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Abstract

A perfect code in a graph I' is an independent set C such that every vertex of I'
outside C' has exactly one neighbour in C'. A perfect code in a directed graph can
be defined similarly by requiring no arc between vertices of C' and for every vertex
v outside C' there exists exactly one vertex u in C' such that the arc from u to v
exists in I". A subset X of an abelian group G is said to be periodic if there exists
a non-identity element g of G such that g + X = X. A factorization of G is a pair
of nonempty subsets (A, B) of G such that every element g of G can be expressed
uniquely as g = a + b with a € A and b € B. If for every factorization (A, B) of an
abelian group G at least one of A and B is periodic, then G is said to be a Hajos
group. In this paper we classify all Cayley graphs (directed or undirected) of Hajds
groups which admit perfect codes, and moreover we determine all perfect codes in
such Cayley graphs.

Mathematics Subject Classifications: 05C25, 05C69

1 Introduction

All groups considered in this paper are finite, and all graphs considered are finite and
simple. A g-ary code of length n is a set of words of length n over an alphabet of size g,
where ¢ > 2 and n > 1 are integers. Equivalently, a ¢g-ary code of length n is a subset C'
of Zy if the alphabet is set to be Z, = {0,1,...,¢q — 1}. The covering radius p(C) of C is
the least integer r such that every word of length n is at distance no more than r to at
least one codeword of C, and the minimum distance d(C') of C' is the minimum distance
between any two distinct codewords of C'. In coding theory, the distance used is usually
the Hamming distance or Lee distance, which is the graph distance in the Hamming graph
H(n,q) or in the graph L(n, q), respectively, where H(n,q) = K,O-- -0 K|, is the n-fold
Cartesian product of the complete graph K, of order ¢, and L(n,q) = C,0O---OC, is
the n-fold Cartesian product of the cycle C, of length ¢ > 3. A code C is said to be
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t-error-correcting if d(C') > 2t 4+ 1, and is called a perfect t-code if d(C) = 2t + 1 and
p(C) =t, where t > 1 is an integer. Equivalently, C' is a perfect t-code if every word in
Zy is at distance no more than ¢ to exactly one codeword of C'. Ever since the beginning
of information theory, perfect codes play an important role in coding theory due to their
maximum capacity of error correction without ambiguity. The Hamming codes, the Golay
code (a3, and the Golay code G1; are well known examples of perfect codes, and they are
the only nontrivial linear perfect codes according to a famous result [24] which settled a
long-standing open problem in coding theory, where a linear code is a subspace of a linear
space over a finite field. The reader is referred to [25] for an early survey on perfect codes
and to [11] for a more recent survey on binary perfect 1-codes.

The notion of perfect ¢-codes can be generalized to graphs [1, 13] simply by replacing
the Hamming or Lee distance by the distance in a graph. More specifically, a subset C' of
vertices of a graph I' is called a perfect t-code if every vertex of I' is at distance no more
than t to exactly one vertex in C. Equivalently, C' is a perfect t-code in I' if the closed
t-neighbourhoods Ny[v],v € C, form a partition of the vertex set of I, where N;[v] is the
set of vertices of I at distance no more than ¢ to v. This definition applies to directed
graphs T" when N;[v] is interpreted as the set of vertices of T' at (directed) distance no
more than ¢ from v. In graph theory, a perfect 1-code in T' is also called an efficient
dominating set of I' [5, 6, 7, 16, 18]. It is readily seen that perfect t-codes in H(n,q) or
L(n, q) are precisely perfect t-codes under the Hamming distance or Lee distance in the
classical setting.

Perfect codes in Cayley graphs are especially interesting and significant objects of
study due to their connections to coding theory and factorizations of groups. See [9, Sec-
tion 1] and [12, Section 1] for short reviews of related results and background information.
Given a group G with identity element e and a subset S of G \ {e}, define Cay(G, S) to
be the directed graph with vertex set G' such that for x,y € G there is an arc from x
to y if and only if yz~! € S. Tt is known that Cay(G,S) is connected if and only if S
generates G. In the case when S is inverse-closed (that is, g~ € S whenever g € 5),
Cay(G, S) is regarded as an undirected graph as the arc from z to y exists if and only
if the arc from y to z exists. For brevity, we call Cay(G,S) the Cayley graph of G with
connection set S even when it is a directed graph (that is, S is not inverse-closed). It
can be verified that both H(n,q) and L(n,q) are Cayley graphs of Z7. As such perfect
codes in Cayley graphs are natural generalizations of perfect codes in the classical setting.
They can also be viewed as factorizations of the underlying group. A factorization of G
(into two factors) [22] is a pair of subsets (A, B) of G such that every element of G can
be uniquely expressed as ab with a € A and b € B (so that G = AB). If in addition
e € AN B, then this factorization is a tiling of G' [8]. As noted in [12], if (A, B) is a tiling
of G with A~! = A, then B is a perfect 1-code in Cay(G, A \ {e}), and conversely any
normalized perfect 1-code C' in a Cayley graph Cay(G,.S) gives rise to the tiling (Sp, C)
of G, where Sy = SU{e}. A similar statement holds for perfect ¢t-codes in Cayley graphs
if one considers S} instead of Sy.

