n-vertex empty graph, the complete bipartite graph with
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the parts of size n and m, the n-vertex cycle, and the n-vertex path.
An equivalence graph is a graph in which every connected component is a complete
graph.

Graph parameters. We define a graph parameter as a function o that assigns to every
graph a non-negative integer such that o(G;) = 0(G2) whenever G; and G5 are isomorphic.
The graph parameter o is bounded in a class of graphs & if there exists ¢ € N such that
0(G) < ¢ for every G € X; otherwise o is unbounded in X.

The maximum degree, the clique number, the independence number, and the chromatic
number are examples of graph parameters. We now define some further graph parameters
that we consider in this paper. For a graph G,

1. the degeneracy of G, denoted dgn(G), is the minimum integer d such that every
subgraph of G has a vertex of degree at most d;

2. the biclique number of G is the maximum %k € N such that there exist two disjoint
sets A = {ay,...,ax} and B = {by,...,b;} where q; is adjacent to b; in G for
all 4,5 € [k];

3. the chain number of G, denoted ch(G), is the maximum k € N such that there exist
two disjoint sets A = {as,...,ax} and B = {b,..., by} where q; is adjacent to b; in
G if and only if ¢ < j.

Complementation operations. We will use a number of known complementation
operations and also introduce a new complementation operation that generalizes the known
ones. As we shall observe, each of these operations can be seen as the XOR function of
the input graph with a certain equivalence graph.

Let G = (V, E) be an n-vertex graph. Given a vertex v of G the local complementation
of G centered at v is the graph obtained from G by complementing the subgraph induced
by N(v), the neighborhood of v. A graph H is a local complementation of G, if H is the
local complementation of G' centered at v for some v € V. The local complementation
operation is known to preserve the rank-width of a graph [66].

The more general operation of subgraph complementation was studied in the context of
clique-width [53]. In particular, it was shown that this operation preserves boundedness of
clique-width. Given a subset U C V', the subgraph complementation of G with respect to U
is the graph that is obtained from G by complementing the edges in the induced subgraph
G[U]. A graph H is a subgraph complementation of G, if H is the subgraph complemen-
tation of G with respect to some subset of V. We note that subgraph complementation
generalizes both the standard graph complementation and the local complementation
operations (the local complementation of G centered at some vertex v is the subgraph
complementation of G with respect to N(v)).

We now introduce a new complementation operation that generalizes the subgraph
complementation operation. Given a partition P = (V;,Va,..., Vi) of V, the partition
complementation of G with respect to P is the graph that is obtained from G by comple-
menting the edges in each of the induced subgraphs G[Vi], G[Va], ..., G[Vi]. A graph H is
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a partition complementation of GG, if H is the partition complementation of GG with respect
to some partition of V. We observe that the subgraph complementation of G with respect
to U is the partition complementation of G with respect to P, where the partition classes
of P include U and one singleton set for each vertex in V' \ U.

Graph classes. A class of graphs is a set of graphs that is closed under isomorphism.
Throughout the paper, we assume that every class contains at least one graph on n vertices
for each n € N. For a class of graphs X', we denote by X" the set of labeled n-vertex
graphs in X, i.e., graphs in X with vertex set [n] := {1,2,...,n}. The class X consists of
the graphs G such that G € X'. Class X is called self-complementary if X = X.

A graph class X is hereditary if it is closed under taking induced subgraphs or,
equivalently, is closed under removing vertices. Class X is monotone if it is closed under
taking subgraphs or, equivalently, is closed under removing edges and vertices. Class
X is intersection-closed if for any two G1,Gy € X', not necessarily on the same vertex
set, the intersection GG; N G5 also belongs to X'. Every monotone class is intersection-
closed as the intersection of any two graphs is a subgraph of each of them. Furthermore,
every intersection-closed class is hereditary. Indeed, let X be an intersection-closed class,
G = (V,E) be a graph in X, and v be a vertex in G. We claim that the graph H
obtained from G by removing v belongs to X'. To see this, define G’ = (V’, E’) as a graph
obtained from G by renaming v; more formally, let v' be an element outside V' and define
Vi=Vu{vH\{v}and ' ={(z,y) e E:x# v,y #v}U{(¥,y): (v,y) € E}. Then
G’ = (V', F’) is isomorphic to G and thus belongs to X'. Furthermore, G NG’ is equal to
H and hence H belongs to X. Given a hereditary graph class X', we say that a graph
class )V is a proper subclass of X if ) is hereditary and strictly contained in X.

Let M be a set of graphs. We say that a graph G is M -free if no member of M occurs
as an induced subgraph of G. If M consists of a single graph H, we write H-free instead
of {H }-free. It is a well-known fact that a graph class X is hereditary if and only if there
exists a set M of graphs such that a graph G is in & if and only if G is M-free. In this
case, set M is called a set of forbidden induced subgraphs for class X.

Properties of graph classes. Let X be a class of graphs. The function n — |X"| is
the speed of X.

The class X is said to have the Erdds-Hajnal property if there exists a constant § > 0
such that every n-vertex graph G € X has an independent set or a clique of size at least
nd, i.e., if max{a(G),w(G)} = n’.

A function f: N — N is a x-binding function for a graph class X if x(H) < f(w(H))
holds for every induced subgraph H of a graph G € X’; we shall always assume that
f(z) > x for every € N. A graph class X is y-bounded if there exists a x-binding
function for X. If X' is y-bounded, then it has a smallest x-binding function defined as

max{ X(H) : H induced subgraph of G € X,
(k) = w(H) =k} if such a graph H exists,

k otherwise.
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Every graph parameter can be used to define a graph class property as “boundedness”
of the parameter. For example, a graph class is said to be

1. of bounded degree if the maximum degree is bounded in the class;
2. of bounded degeneracy if the degeneracy is bounded in the class;
3. weakly-sparse if the biclique number is bounded in the class; and

4. edge-stable if the chain number is bounded in the class.

2.2 Boolean functions

We usually represent Boolean functions with Boolean formulae which consist of variables
and logical connectives (such as NOT, AND, OR, XOR). We say that a Boolean formula is
in disjunctive normal form (DNF) if it is a disjunction consisting of one or more conjunctive
clauses, each of which is a conjunction of one or more literals (variables or their negations).

A Boolean function f : {0,1}* — {0,1} is called monotone if f(ay,as,...,a) <
f(by, by, ... by) for every (ay,as,...,ax), (b1, ba,...,by) € {0,1}* with a; < b; for every
i € [k]. Every monotone Boolean function can be represented with a monotone DNF| i.e.,
a DNF in which all literals are non-negated.

Theorem 2.1 (see e.g. [30, Theorem 1.21]). If f is a monotone Boolean function, then f
can be represented with a monotone DNF.

Furthermore, it is known that any Boolean function can be uniquely represented as an
XOR of conjunctions of positive (i.e. non-negated) variables.

Theorem 2.2 (Zhegalkin polynomial aka Algebraic Normal Form [82]). Any Boolean
function f(xy,xs,...,xx) has a unique representation in Algebraic Normal Form, i.e.,
there exist distinct sets Iy, Iy, ..., Is C [k] such that

s

flzy, 2, ... 28) = EB /\l‘z

j=1 i€l

We note that in Theorem 2.2, it is possible that I; = () for some j € [s]. In such a case,
/\iEIj Ti = 1

2.3 Boolean functions of graphs

Functions of graphs. Let G, Hy, Ho, ..., H; be n-vertex graphs on the same vertex set
V. We say that G is a Boolean combination or a Boolean function (or simply a function)
of Hy, Hy, ..., Hy, if there exists a Boolean function f : {0,1}¥ — {0,1} such that

G(a,b) = f (Hy(a,b), Hy(a,b), ..., He(a,b))

holds for all distinct a,b € V. In other words, the adjacency matrix of GG is obtained by
applying f to the adjacency matrices of Hy, Ho, ..., Hy entry-wise (except the elements on
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the main diagonal). Abusing notation, we will sometimes write G = f(Hy, Hs, ..., Hy). We
note that if G is a function of & graphs, then it is also a function of k&’ graphs for any &’ > k.
Indeed, f can be viewed as a k’-variable function by introducing k' — k inessential variables,
whose values do not affect the output. These variables may therefore be assigned arbitrary
graphs; for example, setting each of them equal to Hy gives G = f(Hy, ..., Hy, Hy, ..., Hy).
If fis defined by x1Vao V- -V, t1 Axa A+ -Axy, Or 1 Bxo B - - Dy, we will say that G is
the k-union, k-intersection, k-XOR, respectively, of Hy, Ho, ..., Hy. In these cases, we may
write G = HiVHyV---VH,, G=H ANHyN---NHp, G =H, B Hy®- - - Hy, respectively.
In particular, the notation HyV Hy, Hy A Hy, Hy @ Hy assumes that both H; = (V, Fy) and
Hy = (V, E5) have the same vertex set, and denotes the graphs (V, Ey U Ey), (V, E1 N Es),
and (V, (E1 \ E2) U (E2 \ Ey)), respectively.

We make some useful observations about Boolean combinations of graphs involving XOR
functions. In particular, the first three observations describe how graph complementation,
subgraph complementation, and partition complementation can be seen as XOR of the
graph with certain equivalence graphs.

Observation 2.3. Let G be an n-vertex graph. Then G = G & K,,.

Observation 2.4. Let G = (V, E) be an n-vertex graph and let S CV be a vertex subset
of G. Let H= (V, E') be the graph in which S is a clique and all other vertices are isolated.
Then the subgraph complementation of G with respect to S is equal to G & H.

Observation 2.5. Let G = (V| E) be a graph and P = (V1,Va, ..., Vi) be a partition of
V. Let H = (V, E') be the equivalence graph in which every V; is a mazimal clique. Then
the partition complementation of G with respect to P is equal to G ® H.

Observation 2.6. Let G = Hi® Hy®- - -® Hy.. Then two vertices a,b € V(G) are adjacent
in G if and only if a and b are adjacent in an odd number of graphs Hq, Hy, ..., Hy, i.e.,

(a,b) € E(G) <= {i : (a,b) € E(H;),i€[k]}|=1 (mod 2).

Functions of graph classes. Let X and ) be two classes of graphs and k£ € N. We say
that the class ) is a k-function of X if every graph G € Y is a function of k graphs in
X (note that the function f such that G = f(Hj, ..., Hy) for some Hy, ..., H, € X may
depend on 7). If Y is a k-function of X" for some k € N, then we say that ) is a function of
X. For graph classes X, Xs, ..., X} and a Boolean function f : {0, 1}* — {0, 1}, we write
f(&Xy, Xa, ..., X) to denote the class of graphs {G = f(H, Hs,...,Hy): H; = (V, E;) €
X;}. Tt is easy to see that if all &}, i € [k], are hereditary then f(AX), Ay, ..., Xy) is also
hereditary. If all X}, i € [k], are the same and equal to X, we will sometimes write f(X)
to denote f(AX7, X, ..., Xk).

Remark 2.7. We note, by definition, if a class ) is a k-function of a class X, then
Y C U f(X), where the union is taken over all k-variable Boolean functions. For some
class properties, such as (linear/polynomial) y-boundedness, a set-theoretic union of
boundedly many classes each of which possesses the property, also has the property. In
such cases, we will usually establish the property for f(X') for an arbitrary, but fixed
k-variable Boolean function f.
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We denote

k
\/ X ={HVHV---VH:H=(VE)€cX,ic[k}
=1

k
NX={H ANH AN NH,:H = (V,E) € X,ic[k]}
i=1

k
Px={HeoHo  oH:H=(VE)ecX,iclk},
1=1

and call these classes the union, intersection, and XOR of X}, A,, ..., Ay, respectively. If
all &, i € [k], are the same and equal to X', then we call \/f:1 X, /\f:1 X, and @?:1 X,
the k-union, k-intersection, and k-XOR of X', respectively.

It is easy to see that if A}, i € [k], are monotone, then \/f:1 X, /\f:1 X;, and @le X,
are all monotone. However, if X' is monotone, X is not necessarily monotone (which can
be easily seen with the class of all edgeless graphs).

3 Boolean functions and properties of graph classes

In this section, we show how Boolean combinations affect various properties of graph
classes.

Let X and Y be two graph classes such that ) is a function of X. We observe that
the number of graphs in ) cannot be too much larger than that in &' (Section 3.1), and
note that an adjacency labeling scheme for graphs in & can naturally be used to construct
an adjacency labeling scheme for graphs in ) of the same size up to a constant factor
(Section 3.2). We further show that the Erdés-Hajnal property (Section 3.3) and edge-
stability (Section 3.4) are preserved by Boolean combinations of graph classes. We also
analyze how Boolean combinations affect the neighborhood complexity and VC dimension
of a graph class (Section 3.5).

3.1 Speed of graph classes

Recall, the speed of a graph class X is the function n — |X™|, where X" is the set of
graphs in X with vertex set [n].

Lemma 3.1. Let X and Y be two classes of graphs, such that Y is a k-function of X.
Then |Y"| < 22" | X",

Proof. Let k € N be such that ) is a k-function of X'. By definition, any n-vertex graph in
Y is determined by an ordered k-tuple (Hy, Ho,. .., Hy) of n-vertex graphs from X and a
Boolean function f : {0,1}* — {0,1}. Thus, the number of graphs in )™ does not exceed
22| x|, O
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3.2 Adjacency labeling schemes

Let X be a class of graphs and b : N — N be a function. An b(n)-bit adjacency labeling
scheme for X is a pair (encoder, decoder) of algorithms where for any n-vertex graph
G € X" the encoder assigns binary strings, called labels, of length b(n) to the vertices of
G such that the adjacency between any pair of vertices can be inferred by the decoder
only from their labels. We note that the decoder depends on the class X', but not on the
graph G. The function b(-) is the size of the labeling scheme, see the book [79] and more
recent work (e.g. [6, 13]) for further background.

Lemma 3.2. Let X and Y be two classes of graphs, such that ) is a function of X. If
X admits a b(n)-bit adjacency labeling scheme, then Y admits an O(b(n))-bit adjacency
labeling scheme.

Proof. Let k € N be such that ) is a k-function of X, and let G = (V| E') be an arbitrary
n-vertex graph in ). By assumption there exists a Boolean function f : {0, 1}* — {0, 1}
and k graphs Hq, Hy, ..., H;, € X on the vertex set V such that for any distinct a,b € V'
we have

G(a,b) = f(Hy(a,b), Hy(a,b),. .., Hg(a,b)).

We describe the encoder for graph G, and the corresponding decoder for the class ).
Encoder. Let 1,0y, ..., 0 : [n] = {0,1}*™ be functions that assign adjacency labels of
size b(n) to the vertices of the graphs Hy, Ha, ..., Hg, respectively. We define the labeling
function £ : [n] — {0, 1}™ with ¥'(n) =k + 1 + k- b(n) + 2F = O(b(n)) as follows. For
a vertex a of G, the label ¢(a) is the concatenation of the unary representation of k, the
labels ¢1(a), l5(a), ..., lr(a), and the vector val(f) of the values of f on all 2% input binary
vectors.

Decoder. Given two vertices a and b, their adjacency in G can be decided by (1) evaluating
the adjacencies of these vertices in each H;, i € [k], using the components ¢;(a) and ¢;(b)
of their labels ¢(a) and ¢(b), respectively, and the decoder for class X’; (2) reading the
value of f on the arguments H;(a,b), Hs(a,b), ..., Hx(a,b) from the vector val(f). O

3.3 Erdoés-Hajnal property

Lemma 3.3. Let X be a hereditary class of graphs and Y be a class of graphs. If Y s a
function of X, and X has the Erdos-Hajnal property, then Y does too.

