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Abstract

We introduce the class of bilateral parking procedures on the discrete line Z.
While cars try to park in the nearest available spot to their right in the classical case,
we consider more general parking rules that allow cars to use the nearest available
spot to their left. We show that for a natural subclass of local procedures, the
number of corresponding parking functions of length r is always equal to (r+1)""1.
The setting can be extended to probabilistic procedures, in which the decision to
park left or right is random. We finally describe how bilateral procedures can
naturally be encoded by certain labeled binary forests, whose combinatorics shed
light on several results from the literature.

Mathematics Subject Classifications: 05A15,05A19,60C05

1 Introduction

Classical parking functions are a central object in enumerative and algebraic combina-
torics. They are connected to various structures such as noncrossing partitions, hyper-
plane arrangements, and many others: see for instance the survey [17] and references
therein. The corresponding parking procedure P9 on Z was originally defined as an
elementary hashing procedure, cf. [10].

We recall its definition: r cars want to park on an empty one-way street with spots
labeled by 1,2, ..., r from left to right. The cars arrive successively, and the ith car has a
preferred spot a;. If this spot is available, it parks there, and if not it parks in the nearest
available spot to the right. The sequence (aq, ..., a,) is called a parking function if at the
end, all cars managed to park. The number of parking functions for r cars is given by the
simple formula (r + 1)"~* [10].

The following characterization is well known: (a4, ...,a,) is a parking function if and
only if for any £ = 1,...,r, there are at least k indices 7 such that 1 < a; < k. Parking
function generalizations have often relied on this description. This is the case of G-
parking functions and u-parking functions, see [17]. Recently, several variations were also
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considered by varying different aspects of the procedure, see for instance [3] and references
therein.

In this work, we will consider the extensions of the parking procedure obtained by
simply changing the “nearest available spot to the right” condition: we will also allow one
to park to the nearest available spot to the left. This explains the name bilateral for our
class of procedures.

Let us give already two examples of possible rules. We need only describe where to
park when one’s preferred spot is occupied:

o Pclosest: [f the nearest available spot to the left is strictly closer to a; than the
nearest available spot to the right, park there; otherwise park to the right.

o Prrime. If the total number of cars parked between the nearest available spots to
the left and to the right is a prime number, park to the left; otherwise park to the
right.

In general we will describe parking procedures P as functions associating a finite
subset of Z of cardinality r to a preference word ay - --a,, so that P(ay - --a,) is the set
of occupied spots after r cars have parked. If it is equal to {1,...,r} then we will say
that a; - --a, is a P—parking function. The notion of bilateral procedure is then easy to
encode as conditions on the function P.

We will then state two conditions to determine the subclass of local procedures: roughly
put, these say that left /right decisions must be invariant under translation, and depend
only on the cars that parked around the desired spot. We then obtain the following
striking enumerative result, which is the main result of this work.

Theorem 1. Let P be a bilateral, local parking procedure. Then the number of P-parking
functions of length r is given by (r + 1)"1.

In particular this holds for the classical procedure denoted P9 for Pcesest and
prrime defined above (and for uncountably many other procedures). One may interpret
Theorem 1 as a kind of discrete universality result: a unique formula holds for a large
class of procedures where only local conditions are imposed. The proof of this result will
follow from Pollak’s argument in the classical case, based on a cyclic procedure derived
from the original one, which is the main result of this work.

Theorem 1 and will be proved in Section 3 as a direct corollary of Proposition 17. In
the remaining sections, we will show how to extend our setting in various ways, motivated
by work of the author and others.

Extensions. We can naturally add randomness to a bilateral procedure: instead of
choosing either left or right, pick probabilities for the two options. Each preference word
now has a certain probability to be P-parking. Such a variation was already considered
in the seminal article [10]. For a particular procedure, we will see that these probabilities,
suitably normalized, coincide with the family of remixed Eulerian numbers studied by
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Vasu Tewari and the author [12]. The notion of local procedure extends to the probabilistic
setting, and a version of Theorem 1 holds in this case.

We also show that, in general, bilateral procedures are naturally encoded by certain
pairs of labeled forests. This bijection naturally lifts the original parking procedure, and
is directly connected to the outcome function of the procedure, which records the order
in which the cars parked. This encoding recovers some known results, including in the
classical case.

Outline. We first describe rigorously the parking procedures P that we consider in
Section 2. We will focus on bilateral procedures, and then introduce the subclass of
local procedures in Section 3. We will then see that the enumeration (r + 1)"~! is in
a sense universal for local procedures, see Theorem 1. The last three sections sketch
various extensions: we explain how to define the probabilistic version of our procedures
in Section 4, describe the connection with the combinatorics of binary trees via a natural
encoding in Section 5, and give a “colored” version of the model in the last section.