Perfect codes in Cayley graphs have received considerable attention in recent years
(see, for example, [5, 12, 30]). In particular, the question about when a given subgroup
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of a group can be a perfect 1-code in some Cayley graph of the group has been studied
extensively. See [3, 14, 23, 26, 28, 29| for recent results in this line of research. In view
of potential applications, perfect codes in Cayley graphs of abelian groups are the most
important. This is because for an abelian group G = Z,, X --- x Z,, the codewords of
a perfect code in a Cayley graph of G are strings in the usual sense with i*" bit from
alphabet Z,,. Such a perfect code is a mixed perfect code [11] if not all ¢y, ..., ¢, are
equal. Unfortunately, even for Cayley graphs of cyclic groups, called circulant graphs, we
do not have a complete characterization of perfect 1-codes in them, though a number of
partial results exist in the literature (see [6, 7, 9, 10, 15, 16, 18, 27, 30]).

In this paper we study perfect 1-codes in Cayley graphs of Hajés groups, where a
group G is Hajds [20] if G is abelian and for every factorization (A, B) of G, either A
or B is periodic in the sense that it is fixed under the translation by some non-identity
element of G. We focus on infinite families of Hajés groups and thus perfect 1-codes in
Cayley graphs of the following Hajés groups are not considered:

78, Tyx T3 TyxTy, TsxZ2 TyxZ3 and Z3. (1)

The classification of all Hajés groups was completed by Sands in 1962 [20] (see Lemma
2.4). With the help of this result we classify all Cayley graphs of Hajés groups which admit
perfect 1-codes, and moreover we determine all perfect 1-codes in such Cayley graphs. As
far as we know, this is the first large class of abelian groups for which we have complete
knowledge of perfect 1-codes in their Cayley graphs. Since we will only consider perfect
1-codes, for short we will call them perfect codes from now on. Since each connected
component of a Cayley graph Cay(G, S) is isomorphic to a Cayley graph of the subgroup
of GG generated by S, and subgroups of Hajés groups are also Hajés, it suffices to consider
connected Cayley graphs of Hajés abelian groups. Also, we do not need to consider
complete graphs as each of their perfect codes consists of a single vertex.

Our main result can be summarized as follows.

Theorem 1.1. Let G be a Hajos group not listed in (1) and Cay(G,S) a connected
non-complete Cayley graph of G. Then a subset C of G is a normalized perfect code in
Cay (G, S) if and only if the triple (G, Sy, C) lies in Table 1.1, where Sy = S U {0}, k is
a positive integer and p, q, v, and s are different primes.

We would like to emphasize that this result holds for both directed and undirected
Cayley graphs Cay(G, S) of Hajés groups. More details on (S, C') will be given in later
sections as indicated in Table 1.1. Theorem 1.1 implies that Cay(G,S) admits a perfect
code if and only if there exists a subset C' of G such that (G, Sy, C) is as shown in Table
1.1, and moreover we obtain all normalized perfect codes C' in Cay (G, S) in this manner.

Table 1.1: Perfect codes in Cayley graphs of Hajés groups

Row G So and C Page | Condition
1 Ly X Ly Theorem 3.1 10 p#2
2 L X Zg Table 3.1 12
3 Ly X Lg X g Table 3.2 12 q<3
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4 Lk Theorem 4.1 14

5 Lk X ZLg Theorem 4.2 14

6 Loy X Lo Theorem 4.3 15

7 Ly Theorem 5.1 40

8 L3 Table 5.1 40

9 L2 X Lo Table 5.2 41 pF£2
10 ZQ X ZQ X ZQ Lemma 5.5 43

11 Ly X Lo Table 5.5 43 pF£2
12 L2 X Lo X Lo Table 5.8 47 p#£2
13 Ly X Ly X Lig X Lo Table 5.11 51 pF#2
14 ZQ X ZQ X ZQ X ZQ Table 5.14 53