Proof. Let k be a constant such that every graph in ) is a k-function of graphs in X'. Let
G be an arbitrary n-vertex graph and let f : {0,1}* — {0,1} and Hy, Hs, ..., H;, € X, be
such that G = f(Hy, Ha, ..., Hy).

Assume X has the Erdds-Hajnal property, i.e., there exists a constant d € (0, 1], such
that every n-vertex graph in X has a homogeneous subgraph of size at least n®. We claim
that G has a homogeneous subgraph of size at least n‘sk and thus ) has the Erdos-Hajnal
property To prove this, it is enough to show that there exists a set S C [n] with at least
n" elements such that each H;[S], i € [k], is homogeneous. Indeed, then for all pairs
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a,b € S, a # b, the values f(Hi(a,b), Hy(a,b),..., Hi(a,b)) are the same, because the
tuples of arguments are the same.

We prove the existence of S by induction on k. If £ = 1, then, since H; belongs to
X, there is a set S; of size at least n such that H,[S;] is homogeneous. In this case we
take S to be S;. Suppose now there exists a set S,_; of size at least n®* ™" such that each
H;[Sk-1], i € [k — 1] is homogeneous. Since X is hereditary, Hy[Sx_1] belongs to X and
thus there exists a set Sy € Sp_1 of size [Sy| = [Si_1|® = (%) = n®* such that H,[S)]
is homogeneous. Consequently, all H;[Sy|, i € [k] are homogeneous, and we take S to

be Sk ]

3.4 Edge-stability

In this section we show that Boolean combinations of a graph class preserve edge-stability.
This is a special case of a known fact in model theory (see e.g. [68, Remark 3.4]) and
learning theory (see e.g. [7]). For completeness, we state it here and present a proof in the
graph-theoretic language.

We start by introducing the notion of strong chain number, which is closely related
to the chain number, but more convenient to work with. The strong chain number of a
graph G, denoted sch(G), is the maximum &k € N such that there exist two disjoint sets
A={ai,...,a;} and B = {by,...,b;} where q; is adjacent to b; in G if i < j, and q; is
not adjacent to b; in G if 7 > j.

Note that the strong chain number is similar to the chain number, but we are not
concerned with the adjacencies between a; and b;. The following lemma (adapted from
[65]) relates the chain number ch(G) and the strong chain number sch(G), of a graph G.

Lemma 3.4. For a graph G, we have that |sch(G)/2]| < ch(G) < sch(G).

Proof. Clearly, by the definitions of ch(G) and sch(G), we have ch(G) < sch(G). Now,
let sch(G) = k. Then G contains two disjoint sets A = {ay,...,ar} and B = {by,..., b}
where q; is adjacent to b; and a; is non-adjacent to b; in G for all 1 <7 < j < k. If we
set ¢; = agi—1 and d; = by; for 1 < i < |k/2], then {c1,...,cir/o)} and {di,...,dk2)}
are two disjoint sets such that ¢; is adjacent to d; if and only if 7 < j. Consequently,
ch(G) > |k/2]. O

The following result with a worse bound was originally proved in [7], in a learning
theory setting. The bound stated here was obtained in [42], and we adapt their proof to a
graph theory setting.

Lemma 3.5 ([42]). Let s € N and X be a class of graphs with chain number less than s.
If YV is a k-function of X, then ) has chain number less than (2k)*s.

Proof. Let G = (V,E) € Y and G = f(Hy,...,Hy) for some Hy,..., H, € X and
a k-variable Boolean function f. Towards a contradiction, suppose that G has chain
number t > (2k)***. Thus, there exist two disjoint sets of vertices, A = {as,...,a;} and
B ={b1,...,b} in V, such that q; is adjacent to b; in G if and only if i < j.
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Note that for every 1 < i < j < ¢, there must exist ¢ € [k] such that Hy(a;, b;) #
Hy(aj,b;), as otherwise we would have

1= G(ai,bj) = f(Hl(aia bj)v s 7Hk(ai7bj))
= f(Hl(CLj, bl), . ,Hk(aj,bi)) = G(aj, bl) = 0,

which is not possible.

Define a complete graph G’ with vertex set [t] and edges colored as follows. For every
1 < i < j < tand the smallest ¢ € [k] such that Hy(a;,b;) # Hy(a;,b;), color the edge
between 4, j by (¢,0) if Hy(a;,b;) = 0, and by (¢,1) if H(a;,b;) = 1. Clearly, such a
coloring uses at most 2k colors.

It follows from [43], that if n > ¢, then in every edge coloring of K, with ¢ colors
there exists a monochromatic clique of size r. Thus, G’ contains a monochromatic clique
C with 2s vertices. Let ¢y, ..., a5 € [t] be the vertices of C', where ¢; < ¢g < -+ < ¢a.

If the edges of G'[C] are colored (¢,0), then for each 1 < i < j < 2s we have that
Hy(ac,,be;) = 0 and Hy(ac,,be,) = 1. If the edges of G'[C] are colored (¢, 1), then for each
1 <1 < j < 2s we have that Hy(b,,ac,) = 1 and Hy(b.,,a.,) = 0. Both cases witness
sch(Hy) > 2s, and so, by Lemma 3.4, ch(H,) > s. The latter contradicts the assumption
that the chain number of any graph in X is less than s. O]

As a corollary we obtain the following.

Theorem 3.6. If Y is a function of X and X is edge-stable, then ) is edge-stable.

3.5 Neighborhood complexity and VC dimension

A common approach to capture the complexity of a graph is by using complexity measures
of the set system induced by the neighborhoods of the vertices of the graph. Two such
measures that we will consider here are the neighborhood complexity and the VC dimension
of a graph. They are respectively defined as the shatter function and the VC dimension of
the corresponding set system. Graph classes with low neighborhood complexity have nice
structural [71, 33, 13], algorithmic [33, 14, 31], and combinatorial [13] properties. Similarly,
graph classes of bounded VC dimension have useful combinatorial and structural properties
6, 64, 51, 37]. We will show that Boolean combinations do not increase neighborhood
complexity by much, and they also preserve boundedness of VC dimension. We proceed
with the formal definitions.

A pair (X,S), where X is a finite set and S is a family of subsets of X, is called a set
system. The neighborhood set system of a graph G is the set system (V(G), Ng) where
Ne = {Ng(v) : v € V(G)}. Given a set system (X,S), a subset A C X is shattered by S
if every subset B of A can be obtained as the intersection B = ANY for some Y € S, i.e.,
{YNA|Y €S8} =24 The Vapnik-Chervonenkis dimension (or VC dimension for short)
of § is the maximum size of a shattered subset of X. The VC dimension of G is the VC
dimension of its neighborhood set system. The VC dimension of a graph class & is the
minimum d such that the VC dimension of no graph in X exceeds d.
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The shatter function of a set system (X,S) is the function 7s given by

= YNA : Y :
Ts(m) Ag;??j?:mH N € S}
The neighborhood complexity of a graph G, denoted by v, is the shatter function of its
neighborhood set system, i.e., vg(m) = mp,(m) for all m € [|V(G)|]. The neighborhood
complezxity of a graph class X is the function vy : N — N defined by

vx(n) = GEXVAg‘l/e%)le‘:n HNw)NA : veV(G)} = ICI;lea)}((WNG(TL) = max va(n).

Next, we show how Boolean combinations affect the neighborhood complexity of a
graph class.

Lemma 3.7. Let k € N and X be a class of graphs. If YV is a k-function of X, then
vy(n) < (vx(n))* holds for every n € N.

Proof. Let G = (V,E) € Y and G = f(Hy,...,Hy) for some Hy,...,H, € X and a
k-variable Boolean function f. By assumption, for any i € [k], m € N, and any set
S C V of size m, we have |[{Ng,(v) NS : v € V}| < vy(m). We wish to show that
{Ne(v)N S :v eV} < (va(m)).

Fix v € V. Then note that for any w € S, as G(v,w) = f(H;(v,w), ..., Hp(v,w)), we
see that G(v, w) is entirely determined by the ordered tuple (H;(v,w), ..., Hg(v,w)), which
in turn is determined by Ng, (v) NS, ..., Ny, (v) N S. It follows that Ng(v) NS = {w €
S : G(v,w) = 1} is determined by the ordered tuple S(v) := (Ng, (v) NS, ..., Ny, (v)NS).
Thus,

HNg(v)NS:veV}H <|{S():veV}

< H|{NH1(U) NS:veVl}

k
< [T vm(m) < a(m)).
i=1
Since GG and S were chosen arbitrarily, we have

= : < k
vy(m) Gey,Sgn\l/%é{),\S\:mHNG(v)ﬂS v eV < (va(m))”,

as desired. ]

Lemma 3.8. Let X be a class of graphs and Y be a class of graphs. If Y is a function of
X, and X has bounded VC dimension, then Y has bounded VC dimension.

Proof. Let k € N be such that ) is a k-function of X. By the Sauer-Shelah lemma
74, 78], if X has VC dimension bounded by d, then vy(m) < 3¢, (™) = O(m®). Thus,
by Theorem 3.7, we have that vy(m) = O(m*?). So there exists d’' := d'(k, d) such that
vy(m) < 2™ holds for every m > d’. This implies that )’ has VC dimension less than d’. [
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4 Boolean functions of special graph classes

In this section, we provide characterizations of Boolean combinations of some special classes
of graphs. In Section 4.1, we observe a convenient way of representing Boolean combinations
of intersection-closed graph classes. We apply this to Boolean combinations of monotone
graph classes in Section 4.2, and, in particular, characterize Boolean combinations of
graph classes of bounded degree, bounded degeneracy, bounded chromatic number, and
weakly-sparse graph classes. In Section 4.3, we consider a hierarchy of subclasses of
equivalence graphs and characterize Boolean combinations of these classes. In particular,
we show that some known families of graph classes can be characterized precisely as
Boolean functions of some classes of equivalence graphs.

4.1 Intersection-closed graph classes

In this section, we show that functions of intersection-closed graph classes have a convenient
representation via XOR functions or their negations.

Lemma 4.1. Let X be an intersection-closed class of graphs, and Y be a k-function of X.
Then for every graph G € Y there exist s graphs Hy, Hs, ..., Hy, € X, where s < 2%, such
that G = @;_, H; or G = @;_, H;. Furthermore, if X contains all complete graphs, then
G can always be expressed as @;_, H;.

Proof. Let G be a graph in ). By assumption, there exists a Boolean function f : {0, 1}* —
{0,1} such that G = f(Fy, Iy, ..., Fy) for some Fy, Fy, ..., F, € X.
Let 11,15, ...,Is C [k] be such that

f(xlax%"';xk) :@/\mla

j=1 i€l

is the Algebraic Normal Form representation of f, which exists and is unique by Theorem 2.2.
Then, we have G = @j_, H;, where H; = N\, Fi = iy, 15 i 1; # 0 and H; = K, for
n=I|V(G)|if; =0. It follows that if I; # 0, then H; belongs to X as X is intersection-
closed by assumption. Thus if one of the sets I, I, ..., I, say I, is empty and K,, € X,

we have G = K, @ @_, H; = @, @~ H;; otherwise G = €D;_, H;, where in both cases all
H;’s are from X, as requlred ]

Using Theorem 2.6, the above lemma can equivalently be stated as follows.

Lemma 4.2. Let X be an intersection-closed class of graphs, and Y be a k-function of
X. Then for every graph G € Y there exist « € {0,1} and s graphs Hy, Hs,..., Hy € X,
where s < 2%, such that for any two distinct vertices a,b € V(G)

(a,b) € BE(G) <= {i : (a,b) € E(H;),i €[s]}|=a (mod 2).

Furthermore, if X contains all complete graphs, then o can always be chosen to be 1.
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4.2 Monotone graph classes

In this section, we consider functions of monotone graph classes that come from families
closed under the unions.

Lemma 4.3. Let F be a family of monotone graph classes such that for every s € N and
Xy, ..., X € F, there exists a class X' € F so that \[i_, X; C X'. Then, for any X eF
and any graph class Y that is a function of X, there exists Z € F such that Y C ZU Z.

Proof. Let X be a class from F and let ) be a k-function of X for some k& € N. Since X is
monotone and every monotone class is intersection-closed, by Theorem 4.1, for every G € )
there exist Hy, ..., Hy € X, for some s < 2%, such that G = @;_, H; or G = @;_, H;.
Note that @;_, H; is a subgraph of \/._, H; = |J;_, H;. Let Z be a class of graphs in
F such that \/?i1 X C Z. Since X is monotone, \/?il X is also monotone, and hence the

graph P;_, H; belongs to \/?il X C Z. Consequently, we have that every graph G € Y
belongs to Z or Z, i.e., Y C Z U Z as claimed. O

For k € N denote by Dy, the class of graphs of maximum degree at most k. Clearly,
Dy, is a monotone class, and for any s € N the class \/f:1 Dy, is a subclass of Dy.,. Thus,
by applying Theorem 4.3 to the family of graph classes F = {Dy, : k € N}, we derive the
following.

Corollary 4.4 (Functions of bounded degree classes). Let X' be a graph class of bounded
degree and Y be a function of X. Then, there exists k € N such that Y C Dy U Dy.

For the next three corollaries the argument is similar, but requires a bit more detail.

Corollary 4.5 (Functions of bounded degeneracy classes). Let X be a graph class of
bounded degeneracy and Y be a function of X. Then, there exists a class Z of bounded
degeneracy such that Y C ZU Z.

Proof. For k € N denote by Ry the class of graphs of degeneracy at most k. It is easy to
see from the definition of degeneracy that every R, is a monotone class.

We claim that for any s € N the class \/]_; Ry has degeneracy at most 2sk. To see
this, first observe that if a graph G has degeneracy at most k, then any subgraph H of G
has at most k|V (H)| edges (this can be seen by starting with H and iteratively removing
a vertex of degree at most k until no vertex is left). This property implies that for any
s graphs Hy, Ho, ..., Hy; € Ry, every subgraph H of the graph \/;_, H; = |J;_, H; has at
most sk|V (H)| edges, which in turn implies that H has a vertex of degree at most 2sk.
Thus the degeneracy of \/_, H; is at most 2sk, and therefore \/]_, Rj C Ro.

By applying Theorem 4.3 to the family of graph classes F = {Ry : k € N} we derive
the statement. O

Corollary 4.6 (Functions of graphs of bounded chromatic number). Let X be a graph
class of bounded chromatic number, and Y be a function of X. Then there exists a class Z
of bounded chromatic number such that Y C Z U Z.
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Proof. For k € N denote by C; the class of graphs of chromatic number at most k.
Removing an edge or a vertex from a graph cannot increase its chromatic number, so every
Cr is a monotone class. It is also easy to see that for any s € N the graphs in the class
Vi_, Cx have chromatic number at most k°. By applying Theorem 4.3 to the family of
graph classes F = {Cy : k € N} we derive the statement. ]

Recall that a class C is weakly sparse if there exists a t € N such that each graph G € C
excludes the biclique K;; as a subgraph.

Corollary 4.7 (Functions of weakly-sparse classes). Let X' be a weakly-sparse graph class
and Y be a function of X. Then there exists a weakly-sparse class Z such that Y C ZU Z.