2 Bilateral and local parking procedures

As stated in the introduction, we want to model cars arriving sequentially and parking
on spots labeled by Z. The list of parking spot preferences of incoming cars is naturally
given by a word ajas---a, with a; € Z: the ith car wants to park in the spot a;. A
general parking procedure P goes as follows: It will be defined inductively, with no cars
parked at the beginning. Assume the first © — 1 cars have parked at distinct spots in Z.
If the spot a; is available, the ith car parks there. Otherwise, one must follow a specific
rule that determines an available parking spot for the car a;. In the classical parking
procedure, this rule consists in choosing systematically the nearest available spot to the
right; bilateral procedures also allow the spot to be the nearest available spot to the left.

Remark 2. It is more customary to define parking procedures on an interval {1,...,r},
and say that the procedure fails as soon as a car cannot park. A parking function is then
an entry word of length r where everyone managed to park. Here we define our procedures
on Z, which is more pleasing from a mathematical point of view since we don’t have to
deal with partially defined functions, as all cars will find an available spot. A procedure
is successful if the occupied spots at the end are {1,2,...,7r} (see Definition 7), which is
how the boundary conditions are integrated to the setting.

In this section we introduce a rigorous mathematical framework for such procedures,
and fix some terminology and notations.

2.1 Parking procedures

Let Fin(Z) = {I C Z | #I < +oo} be the collection of finite subsets of Z. A parking
procedure P is determined by the subsets P(a; - --a,) representing the set of occupied
spots after cars with preferences aq, ..., a, € Z have parked successively.

This leads to the following definition:
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Definition 3 (Parking procedure). A function P : Z* — Fin(Z) is a parking procedure if
P(e) = 0 and for any r > 1 and any word a; - - a,,

1. The subset P(a; - - - a,) has cardinality r, and for any i < r

Play---a;) CPlar---aiy1);

2. Ifa, ¢ P(ay---a,—_1), then P(ay---a,) =P(ay---a,—1) U{a,}.

The first condition indicates that everyone manages to park (and stays put afterwards),
and the second one expresses that one parks at their preferred spot if it is available. Note
that at this stage cars may possibly park at any available spot, possibly very far, when
their desired spot is not available. We will soon restrict to bilateral procedures.

Remark 4. These conditions capture reasonable conditions of what a “real-life” parking
procedure on Z should satisfy. Note however that in a recent work [9], cars can be
dislodged from their parking spot by a later car, which is not covered by our setup.

2.2 Memoryless parking procedures

Definition 3 includes the possibility that the parking decisions may depend on the whole
sequence of preferred spots ag,...,a;. A natural subclass of parking procedures, which
includes the classical one P"9" as well as PPrime Pelosest from the introduction, consists
of those where the parking decisions only depend on the set of occupied spots. This can
be expressed as follows:

Definition 5. A parking procedure P is memoryless if there exists a function Mp :
Fin(Z) x Z — Z such that P(a;---a,a) = Play---a,) U {Mp(P(a;---a,),a)} for any

aty ..., 0, Q.

The function Mp characterizes the parking procedure P by immediate induction.
By definition of our procedures, it necessarily satisfies M (S,a) ¢ S for any S,a, and
M(S,a) = a whenever a ¢ S. Conversely, any choice of integers M(S,a) € Z for S €
Fin(Z) and a € Z satistying M(S,a) ¢ S for a € S and M(S,a) = a for a ¢ S defines
a memoryless parking procedure. M (S, a) specifies the spot where a car with preferred
spot a parks, when a belongs to the set S of occupied spots.

Let us now give an example of a parking procedure that is not memoryless.

Example 6. The procedure PX?9 is introduced and studied by Vasu Tewari and the
author in [13] under the name . It is defined inductively as follows: Let W = a; - - - a,
be any word and let a € PLBS(W). Let I be the maximal interval of PXB5(1W) such that
a € I. Define j € {1,...,7} to be the largest integer such that a; € I: in words, the jth
car is the last car that parked on I. Then PEPS(Wa) is defined by parking in the nearest
available spot to the left of I if @ < a;, and right of I if a > a;.

Note that one needs to remember, for each maximal interval, where the last car that
parked there had wanted to park: the procedure is thus not memoryless. To give an
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explicit example, it sends both words 12 and 21 to the set S = {1,2} (this is true for any
procedure of course as preferred spots are available). But it sends 121 to {0, 1,2} and 211
to {1,2,3}.

The reader will have no trouble coming up with other, simpler examples. We included
this one since it was the main inspiration for this work.

2.2.1 “P-parking functions

We finally come to the definition of parking functions associated to a parking procedure.
Definition 7. Let P be a parking procedure. A word ay ---a, is parking for P, or a
P-parking function, if P(ay ---a,) = {1,...,r}.

It is clear that this coincides with the usual notion of parking functions when P =
Pright - Let Park(P) be the set of parking functions for P, and Park,(P) those of length
r. As recalled in the introduction one has #Park, (P9") = (r + 1)"~L.

An immediate remark is that for any P-parking procedure, all r! permutatiof the word
12-- -7 are in Park,(P): indeed these are the cases where everyone finds their preferred
spots available.