15 L3 X Lz X Lo Table 5.15 54 p#£2
16 Ly X L X Lo X Lo Table 5.18 63 pF£2
17 Zp X ZQ X ZQ X Zg X ZQ Table 5.21 71 p 7& 2
18 Ly X Lg X Loy Table 6.1 76

19 L X Lg X Lo x Lo Table 6.2 76 P, q# 2
20 sz X Loy Table 6.5 81 p<3
21 Ly X Ly Table 6.6 82 p#£ 2
22 Ly X Loy X Zig Table 6.7 84 pF# 2
23 Loz X L [6, 7] & Table 6.10 | 90

24 L2 X Lg X Ly [6, 7] & Table 6.13 | 94

25 Zp X Lg X Ly X Ls 6, 7] —

There are 14 families of Hajés groups, of which four families consist of cyclic groups
(items 9-12 in Lemma 2.4). So Cayley graphs of these four families of Haj6s groups are
circulant graphs. Circulant graphs having perfect codes with size a prime or relatively
prime to the size of the connection set plus one in these circulant graphs have been
classified in [6, 7]. In these two papers, they restrict the Cayley graphs to be undirected
graphs, that is requiring S = —S. Although they have this restriction, the authors of [6, 7]
do not use the property S = —S to get their results. This means the characterization they
got also works for perfect codes in directed circulant graphs on Hajos groups. We will
determine perfect codes in these circulant graphs with other sizes. Of course, we will also
determine perfect codes in Cayley graphs of the other families of Hajés abelian groups.

We divide the proof of Theorem 1.1 into a number of theorems. In Section 2, we provide
some background information and lemmas that will be used to prove our theorems. In
Section 3, we characterize Cayley graphs of Z, x Z, x Z, and its subgroups that admit
a perfect code. Section 4 focuses on Hajos groups that contain Z,» as a subgroup for a
prime p. In Section 5, we consider Hajds groups of the form Z,» x 7. The last section,
Section 6, covers the remaining Hajds groups, that is, Z, X Z, X Zg X Zg, Zy, X Ly X Za,
Lg X L, Lo X L2, Ly X Lg X Z, and their subgroups.

Throughout this paper we reserve the word theorem for a characterization of the
perfect codes in the Cayley graphs of an infinite family of Hajos groups, and use lemma
both for auxiliary results and for characterizations of specific groups, namely Zy x Zy, Z3,
Z3, and Z,» x Z, for p < 3. Each of these lemmas is used in the proof of at least one
theorem, and their characterizations are no less complete than those stated as theorems.
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2 Preliminaries

In this section we fix our notation and collect the results that will be used throughout the
paper. The conventions governing the statements and tables of Sections 3-6 are gathered
in Section 2.3 and apply throughout those sections.

2.1 Notation, factorizations and Hajés groups

Additive notation will be used in the rest of the paper: the group operation will be +, the
identity 0, the inverse of g will be —g, and mg will be used instead of ¢g™. For a positive
integer n, let Z, be the cyclic group of integers modulo n and set

] = {0,1,....n—1}.

For any abelian group written as a direct sum of cyclic groups, we use e; to denote its
element with 1 in the i*" coordinate and 0 in all other coordinates.
Let G be a group, and let A and B be nonempty subsets of G. The sum of A and B
is defined as
A+B={a+0blac Abe B}.

In particular, we write g + A, A + ¢ in place of {g} + A, A + {g}, respectively. If every
element of A+ B can be written uniquely as a + b with a € A and b € B, we say that
the sum is a direct sum and denote it by A ® B. If G = A @ B, we call this expression
a factorization of G into factors A and B. Since we use additive notation, in a Cayley
graph Cay(G, S) there is an arc from x to y if and only if y —x € S. Set

The following lemma says that Cay(G,S) admits a perfect code if and only if G admits
a factorization with Sy as one of the factors.

Lemma 2.1 ([6, 12, Lemma 2.3]). Let G be a group, S a subset of G\ {0}, and C a
subset of G. Then C is a perfect code in Cay(G,S) if and only if G = Sy & C.