Proof. For k € N denote by Oy the class of graphs with biclique number at most k. As
edge or vertex removal cannot increase the biclique number of a graph, every Q. is a
monotone class.

We claim that for any s € N the class \/;_; Oy is weakly-sparse, i.e., the biclique
number is bounded in the class. To see this, first denote by R(t, c) the bipartite Ramsey
number, i.e., the minimum number p such that any edge coloring of K, in c colors
contains a monochromatic K;;. Suppose now that \/;_; Qj is not weakly-sparse, and
let G = \;_, Hi, H; € Qi € [s], be a graph from the class with the biclique number
at least R = R(k + 1,s), witnessed by a biclique G[A, B] of size R. Color each edge of
G[A, B] by one of s colors depending on which of the s graphs Hy, Hs, ..., H, the edge
belongs to (if the edge belongs to more than one graph, choose one of the respective colors
arbitrarily). By Ramsey’s theorem, there exist sets A’ C A and B’ C B such that G[A, B']
is a monochromatic biclique of size k + 1. This means that for some i € [s|, H;[A’, B'] is
also a biclique, contradicting the assumption that H; belongs to Q. This contradiction
implies that the class \/]_; Qy is weakly-sparse and in particular it is a subclass of Qp.

By applying Theorem 4.3 to the family of graph classes F = {Qy : k € N} we derive
the statement. O

4.3 Hierarchy of classes of equivalence graphs

In this section, we examine the expressive power of Boolean functions of equivalence graphs.
We do this by revealing a hierarchy of hereditary classes of equivalence graphs with respect
to the expressiveness of their Boolean functions (see Figure 1). This hierarchy is complete
in the sense that a class in the hierarchy cannot be expressed as a Boolean function of any
class below it, but every proper subclass can be. This holds true for every class in the
hierarchy except the class of graphs with at most one edge (£;), for which the property
almost holds: any proper subclass X' of £ becomes a function of edgeless graphs (&) after
removing finitely many graphs from X

In addition to Dy, which as before denotes the class of graphs of degree at most 1, in
Figure 1, the calligraphic letters denote the following classes:

& is the class of graphs with at most k edges.
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L is the class of equivalence graphs consisting of all complete graphs and graphs with
two connected components, one of which is an isolated vertex.

C is the class of equivalence graphs with at most one connected component of size
more than 1, i.e., each graph in C consists of a clique and isolated vertices.

As we shall see, some known families of graph classes can be characterized as Boolean
combinations of restricted classes of equivalence graphs. For example, functions of &
are precisely classes consisting of graphs with a bounded number of edges or a bounded
number of non-edges; and functions of C U D; characterize graph classes of structurally
bounded degree.

Boolean functions of some classes in the hierarchy characterize families of hereditary
graph classes with certain speed. It is known [75, 3, 9] that the speed of a hereditary
graph class X' cannot be arbitrary. In particular, if |X"| grows as 20("1°€™) then it grows
as either (1) or n®WM or 29 or 29(mlogn)  Tp these cases class X is said to be constant,
polynomial, exponential, and factorial, respectively. The Boolean functions of the class
L are precisely subexponential classes, i.e., classes with speed 2°: and the Boolean
functions of the class C characterize subfactorial classes, i.e., classes with speed 2°(*1ogm)

4.3.1 Empty graphs

Theorem 4.8. A class of graphs is a function of & if and only if each of its graphs is
either complete or empty.

Proof. Clearly, each empty or complete n-vertex graph is a function of an n-vertex empty
graph; in the former case, the corresponding Boolean function is f(xz) = z, and in the
latter case it is f(x) = T.

Conversely, let X be a k-function of the class & of empty graphs for some k € N. Since
&o is intersection-closed, by Theorem 4.1, each graph G = (V, E) in X is equal to @;_, H;
or @:_, H;, where s < 2% and H,, H, ..., H, are some graphs from &, on the same vertex
set V. Since & has only one graph on V| all graphs H;,i € [s], are equal to this unique
empty graph. Therefore, @;_, H; is the empty graph on V' and €;_, H; is the complete
graph on V. O

4.3.2 Graphs with at most one edge

In this section, we show that graph classes in which graphs have bounded number of edges
or bounded number of non-edges are precisely functions of the graphs with at most 1 edge.

Theorem 4.9. A class of graphs X is a function of £ if and only if there exists a constant
t such that every graph in X has at most t edges or at most t non-edges.

Proof. Let X be a class of graphs such that there exists a constant t € N and every graph
in X has at most ¢t edges or at most ¢t non-edges. We claim that X is a t-function of &;.
Let G = (V, E) be a graph in X'. Assume first that G has at most ¢ edges. Then G can be
expressed as the disjunction \/,_, He of |E| <t graphs, where H, := (V,{e}). Suppose
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Figure 1: A hierarchy of classes of equivalence graphs with respect to the expressiveness
of their Boolean functions. Each node in the hierarchy corresponds to a hereditary class
of equivalence graphs. For each class in the hierarchy, except &, every proper subclass of
this class is a Boolean function of one of the classes immediately below it; the same almost
holds for &, namely, any proper subclass of £ becomes a function of &, after removing
finitely many graphs from it (this exceptional relation is reflected in the picture with the
dashed arrow). The text beside a node explains characterization(s) of Boolean functions
of the corresponding class.
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now that G' has at most ¢ non-edges. Then G = (V, E), where E = (‘2/) \ E, has at most ¢
edges, and thus, as before, G =\/ .z H, and thus G = V.cg He is a function of at most
|E| < t graphs from &;.

To prove the converse, we observe that &£ is a monotone class and for any s € N the
class \/;_, & is equal to . Thus, applying Theorem 4.3 to the family of graph classes
F ={& : k € N}, we conclude that for any graph class X that is a function of &; there
exists a t € N such that X C & UE,. O

e€E

4.3.3 Clique + isolated vertex

In this section we characterize graph classes that are functions of L.

Let G be a graph. We say that two vertices a,b in G are twins if N(a) \ {a,b} =
N(b) \ {a,b}. Tt is easy to see that the twin relation is an equivalence relation, and each
equivalence class induces a clique or an independent set in G. We refer to an equivalence
class of the twin relation as a twin class. We call the number of twin classes the twin
number of G.

Theorem 4.10. A class of graphs X is a function of L if and only if there exists an
integer k > 0 such that every graph in X has a twin class that contains all but at most k
vertices.

Proof. Suppose there exists an integer k£ > 0 such that every graph in X has a twin class
containing all but at most k vertices. Let G = (V, E) be a graph in X, and let Q C V
be a twin class in G containing all but p < k vertices. Then () is either a clique or an
independent set, and every vertex in P =V \ @ is either anticomplete or complete to Q.
We claim that G is a function of at most p graphs from L.

To show this, we first introduce some notation. Denote by P; the set of vertices in P
that are anticomplete to (), and by P, the set of vertices in P that are complete to (). For
a set of vertices U C V', denote by Cp the equivalence graph in which V'\ U is a clique,
and all vertices in U are isolated; if U = {a}, we will write C,, to denote Cyy. Note that for
every a € V, graph C, is in £, and Cy is equal to A ., C,. Further, for a pair of distinct
vertices a,b € V, denote by H,; the graph on vertex set V' with a unique edge (a,b), and
note that H,, = C, NGy

Let G' = Cp, ACp,. In this graph, every vertex in P, is anticomplete to Q, every vertex
in P, is complete to ), and @ is an independent set. If () is also an independent set in G,
then we define G” = G’. Otherwise, if @ is a clique in G, then we define G = G’V Cp.

Graph G” is almost the same as G. Namely, any two vertices in V' that are not both in
P are adjacent in G” if and only if they are adjacent in G. In order to turn G” into G we
observe that for any graph F' = (V, E') and any distinct a,b € V', if a, b are not adjacent in
F, then taking the union of F' with H,; adds the edge (a,b) to F' (and nothing else); and
if a,b are adjacent in F', then intersecting F’ with H,; removes the edge (a,b) from F.

Thus, denoting by E; C (123 ) the set of pairs of vertices in P that are not adjacent in
G", but adjacent in G; and by Ey C (123) the set of pairs that are adjacent in G”, but not
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adjacent in GG, we conclude that

G - G” vV \/ Ha,b VAN /\ Ha,b-

{a,b}€E1 {a,b}GEQ

Since each of the graphs in the above formula is a Boolean combination of graphs in
{C, | a € P} C L, we conclude that G is a function of p graphs from L.

Now, suppose that X is a k-function of £ for some k € N. We will show that every
graph in X" has a twin class containing all but at most k vertices. Let G = (V, E) be an
n-vertex graph in X', and suppose that G is a function of k£ graphs C,Cs, ..., Cy € L. Each
of the graphs C4,Cy, ..., Cy has a twin class of size n — 1. For i € [k], denote by W; the
corresponding twin class in C;. Then W = ﬂie[k} W; is a set of pairwise twins in each of the
graphs C1, Cs, ..., Cy. We claim that W is also a set of pairwise twins in G. Indeed, for any
two distinct a,b € W, and ¢ € V' \ {a, b} we have that (C}(a,c),Cs(a,c),...,Ckla,c)) =
(Cy(b,c),Co(b,c),...,Ck(b,c)), and thus G(a,c) = G(b,c). Hence, Ng(a)\{a,b} = Ng(b)\
{a,b}, i.e., a and b are twins in G. Consequently, G contains a twin class of size at least
|W| > n — k, as desired. O

It is known that a hereditary class X is subexponential if and only if there exists k£ € N
such that every graph in X’ has a twin class containing all but at most k vertices [75, 3, 9].
Combining this fact with Theorem 4.10 we obtain a characterization of subexponential
graph classes as functions of the class L.

Theorem 4.11. A hereditary graph class is subexponential if and only if it is a function

of L.

4.3.4 Graphs of degree at most 1

In this section, we show that graph classes in which graphs have bounded degree or
bounded co-degree are precisely functions of the graphs of maximum degree at most 1.
Recall, for k € N, D, denotes the class of graphs of maximum degree at most k.

Theorem 4.12. A class of graphs X s a function of Dy if and only if there exists a k € N
such that X C Dy, UDy.

Proof. By Theorem 4.4, if X is a function of Dy, then X C D;, U D}, for some k € N.
To prove the converse, suppose there exists k € N such that for every graph G € X we

have A(G) < k or A(G) < k. We let F' = (V, E) denote the graph G if A(G) < k, and
the graph G otherwise. By Vizing’s theorem [80], the edges of F' can be colored in at most
A(F)+1 < k+1 colors in such a way that no two edges of the same color share a vertex.
In other words, the edge set E of I’ can be partitioned into at most k£ + 1 matchings. Let
My, M, ..., M, C E, where s < k + 1, be the matchings of such a partition of . Then
F =\/._, H;, where H; = (V, M;) for i € [s]. Consequently, G =\/;_, H; if A(G) < k, or,
otherwise, G = \/_, H;. Since the maximum degree of each of the graphs Hy, Ho, ..., Hy
is at most one, we conclude that X" is a (k + 1)-function of D;. O
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4.3.5 Clique + isolated vertex and graphs of degree at most 1

Let Dj be the class of graphs where all but at most k vertices have degree at most &, and
the remaining vertices have co-degree at most k. In this section we show that the classes
that are functions of £ U D; are precisely those contained in D} U Dj for some k.

Lemma 4.13. Let k,r € N, and let f be an r-variable Boolean function. Then f(Dj) C
D: UD:, where s = kr2".

Proof. We start by showing that, for any ki, ky € N, we have Dy A Dy, C Dy ,,, and
Dy, ® Dy, € Dy, 1, Let G1 € Dy, and Gy € Dy, be graphs on the same vertex set V,
and for ¢ € {1,2}, let B; be the set of vertices of co-degree at most k; in G;, and denote
A; =V \ B

First, consider H = G; A Gy and a vertex v € V. If v € Ay or v € A,, then it has
degree at most max{ki, ko} in H. If v € By N By, then it has co-degree at most k; + ks in
H. Since |By N By| < min{ky, k2}, we conclude that H € Dy ;..

Next, consider H = G1 & G5 and a vertex v € V. If v € A1 N Ay or v € B; N By, then
v has degree at most k; + ko in H. If v € Ay N By or v € Ay N By, then v has co-degree at
most ki + kg in H. Since |A; N By| + [A2 N Bi| < ky + ky, we conclude that H € Dy ;. .

Now, let G be an arbitrary graph in f(Dj). It follows from Theorem 2.2 that there
exist r graphs Hy, Ho, ..., H, € Dj and distinct non-empty sets Iy, I, ..., 1, C [r] such
that either G or G is equal to

q
HAm.

j=1 iel;

Consequently, by the above, either G or G belongs to D¥, where s = kL] < kr2n,
as desired. ]

Theorem 4.14. A class of graphs X is a function of LU Dy if and only if there exists a
k € N such that X C D; UD;.

Proof. Observe that if G € £ then G € D;. Thus, since every graph from X is a function
of graphs from D; and L, viewing the latter graphs as complements of graphs in Dj, we
have that X is a function of D; U D} C Dj. It follows from Theorem 4.13 that if X' is a
function of D, then X C D; U D; for some k € N.

To prove the converse, suppose there exists k£ € N such that X C D; U D_;; Let G be
a graph from & that belongs to Dj. Then G can be obtained from a graph of degree at
most k (which is a union of at most k + 1 graphs from D;) by taking a union with at most
k stars (each of which is the complement of a graph in £) and then taking an XOR with
at most k? single-edge graphs (each of which is the intersection of two graphs that are
complements of graphs in £). Thus, G is a function of at most 2k? + 2k + 1 graphs from
LU Dl.

If G belongs to Dj, then by taking an XOR with the complete graph (which belongs to
L) we obtain G € Dj. Therefore any G' € X is a function of at most 2k? + 2k + 2 graphs
from LU D;. O
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4.3.6 Clique + independent set

In this section we characterize graph classes that are functions of C.

We note that [20, 69] study XORs of graphs in C. Since C is an intersection-closed
class and contains all complete graphs, due to Theorem 4.1, XORs of C are as expressive
as Boolean functions of C.

Lemma 4.15. Let G = (V, E) be a graph and let H = (V, E') be a subgraph complementa-
tion of G. If the twin number of G is k, then the twin number of H is at most 2k.

Proof. Let U C V be such that H is the subgraph complementation of G with respect
to U.

If a,b € U are twins in G, they stay twins in H as the complementation of the edges
in the subgraph G[U] changes the neighborhood of the two vertices in the same way.
Specifically,

Np(a)\{b} = (Ne(a) \ U) U (U \ (Ne(a) U{a,b}))
= (Ne()\U)U (U \ (Na(b) U {a,b}))
= Ng(b) \ {a}.
If two vertices a,b ¢ U are twins in G, their neighborhoods are not affected by the
complementation of the subgraph G[U], and thus they remain twins in H.

It follows from the above that for any twin equivalence class R C V of GG, each of the
sets RNU and R\ U consists of pairwise twins. Consequently, H has at most twice as
many twin equivalence classes as G does, which completes the proof. O

The next theorem characterizes graph classes of bounded twin number as functions of C.

Theorem 4.16. Let X be a class of graphs. Then, the twin number is bounded in X if
and only if X is a function of C.