Example 8. For r = 3, the classical parking functions are

111,112,113,121, 122,123, 131, 132, 211, 212, 213, 221, 231, 311, 312, 321
while the ones for Pos¢st and PLBS arel

111,112,113, 122,123,131, 132, 212, 213, 221, 231, 232, 311, 312, 321, 322
and those for PPrme are

113,123,131, 132,213, 221, 222,223, 231, 232, 233, 311, 312, 321, 322, 323.

Our main Theorem 1 will explain why there are 16 such words in each case. It is
proved in Section 3.

2.2.2 Functions Isp and 7p(W)

Let us define two auxiliary functions associated to a parking procedure P.

The function lsp from Z* to Z associates to a preference word the spot in Z where the
last car parks. Explicitly, lsp(ay - - - a;) = k where {k} = P(ay---a;) \ Play---a;_1).

If W=ay---a, is any word, then the outcome function mp(W) is defined as follows:

(W) :PW) = {1,....r}, lsplaras---a;) — i.

It is the injection that associates to an occupied spot k the integer ¢ such that the ith car
parked in k. When W is P-parking, we have that 7p(W) is a permutation of {1,...,7}.

A natural question, well studied in the case of the classical parking procedure, is to
compute, given a permutation o, the number of (parking) words W such that 7p(W) = o.
This naturally partitions parking words of length r in r! classes. We will come back to
this question in Section 5.

IThe case r = 4 distinguishes P°s¢st and PLBS | as 1232 is parking for the former but not for the latter.
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2.3 Bilateral parking procedures

In this work, we will focus on bilateral parking procedures: when one’s preferred parking
spot is not available, then the chosen spot must be either the nearest available spot to the
left or to the right?. Note that all procedures considered up to this point are bilateral.

Let us formulate this in mathematical language, and fix some terminology and no-
tations in the process. Given a subset S of Z, we say that a discrete interval I =
{t,t +1,...,u} with t < w in Z is a block of S if it is included in S, and maximal
for this property with respect to inclusion. For instance, if S = {2,3,5,6,7,8,9,12}, its
blocks are {2,3},{5,6,7,8,9} and {12}.

Definition 9 (Bilateral parking procedure). A parking procedure P is bilateral if the
following holds: For any word W and letter a such that a € P(W), let I = {t,t+1,... ,u}
be the block of P(W) such that a € I, one has lsp(Wa) € {t — 1,u+ 1}.

Thus to define a bilateral procedure P, it suffices to determine a rule that picks either
the spot left of the block (Isp(Wa) = t — 1) or right (Isp(Wa) = u + 1) whenever
a € P(W). We define the direction Dirp by Dirp(Wa) € {left,right} accordingly, and
will more conveniently define bilateral procedures by specifying Dirp. For memoryless
procedures, we will naturally abuse notation and write Dirp(S,a) for Dirp(Wa) when
S =PW).

Example 10. Let k € Z~y. The k-Naples parking procedure Piv“p * is introduced in 4]

and further studied in [5]. The procedure is defined on positive integers, i.e. goes from
(Zo)* to Fin(Zy). It is a variation of the classical parking procedure where one allows
cars to back up, up to k spots, to find an available spot.

We give an extension PV* to Z* here —note that in order to define parking functions,
only the original procedure plays a role, so our notion coincides with the one from [4, 5].
When a driver finds its preferred spot a occupied, it goes to the next available spot to
the right if a < 0. If @ > 0, it checks spots a —1,a —2,...a — k in order and parks in the
first available one, say a — 7, if it exists and satisfies a — j > 0; otherwise it takes the first
available spot to the right.

Using our notations, PV is the memoryless procedure characterized as follows: for
S € Fin(Z) and a € S, let I = {t,t + 1,...,u} be the block that contains a. Then
Dir(S,a) =leftif t > 1 and a — t < k, and Dir(5, a) = right otherwise.

3 Local parking procedures

3.1 Shift invariance and local decision

We now come to two extra constraints on a procedure P. Informally, we require it to
be invariant under translation, and that left/right decisions must depend only on the
subsequence of cars that parked on the block.

2Even though our goal is not to define real-life parking procedures, the constraint is fairly natural in
order for cars to travel a small extra distance.
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3.1.1 Shift invariance

Let 7 : ¢ — ¢ + 1 be the shift on Z. It extends to subsets of Z or words in Z* naturally:
for instance 7({2,3,5}) = {3,4,6} and 7(523) = 634.

Definition 11 (Shift invariance). A bilateral parking procedure P is said to be shift
invariant if for any word W, one has Dirp(7(W)) = Dirp(WV).

This condition can be equivalently written as P(7(W)) = 7(P(W)), which allows this
definition to be extended to not necessarily bilateral procedures.

Example 12. The procedures Pright prrime pelosest ;DLBS are all shift invariant. The
k-Naples procedure PNk for k > 1 is not shift-invariant since it sends both 11 and 22
to {1, 2}.