In particular, Cay(G,S) admits a perfect code if and only if there exists a subset C
of G such that G = Sy @ C. A perfect code in Cay(G,S) is said to be normalized if it
contains (. By Lemma 2.1, one can see that any translation of a perfect code in a Cayley
graph is also a perfect code. Hence every perfect code in a Cayley graph is a translation
of some normalized perfect code. Therefore, to classify all perfect codes in a Cayley graph
it suffices to consider normalized perfect codes.

Lemma 2.2 ([22]). Let A and B be nonempty subsets of an abelian group G. The following
statements are equivalent:

(a) G=A® B;
(b) G =A+ B and |G| = |A||B|;

ot
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() 1G] = |Al|B| and (A— A) 1\ (B - B) = {0};
(d) A+ B is a direct sum and |G| = |A||B|.
Let A be a nonempty subset of an abelian group G. Define
Li={geG|lg+ A=A}

Then Ly # () as 0 € L. Note that Ly is the setwise stabilizer of A in G in the action of
G on itself by addition and hence is a subgroup of G. For any subset X of G, set

(X+LA>/LA={JI+LA|JI€X}.

Lemma 2.3 ([22]). Let G be an abelian group and A a nonempty subset of G. Then L,
is a subgroup of G, A is the union of some cosets of La (that is, A= Lo ® D for some
D CG), and Ly =(V,eu(A—a).

We call L, the subgroup of periods of A [22]. If L, contains at least one non-zero
element (called a period of A in G), then A is called a periodic subset of G; otherwise, A
is called an aperiodic subset of GG. In other words, A is periodic or aperiodic depending
on whether L, is a nontrivial or trivial subgroup of G. If in every factorization of an
abelian group G at least one factor is periodic, then G is called a Hajos group.

Lemma 2.4 ([20]). All Hajos groups are precisely the following groups and their subgroups
(where p, q, v, and s are different primes, and k is a positive integer):

1. Z, x Z,, [17] 6. Zp2 X Ly X Ly X Ly [20] 11. Zp2 X Ly X Zy [19]

2. Zp X Z3 X Zg /20] 7. ZPXZQXZQXZQXZQ /20] 12, Zp % Zq % ZT % ZS /19/
3. Ly X Ly X Ly X Ly [20] 8. Zox X Ly [21]

4. Ty x Ty X Ly [20] 9. Zok x Zq [4] 13 Zo x Zs [21]

5. Zys X Ly x Ly [20] 10. Zy2 x Zgp [19] 14. Zy X Zy [21]

2.2 Lemmas on quotients and perfect codes

We now present four lemmas that will be used in the proof of our main result. The
following lemma is a combination of Lemma 2.6 and Corollary 2.2 in [22] with some new
results.

Lemma 2.5. Let G be an abelian group, and let G = A@ B be a factorization of G such
that A is periodic. Then for any subset D of G with A= LA & D,

G/La= ((D+ La)/La)® ((B+ La)/La)

is a factorization of G/La. Moreover, (D+La)/La is aperiodic in G/ Ly, |(D+La)/La| =
|D|, and |(B + La)/La| = |B|.
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Proof. Since G = A@®@ B =L, ® D& B, forany g+ L € G/La, we have g + Ly =
I+d+b+La = (d+1+La)+(b+La) = (d+La)+(b+La) € (D+La)/La)+((B+La)/La)
for somel € Ly, d e Dandbe B. lf g+ L = (dy + La)+ (by + La) = (do+ La) +
(by+ La) € (D4 La)/La)+ ((B+ La)/Ly) for some dy,dy € D and by, by € B, then
di + b1+ 11 = dy + by + Iy for some l1,lo € Ly. Since G = Lo @& D & B, we must
have by = by and d; = dy. Since this holds for any g + Ly € G/Ly, it follows that
G/La=((D+La)/La)® (B+La)/La).

We now prove (D+L4)/L4 is aperiodic in G/L4. Suppose (9+La)+(D+La)/La =
(D+La)/La. Wewill prove g € L, which means (D+Ly)/L 4 has no period in G/L 4 and
so is aperiodic. Set D = {dy,ds,...,dx}. Then (D + La)/La = {di+ La,...,dx+ La}
and (9 + La) +(D+La)/La={g9+di+La,...,g+dp+ La}. Now,

k k
g+A=g+D+La=|Jg+di+La)=|Jdi+La)=D+La=A

i=1 i=1
So g € L4 as desired.