Proof. Suppose X is a k-function of C for some k € N. We claim that the twin number of
graphs in X is at most 22"

Let G = (V, E) be a graph in X. First note that C is intersection-closed and contains
all complete graphs; hence, by Theorem 4.1, there exist s < 2¥ and Hy, Hs,...,H, € C
such that G = @;_, H;. Since @;_, H; = (@’_| H;) ® H,, Theorem 2.4 implies that G
is obtained from the empty graph (V, ) via the sequence of subgraph complementations
associated with Hy, Hs, ..., H;. Thus, from Theorem 4.15, we conclude that the number
of equivalence classes in GG is at most 2° < 22"

Conversely, let X be a class of graphs, and suppose there exists s € N such that the
twin number of every graph in X is at most s. We claim that X is a k-function of C, where
k=(5) +s.

Let G = (V,E) be a graph in X and let ¢ be the twin number of G, where t < s.
Denote by Vi, Vs, ..., V; the twin equivalence classes of G. Note that for every i € [t],
the class V; is a clique or an independent set; and for every distinct 4, j € [t] either V} is
complete to V; or V; is anticomplete to V;. Let J C ([é]) with {4, j} € J if and only if V; is
complete to V. For every {i,j} € J, let Hy; j; be the graph in C on vertex set V, in which
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V; UV} is a clique and all other vertices are isolated. Let H =\/__, H.. By construction,
for any two distinct ¢, € [t], any two vertices a € V; and b € V; are adjacent in G if
and only if they are adjacent in H. Furthermore, for each i € [t], the set V; is a clique
or an independent set in H. In order to make H equal to G we need to make subgraph
complementation of H with respect to each V;, where H and G disagree. More formally,
let I C [t] be the set of indices i such that V; is a clique in G and an independent set in H,
or V; is an independent set in G and a clique in H. For ¢ € [t], let H; be the graph in C on
vertex set V', in which Vj is a clique and all other vertices are isolated. By Theorem 2.4,
the subgraph complementation of H with respect to V; is equal to H & H;. Thus, we
have that G = H @ @@,.; H;. Therefore, G is a function of |J| 4 || graphs from C, which
implies the required claim as [J]| + || < (2) +¢ < () + s. O

A hereditary graph class X is called subfactorial if the number |X™]| of labeled n-vertex
graphs in X grows as 2°("1°8™) It is known that a hereditary class X is subfactorial if and
only if the twin number is bounded in &X' [75, 3, 9]. Combining this fact with Theorem 4.16
we obtain a characterization of subfactorial graph classes as functions of the class C.

Theorem 4.17. A hereditary graph class is subfactorial if and only if it is a function of C.

4.3.7 Clique + independent set and graphs of degree at most 1

In this section we characterize functions of C UD; as graph classes of structurally bounded
degree, which are defined in terms of first-order transductions.

We omit the formal definition of first-order transductions and refer the interested reader
to e.g. [18]. Informally, given a first-order formula ¢(z,y) and a graph G, a first-order
o-transduction of G is a transformation of G to a graph that is obtained from G by first
taking a constant number of vertex-disjoint copies of G, then coloring the vertices of the
new graph by a constant number of colors, then using ¢ as the new adjacency relation,
and finally taking an induced subgraph. A graph class ) is a first-order transduction
of a graph class X if there exists a first-order formula ¢ so that every graph in ) is a
¢-transduction of a graph from X.

Definition 4.18. A graph class X has structurally bounded degree if it is obtainable by a
first-order transduction from a class of bounded degree.

Definition 4.19. Given a graph G, 7(G) is the least number such that G can be obtained
from a graph of maximum degree 7(G) by making at most 7(G)-many successive subgraph
complementations.

Lemma 4.20. A class X is of structurally bounded degree if and only if T is bounded in X .

Proof. In [18, Proposition 14.1], it is stated that a class X is of structurally bounded degree
if and only if it is a perturbation of a class ) of bounded degree, where a perturbation is
a composition of boundedly many subgraph complementations. So for every G € X', we
have 7(G) is at most the larger of the maximum degree of ) and the number of subgraph
complementations in the perturbation yielding X from ). O]
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The next theorem characterizes functions of C U D; as graph classes of structurally
bounded degree. Thus, by the characterization in [38] of graph classes of structurally
bounded degree as being near-uniform, we see that in passing from functions of C in the
previous subsection to functions of C UD;, we pass from graphs with bounded twin number
to graphs with bounded near-k-twin number for some k (i.e., the relation of two vertices
having neighborhoods differing by at most k vertices forms an equivalence relation with
boundedly many classes).

Theorem 4.21. Let X be a class of graphs. Then X is of structurally bounded degree if
and only if X is a function of C U D;.

Proof. We will show that the parameter 7 is bounded in X if and only if A" is a function
of C U Dy, which is equivalent to the statement due to Theorem 4.20.

Suppose X is a k-function of C UD; for some k € N. We claim that 7(G) is at most 2F
for every G € X. Let G = (V, E) be a graph in X. Since C U D is intersection-closed and
contains all complete graphs, by Theorem 4.1, there exist s < 2 and Hy, H, ..., H, €
C U D, such that G = @;_, H;. Without loss of generality, assume that the first s,
0 < s1 < s, of these graphs are from Dy, denote them D; = H;, i € [s1]; and the remaining
Sy = s — s1 graphs are from C, denote them F; = H ., i € [s3]. Then, we have

i=1 i=1

Denote by D the graph ;' D; and note that the maximum degree of D is at most
s1, since the maximum degree of each D; is at most one. Thus, G = D & @;*, F,,
where D € D;,, and therefore, by Theorem 2.4, G is obtained from D via the sequence
of subgraph complementations associated with Fy, Fy, ..., Fs, € C. Consequently, G is
obtained from a graph of maximum degree at most s; < s by making at most sy < s
subgraph complementations, i.e., 7(G) < s < 2.

Conversely, suppose that parameter 7 is bounded in X, i.e., there exists £ € N such
that every graph in X can be obtained from a graph of degree at most k£ by making at
most k subgraph complementations. We claim that X" is a (2k + 1)-function of C U D;.
Let G € X and let D be a graph of maximum degree at most k£ such that G is obtained
from D by making at most k subgraph complementations. Let F}, Fy, ..., F., r < k be
the graphs from C corresponding to these subgraph complementations. It follows from the
proof of Theorem 4.12 that D is a union of ¢ < k + 1 graphs M;, Ms, ..., M, of degree at
most 1. Thus, G = (\/\_, M;) @ @;_, Fi, and the claim follows, since each of Fy,..., F,
belongs to C, and My, ..., M, belong to D;. O

Finally, we characterize graph classes of structurally bounded degree as functions of
proper subclasses of equivalence graphs. We note that this result has a similar flavor
to the transduction duality between star forests (which are transduction-equivalent to
equivalence graphs) and classes of structurally bounded degree shown in [18, Section 28.1],
though neither result follows readily from the other.
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Theorem 4.22. Let X be a class of graphs. Then X has structurally bounded degree if
and only if X is a function of a proper subclass of equivalence graphs.

Proof. By Theorem 4.21, if X is of structurally bounded degree, then it is a function of
C U Dy, which is clearly a proper subclass of equivalence graphs.

To prove the converse, suppose that X’ is a function of a proper subclass of equivalence
graphs, denoted by Y. Then, we claim that it is enough to show that ) is a function of
C UD;. Indeed, since ) is a function of C U Dy, any graph that is a function of graphs
in ) is also a function of graphs in C U D;. Thus, X is also a function of C U D, and
therefore, by Theorem 4.21, X has structurally bounded degree.

To show ) is a function of C U Dy, we first observe that there exists a constant k = k())
such that every graph in ) has at most k& connected components of size more than k.
Indeed, since ) is a proper subclass of equivalence graphs, there exists an equivalence
graph G that is not in ). Let s be the number of connected components of G, and
let t be the size of its largest connected component. If some graph in ) had at least s
connected components, each of size at least ¢, then it would contain G as an induced
subgraph. Since ) is hereditary, this would imply G € ), a contradiction. Thus, setting
k(Y) := max{s,t} — 1, every graph in ) has at most k())) connected components of size
greater than k().

Now, let G be a graph in Y. It follows from the above that for some s < k, there
exist s graphs Fi, F», ..., Fs € C (i.e., equivalence graphs with at most one component
of size more than 1) and a graph D € Dy, (i.e., a graph of maximum degree at most k)
such that G = DV \/;_, F;. The graph D covers all the components of G' of maximum
degree at most k& while the graphs F; cover the at most & components with degree greater
than k. Recall, from the proof of Theorem 4.12, D is a union of some g < k + 1 graphs
My, Ms, ..., M, € D;. Thus, the graph G = \/{_, M;V\/;_, F; is a function of g+ s graphs
from C U Dy, implying that ) is a function of C U D;. m

4.3.8 General equivalence graphs

Let G = (V, E) be an arbitrary graph. Note that G can be obtained from the empty graph
(V,0) via a sequence of partition complementations; for example, every edge (a,b) in F
can be created as a single partition complementation corresponding to the partition of V
consisting of one class {a,b} and all other vertices being singleton classes.

The partition complementation number of G is the minimum number of partition
complementation operations needed to construct G from the empty graph. Formally,
the partition complementation number of G is the minimum k such that there exists a
sequence of graphs Gy, G1,Go, ..., Gy, where Gy = (V. 0), G, = G, and for every i € [k],

(G; is a partition complementation of G;_;.

Theorem 4.23. Let X be a class of graphs. Then the partition complementation number
15 bounded in X if and only if X is a function of equivalence graphs.

Proof. Suppose X is a class of graphs and there exists £ € N such that the partition
complementation number of every graph in X" is at most k.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 26



Let G = (V,E) be an arbitrary graph in X and Gy, G1,Gs,...,G; be a sequence
of graphs, where t < k, Gy = (V,0), G; = G, and for every i € [t], G; is a partition
complementation of G;_;. By Theorem 2.5, for every i € [t], there exists an equivalence
graph H; such that G; = G;_1®H;. Then G = Gy H,®Hs®---DH;, = HHDOHD---DHy.
Thus, G is a function of at most k equivalence graphs, implying that X is a function of
the class of equivalence graphs.

Conversely, suppose that X is a k-function of the class of equivalence graphs for some
k € N. Since the latter class is intersection-closed and contains all complete graphs, by
Theorem 4.1, every graph G = (V, E) in X is equal to @;_, H; for some s < 2* and some
equivalence graphs Hy, Ho, ..., H,. Let Hy = (V,(). Then, by Theorem 2.5, for every
i €[s], H ® Hy @ --- @ H; is a partition complementation of Hy @& Hy & Hy @ -+ & H;_;.
Consequently, G is obtained from the empty graph H, via a sequence of at most 2*
partition complementations, implying that the partition complementation number is
bounded in X. O]

5 Boolean functions and x-boundedness

In this section we explore how Boolean combinations of graph classes may affect x-
boundedness. We begin in Section 5.1 with some general results. In Section 5.2, we
consider interval, split, and some related graph classes. Classes of interval and split graphs
are both subclasses of perfect graphs. It is known that not every function of interval
graphs is x-bounded (see Theorem 5.5). In contrast, we show that any function of the
class of split graphs is x-bounded. Similarly, permutation graphs are perfect, and we
show in Section 5.3 that any function of the class of permutation graphs is polynomaially
x-bounded. This, in particular, implies that any function of the class of cographs or the
class of equivalence graphs is polynomially y-bounded. In Section 5.4, we consider in more
detail the class of equivalence graphs as one of the simplest subclasses of perfect graphs.
First, we show that for any polynomial p(z) there exists a function of equivalence graphs
whose smallest y-binding function is lower bounded by p(x). Then, we identify some
restrictions under which functions of equivalence graphs are linearly y-bounded. Finally,
we show that in some cases functions of equivalence graphs preserve perfectness.

Since the union of finitely many (linearly /polynomially) x-bounded classes is (lin-
early/polynomially) x-bounded, for our results in this section we usually show (lin-
ear/polynomial) y-boundedness of f(X') for an arbitrary, but fixed function f (see Theo-
rem 2.7).

5.1 General classes

We begin with a result from [44], showing that a disjunction of y-bounded classes is also
x-bounded.

Lemma 5.1 ([44, Proposition 5.1(a)]). Let Xy, X, ..., Xy be x-bounded classes of graphs
with x-binding functions hi(x), he(x), ..., hp(x) respectively. Then the class \/f:1 X; is
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x-bounded and g(z) = Hle hi(z) is a suitable x-binding function. In particular, for any
t € N, the t-union of a x-bounded class is also x-bounded.

In the next statements, we show y-boundedness for more general functions when some
restrictions are imposed on graph classes.

Lemma 5.2. Let t € N, and f : {0,1} — {0,1} be a monotone Boolean function. If
X is a x-bounded class such that the t-intersection of X is x-bounded, then f(X) is
X-bounded. Furthermore, if X is intersection-closed (resp. monotone) and for every s € N,
hs(z) denotes a x-binding function for the s-union of X, then hot_1(x) (resp. hy(x)) is a
x-binding function for f(X).

Proof. Note that if f =1 (i.e., f is a constant 1 function), then f(X) is contained in
the class of complete graphs. Therefore, f(X') is a class of perfect graphs, and thus it is
x-bounded with the identity binding function, and the lemma obviously holds in this case.
In the rest of the proof we assume that f # 1.

Let Y = f(X). Since f is monotone, by Theorem 2.1, it can be represented by a
monotone DNF F' = \/{_, D;, where r € [2' — 1], D; = \[_, Tqi, and ¢; € [t]. Thus, any
graph in Y can be expressed as \/_, /\5;1 Ga;'_ for some graphs G ai € X. Denoting by S
the k-intersection of X', we conclude that ) C \/;.n:1 S,

Now, since S C S; for every k € [t], and, by assumption, S; is x-bounded, we have
that each Sy, k € [t], is x-bounded. Thus, Y is also x-bounded by Theorem 5.1.

Next, suppose that X is intersection-closed. Then, for every k € [t], we have X =
S C S, C X, and thus S, = X. Therefore, ) is contained in the 2! — I-union of X. Thus
hat_1(z) is a x-binding function for Y.

Assume now that X is monotone. Let I'; be the set of conjunctions of F' that contain
variable x;, and for 2 < j < ¢, define I'; as the set of conjunctions of F' that contain variable
xj, but none of the variables 1, xs,...,2;_;. Then, by regrouping the conjunctions, F'
can be written as

In turn, \/ Der, D can be written as x; A (\/ Der, D"‘i), where D% is the conjunction obtained
from D by removing variable x;. Thus, if Hy, Hs, ..., H; are some graphs from X', then

t
f(Hy, Hy, ... H, \/H/\F

for some graphs F}, Fy, ..., F;. Note that H; A F; is a subgraph of H; and thus belongs to
X, due to the monotonicity of X. Consequently, f(H;, Ha, ..., H;) belongs to the t-union
of X, which implies that ) C \/7;:1 X, and hence h;(x) is a x-binding function for . O

Lemma 5.3. Let X be a x-bounded class, and let t be a natural number. For integers
k,0 > 1, denote by Sy, the k-intersection of X, by T; the (-intersection of X, and let Sy
and Ty denote the class of complete graphs. Then all t-functions of X are x-bounded if
and only if Sp \ Ty is x-bounded for all integers k, £ > 0 with k + { =t.
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Proof. Assume Si A Ty is x-bounded for any integers & > 0 and ¢ > 0 such that k + ¢ =t,
and let f be a Boolean function on ¢ variables. Then f can be expressed as a DNF with
at most 2! conjunctions, where each conjunction consists of ¢ literals. Therefore, each
graph in f(X) is the union of at most 2 graphs from classes {Sx A T¢} k50, ke—t- As each
Sk A Ty is x-bounded we have that f(X) is x-bounded by Lemma 5.1,

The other direction holds trivially as each of the classes {Si A T¢}ies0, ko=t 1S a
t-function of X by definition. O

Lemma 5.4. Let t € N and let X be a self-complementary y-bounded class. If the
t-intersection of X is x-bounded with a x-binding function h(zx), then any t-function of X
is x-bounded with a x-binding function (h(x))*.