Another simple case of a procedure that is not invariant is the (bilateral, memoryless)
procedure P4 defined as follows: if the desired spot a; is occupied, park to the right
if a; is even, and left if a; is odd.

3.1.2 Local decision

If I is any subset of P(W), let W|; be the subword of W given by the letters a; such that
the ith car parked in I. We will only use this in the case where I is a block of S.

Definition 13 (Local decision). A parking procedure is called locally decided if for any
word W, letter a and block I of P(W) such that a € I, we have that Isp(Wa) = lsp(W);a).

This can be interpreted roughly as the choice of a parking spot only depends on the
preferred spots of the drivers who parked in the block where one wants to park. All
examples of procedures defined until now are locally decided. It is easy to define one that
is not, and we will see an example in Section 3.3.

3.2 Local procedures
We now combine the two previous properties to obtain a class of particular interest.

Definition 14 (Local parking procedures). A parking procedure P is local if it is both
shift-invariant and locally decided.

Let us give two immediate consequences of the definition. First, the next proposition
shows that in order to study words resulting in a fixed set of parking spots S, it suffices
to know parking functions.

Proposition 15. Let P be a bilateral, local procedure. Let S € Fin(Z), with blocks
Li,.... I, with I; = {t; +1,....t; + r;} for j = 1,...,m. Then a word W satisfies
P(W) =S if and only if it is a shuffle of words Wy, ..., Wy, where 7=5%W; is P-parking
of length r;.

It follows that the total number of such words W s

r

LW | POW) = 5} = ( )#Parkm (P)- .. #Park,, (P).

1y---5lm
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Proof. Let W; be the subword of W formed by cars that parked in I;. It follows readily
from Definition 13 that P(W;) = I;. By Definition 11, 7=%W; is P-parking. Conversely,
any shuffle V' of words V; such that P(V;) = I; will satisty P(V') = S. The formula follows
immediately. [l

As #Park,.(P) = (r+1)"~! by Theorem 1, proved in the next section, we get a product
formula for the number #{W | P(W) = S}.

A second consequence is that in the memoryless case, the class of local procedures is
particularly easy to describe.

Proposition 16. A local, memoryless, bilateral parking procedure P is determined by the
data of mp(r,1) = Mp({1,...,7},7) € {0,7 + 1} for all 1 < i < r, or equivalently of the
directions Dirp(r,i) == Dirp({1,...,7},1).

Conversely, any choice of values D(r,i) € {left,right} for all 1 <i < r determines a
local, memoryless, bilateral parking procedure P.

The proof follows readily from the definitions. Here are the explicit values Dirp(r, 1)
in the memoryless examples encountered so far:

e For the usual procedure P9 we have Dir(r,i) = right for any r, 1.
e For Peosest e have Dir(r,i) = left if i < r/2 and Dir(r,4) = right if i > r/2.

e For PPr™m¢ we have Dir(r,i) = left if r is prime and Dir(r,4) = right otherwise.

3.3 Enumeration

We will now prove Theorem 1, which says that for any bilateral local procedure P, the
number of P-parking functions of length r is given by (r + 1)"7!; the first values for
r=1,2,3,4 are 1, 3, 16, 125; see Example 8 for an illustration in the case r = 3. .

The proof is based on an argument of Pollak in the classical case, as found in [15, §].
Let Zfrﬂ] be the set of words of length i < r and with letters in {1,...,r + 1}. By
identifying {1,...,r + 1} with Z/(r 4+ 1)Z, the cyclic group Z/(r + 1)Z then acts on
{1,...,r 4+ 1} by addition, and thus on Zfr +1) by acting diagonally. Explicitly, let p = p,
be defined as

p:Z/(r+1V)Z—Z/(r+1)Z, i—i+]1,

which we extend naturally to words by p(a;---a;) = p(ay)---p(a;). Thus each orbit of
words has the form {W, p(W), ..., p"(W)}; we call such orbits “cyclic”. Equivalently, they
correspond to the cosets of the subgroup generated by (1,...,1) in Z (considered as

[r+1]
the additive group (Z/(r + 1)Z)").

Proposition 17. Let P be a bilateral, local procedure, and r > 1. There is exactly one
P-parking function in each cyclic orbit in Zfrﬂ].

On can check this result in the various cases from Example 8.
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Proof of Theorem 1. 1t is clear that Park,(P) C Zi, 1y, the latter being of cardinal (r+1)".
Proposition 17 then tells us that a fraction 1/(r + 1) of these words are parking functions,

which proves the desired enumeration. O

For the proof of Proposition 17, we will introduce a cyclic version of the procedure
‘P. By a cyclic parking procedure, we mean a procedure with domain Z[E:ru and codomain
Fin({1,...,r + 1}) that satisfies the properties of Definition 3. Cyclic intervals are well-
defined as sets of consecutive integers, so we can also define cyclic blocks as the maximal
such intervals in a set S. Bilateral cyclic parking procedures thus make sense, and can be

specified by a direction function Dir.