Since A = Ly & D, we have (LyN (D —D)) C ((La—La)N (D — D)) = {0}. For
di,dy € D, we have

d1+LA:d2+LA<=>d1—d2GLA<=>d1—d2€(LAQ(D—D)):{O}@dlzdg.
So ’(D+LA)/LA| = |D‘ NOW,

(D + La)/Lal |Lal-|D]  |A] '

(B + La)/La|l =

This completes the proof. O

Lemma 2.6. Let G = A®B and A = La®D be as in Lemma 2.5. Let |(D+La)/Lal =n
and |(B+ La)/La| =m. If

La=A{li|ielt]}, (D+La)/La={dj+Lal|je€ n]}
and
(B+La)/La={bx+La| ke [m]},

then

A={l;+d;lielt],jen]} and B={by+ | ke [m]}
for some Uy, € L 4.
Proof. First we prove the lemma for B. From Lemma 2.5 we have |B| = [(B+La)/La| =
m, so let B = {zy | k € [m]}. By definition (B + La)/La = {xx+ L4 | k € [m]}. This
means there is a permutation o € sym(m) such that by + Ly = z) + La for all k in [m].

Hence () = by + ), for some ¢ in Ly. Therefore B = {x, | k € [m]} = {z,x) | k € [m]}
= {b, + x| k € [m]} for some ) in L4.
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Now we prove the lemma for A. By following the same arguments for B, we will get
D ={d;+/{;|je€ [n]} for some ¢; in L. As Ly + {; = L, we have

A=L,& D
= J@a+di+1)
j€ln]
= U (LA—f—dj)
j€(n]
=La®{d;|Jj€n]}
={l;+d;|i€]t],j€[n]} O

Lemma 2.7. Let G = A® B and A= L, & D be as in Lemma 2.5. The following two
statements hold.

(a) A generates G if and only if (D + La)/La generates G/Ly.
(b) 0 € A if and only if La € (D + Lya)/La.

Proof. Suppose A generates G and let g + Ly € G/L4. Since A generates GG, we have
g = > a; for some integer n and all a; € A. For every i, write a; = l;+d; where [; € L4
and d; € D. Then g+Ls =Y (li+d;))+La=> . ,di+La. Thismeans (D+La)/La
generates G/ Ly.

Now suppose (D+Ly)/L 4 generates G/Ly. Let g € G and write g+Ly = Y ", di+La
for some integer m and d; € D. Letl = g—>7", d; € L4. Then g = > (di+0)+(d+1).
Since both d; + 0 and d,, + [ belong to D & L, = A and g is an arbitrary element of G,
it follows that A generates G. This proves (a).

Suppose 0 € A. Then0 € A= D® L, and hence 0 = d+1 for somed € D and | € L4.
Sod=—l€ Lyand hence Ly =d+Ls € (D+Ly)/La. Nowsuppose Ly € (D+Ly)/La.
This implies L4 = d+ L 4 for some d in D, and hence d € L4. As L4 is a subgroup of G by
Lemma 2.3, —d isin Ly4. It follows that 0 = d+(—d) € D@ L4 = A. This proves (b). O

Lemma 2.8. Let G be a Hajos group. Let Cay(G,S) be a connected but non-complete
Cayley graph of G which admits a perfect code C.

(a) If G is not a cyclic group, then |Sg| > 2.
(b) If Sy is periodic, then 1 < |Lg,| < |So| and |Lg,| divides |Sp|.
(c) If |So| is a prime, then Sy is aperiodic and C' = g + L¢ for some element g of G.

Part (c) in Lemma 2.8 is an extension of Theorem 3.1 part (b) in [2]. In [2], they
consider undirected graph and restrict |Sp| to be an odd prime. The result still holds for
directed graphs and when [Sy| = 2. The authors of [2] also prove that for every Hajos
group G, every coset of a subgroup of order |G|/p where p is a proper odd prime divisor
of |G| is a perfect code for some Cayley graph of G.
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Proof of Lemma 2.8. Since Cay(G, S) is connected, S is a generating set of G. If [Sy| = 2,
then |S| =1 and hence G is a cyclic group. This proves part (a). Suppose Sy is periodic.
Then |Lg,| > 1 and Sy = Lg, ® D for some subset D. So |Lg,| divides |Sy|. If |Lg,| = |Sol,
then Sy is a coset of Lg,. Since both Sy and Lg, contain 0, we must have Sy = Lg,. Hence
Sp is a subgroup of G that generates G, which means Sy = G, but this contradicts the
assumption that Cay(G,S) is not a complete graph. Therefore, |Lg,| < |So| and (b) is
proved.