Proof. Using notation from Theorem 5.3, since X = X, for each k,¢ > 0 with k + ¢ = ¢,
we have that Sp A Ty = Spie = S;. Thus, if f is a Boolean function on at most ¢ variables,

then each graph in f(X) is a union of at most 2* graphs from the class S;. Consequently,
by Theorem 5.1, f(X) is x-bounded with a y-binding function (h(z))*". O

5.2 Interval, split, and related graph classes

Interval graphs are intersection graphs of intervals on the real line. Although interval
graphs are perfect, it is known that the class of 3-intersections of interval graphs is not
x-bounded [44].

Theorem 5.5 ([44, Theorem 5.6(b)]). The t-intersection of interval graphs is not x-
bounded for anyt > 3.

Note that this result demonstrates that complementation does not always preserve
x-boundedness. Indeed, denote by Z the class of interval graphs. Since interval graphs
are perfect, the class Z is a subclass of perfect graphs and thus y-bounded. Therefore, by
Theorem 5.1, X =Z VI VI is x-bounded, but X =Z AZ AT is not by Theorem 5.5.

In this section, we show that, in contrast to Theorem 5.5, for some classes related to
interval graphs, intersections preserve y-boundedness.

We start with the class of split graphs, which are graphs whose vertex set can be
partitioned into an independent set and a clique. We show that for any fixed ¢ € N, the
t-intersection of the class of split graphs is linearly y-bounded. As a consequence, we show
that any function of the class of split graphs is x-bounded. This is interesting as almost
all chordal graphs are split graphs [12], yet the 3-intersection of chordal graphs is not
x-bounded, as interval graphs are chordal graphs.

Theorem 5.6. For any t € N, the t-intersection of the class of split graphs is linearly
x-bounded with a x-binding function h(x) =z +t.

Proof. Let X be the t-intersection of the class of split graphs. We will show that each
graph in X can be partitioned into a clique and at most ¢ independent sets.

Let G = (V, E) € X. Then there exist ¢ split graphs, H, ..., Hy, such that G = \!_, H;
and each H; has a fixed partition of its vertices into an independent set S; and a clique ;.
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As Q; is a clique in H; for every i € [t], it follows that (,_, @Q; is a clique in G, and thus
it can be colored with at most w(G) colors. Note that for every vertex v € V\(._, Q;,
there is an i € [t] such that v € S;, and thus V\('_, @Q; = U!_, Si- As any independent
set in H; is an independent set in G for any i € [t], the set V\(_, Q; can be covered with
t independent sets 57,9, ...,5; of G. This implies that G can be colored with at most
w(G) + t colors. O

Theorem 5.7. For any t € N, any t-function of the class of split graphs is polynomially
x-bounded with a x-binding function g(z) = (x + )%

Proof. As the class of split graphs is self-complementary and, by Theorem 5.6, for any
t € N, the t-intersection of split graphs is x-bounded with a y-binding function h(x) = x+t,
it follows from Theorem 5.4 that any t-function of the class of split graphs is xy-bounded
and g(z) = (h(z))* = (z +t)* is a suitable x-binding function. O

Next, we consider the class of { K 3, Cy, Cs}-free graphs, which includes the class of
unit interval graphs, and, more generally, the class of K; s-free chordal graphs. We show
that any t¢-intersection of this class is polynomially y-bounded, and then extend this to
the class of all K ,-free graphs.

The Ramsey number R(p, q) is the minimum n such that any red-blue edge coloring
of the complete graph K, contains a red K, or a blue K,. It is known that for any

k—1

k > 3, there exists ¢; such that R(x, k) < Ck(hfmm [1]. In particular, when k is fixed,
R(z, k) grows at most polynomially with respect to x. More generally, the multicolor
Ramsey number R(py,pa,...,p:) is the minimum n such that in any edge coloring of
K,, with t colors, there exists a monochromatic clique of size p; for some i € [t]. If
p=p =p2=...=p, then we write R(p1,pa,...,p:) = Ri(p)-

Lemma 5.8. For any t € N, the t-intersection of the class of { K13, Cy, Cs}-free graphs is
X-bounded with a polynomial x-binding function h(x) = R(x,2" + 1).

Proof. Let X be the class of { K} 3, Cy, C;}-free graphs. Note that since X is a hereditary
class, the t-intersection of X is also a hereditary class. To prove the statement we will
show that K 9141 does not belong to the t-intersection of X, i.e., it is a forbidden induced
subgraph for the class. The result then follows from the fact that, for any p > 2, the class
of K ,-free graphs is y-bounded with a x-binding function g(z) = R(x,p) [44, Theorem
2.9,

Assume that K 511 belongs to the t-intersection of X'. Then there exist ¢ graphs in
X, denoted Gy, ..., Gy, such that K9ty = /\f:1 G;. So Kot 1 + Oy (the complement of
K 9t11) is equal to \/fz1 G;. Note that for every i € [t], graph G; is { K3+ Oy, 2K, Cs }-free,
as Gz is {KLg, C4, C'5}—free.

Let w be the isolated vertex of the graph Koty + O;. Then, w is an isolated vertex in
every G, i € [t], since each of these graphs is (K3 + O;)-free, we conclude that each Gj is
Ks-free. Consequently, each Gy, i € [t], is { K3, 2K, Cs}-free, and, in particular, bipartite.
However, from Lemma 5.1,

28+ 1 =XK1+ 01) =x(G1V...VGy) <Hx<a) =72,

=1
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which is clearly a contradiction. O]

We now generalize the above result to the class of K ,-free graphs at the cost of a
worse bound on the y-binding function.

Lemma 5.9. For any t,p € N, the t-intersection of the class of Ki,-free graphs is
X-bounded with a polynomial x-binding function h(z) = R(z, Ri(p)).

Proof. Let X be the class of K ,-free graphs. As before, to prove the statement we will
show that K g, is a forbidden induced subgraph for the ¢-intersection of X', which
together with [44, Theorem 2.2] would immediately imply the desired result.

Assume that there exist ¢ graphs G,...,G; € X such that K, g, = /\5:1 G;. Then
Kr,p) + O1 (the complement of K g,,)) is equal to \/!_, G;. Note that for every i € [t],
graph G; is (K, + O;)-free, as G, is K ,-free.

Let w be the isolated vertex of the graph Kpg, () + O;. Then, w is isolated in every
G, i € [t], and since each of these graphs is (K, + O;)-free, we conclude that each G;
is K,-free. On the other hand, the union of Gy, i € [t], contains Kg,(,) as an induced
subgraph. Without loss of generality, we can assume that the graphs G, i € [t], are
edge-disjoint as if two of them have an edge in common we can remove the edge from one
of them without changing their union or creating a K,. This edge-disjoint union of ¢ many
K ,-free graphs corresponds to a coloring of the edges of the Kg,(,) with ¢ colors that does
not contain a monochromatic K,, contradicting the definition of R.(p). ]

5.3 Permutation graphs

The comparability graph of a partial order (V| <) is the graph with vertex set V' in which
two elements are adjacent if and only if they are comparable in the partial order. A graph
is called a comparability graph if it is a comparability graph of some partial order. A graph
is co-comparability if it is the complement of a comparability graph.

It is easy to see that any interval graph is a co-comparability graph, where the
corresponding partial order can be naturally defined on the intervals of a geometric
representation of the interval graph. This together with Theorem 5.5 implies that the
3-intersection of the class of co-comparability graphs is not y-bounded, and not every
function of the class of comparability graphs is y-bounded. However, Gyarfas showed [44]
that the t-intersection of the class of comparability graphs is polynomially y-bounded for
every t € N.

Lemma 5.10 ([44, Proposition 5.8]). For any t € N, the t-intersection of the class of
comparability graphs is polynomially x-bounded with a x-binding function h(z) = 22

Graphs that are both comparability and co-comparability are precisely the permutation
graphs. The next result shows that any function of the class of permutation graphs is
polynomially y-bounded. We note that this is a more general formulation of a result of
Gyarfas. We include the proof for completeness.

Theorem 5.11 ([44, Proposition 5.10]). Any function of the class of permutation graphs
18 polynomaally x-bounded.
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Proof. Let t € N, and X be the class of permutation graphs. Then X = X, as the
complement of a permutation graph is also a permutation graph. Additionally, X is
contained in the class of comparability graphs, so, by Theorem 5.10, the t-intersection of X
is x-bounded with h(x) = #* " as a y-binding function. By Lemma 5.4, this implies that
any {-function of X is y-bounded with a y-binding function g(z) = (22 )2 = 22", O

We note that the fact that every Boolean function of a graph class X is xy-bounded
yields separation results. In particular, if a graph class admits a Boolean function that is
not y-bounded, then it cannot itself be a function of X

For example, the class of interval graphs is not a function of the class of permutation
graphs, nor of the class of split graphs. Indeed, Boolean functions are closed under
composition. Hence, if interval graphs could be expressed as a function of permutation
graphs (resp., split graphs), then Theorem 5.11 (resp., Theorem 5.7) would imply that
every Boolean function of interval graphs is x-bounded, contradicting Theorem 5.5. This
generalises the result of [54], which shows that there is no finite k£ such that every interval
graph can be expressed as a k-intersection of permutation graphs (resp., split graphs).
Similarly, it is known that some Boolean functions of the class of chair-free graphs, as well
as some Boolean functions of the class of (K 3 + O;)-free graphs, are not y-bounded [24].
Consequently, neither of these classes can be a function of the class of permutation graphs
or of the class of split graphs.

Similar separation results can also be obtained for restricted families of Boolean
functions. For example, by Theorem 5.2 and Theorem 5.10, every monotone Boolean
function of the class of comparability graphs is y-bounded. Thus, none of the classes above
can be a monotone function of the class of comparability graphs. For interval graphs, this
strengthens a result of [45], which shows that there is no finite & such that every interval
graph is a union of k comparability graphs.

More generally, graph properties other than y-boundedness can be used to obtain
analogous separation results; we refer the reader to Section 7 for a broader discussion.

To conclude, we mention two special cases of Theorem 5.11. As cographs and equivalence
graphs are permutation graphs, we have the following corollaries.

Corollary 5.12. Any function of the class of cographs is polynomially x-bounded.
Corollary 5.13. Any function of the class of equivalence graphs is polynomially x-bounded.

Note that equivalence graphs form one of the simplest classes of perfect graphs. In the
next section we study the y-boundedness of functions of this class in more detail.

5.4 Equivalence graphs

Functions of equivalence graphs are polynomially y-bounded due to Theorem 5.13. In
Section 5.4.1, we show that in general this cannot be improved. More specifically, we
prove that for any given polynomial there exists a function of equivalence graphs whose
smallest y-binding function grows at least as fast as this polynomial. In Section 5.4.2,
we complement this result by identifying some restrictions under which functions of
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equivalence graphs are linearly y-bounded. In particular, we show that any function
of a proper subclass of equivalence graphs and any monotone function of the class of
equivalence graphs are linearly y-bounded. Finally, in Section 5.4.3, we show that all
functions of two equivalence graphs and some (but not all) functions of three equivalence
graphs are subclasses of perfect graphs.

5.4.1 Strictly polynomially x-bounded classes

In this section, we show that for any s € N, there exists a function of the class of equivalence
graphs whose smallest x-binding function is lower bounded by a polynomial of degree s.

For k£ € N, we denote by B, the k-XOR of the class of equivalence graphs. Let
H(n,k) be the graph with the vertex set [n]¥, where two vertices v = (vy,vs,...,v3)
and w = (wq,ws, ..., wy) are adjacent if and only if they agree on an odd number of
coordinates, i.e., |{i € [k] | v; = w;}| = 1 (mod 2). We claim that for any n € N, the
graph H(n, k) belongs to By. Indeed, denote by G; the equivalence graph with vertex
set [n]® and edge set {(v,w) | v,w € [n]*,v # w,v; = w;}. Then, from Theorem 2.6, we
conclude that H(n, k) =G, & Gy @ - - - & G,

We will show (Theorem 5.19) that for any s > 2, the smallest y-binding function for
By is Q(x*), where subscript s in € indicates that the hidden constant depends on s. To
do so, we will establish upper bounds (Theorem 5.17, Theorem 5.18) on the clique and
independence numbers of H(n, k), from which we will derive a suitable lower bound on
the chromatic number in terms of the clique number. We now recall some classical results
on set systems with restricted intersections.

Theorem 5.14 (Oddtown Theorem [8, Corollary 1.2]). Let F C 2" be such that |A] is
odd for all A € F, and |AN B| is even for all distinct A, B € F. Then |F| < n.

Theorem 5.15 (Reverse Oddtown Theorem [8, Exercise 1.15]). Let F C 2" be such that
|A| is even for all A € F, and |AN B| is odd for all distinct A, B € F. Then |F| < n.

Let L be a set of integers. A set family F C 2" is L-intersecting if |A N B| € L for
any distinct A, B € F; and F is k-uniform if |A| = k for all A € F.

Theorem 5.16 (Ray-Chaudhuri-Wilson Theorem [70]). Let n,k € N and k < n. Let
L C {0} U [n] be a set of integers and F C 2" an L-intersecting k-uniform family of sets.
Then, |F| < (/},)-

L]

We will now apply these three results to bound the clique and independence numbers

of H(n, k).
Lemma 5.17. Let n,k € N, and k be even. Then,
(1) the clique number of H(n,k) is at most nk,

(2) the independence number of H(n, k) is at most (2en)?.
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Proof. We start with the clique number. By definition, a clique in H(n, k) corresponds
to a set of vectors in [n]* such that any two vectors agree on an odd number of entries.
Consider the set S obtained by adding the vector (0,n,2n, ..., (k—1)n) to every vector in
[n]*, e, S:={v+(0,n,2n,...,(k—1)n) | v € [n]*}. Note that this transformation does
not change whether two vectors agree on a particular entry. Furthermore, for every vector
u € S and every t € [k], the ¢-th entry of w is in the interval [(¢ — 1)n + 1,¢n]. Thus, there
is a one-to-one correspondence between S (and hence [n]*) and the family F of subsets of
size k of [nk] which have exactly one element in [(t — 1)n + 1,¢n] for ¢ € [k]. This implies
a one-to-one correspondence between subsets of [n]¥ whose elements pairwise agree on
an odd number of entries and subfamilies of F in which any two sets intersect at an odd
number of elements. Since k is even, by Theorem 5.15, any such family has at most nk
sets, which implies (1).

Consider now the independence number. By definition, any independent set in H(n, k)
corresponds to a set of vectors in [n]"’ such that any two vectors agree on an even number
of entries. As in the previous case, we can establish a one-to-one correspondence between
such sets of vectors and subfamilies of F C 2" in which any two sets intersect at an
even number of elements, i.e., k-uniform subfamilies of F that are L-intersecting with
L ={2i|0<1i<k/2—1} (note that k£/2 is excluded from the range of i as the intersection
of two distinct subsets of size k cannot be k). By Theorem 5.16, the largest possible size
of such a family is at most

()= () <o

which implies (2). O

With a very similar argument, using Theorem 5.14 instead of Theorem 5.15, one can
show the following lemma; we omit the proof.