Proof of Proposition 17. We define the cyclic procedure P, by induction, by specifying its
direction function Dir,. Suppose that it is defined on all words of length up to ¢ < r, and
let W have length i. Let S =P, (W), a € S, and let I be the cyclic block of S containing
a and V = W);. By applying a suitable rotation p*, we have p¥(I) = {1,...,j} for a
certain j.

We then define Dir,(Wa) = Dir(p*(Wa)). Let us remark that at this point, the local
property has not been used, and the definition thus makes sense for any procedure. Note
that P being local implies that this is also equal to Dir(p*(Va)). Now we claim that:

L. For any W, P..(p(W)) = p(P-(W)).
2. W is a P-parking word if and only if P,.(W) = {1,...,r}.

The two claims together imply the proposition: the first claim implies that each orbit
contains exactly one word W with P, (W) = {1,...,r}, while the second one claims that
these are precisely the P-parking words. Let us now prove these claims.

Claim (1) follows readily from our definition of P,: keeping the notations from the
above paragraph, one needs to show that Dir,(Wa) = Dir,(p(Wa)) for any a, W with
a € P.(W), and indeed both are given by Dir(p*(Wa)) = Dir(p*~*p(Wa)). For Claim 2,
note that r + 1 is missing from P,.(W) at the end if and only if it was missing at each
step. If W' is a P-parking word, let us show that P(W) = P,.(W) for each prefix. We
need to show that Dir(Wa) = Dir,(Wa) for each prefix Wa of W’ with a € P(W). Since
P is local, Dir(Wa) = Dir(Va) while Dir,(Wa) = Dir(p*(Va)). Now remark that we
have pf(Va) = 79(Va) for a certain j as words in {1,...,r}, and we can conclude by
shift-invariance. O

Neither condition in the definition of a local procedure (Shift invariance and local
decision) can be removed as a hypothesis:

e The procedures Pevenodd and PNePk (for k > 0) are locally decided, but not shift
invariant. P¢¢"°% has only 2 parking functions of length 2, while PN has 4, so the
result of the theorem does not hold for either of the procedures.

e Now consider the following memoryless procedure P/%": if one’s preferred spot a
is occupied, let R, resp. L, be the number of cars already parked to the right, resp. to
the left, of a. Then one parks in the nearest spot available to the right if R < L, and

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.15 9



to the left if R > L. In our notations, let a and W be such that a € S := P(W), then
R=#{ieS|i>a}and L =#{i € S |i < a}. Then define Dirp = right if R < L
while Dirp = left if R > L.

It is shift invariant, but not locally decided. Direct enumeration shows that there are

only 14 parking functions of length 3 for P7%" so the conclusion of Theorem 1 does not
hold?.

3.4 Extending Theorem 1 and Proposition 17

Following up on the previous example, the issue with the P/ is essentially that the
parking decisions depend on information on the position (left or right) of cars that are
outside of the block where one wants to park. Such information is not stable under a
cyclic rotation of the blocks, which is why the cyclic version P/%" used in the proof of
Proposition 17 behaves badly.

For a bilateral, shift-invariant procedure, the local decision property removes this issue.
As it is also easy to state and has some nice structural properties (Propositions 15 and 16),
we chose to state the theorem at this level of generality. But there are weaker properties
that also work, the key being to be able to define the cyclic version. Analyzing the proof
of Proposition 17, one can weaken the hypothesis as follows.

Proposition 18. Let P be a bilateral procedure that satisfies the following property: For
any r = 1, any word W of length at most r with letters in {1,...,7r}, and any cyclic
rotation R = p¥ such that P(R(W)) does not contain r+ 1, then Dir(Wa) = Dir(R(Wa))
for any a € P(W).

Then there is exactly one P-parking function in each cyclic orbit in Zfrﬂ], and thus there
are (r +1)"" P-parking words of length r.

In particular, note that the property is satisfied if the parking rule is a function of the
total number of parked cars —equivalently, if the parking rule for the ith car depends on 1.
For this class of procedures, the previous result is in fact hinted at in the seminal article
[10], as we will make precise in the next section.

4 Probabilistic parking

To add randomness to the setting, one way is to study properties of P-parking words
picked uniformly at random for instance. In the classical case, this is a very natural
problem from the hashing viewpoint, and the problem was studied extensively: see [6, 7].

One can also randomize the procedures themselves, which is the point of view we
develop here.

3Proposition 17 fails for = 3, as two cyclic orbits have no parking function ({131,242,313,424} and
{133,244, 311, 422}) while the other fourteen have one.
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4.1 Setting

A procedure which we will denote PX":¢ is defined at the end of the seminal article [10]:
Fix g € [0, 1]. When one’s spot is occupied, park at the nearest spot to the right (resp. left)
with probability ¢ (resp. 1—q). A more generalized procedure PX":(@)i is in fact defined
at the very end of that paper: if the ith driver’s spot is occupied then the probabilities
are ¢; and 1 — ¢; for a fixed family q = (¢;);>1. Notice that if each ¢; is in {0, 1}, we get a
class of deterministic procedures that satisfies the hypothesis of Proposition 18.