Now assume |Sy| = p is a prime. Suppose Sy is periodic. Then by Lemma 2.3 we
have |Lg,| > 1 and |Lg,| divides |Sy| = p. So |Ls,| = |So|. Since by Lemma 2.3, S is a
union of some cosets of Lg,, it follows that Sy = Lg, and hence Sy is a subgroup of G.
Since Sy also generates GG, we have Sy = G and so Cay(G,S) is a complete graph, but
this contradicts our assumption. Therefore, Sy is aperiodic. Since G is a Hajdés group and
G=Ca&S) (as C is a perfect code in Cay(G, 5)), C must be periodic. Since G = C'® S
and C' is periodic, by Lemma 2.5, for any subset D of G with C'= Lo & D we have

G/Lc = ((D+ L¢)/Le) ® ((So + Le)/Le).

Since G is abelian, G/ L¢ is isomorphic to a subgroup of G. Thus G/L¢ is also a Hajds
group as G is Hajés. Since, by Lemma 2.5, (D + L¢)/L¢ is aperiodic in G/L¢, (So +
L¢)/Le in the factorization above must be periodic in the Hajés abelian group G/Lc.
Since |(So + L¢)/Le| = [So|, (So+ Le)/Le is equal to its subgroup of periods in G/L¢.
Since Sy generates G, (So+L¢)/Lc generates G/ Le. Now that (So+L¢)/Le is a subgroup
of G/L¢ which generates G/ L, we must have (Sy + L¢)/Le = G/L¢. Hence

G G g
Lol = = = =|C.
el = G el = 8T Lo)Eal ~ 150 ~ ¢!

Therefore, |D| =1 and so C' = g + L¢ for some g € G. O

2.3 Conventions

The classifications in Sections 3—6 are all presented in the same format. We collect here
the conventions governing them; they are in force in every theorem and lemma.

(C1) Free parameters. The symbols «a, 3, v and 0, carrying any subscripts, denote integers
and are called free parameters. A free parameter occurring in a coordinate whose
cyclic factor has order m is read modulo m; if the same symbol occurs in two
coordinates whose factors have orders m and m/’, it ranges over a complete residue
system modulo lem(m,m’). A free parameter in Sy is chosen independently of the
free parameter denoted by the same symbol in C| unless stated otherwise. Finally,
every free parameter all of whose subscripts are 0 is itself 0, that is,

Qo = Qo = Gpoo = Yoo = ﬁo = 500 = 5000 =% = Yoo = dp = 0,
which guarantees 0 € Sy and 0 € C.
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(C2) Choice of generators. Each table is written with respect to the displayed decom-
position of G into cyclic factors, e; denoting a generator of the i*! factor. All the
results that allow change of generators are followed by a remark naming an elemen-
tary abelian direct factor H of G, all isomorphic to Zﬁ, for a prime p and [ > 2.
Such a result is to be read as quantified over the choice of a basis of H: a subset
C of G is a perfect code in Cay(G, S) if and only if there is a basis of H for which
(So, C) is one of the listed pairs, the generators of H occurring in the table being
replaced by that basis. No generality is lost in this way: a change of basis of H
extends to an automorphism ¢ of G fixing the remaining generators, and ¢ is an
isomorphism from Cay(G,S) to Cay(G, ¢(S)) that maps perfect codes to perfect
codes, since G = Sy @ C' if and only if G = ¢(Sy) @ ¢(C).

(C3) Sufficiency. Each classification asserts an equivalence, and the two directions are
established differently. In every section we prove, case by case, that (Sp, C') must
be one of the listed pairs. Conversely, in Sections 3 and 4 we verify in full that each
listed pair satisfies G = Sy @ C, in the proof of Theorem 3.6 and in Lemma 4.4
respectively. In Sections 5 and 6 the corresponding calculation is of the same kind
and is omitted; there we exhibit the perfect code C for each pair. In each case the
reader may verify G = Sy & C' directly from the displayed forms of Sy and C', as in
the proof of Theorem 3.6.

3 Perfect codes in Cayley graphs of Z, X Z; X Zs and their
subgroups

In this section, we characterize perfect codes in Cayley graphs on Hajés groups of the
form Z, x Z4 x Z, and their subgroups, where p and ¢ are distinct primes. These Hajés
groups are Z, x Z, with p > 3, Z, x Z, with p # ¢, and Z, X Z, X Z; with ¢ < 3 and
p # q. See Lemma 5.2 for perfect codes in Cayley graphs of Zy X Z,. The main results in
this section are the following four theorems.