Lemma 5.18. Let n,k € N, and k be odd. Then,
(1) the clique number of H(n,k) is at most (Qen)%,
(2) the independence number of H(n,k) is at most nk.

We are now ready to prove the main result of this section.

Theorem 5.19. Let k > 3 be an integer. Then the smallest x-binding function for By is
Qu(z*/2) if k > 4, and is Q(2?) if k = 3.

Proof. First, let k > 4 be even. Denote by G = (V,E) the graph H(n,k). Since
X(G)a(G) = |V|, by Theorem 5.17(2), we have x(G)(2en)
rem 5.17(1) we obtain

SIS

> nF, and so from Theo-

nr (k)7 _ w(G)W
ME) 2 o E = aeh)E ~ (2ot
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To obtain the bound for every sufficiently large clique number, let t € [kn, k(n+1) — 1]
and let G' = H(n,k) + K;. Then G’ € Bi. Indeed, starting with a representation of
H(n, k) as the k-XOR of equivalence graphs, we may add a disjoint copy of K; to one of
these graphs and t isolated vertices to each of the remaining graphs. The resulting graphs
are still equivalence graphs, and their £-XOR is G'.

Since w(H (n, k)) < nk < t, we have w(G') = t. Moreover, a(G') < (2en)? +1 < (3en)?.
Since t < k(n+ 1) — 1 < 2nk, it follows that

S _ (2nk)

M(G,) lk/2]
> .
a(G') 7 (3¢):  (6ek)

(6ek)2

X(G') =

[SIEd BIE

As the intervals [kn, k(n 4+ 1) — 1], over all n € N, contain every sufficiently large integer,
this proves the desired lower bound when k is even.
Now, let £ > 5 be odd. Let t € [(k—1)n,(k—1)(n+ 1) — 1] and denote by G = (V, E)
the graph
(Hin,k — 1)+ K;) ® Opi—14y = H(nyk — 1) + Ky,

where, recall, O,, denotes the empty graph on m vertices. By the previous case, H(n, k —
1) + K; belongs to Bj_1, and hence G belongs to By. Furthermore, since k — 1 > 4 and is
even, by the previous case we conclude

k-1

() w(G)H/2)
G) = =1 k1 *
2 e )~ etk 1)

Since the intervals [(k — 1)n, (k — 1)(n + 1) — 1] contain every sufficiently large integer,
the desired lower bound follows for odd k£ > 5.

Finally, let k£ = 3. Denote by G = (V, E) the graph H(n,3). Then, by Theorem 5.18(2),
we have x(G) - 3n > n®, and thus from Theorem 5.18(1) we obtain

n?  (2en)? < w(G)?

X 25 = 3507 2 320

As before, to prove the bound for every sufficiently large clique number, let
t € [[2en], [2e(n+1)] — 1]

and let G = H(n,3)+ K; € Bs. Since w(H(n,3)) < 2en < t, we have w(G') = t. Moreover,
a(G") <3n+1<4n. Since t < [2e(n+1)] — 1 < 2e(n + 1) < 4en, it follows that

V(G| (e | w(G

X2 0Gy 2 T 7 e © 2o

Since the intervals [[2en], [2e(n + 1)] — 1], over all n € N, contain every sufficiently large
integer, we conclude that the smallest y-binding function for Bz is Q(z?). O
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5.4.2 Linearly x-bounded classes

In this section we reveal special cases in which functions of the class of equivalence graphs
are linearly x-bounded.

We start with arbitrary functions of proper subclasses of equivalence graphs. Recall,
by Theorem 4.22, any such class has structurally bounded degree, and thus structurally
bounded expansion [39]. Graph classes of structurally bounded expansion are known to
be linearly x-bounded [62]. Thus, we have the following.

Theorem 5.20. Let X be a proper subclass of equivalence graphs. Then any function of
X 1s linearly x-bounded.

Next we consider the entire class of equivalence graphs, but restrict the Boolean
functions. Recall, Theorem 5.1 says that the union of x-bounded classes is also y-bounded,
where the product of the corresponding y-binding functions is a y-binding function for
the union class. We show that in the case of equivalence graphs, the product bound on
the x-binding function for the union class can be replaced by a sum.

Lemma 5.21. Let t € N. The t-union of the class of equivalence graphs is linearly
x-bounded with a x-binding function h(zx) = tx.

Proof. Let H =GV ...V Gy, where Gy, i € [t], are equivalence graphs. Observe that, for
every i € [t], A(G;) = w(G;) — 1, and w(G;) < w(H). Furthermore, A(H) < Y0, A(G)).
From these, and the fact that the chromatic number of a graph does not exceed its
maximum degree by more than 1, we conclude the desired result:

XH) SAH)+1<Y AG)+1=) (w(G)— 1)+ 1< Hw(H)—1)+1 < tw(H). O

=1

As a corollary of Theorem 5.21 and Theorem 5.2 we obtain that any monotone function
of the class of equivalence graphs is linearly y-bounded.

Theorem 5.22. Let t € N, and let X be the class of equivalence graphs. For any
monotone Boolean function f on t variables, the graph class f(X') is linearly x-bounded
with a x-binding function h(z) = (2" — 1)z.

As we showed in Theorem 5.21, any t-union of the class of equivalence graphs is
linearly x-bounded. Next, we will show that the complement of any such class is also
linearly y-bounded. This is in contrast with the fact that, in general, the complement
of a y-bounded class is not necessarily x-bounded (as discussed after Theorem 5.5). Let
X be the class of equivalence graphs. Then the complement of the t-union of X is the
t-intersection of X, i.e., the t-intersection of the class of complete multipartite graphs.
We start by deriving forbidden induced subgraphs for these classes, which we then use to
establish linear y-boundedness.

Lemma 5.23. Lett € N, and )Y be the t-intersection of the class of complete multipartite
graphs. Then, K; 1 + Oy and (2071 + 1)Ky are forbidden induced subgraphs for Y.
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Proof. To prove that H = K;;; + O; is forbidden for ), we suppose that H is the
intersection of k complete multipartite graphs G, ..., Gy, and show that k should be at
least ¢ 4+ 1. Assume that the vertices of K, are labeled 1 to ¢t 4+ 1 and the isolated vertex
of H is labeled ¢ + 2. Then each G; must have each of the vertices from [t + 1] in a different
independent set. So in each G, t + 2 can be in an independent set with at most one other
vertex from [t + 1]. As ¢t 4+ 2 is non-adjacent to all other vertices in H, for each vertex
v € [t + 1] there must be a G; where ¢t 4+ 2 appears in an independent set with v. As in
each G;, t + 2 is in an independent set with at most one vertex from [t + 1], we conclude
that there must be at least ¢ + 1 graphs in the intersection, i.e., k > ¢ + 1.

To show that (27! 4+ 1)Ky is a forbidden induced subgraph for ), we use the fact that
the smallest ¢ such that r K5 is a t-union of equivalence graphs is [log,(2r)] [5]. By taking
complements, this means the smallest ¢ such that r K5 is the intersection of ¢ complete
multipartite graphs is [log,(2r)]. The latter implies that (207! 4+ 1)K, is a forbidden
induced subgraph for ). m

To prove the desired result, we will use the above Theorem 5.23 together with the
following theorem.

Theorem 5.24 ([81]). For any r € N, the class of rKs-free graphs is x-bounded with a
x-binding function g(z) = x>V,

Theorem 5.25. Let s,7 € N, s > 2, and let Y be the class of { K+ Oy, rKs}-free graphs.
Then, Y is linearly x-bounded with a x-binding function h(x) = (s — 1)~ . g,

Proof. To prove the statement, we will show, by induction on the clique number, that
X(G) < (s =)V w(@) (1)

holds for every G € ).

Clearly, if the clique number of G € Y is 1, then x(G) =1 < (s — 1)20=Y | as required.
Let k > 2 and assume that (1) holds for all graphs in ) with the clique number less than
k. Let G = (V, E) be an arbitrary graph in ) with w(G) = k. Let v be a vertex in G, and
let @ C V be the set of non-neighbors of v. Note that G[@)] must avoid an induced K
as otherwise such a subgraph together with v would form the forbidden K, + O; in G.
Therefore, the maximum clique size in G[@)] is at most s—1 and so, since G[Q] is r Ko-free, it
follows from Theorem 5.24 that x(G[Q]) < (s —1)*"=Y. Furthermore, as v is non-adjacent
to @, the graph G[Q U {v}] can be properly colored with at most (s — 1)2"~Y colors. Now,
if N(v) =0, then G = G[Q U {v}] and we have x(G) < (s — 1)20~D < (s — 1)20"Vw(G).
If N(v) # 0, then w(G[N(v)]) < w(G) — 1, so

X(G) < x(G[Q U {v}]) + Xx(G[N(v)])
< (s = DD (s = 170D - (w(G) — 1)
= (s = 1" Yu(@),
using the inductive hypothesis. O
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As a corollary of Theorem 5.23 and Theorem 5.25 we finally obtain the following.

Theorem 5.26. Let t € N, and let Y be the t-intersection of the class of complete
multipartite graphs. Then Y is linearly x-bounded with a x-binding function h(zx) = 2z

5.4.3 Subclasses of perfect graphs

In this section we reveal special cases when functions of the class of equivalence graphs
preserve perfectness. We will use the characterization of perfect graphs in terms of
forbidden induced subgraphs. An odd hole in a graph is an induced cycle of odd length at
least 5, and an odd antihole is an induced complement of a cycle of odd length at least 5.

Theorem 5.27 (Strong Perfect Graph Theorem [26]). A graph is perfect if and only if it
has neither odd holes nor odd antiholes.

Theorem 5.28. Let f:{0,1}* — {0,1} be a Boolean function on two variables and X be
the class of equivalence graphs. Then f(X) is a class of perfect graphs.

Proof. To prove the statement, we will verify it for each of the 2-variable Boolean functions.
There are 16 such functions, which we denote f; for 0 < ¢ < 15 and define below.

vyl ol ol ol falSalSs| fo| Jo | Ss| Jo| Jio| Jin | Jiz| 13| J1a | f15
o(ojffojojojofojojoflo|1]1 1 1 1 1 1 1
o(1y4o0jo0jojoyy1{1j1y1j0j071]0 0 1 1 1 1
1{0jjoj0j1j1j0j0|1|110]0]1 1 0 0 1 1
1j1f40}(1y0}1(011]0|1]0]|1 0 1 0 1 0 1

To simplify the analysis, first notice that if a Boolean function ¢ : {0,1}* — {0,1} is
the negation of a Boolean function f : {0,1}* — {0,1}, i.e., g(z,y) = f(x,y) for all
x,y € {0,1}, then for any two graphs Hy, Hy on the same vertex set, the graph g(H;, Hs)
is the complement of f(H;, Hy). Thus, since the complement of a perfect graph is also
perfect [56], we only need to verify the claim for f;, 0 < i < 7, as fi5_; is the negation of
fi for every 0 < i < 7. We proceed by showing that for each 0 < ¢ < 7 and for any two
equivalence graphs Hy, H, the graph G = f;(Hy, Hs) is perfect.

(1) Function fy. The graph G is empty, which is clearly perfect.

(2) Function f;. The graph G is the intersection of H; and H,, and therefore it is an
equivalence graph and thus perfect.

(3) Functions f2 and f4. Note that fo(z,y) = 2 A7 and f4(x,y) = TAy, and thus each of
fo(Hy, Hs) and f4(Hy, Hy) is the intersection of an equivalence graph and the complement
of an equivalence graph (i.e., a complete multipartite graph). From Theorem 5.27 and
since any induced subgraph of an equivalence graph (respectively, complete multipartite
graph) is again an equivalence graph (respectively, complete multipartite graph), in order
to verify this case, it is enough to show that no odd hole or odd antihole can be expressed
as the intersection of an equivalence graph and a complete multipartite graph.
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Assume that there exists a k > 2 and two equivalence graphs, H; and H,, such that
Cori1 = Hy A H,. Then the edge set of U541 is a subset of the edges of H; and so H; is a
connected graph. As H; is an equivalence graph, this means it must be Koy y1. Therefore
Hy = Cyy,11, which implies that Cyy.q is an equivalence graph, which is a contradiction.

Assume now that there exists a &k > 2 and two equivalence graphs, H; and Hs, such
that m = Hy A Hy. Then Copy1 = H, V H,, where H; is a complete multipartite graph.
Then the edges of H, must be a subset of the edges of Uy 1, and we claim that H, must
be the empty graph. Indeed, assume that H; contains an edge between vertices v and w
which are adjacent in Cyy1. Take a vertex, z, that is not adjacent to v or w in Coy .
Then z is not adjacent to v or w in H;, which is not possible as K, 4+ O; is a forbidden
induced subgraph for complete multipartite graphs. This proves that H; is the empty
graph and implies that Hy = C5;11, which is not possible as H, is an equivalence graph.

(4) Functions f3 and f5. Note that f3(x,y) = = and f5(x,y) = y. Thus, f3(Hy, Hy) = H;
and f5(Hy, Hy) = Ho, which, obviously, are perfect graphs.

(5) Function fg. In this case G = Hy @ Hs. As in case (3), we will show that no odd hole
or odd antihole is an XOR of two equivalence graphs.

Assume that there exists a k > 2 and two equivalence graphs, H; and H,, such that
Co,11 = Hi® Hy. Then each edge of the cycle belongs to exactly one of the two equivalence
graphs. Denote by vy, v, ..., voryq the vertices along the cycle Coyy ;.

First, we claim that there are two vertex-disjoint edges of the cycle that belong to the
same clique in one of the equivalence graphs. Let s be the length of the longest sequence
of consecutive vertices of the cycle that belong to the same clique in one of H; and H,.
If s > 4, then we are done. Otherwise, we should have s = 3. Indeed, since the cycle
has an odd number of edges, there are two consecutive edges that belong to the same
equivalence graph, and as they share a vertex, they must be in the same clique. Now,
without loss of generality, let vo, v3, v4 be three consecutive vertices of the cycle that belong
to a clique in Hy. Then, by assumption, (vy,vq) and (vy,vs) are adjacent in Hs, but not
in H;. Furthermore, since v, and vy are not adjacent in the cycle, but are adjacent in Hy,
they must be adjacent in Hy as well. This implies that vy, vo, v4, v5 form a path in Hs, and
thus belong to the same clique in Hy, which implies the claim.

Now suppose that v;,, v;,, vi,, v;, are four distinct vertices that are in the same clique in
Hy, and (v;,,v;,) and (v, vy, ) are two edges of the cycle. Then at least one of v;, and v,
say vj,, is neither adjacent to v;, nor to v;, in the cycle. This means that v;, is adjacent
to v, and v;, in both H; and H,. But then v;,, v;,,v;, must be in the same clique in Hy,
and in particular v;, is adjacent to v;, in Hy, which is not possible as v;, and v;, should be
adjacent in exactly one of H; and Hs.

Assume now that there exists a £ > 2 and two equivalence graphs, H; and Hs, such
that m = H; ® H,. Then each edge of the m belongs to exactly one of the two
equivalence graphs. Denote by vy, vs, ..., vory1 the vertices along the cycle Coyq.