We can develop the notion of a bilateral probabilistic parking procedure P in much
the same way as we did in the deterministic case. In that case P(W) will be the data of
a finitely supported “probability measure” on Fin(Z); we write it Py : Fin(Z) — [0, 1].
It is zero outside of a finite number of subsets, and its values sum to 1.

To define rigorously a bilateral probabilistic procedure P, one can take a combinatorial
approach. Fix Dirp(W, S, a) real numbers in [0, 1], representing the probability to go right
when a € S after having read Py,. These are defined when W has #5S letters, all of which
belong to S. Let us define the (directed, acyclic) graph G(P) with vertices all such pairs
(W, S), with outgoing edges at each vertex labeled by Z. Then we have the following
edges for any W, S, a:

eifag S, (W,9) % (Wa,S U {a}) with weight 1.

e ifae S let I ={s,...,t} be the block that contains a. Then we have an edge
(W,S) % (Wa,S U {t + 1}) with weight Dirp(W,S,a) and an edge (W,S) =
(Wa, SU{s — 1}) with weight 1 — Dirp(W, S, a).

The value Py (S) is then the total weight of all paths in G(P) going from (e, ) to
(W, S). It is clear by induction that the sum of Py (S) over S € Fin(Z) is 1, which
justifies thinking of Py, as a probability measure.

Definition 19 (Parking probability). Let P be a probabilistic parking procedure, and W
a word of length r. Then the parking probability Parkp (W) is defined as Py ({1,...,7}).

The notion of a memoryless procedure extends directly: here we need just fix real
numbers Dirp (S, a) in [0, 1]. The graph G(P) has correspondingly vertices indexed simply
by Fin(Z) and its edges are simply defined by dropping W from the definitions above.
Finally Py (S) is the total weight of all paths in G(P) from @) to S and labeled by the
word W.

4.2 Enumerative properties

The notion of local procedure extends readily to the probabilistic setting.
We have the following extension of Theorem 1.

Theorem 20. Let P be a local, probabilistic parking procedure, and r > 1. Then the sum
of Parkp (W) over all words W of length r is (r + 1)" 1.
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This was noticed to hold for the procedure PE":¢ in [10]. The key to the theorem is
the following extension of Proposition 17.

Proposition 21. Let P be a local, probabilistic parking procedure, and r > 1. Then the
sum of Parkp (W) over any cyclic orbit in Ly 1) s equal to 1. Thus the sum of Parkp (W)

over all words of length r is (r + 1)

We skip the proofs as they are direct adaptations of the previous ones.

The local hypothesis can be weakened to the one from Proposition 18. In particular,
the result applies to the procedures PEW:@)i and thus we recover as a special case the
result mentioned at the very end of [10].

4.3 Abelian procedures

A local, memoryless probabilistic procedure P is completely specified by the numbers
pp(r,i) = Dirp(r,i) € [0, 1] giving the probability to go right when a car with preferred
spot i wants to park on the block {1,...,7}.

Example 22. For the procedure PXW:4 we have p(r,i) = ¢ for all r, 1.

Example 23. Let us define the procedure P?, with ¢ € [0,+00|, by pp«(r,i) = [r[jr]l]
where [j] denotes the g-integer 1+ ¢+ - --+¢’~!: this is the classical probability that the
car parks in r + 1 after a biased random walk on {1,...,r} where the probability to go
right is 1/(1 + q).

This leads to the rich combinatorics of remized Eulerian numbers, introduced by the
author with Vasu Tewari [14, 12]. The interpretation as a parking procedure is a direct

reformulation of the “sequential process” given in [12, Section 2].

Definition 24. A (probabilistic) parking procedure P is called abelian if Py,..., =

Pag(l)---aam for any letters aq, ..., a, and any permutation o.

This means that the outcome of the procedure is independent of the orders in which
the cars arrive. P"9" is known to be abelian, as can be seen immediately from the
characterization of parking words in the introduction. More generally, the procedures P4
are known to be abelian, cf. [12].

We have conversely the following uniqueness result:

Proposition 25. The procedures P4, q € [0, 0], are the only local memoryless procedures
that are abelian.

In the deterministic case, it follows that a local memoryless procedure P is abelian if
and only if it is either P79 or its opposite version P/?.