Theorem 3.1. Let G = Z, X Z, for an odd prime p, let S be a proper subset of G\{0} that
generates G, and let Sy = SU{(0,0)}. Then a subset C' of G is a perfect code in Cay(G, S)
if and only if |S| = p—1 and there exist a,b € Z,, such that {as; —bsy | (s1,52) € So} = Z,
and C ={(bn+c,an+d) | n € Z,} for some c,d € Z,.

Proof. Suppose that |S| = p — 1 and there exist a, b € Z, such that {as; — bsa | (s1,52) €
So} =Z,and C = {(bn+c,an+d) | n € Z,}. Then |[{as; —bss | (s1,52) € So}| = |So|- To
prove that C'is a perfect code in Cay(G, S), suppose for a contradiction that (bn;+c, an;+
d)+(s1, 82) = (bna+c, ang+d)+(s3, s4) for distinet (s, s2), (s3,54) € Sp. Then b(ng—ng) =
s3 — s1 and a(ny — ny) = s4 — s9. It follows that a(s3 — s1) = ab(ny — ny) = b(sy — s2),
which implies ass — bsy = as; — bsy, contradicting |[{as; — bsy | (s1,82) € So}| = |So|-
Hence C' + S is a direct sum. Since |Sp| - |C| = p* = |G|, we conclude that G = Sy @ C.

Conversely, suppose that Cay(G,S) admits a perfect code C, then G = Sy & C.
From Lemma 2.2, we have |S| = p— 1. Since |Sy| = p is a prime, Lemma 2.8 implies
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that C' = L¢ + g for some g € GG. Note that L¢ is a proper subgroup of G, so C' =
((bya))+(c,d) = {(bn+c,an+d) | n € Z,} for some non-zero (b,a) € G and c¢,d € Z,. It
remains to prove that {as; —bsy | (s1,52) € So} = Z,, which is equivalent to that as; —bsy
is pairwise distinct for all (s1,s2) € So. Suppose there are distinct (sq,s2), (s3,54) € So
such that as; — bsy = assz — bsy, so that a(s; — s3) = b(sy — s4). If a # 0, then

(s1,82) + (e, d) = (83,54) + (51 — S5 + ¢, 52 — 54 + d)
= (s3,84) + (b(a" 5o — a7 's4) + c,ala sy — a7 sy) + d)

are two representations of (s; + ¢, s2 + d) as the sum of an element of Sy and an element
of C. If a =0, then b # 0 and

(s1,82) + (¢, d) = (83,84) + (851 — 83+ ¢, 82 — 84 + d)
= (s3,84) + (b(b7's1 —b7's3) +c,a(b sy — b7 's3) + d)

are two representations of (s; + ¢, so + d) as the sum of an element of Sy and an element
of C. This contradicts G = Sy @& C, so {as; — bsa | (s1,52) € So} = Z,, which completes
the proof. n

We give an equivalent form of Theorem 3.1 that requires less calculation to check
whether Cay(G, S) admits a perfect code.

Theorem 3.2. Let G = Z, X Z,, for an odd prime p and let S be a proper subset of G\ {0}
that generates G. Then Cay(G,S) admits a perfect code if and only if |S| = p—1 and
S satisfies: (1) {s1 | (s1,52) € So} = Z,, or (2) there is an element a € Z, such that
{as1 — s2 | (s1,82) € So} = Z,. Moreover, the perfect codes are {(b,n) | n € Z,} for any
beZ, if S satisfies (1), or {(n,an +b) | n € Z,} for any b € Z, if S satisfies (2).

Proof. This theorem follows from Theorem 3.1 and the fact that {as; — bsy | (s1,$2) €
So} = Z, if and only if {Aas; — Absy | (s1,52) € So} = Z, for any non-zero A € Z,,.
So, instead of checking if (a,b) satisfies {as; — bsa | (s1,52) € So} = Z, for all non-zero
(a,b) € Z2, we only need to check (a,b) for b =1 and for (a,b) = (1,0). O

(1,
Remark 3.3. In Theorem 3.2, the two conditions of S for Cay(Z2, S) to have a perfect code
are not mutually exclusive. One example is ' = Cay (Z2, {(1,0),(2,2),(3,2),(4,1)}), as

I" satisfies both (1) {s1 | (s1,$2) € So} = Zs, and (2) {351 — s2 | (31,52) € St =7Zs. In
this example, both (1) {(b,n) | n € Zs} and (2) {(n,3n +b) | n € Zs5} are perfect codes
in I for any b € Zs.