First, since C5 = Cj, the case of k = 2 is covered by the previous analysis. Hence,
assume k£ > 3. Note that neither H; nor H, is a complete or empty graph, as otherwise
one of them must be Cajyq or Copyq, which is not possible due to the perfectness of both
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graphs. Furthermore, the clique number of at least one of H; and H, should be at least 3,
as otherwise H; and Hy would be graphs of maximum degree one, and the total number of
edges in H, & H, would not exceed 2k. The latter is not possible as, for & > 3, the number
(Qk; 1) — (2k + 1) of edges in Cyy4 is more than 2k. Thus, without loss of generality, we
can assume that 3 < w(H;) < 2k.

Let @ be a clique of size w(H;) in Hy, so |Q| = 3. We claim that there exist three
vertices v;, vj, vy such that v;,v; € Q, v, € @, and no two of these vertices are consecutive
vertices on the cycle Cyxyq. Let s be the maximum number of consecutive vertices of Coxyq
that belong to (). Without loss of generality, assume that vy, v, ..., vs belong to Q). Then
vor+1 and vgy1, which are not necessarily distinct, are not in Q.

1. If s > 5, then vy, vy, v are the sought vertices.
2. If s =4, then vy, v3, v5 are the sought vertices.

3. Let s = 3. If vy € @, then vy,v3,v5 are the sought vertices; if vs € @, then
Ug, Us, Uag1 are the sought vertices (note that as 2k +1 > 7 the vertices vs, voy41 are
not consecutive on the cycle Coyy1).

4. Let s < 2. Then, since |Q| > 3, there are two vertices in () that are not consecutive
vertices of the cycle Cy.1. Without loss of generality, assume that v; and v; are
two vertices in () such that ¢ > 3 and every vertex vy, where 2 < ¢ <t — 1, does not
belong to Q).

(a) If t > 5, then vy, vy, and vz are the sought vertices.

(b) Let t = 4. If vg € @Q, then vy, vy, v are the sought vertices. If vg € @, then
vy, Vg, V3 are the sought vertices.

(c) Let t =3. If vg & @, then vy, v3, vg are the sought vertices. If vg € @, then, due
to the assumption that s < 2, at least one of vy and v is not in Q. If vy € Q,
then vy, vg, vy are the sought vertices. If vs & @, then vy, v3, v5 are the sought
vertices.

This completes the proof of the claim.

Now, suppose v;, v;, vj, are three non-consecutive vertices of the cycle Cyi4q such that
v;,v; € Q and v € Q. Since vy, is adjacent to v; and v; in Hy ® H, and vy, is not adjacent
to v; or v; in Hy, it follows that v, must be adjacent to v; and v; in Hy. This implies that
v;, V5, v are in the same clique in H», and thus v; and v; are adjacent in H,. Since v; and
v; are also adjacent in H;, we arrive at a contradiction, as every edge of H; © Hy must
belong to exactly one of the two graphs.

(6) Function fr. In this case G = H; V Hy. As before, to prove that G is perfect, we will
show that no odd hole or odd antihole is a union of two equivalence graphs.

Assume that there exists a k > 2 and two equivalence graphs, H; and Hs, on 2k + 1
vertices, such that Cory1 = Hy V Hy. As the largest clique in Uy, 1 has size 2, every
connected component of H; and H, has at most 2 vertices. Therefore, the maximum
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number of edges that either H; or Hy could have is k, which implies that H; V Hy = Cog1q
has at most 2k edges, a contradiction.

Assume now that there exists a k£ > 2 and two equivalence graphs, H; and Hs, on 2k+1
vertices such that Capyq = Hy V Hy. Note that if k& = 2, then Cy,q = C5 = C5, which as
we showed earlier cannot be a union of two equivalence graphs. It is known [5] that for
any s > 3, if Oy is a union of ¢ equivalence graphs, then ¢ > log, s — 1. This implies that
Cot1 cannot be the union of 2 equivalence graphs for any k& > 4. It remains to verify the
case of k = 3, i.e., to show that C7 is not a union of two equivalence graphs. Suppose for a
contradiction that there exist two equivalence graphs H; and H, such that C; = H, V Hs.
The largest clique in C7 is of size 3 (as the largest independent set in C; has size 3), so
each connected component of H; and H, has at most 3 vertices. Since H; and H, each
have 7 vertices, this implies that none of them can have more than 6 edges. Consequently,
H, V H, has at most 12 edges. However, C; has 14 edges, a contradiction. O

Theorem 5.28 is best possible in the sense that there exists a 3-variable Boolean function
f such that if X is the class of equivalence graphs, then f(X') is not a subclass of perfect
graphs. Indeed, Theorem 5.19 implies that the 3-XOR of the class of equivalence graphs is
not a subclass of perfect graphs as its smallest y-binding function is at least quadratic.

Determining the smallest y-binding function of the k-union of perfect graphs is a
natural question. In [44, Problem 5.3], this question was raised for k = 2. Below, we prove
that intersection with the class of equivalence graphs preserves being a class of perfect
graphs. We use this result to deduce that the smallest x-binding function for the 3-union
of the class of perfect graphs is Q(2?).

Lemma 5.29. Let X be the class of equivalence graphs and )Y be a class of perfect graphs.
Then X N'Y is a class of perfect graphs.

Proof. Let F be an arbitrary graph in X A ). We need to show that F'is a perfect graph.
Let H € X and G € Y be such that FF = H A G. Then F is a disjoint union of induced
subgraphs of G, where each induced subgraph corresponds to a maximal clique of H. Since
every induced subgraph of a perfect graph is perfect, and a disjoint union of perfect graphs
is also a perfect graph, it follows that F' is perfect. n

Lemma 5.30. Let Q be the 3-union of the class of perfect graphs. Then the smallest
x-binding function for Q is Q(z?).

Proof. We will show that the 3-XOR of equivalence graphs is contained in Q, which
together with Theorem 5.19 will imply the result.
Since x @y = (x AY) V (T Ay), we have

rBYSz=[2AN(YB2)|V[TA(YE2)]|=2AYB2)|V@AYAZ)V(TAGAZ2).
Thus, if H,, Hy, H3 are equivalence graphs, then
H, ® Hy® Hy = [Hy A (Hy @ H3)|V [Ho A (Hy A H3)] V [Hs A (Hy A Hy),
and therefore by Theorems 5.28 and 5.29, Hy & Hy ® Hj is a union of 3 perfect graphs. [
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Since the submission of this paper, it was proved in [21] that the smallest x-binding
function for the k-union of comparability graphs is exactly z* (the authors also note that
(67, Theorem 14] established that every x-binding function for the 2-union of comparability
graphs is at least (“1')). Together with [44, Corollary 5.2] this implies that the smallest
x-binding function for the k-union of perfect graphs is exactly z*.

6 Model-theoretic perspective

Boolean combinations of graph classes provide a way to produce new graph classes from
old. In this section, we take a model-theoretic view of this process, and compare Boolean
combinations to transductions, another method for producing new graph classes from old.

From the model-theoretic point of view, Boolean combinations are a composition of
the two operations of expansion and quantifier-free definition. In order to obtain G as a
function of graphs from a class X', we are allowed to choose a graph H € X, repeatedly
expand it by other graphs from X’ (using a distinct relation symbol for each edge set), and
then define the new edge relation using a quantifier-free formula. By contrast, transductions
allow only expansions by unary relations, but then allow for the new edge relation to be
defined by an arbitrary formula.

Boolean combinations and first-order transductions are incomparable in their expressive
power. For example, first-order transductions can take the square of a graph (connecting
two vertices at distance at most 2) by using an existential formula. In particular, the class
of all graphs can be first-order transduced from the class of 1-subdivisions of complete
graphs. This is not possible to achieve with Boolean combinations as the hereditary
closure of the 1-subdivisions of complete graphs has degeneracy 2, and, by Theorem 4.5,
any function of this class is contained in the union Y U Y for some class YV of bounded
degeneracy, which cannot be the case for the class of all graphs.

On the other hand, the class of 2-unions of star forests contains 2-subdivisions of
complete graphs. However, the class of 2-subdivisions of complete graphs cannot be
first-order transduced from the class of star forests as the latter is monadically NIP and
the former is not, and first-order transductions preserve the property of being monadically
NIP (see e.g. [18]).

It seems natural to ask to what extent these operations could be merged. For structures
of structurally bounded degree (recall Section 4.3.7), [55] (which calls these classes mutually
algebraic) shows that we may freely overlap these structures on the same vertex set, freely
expand by unary relations, and then consider all relations definable by first-order formulas,
and the result will still have structurally bounded degree. However, [16] shows that this
merging cannot be pushed any further: if X is a class that is not of structurally bounded
degree and ) is a class that is not definable from unary relations, then there is some way to
overlay the structures in X and ) so that the result is not monadically NIP. Furthermore,
[17] shows that the complexity of classes that are not monadically NIP already appears
when considering graphs definable by existential formulas, rather than arbitrary first-order
formulas, and that Boolean combinations of 3V suffice to produce all graphs. This places
strong restrictions on what sort of formulas we may use in combination with expansions
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outside of the structurally bounded degree case, although there may be some space to
consider, for example, classes existentially defined from overlaps of permutation graphs.
There is also some connection to the notion of set-defined classes from [52]. A class is
set-defined if it is a subclass of the class of finite induced subgraphs of a graph definable
in (N,=). Since this structure has quantifier elimination, this amounts to saying that
there is some d such that every vertex can be associated with an element of N¢, and
whether to put an edge between two vertices is determined by some Boolean combination
of equalities between the entries of these tuples, where comparisons between entries in
different coordinates are allowed. These are precisely the classes of graphs that admit
equality-based labeling schemes [49]. It is not hard to show that functions of the class of
equivalence graphs are the subset of set-defined classes where comparisons between entries
in different coordinates are not allowed. This ensures more structure since, for example,
functions of equivalence graphs are y-bounded while set-defined classes need not be [52].

7 Conclusions

In this paper we studied Boolean combinations of graphs and how they affect various
graph properties.

A natural direction for future research is to study “Boolean complexity” of graphs
with respect to specific graph classes. Given a graph G and a class of graphs X', we
say that the Boolean dimension of G with respect to X is the minimum number k& such
that G is a Boolean combination of k graphs from X. Using this notion, the fact that
a class ) is a function of a class X is equivalent to saying that the elements of ) have
bounded Boolean dimension with respect to X'. Studying which graph classes have bounded
Boolean dimension with respect to some well-behaved graph classes may be a helpful tool
for deriving useful graph properties about these classes.

For example, moving from classes of graphs to posets (which can be seen as transitive
acyclic directed graphs), one can consider the notion of Boolean dimension for a class of
posets with respect to the class of linear orders. This is studied in [63, 41], which asks
the question of whether the class of planar posets has bounded Boolean dimension with
respect to linear orders. Related results and open problems are surveyed in [10].

Boolean dimension can further be specified by restricting the type of Boolean functions
that are allowed to be used. For example, by restricting ourselves to conjunctions, we obtain
the notion of intersection dimension [29, 54]; and by restricting ourselves to disjunctions,
we obtain notions of cover number (see e.g. [45, 57]). Restricting to monotone Boolean
functions gives a common generalization of the two, which is still not as general as arbitrary
Boolean functions.

Acknowledgments

We are grateful to Nathan Harms for useful discussions on the topic of this paper and
for pointing out the results in learning theory showing that stability is preserved under

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 43



Boolean combinations. We thank a reviewer of this paper for many detailed comments,
and most notably for improving the bound in Theorem 5.6.

This work has been supported by the Royal Society (IES\R2\242173). This paper is
part of a project that has received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme (grant
agreement No 810115 - Dynasnet). Samuel Braunfeld is further supported by Project
24-12591M of the Czech Science Foundation (GACR), and is partly supported by the
long-term strategic development financing of the Institute of Computer Science (RVO:
67985807).

References

[1] M. Ajtai, J. Komlés, and E. Szemerédi. A note on Ramsey numbers. Journal of
Combinatorial Theory, Series A, 29(3):354-360, 1980.

[2] J. Akiyama and M. Kano. Path factors of a graph. In Graphs and applications
(Boulder, Colo., 1982), Wiley-Intersci. Publ., pages 1-21. Wiley, New York, 1985.

[3] V. E. Alekseev. On lower layers of a lattice of hereditary classes of graphs. Diskretnyi
Analiz i Issledovanie Operatsii, 4(1):3-12, 1997.

[4] 1. Algor and N. Alon. The star arboricity of graphs. Discrete Mathematics,
75(1-3):11-22, 1989. doi:10.1016/0012-365X (89)90073-3.

[5] N. Alon. Covering graphs by the minimum number of equivalence relations.
Combinatorica, 6(3):201-206, 1986. doi:10.1007/BF02579381.

[6] N. Alon. Implicit representation of sparse hereditary families. Discrete
Computational Geometry, 72(2):476-482, 2024.

[7] N. Alon, A. Beimel, S. Moran, and U. Stemmer. Closure properties for private
classification and online prediction. In J. D. Abernethy and S. Agarwal, editors,
Conference on Learning Theory, COLT 2020, volume 125 of Proceedings of Machine
Learning Research, pages 119-152. PMLR, 2020.

[8] L. Babai and P. Frankl. Linear Algebra Methods in Combinatorics, with Applications
to Geometry and Computer Science. Department of Computer Science, University of
Chicago, 2022. Unpublished manuscript, preliminary version 2.2.

[9] J. Balogh, B. Bollobas, and D. Weinreich. The speed of hereditary properties of
graphs. Journal of Combinatorial Theory, Series B, 79(2):131-156, 2000.

[10] F. Barrera-Cruz, T. Prag, H. C. Smith, L. Taylor, and W. T. Trotter. Comparing
Dushnik-Miller dimension, Boolean dimension and local dimension. Order,
37:243-269, 2020.

[11] L. W. Beineke. A survey of packings and coverings of graphs. In The Many Facets of
Graph Theory (Proc. Conf., Western Mich. Univ., Kalamazoo, Mich., 1968), volume
110 of Lecture Notes in Mathematics, pages 45-53. Springer, Berlin-New York, 1969.

[12] E. A. Bender, L. B. Richmond, and N. C. Wormald. Almost all chordal graphs split.
Journal of the Australian Mathematical Society, 38(2):214-221, 1985.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 44


https://doi.org/10.1016/0012-365X(89)90073-3
https://doi.org/10.1007/BF02579381

[13]

[19]

[20]

E. Bonnet, J. Duron, J. Sylvester, and V. Zamaraev. Adjacency labeling schemes for
small classes. In 16th Innovations in Theoretical Computer Science Conference,
ITCS 2025, volume 325 of Leibniz International Proceedings in Informatics, pages
21:1-21:22. Schloss Dagstuhl-Leibniz-Zentrum fiir Informatik, 2025.
doi:10.4230/LIPICS.ITCS.2025.21.

E. Bonnet, E. J. Kim, A. Reinald, S. Thomassé, and R. Watrigant. Twin-width and
polynomial kernels. Algorithmica, 84(11):3300-3337, 2022.

S. Borgwardt, C. Buchanan, E. Culver, B. Frederickson, P. Rombach, and Y. Yoo.
Path odd-covers of graphs. Discrete Mathematics, 349(9):115078, 2026.
doi:10.1016/j.disc.2026.115078.

S. Braunfeld and M. C. Laskowski. Worst-case expansions of complete theories.
Model Theory, 1(1):15-30, 2022.

S. Braunfeld and M. C. Laskowski. Existential characterizations of monadic NIP.
Communications of the American Mathematical Society, 6:244-267, 2026.
doi:10.1090/cams/62.