Proof. Let P be a local memoryless abelian procedure, and write p,; = pp(r,i) for
1 <4< r. Define g by p1) = ﬁ. We need to show that p,; = [T[fl} for all r,2. We prove
this by induction on r. It holds for » = 1 by definition, and we assume the claim holds

for r — 1 with » > 2.
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Consider the word W, ; = 12---(r — 1)ri for any 1 < ¢ < r. By definition its parking
probability is p,.;. Now, for i # r, consider the word 12. .. (r—1)ir, obtained by exchanging
the last two letters in W, ;. Its parking probability is given by p,_1 ;p,,, so by abelianity
and the induction hypothesis we obtain:

;= M fori=1 -1
Dri = t=Drr fori=1,...r ) (4.1)

[7]

Consider now the word 12---(r — 2)rr(r — 1), obtained from W,, by moving r» — 1 to
the end. Its parking probability is easily computed as ﬁ + %qu,l, the two terms
corresponding to the penultimate car going right or left. By abelianity,

1 q
= 4+ — p. 1 4.9
T+q T1+q " (42)

Pryr
One can now easily solve the system of equations (4.1),(4.2) and get the desired result

Pri = [r[-ﬂl] = Ppa (T7 Z) [

5 Encoding with binary trees

In this section we will define a general lift of the parking procedure: given any parking
procedure P, we define an injective function P also defined on Z* with a natural projection

IT such that I[To P = P.

5.1 Definition of 73

Recall that a finite, plane, binary tree is defined recursively as either empty or consisting
of a node, a left (sub)tree and a right (sub)tree. Its size is its number of nodes. These
are in bijection with complete binary trees, obtained by attaching extra leaves. A forest
is then usually defined as a set of trees.

Definition 26. An indexed forest F' is the data of a subset S in Z, and a binary tree of
size |I| for each block I of S. The set S is the support of F. Binary trees of size r are
identified with indexed forests with support {1,...,7}.

In the example below, the support is {2,3,4,5,6,7,11, 14, 15}. Elements of the support
correspond bijectively to nodes of the forest, as illustrated by the arrows in the figure:
this is the canonical labeling of the nodes that will be important in what follows, which
we will use to specify nodes.

Remark 27. This corresponds to the notion introduced in [13] by V. Tewari and the
author. It was then recovered naturally in [11] in further collaboration with H. Spink.
In this last work, indexed forests are equivalently defined as sequences of trees, and one
should beware that the notion of support is slightly different.
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Fix any bilateral procedure P. Given any word W, we will attach to it a pair (P, Q)
of labeled forests with the same underlying indexed forest. The projection II(P, Q) is
defined as the support of this indexed forest F'. The labels are attached to the nodes
of the common shape, and we will write p;, resp. ¢; for the label in P, resp. @ of the
node i € II(P, Q). P will be bijectively labeled by the multiset of letters of W, while @
is a decreasing forest: it has labels {1,...,r} and each node has greater label than all its
descendants.

To give the precise construction, let us first focus on the forest (). Consider the
injection mp (W) defined in Section 2, which encodes the order in which parking spots were
filled. Let S = P(W). Then one can naturally encode mp (W) as an indexed decreasing
forest with support S: the standard bijection between permutations and labeled trees
naturally extends. This defines the forest (), and its underlying forest . We denote this
labeling by ¢« € S — ¢;. To construct P, simply label F' by having node i get the label
pi = qu"

Definition 28. We define P : Z* — {pairs (P, Q) of labeled indexed forests} to be this
construction, the P-correspondence attached to the parking procedure P.

Here is an illustration for PX2% and the word W = 5.11.8.3.9.3.2:

Y SRV AV 4R, VARV . VI

5
SO\
v LI " ---Ae---x
1 2 3 4 5 6 7 8 9 10 11 12
Let us list some immediate properties.

Proposition 29. Let P be a bilateral parking procedure, W a word of length r and
(P.Q) =P(W).

o W is P-parking if and only if the common support I1(P, Q) is {1,2,...,7}.

e The P-correspondence P is imjective.
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e The canonical labeling of a node is the spot where the corresponding car ended up
parking.

Following up on this last point, one sees that ). |p; — i| corresponds to the total
displacement of the parking process.

5.2 Correspondence

The framework is particularly nice if the following property holds: for any (P, () in the
image of 73, all (P, Q") with ) a decreasing forest of the same shape are also in the image
of P. In that case the image of P is determined once we know what labeled forests P can
occur. We will say that P is a good correspondence.

In general, local procedures do not give rise to good correspondences. It holds however
in the memoryless case:

Proposition 30. Let P be a locally decided, memoryless procedure. Then P is a good
correspondence. The corresponding forests P are given by the following condition: if i is
any node with interval [l;, r;], then the possible values of its label come from the following
set :

(j | Ditp({l;,..,i — 1},5) = rightt U{i} U{j | Dirp({i + 1,...,7:}.5) = left}. (5.1)

Proof. Suppose W +— (P,(Q)). Exchange ¢; = k and ¢; = k+ 1 in @ when 4,j are
incomparable, let Q)" be the result. Then we claim that W' +— @’ where W’ is obtained
from W by swapping letters at positions k, k + 1. Indeed this is true up to position k
because it’s locally decided, and then the memoryless condition takes care of the rest of
the positions. R

Since all decreasing forests can be obtained in this way, this shows that P is good.
The rest of the statement is easy and left to the reader. O]

To determine the fibers of the outcome function 7p, one has to simply count the num-
ber of P-trees of a given shape. We thus get immediately from the previous proposition:

Proposition 31. Let P be a locally decided memoryless procedure, and o a permutation
of {1,...,r}. Let T be the binary tree underlying the decreasing tree of o.