S. Braunfeld, J. Nesetril, P. Ossona de Mendez, and S. Siebertz. On first-order
transductions of classes of graphs. Logical Methods in Computer Science,
21(2):26:1-26:59, 2025. doi:10.46298/LMCS-21(2:26)2025.

C. Buchanan, A. Clifton, E. Culver, J. Nie, J. O’Neill, P. Rombach, and M. Yin.
Odd covers of graphs. Journal of Graph Theory, 104(2):420-439, 2023.
doi:10.1002/JGT.22970.

C. Buchanan, C. Purcell, and P. Rombach. Subgraph complementation and
minimum rank. FElectronic Journal of Combinatorics, 29(1):#P1.38, 2022.
doi:10.37236/10383.

W. Cames van Batenburg, M. Chudnovsky, L. Cook, J. Davies, S. Kim, and S.-i.
Oum. On the chromatic number of the union of comparability graphs.
arXiv:2606.09415, 2026.

D. Chacko and M. C. Francis. Representing graphs as the intersection of cographs
and threshold graphs. Electronic Journal of Combinatorics, 28(3):#P3.11, 2021.
doi:10.37236/9110.

M. Chandoo. Logical labeling schemes. Discrete Mathematics, 346(10):113565, 2023.
A. Chaniotis, H. Koerts, and S. Spirkl. Intersections of graphs and x-boundedness.
SIAM Journal on Discrete Mathematics, 40(1):420-448, 2026.
doi:10.1137/25M1751967.

S. Chaplick, P. Hell, Y. Otachi, T. Saitoh, and R. Uehara. Ferrers dimension of grid
intersection graphs. Discrete Applied Mathematics, 216:130-135, 2017.
doi:10.1016/J.DAM.2015.05.035.

M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas. The strong perfect
graph theorem. Annals of Mathematics, 164(1):51-229, 2006.
doi:10.4007/annals.2006.164.51.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 45


https://doi.org/10.4230/LIPICS.ITCS.2025.21
https://doi.org/10.1016/j.disc.2026.115078
https://doi.org/10.1090/cams/62
https://doi.org/10.46298/LMCS-21(2:26)2025
https://doi.org/10.1002/JGT.22970
https://doi.org/10.37236/10383
https://arxiv.org/abs/2606.09415
https://doi.org/10.37236/9110
https://doi.org/10.1137/25M1751967
https://doi.org/10.1016/J.DAM.2015.05.035
https://doi.org/10.4007/annals.2006.164.51

[27]

28]

[29]
[30]

[31]

[32]

[33]

[40]

[41]

V. Chvatal and P. L. Hammer. Aggregation of inequalities in integer programming.
In Studies in Integer Programming, volume 1 of Annals of Discrete Mathematics,
pages 145-162. Elsevier, 1977. doi:10.1016/S0167-5060(08)70731-3.

B. Courcelle and J. Engelfriet. Graph structure and monadic second-order logic: a
language-theoretic approach, volume 138 of Encyclopedia of Mathematics and its
Applications. Cambridge University Press, 2012.

M. B. Cozzens and F. S. Roberts. On dimensional properties of graphs. Graphs and
Combinatorics, 5(1):29-46, 1989. doi:10.1007/BF01788656.

Y. Crama and P. L. Hammer. Boolean functions: Theory, algorithms, and
applications. Cambridge University Press, 2011.

J. Dreier, 1. Eleftheriadis, N. Mahlmann, R. McCarty, M. Pilipczuk, and

S. Torunczyk. First-order model checking on monadically stable graph classes. In
65th IEEE Annual Symposium on Foundations of Computer Science, FOCS 2024,
pages 21-30. IEEE, 2024. doi:10.1109/F0CS61266.2024.00012.

P. Duchet. Représentations, noyauz en théorie des graphes et hypergraphes. PhD
thesis, Université Paris VI, 1979.

K. Eickmeyer, A. C. Giannopoulou, S. Kreutzer, O. Kwon, M. Pilipczuk,

R. Rabinovich, and S. Siebertz. Neighborhood complexity and kernelization for
nowhere dense classes of graphs. In 44th International Colloquium on Automata,
Languages, and Programming, ICALP 2017, volume 80 of Leibniz International
Proceedings in Informatics, pages 63:1-63:14. Schloss Dagstuhl-Leibniz-Zentrum fiir
Informatik, 2017. doi:10.4230/LIPICS.ICALP.2017.63.

P. Erdos, A. W. Goodman, and L. Pésa. The representation of a graph by set
intersections. Canadian Journal of Mathematics, 18:106-112, 1966.

R. B. Feinberg. The circular dimension of a graph. Discrete Mathematics,
25(1):27-31, 1979.

P. C. Fishburn and P. L. Hammer. Bipartite dimensions and bipartite degrees of
graphs. Discrete Mathematics, 160(1-3):127-148, 1996.

J. Fox, J. Pach, and A. Suk. Bounded VC-dimension implies the Schur-Erdos
conjecture. Combinatorica, 41(6):803-813, 2021. doi:10.1007/S00493-021-4530-9.
J. Gajarsky, P. Hlinény, J. Obdrzélek, D. Lokshtanov, and M. S. Ramanujan. A new
perspective on FO model checking of dense graph classes. ACM Transactions on
Computational Logic, 21(4):28:1-28:23, 2020. doi:10.1145/3383206.

J. Gajarsky, S. Kreutzer, J. Nesettil, P. Ossona de Mendez, M. Pilipczuk, S. Siebertz,
and S. Torunczyk. First-order interpretations of bounded expansion classes. ACM
Transactions on Computational Logic, 21(4):29:1-29:41, 2020.
doi:10.1145/3382093.

T. Gallai. Transitiv orientierbare Graphen. Acta Mathematica Academiae
Scientiarum Hungaricae, 18(1-2):25-66, 1967.

G. Gambosi, J. Nesettil, and M. Talamo. On locally presented posets. Theoretical
Computer Science, 70(2):251-260, 1990.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 46


https://doi.org/10.1016/S0167-5060(08)70731-3
https://doi.org/10.1007/BF01788656
https://doi.org/10.1109/FOCS61266.2024.00012
https://doi.org/10.4230/LIPICS.ICALP.2017.63
https://doi.org/10.1007/S00493-021-4530-9
https://doi.org/10.1145/3383206
https://doi.org/10.1145/3382093

[42]

[48]

[49]

[52]

[53]
[54]
[55]
[56]

[57]

B. Ghazi, N. Golowich, R. Kumar, and P. Manurangsi. Near-tight closure bounds for
the Littlestone and threshold dimensions. In V. Feldman, K. Ligett, and S. Sabato,
editors, Proceedings of the 32nd International Conference on Algorithmic Learning
Theory, volume 132 of Proceedings of Machine Learning Research, pages 686—696.
PMLR, 2021.

R. E. Greenwood and A. M. Gleason. Combinatorial relations and chromatic graphs.
Canadian Journal of Mathematics, 7:1-7, 1955.

A. Gyarfas. Problems from the world surrounding perfect graphs. Applicationes
Mathematicae, 19(3-4):413-441, 1987.

A. Gyarfas, M. Marits, and G. Téth. Partitioning perfect graphs into comparability
graphs. arXiv:2408.13523, 2024.

R. Halin. S-functions for graphs. Journal of Geometry, 8:171-186, 1976.

F. Harary. Covering and packing in graphs, I. Annals of the New York Academy of
Sciences, 175(1):198-205, 1970.

F. Harary, D. Hsu, and Z. Miller. The biparticity of a graph. Journal of Graph
Theory, 1(2):131-133, 1977.

N. Harms, S. Wild, and V. Zamaraev. Randomized communication and implicit
graph representations. In Proceedings of the 54th Annual ACM SIGACT Symposium
on Theory of Computing, pages 1220-1233. Association for Computing Machinery,
2022.

N. Harms and V. Zamaraev. Randomized communication and implicit
representations for matrices and graphs of small sign-rank. In Proceedings of the 2024
Annual ACM-SIAM Symposium on Discrete Algorithms (SODA ), pages 1810-1833.
Society for Industrial and Applied Mathematics, 2024.

O. Janzer and C. Pohoata. On the Zarankiewicz problem for graphs with bounded
VC-dimension. Combinatorica, 44(4):839-848, 2024.
doi:10.1007/S00493-024-00095-2.

Y. Jiang, J. Nesetiil, P. Ossona de Mendez, and S. Siebertz. Regular partitions of
gentle graphs. Acta Mathematica Hungarica, 161(2):719-755, 2020.
doi:10.1007/s10474-020-01074-%.

M. Kaminski, V. V. Lozin, and M. Milani¢. Recent developments on graphs of
bounded clique-width. Discrete Applied Mathematics, 157(12):2747-2761, 2009.

J. Kratochvil and Z. Tuza. Intersection dimensions of graph classes. Graphs and
Combinatorics, 10(2-4):159-168, 1994. doi:10.1007/BF02986660.

M. C. Laskowski. Mutually algebraic structures and expansions by predicates.
Journal of Symbolic Logic, 78(1):185-194, 2013.

L. Lovasz. Normal hypergraphs and the perfect graph conjecture. Discrete
Mathematics, 2(3):253-267, 1972. doi:10.1016/0012-365X(72)90006-4.

M. Marits. Cover numbers by certain graph families. Discrete Applied Mathematics,
379:400-404, 2026. doi:10.1016/J.DAM.2025.09.009.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 47


https://arxiv.org/abs/2408.13523
https://doi.org/10.1007/S00493-024-00095-2
https://doi.org/10.1007/s10474-020-01074-x
https://doi.org/10.1007/BF02986660
https://doi.org/10.1016/0012-365X(72)90006-4
https://doi.org/10.1016/J.DAM.2025.09.009

[58] T. A. McKee and E. R. Scheinerman. On the chordality of a graph. Journal of
Graph Theory, 17(2):221-232, 1993. doi:10.1002/JGT.3190170210.

[59] M. Merker. Graph Decompositions. PhD thesis, Technical University of Denmark,
2016.

[60] P. Mutzel, T. Odenthal, and M. Scharbrodt. The thickness of graphs: A survey.
Graphs and Combinatorics, 14(1):59-73, 1998. doi:10.1007/PL00007219.

[61] C.S. J. A. Nash-Williams. Decomposition of finite graphs into forests. Journal of the
London Mathematical Society, 39(1):12, 1964. doi:10.1112/jlms/s1-39.1.12.

[62] J. Nesettil, P. Ossona de Mendez, M. Pilipczuk, R. Rabinovich, and S. Siebertz.
Rankwidth meets stability. In D. Marx, editor, Proceedings of the 2021 ACM-SIAM
Symposium on Discrete Algorithms, SODA 2021, pages 2014-2033. Society for
Industrial and Applied Mathematics, 2021. doi:10.1137/1.9781611976465.120.

[63] J. Nesettil and P. Pudldk. A note on Boolean dimension of posets. In Irregularities
of partitions (Fertdd, 1986), volume 8 of Algorithms and Combinatorics, pages
137-140. Springer, Berlin, 1989.

[64] T. Nguyen, A. Scott, and P. Seymour. Induced subgraph density. VI. Bounded
VC-dimension. Advances in Mathematics, 482:110601, 2025.

[65] P. Ossona de Mendez, M. Pilipczuk, and S. Siebertz. Transducing paths in graph
classes with unbounded shrubdepth. European Journal of Combinatorics, 123:103660,
2025. doi:10.1016/J.EJC.2022.103660.

[66] S.-i. Oum. Rank-width and vertex-minors. Journal of Combinatorial Theory, Series
B, 95(1):79-100, 2005.

[67] J. Pach and I. Tomon. On the chromatic number of disjointness graphs of curves.
Journal of Combinatorial Theory, Series B, 144:167-190, 2020.
doi:10.1016/j.jctb.2020.02.003.

[68] D. Palacin. An introduction to stability theory. In Lectures in model theory, Miinster
Lectures in Mathematics, pages 1-27. European Mathematical Society, 2018.

[69] M. Pouzet, H. Si Kaddour, and B. D. Thatte. On the Boolean dimension of a graph
and other related parameters. Discrete Mathematics and Theoretical Computer
Science, 23(2):5, 2022. doi:10.46298/DMTCS.7437.

[70] D. K. Ray-Chaudhuri and R. M. Wilson. On t-designs. Osaka Journal of
Mathematics, 12(3):737-744, 1975. doi:10.18910/7296.

[71] F. Reidl, F. Sanchez Villaamil, and K. Stavropoulos. Characterising bounded
expansion by neighbourhood complexity. European Journal of Combinatorics,
75:152-168, 2019.

[72] F. S. Roberts. On the boxicity and cubicity of a graph. In Recent Progress in
Combinatorics (Proc. Third Waterloo Conf. on Combinatorics, 1968), pages 301-310.
Academic Press, New York-London, 1969.

[73] N. Robertson and P. D. Seymour. Graph minors. III. Planar tree-width. Journal of
Combinatorial Theory, Series B, 36(1):49-64, 1984.
doi:10.1016/0095-8956(84)90013-3.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 48


https://doi.org/10.1002/JGT.3190170210
https://doi.org/10.1007/PL00007219
https://doi.org/10.1112/jlms/s1-39.1.12
https://doi.org/10.1137/1.9781611976465.120
https://doi.org/10.1016/J.EJC.2022.103660
https://doi.org/10.1016/j.jctb.2020.02.003
https://doi.org/10.46298/DMTCS.7437
https://doi.org/10.18910/7296
https://doi.org/10.1016/0095-8956(84)90013-3

[74] N. Sauer. On the density of families of sets. Journal of Combinatorial Theory, Series
A, 13(1):145-147, 1972.

[75] E. R. Scheinerman and J. Zito. On the size of hereditary classes of graphs. Journal
of Combinatorial Theory, Series B, 61(1):16-39, 1994.

[76] A. Scott and P. Seymour. A survey of y-boundedness. Journal of Graph Theory,
95(3):473-504, 2020.

[77] J. B. Shearer. A note on circular dimension. Discrete Mathematics, 29(1):103, 1980.

[78] S. Shelah. A combinatorial problem; stability and order for models and theories in
infinitary languages. Pacific Journal of Mathematics, 41(1):247-261, 1972.

[79] J. P. Spinrad. Efficient Graph Representations, volume 19 of Fields Institute
Monographs. American Mathematical Society, 2003.

[80] V. G. Vizing. On an estimate of the chromatic class of a p-graph. Diskretnyi Analiz,
3:25-30, 1964.

[81] S. Wagon. A bound on the chromatic number of graphs without certain induced
subgraphs. Journal of Combinatorial Theory, Series B, 29(3):345-346, 1980.

[82] I. I. Zhegalkin. Sur le calcul des propositions dans la logique symbolique (On the
technique of calculating propositions in symbolic logic). Matematicheskii Sbornik,
34(1):9-28, 1927.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.12 49



	Introduction
	Preliminaries
	Graphs
	Boolean functions
	Boolean functions of graphs

	Boolean functions and properties of graph classes
	Speed of graph classes
	Adjacency labeling schemes
	Erdos-Hajnal property
	Edge-stability
	Neighborhood complexity and VC dimension

	Boolean functions of special graph classes
	Intersection-closed graph classes
	Monotone graph classes
	Hierarchy of classes of equivalence graphs

	Boolean functions and chi-boundedness
	General classes
	Interval, split, and related graph classes
	Permutation graphs
	Equivalence graphs

	Model-theoretic perspective
	Conclusions