Then the number of P-parking functions with outcome o is given by the product over
all i of the cardinality of the sets in Proposition 30.

If P is moreover shift-invariant (thus a local procedure), then we have explicitly

H(l + Rif& + Ln*i)v (52>
i€T
where Ry is the number of values i € {1,...,k} such that Dirp(k,i) = right, and L =
k — Ry.

The Prig"_forests for the classical procedure P9 have labels in [l;, 7] for any node i.
The specialization of Proposition 31 then gives the well-known result given in [16, Exercise
5.49(d)].
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Example 32. For the k-Naples procedure PV the set in Proposition 30 is given by
{Li+klL+k+1,.. . i—1}u{i}u{i+1,...;i+k}

if [; > 1, and by
{1,...;i—=1yu{iu{i+1,...,i+k}

We thus recover the main result Theorem 3.12 of [5]. Note that I; = 1 means that

node 7 lies on the leftmost branch of the tree T'. It is then immediate to get the recursive
formula for #Park, (PY%*) given in [4].

__ To finish this section, let us specialize to the classical case. We get a bijection ¢ =
Pright hetween usual parking functions and binary trees with a double labeling.

Parking functions are known to be in bijection with families of labeled binary trees
in (at least) two other ways. The first one uses the standard representation of parking
functions as labeled Dyck paths, composed with any bijection between Dyck paths and
binary trees. This was done recently for example in [1, Section 6]. Another known
bijection is with Shi trees, as defined by Gessel, see for instance [2] and references therein.

These bijections are however not naturally related to our correspondence ®, in the
sense that the number of labelings of a given tree differ for r = 3: If we write the number
of labelings in a nonincreasing fashion for all 5 trees of this size, we get 6,4,3,2,1 in our
correspondence, 6, 3,3, 3,1 using any of the other bijections.

In fact, using some variation of the standard bijection between binary and plane trees,
® can be seen to be equivalent to a bijection between parking functions and Cayley trees
due to Knuth, as described for instance by Yan [17].

5.3 The probabilistic case

The constructions generalize naturally: each path in the graph G(P) naturally gives rise
to a pair (P,Q) by using the above construction, carrying naturally the weight of the
path. If we group all pairs (P, Q) ending in (W, S), we get an interpretation for Py (S)
as the total weight of such pairs.

In the case of the procedure P9, the correspondence gives rise naturally to the inter-
pretation of A.(q) as counting Postnikov trees [12].

6 Colored extension

Let C' be any set, and consider the alphabet A = Z x C'. The set C' represents some extra
information: in terms of cars, one might consider its brand, its color, or the age of the
driver. Let val : A = Z x C' — Z be the projection to the first factor, which represents the
preferred spot. Now a preference list consists of a word a; - - - a, in A*, the ith car having
preferred spot val(a;). The set C' can then be used as an ancillary source of information
in order to decide where to park.
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We have as before (bilateral) parking procedures,
P A" — Fin(Z)

defined exactly as in Section 2: one simply has to replace Z* by A* and the conditions
a € P(W) by val(a) € P(W).

If a = (7, s), extend the shift 7 by defining 7(a) = (i+1, s) and extend to words. Then
the shift-invariance and local-decision property are immediately extended to procedures
on A*, so we have the notion of local procedures in this case.

One can require P to be only a partial function, that is, to be defined on a subset
L C A*. Tt is reasonable to require that L be closed under deleting a letter at any position,
that is, that L be closed under taking subwords. This ensures that the words W); are
well-defined in the definition of a local procedure. Also, L should be closed under (cyclic)
shifts: if W is a word of L of length i < r, the word p, (W) is also in L.

We can now state an extension of Proposition 17. For any r > 1 let A7, be the set
of words of length r over A with letters satisfying val(a) € {1,...,7 + 1}.

Proposition 33. Let L C A* be closed under subwords and cyclic shifts, and let r > 1.
Let P be a colored local procedure defined on L. Then any cyclic class in LNA]_ | contains
exactly one parking word.

We can extend PP to this colored setting, to get the procedure introduced and
studied in [13]. Pick C' = Z~o, and consider the language L of words in A = 7Z x C with
distinct letters. Order A lexicographically. Let W, a, I such that I is a block of PLBS (W)
and val(a) € I. Let j € {1,...,r} be maximal such that val(a;) € I (“last car that
parked on the interval”). Then if a < a; the car parks left, and if a > a; parks right.
Since we only consider words with distinct letters, equality cannot occur, so this defines
a procedure which we still denote by PLBS,

This procedure is the one denoted by € in [13, Section 4], and the associated corre-
spondence PLBS is denoted there by Q°.
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