Theorem 3.1 seems simpler compared to Theorem 3.2 for characterizing Cay(ZIQ), S)
that admits a perfect code, as there is only one condition for S. But the condition in
Theorem 3.1 has O(p?) candidates for (a,b), and the condition in Theorem 3.2 only has
O(p) candidates. For this reason, we argue that Theorem 3.2 is a better characterization
for Cay(Z2, S) to have a perfect code.
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Remark 3.4. Let vi and vy be two generators of G = Z, x Z,. If C is a normalized
perfect code in Theorem 3.1, then without loss of generality C' = Lo = ((a,b)) = (v1).
By setting D = {(0,0)} in the factorization G/Lc = ((So + L¢)/Le) & ((D + Le)/Le)
given by Lemma 2.5, we have (So + L¢)/Le = G/Le = {iva+ L¢ | i € [p]}. This implies
So = {a;vy +ive | i € [p]}, for some «; € Z.

Theorem 3.5. Let G = 7, X Z for distinct primes p and q, and let S be a proper subset
of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code in Cay(G,S) if
and only if (So, C) is one of the pairs in Table 3.1.

Table 3.1: Perfect codes in Cay(Z, X Z,, S)

Row So C
1 {(G,0q) [ € [p]} ] {(0,4) | 7 € [q]}
2 | {(ei,9) | i€ [q]} | {(,0)]3€ [p]}

Proof. Suppose Cay(G, S) has a perfect code C. Since Cay(G,S) is not a trivial graph,
we have |Sy| = p or q. If |Sy| = p, then C is a subgroup of order ¢ from Lemma 2.8, so
C = Le = ((0,1)). Recall the factorization G/Le = ((So + Le)/Le) © (D + Le)/Le)
given in Lemma 2.5, where C' = D @ L¢. By setting D = {(0,0)}, we have C = D ® L¢
and (So + L¢)/Le = G/Le = (Z, x Z4)/ {(0,1)) = {(3,0) + L¢ | i € [p]}. This implies
So = {(i,cq) | i € [p]}, for some a; € Z, which gives the first pair in Table 3.1. Now
if (Sp,C') is the first pair in Table 3.1, then |Sy| - |C| = |G|, and for any (z,y) € G,
(x,y) = (z,0z) + (0,y — ay) € So+ C. Therefore, G = Sy @ C. The same reason applies
for | Sp| = g to get the second pair in Table 3.1. O

Theorem 3.6. Let G = Z, X Zy X Zq for distinct primes p and q, where ¢ < 3, and let S
be a proper subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code
in Cay(G, S) if and only if (So, C) is one of the pairs in Table 3.2.

Table 3.2: Perfect codes in Cay(Z, x Z, X Zg, S)

Row So C Condition

1 | {ie1 + azes + Bies | i € [p]} {iez + jes | i, j € [a]}

2 | {oyer + ayen +ies | i € [3]} {ies +jex|i€p],jeB]}| ¢=3
3 |{jer1+aeaties|ic3],je€pl} |{oel +ies]|ic (3]} qg=3

4 | {ie1+jes+ases|i€[p],j€lgl} |{aiez+ies|ic€[q]}

5 |{ie1+aijex +jes|i€[p], j€[ql}| {iez|i€[q]}

6 {aiel + jes + ies | 1,7 € [q]} {iel + o€ ’ 1 E [p]}

7 {aijel + iey +j93 ’ i,j S [q]} {iel ‘ 1€ [p]}

Proof of Theorem 3.6. Suppose Cay(G, S) has a perfect code C. From Lemma 2.8, we
have |Sy| > 2.

If |So| = p, then from Lemma 2.8, Sy is aperiodic and C' is a subgroup of order ¢,
so C = Le = {0} x Z, x Z,. From the factorization of G/L¢ given in Lemma 2.5,
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(S() + Lc)/LC = G/LC = (Zp X Zq X Zq)/({O} X Zq X Zq) = {iel + LC | 1€ [p]}, and
hence Sy = {ie; + aes + Bies | i € [p]}, oy, Bi € Z, which is pair 1 in Table 3.2.

If |So| = g = 3, then from Lemma 2.8, Sj is aperiodic and C is a subgroup of
order pq, so C' = Lo = (e; + e3). From the factorization of G/L¢ given in Lemma 2.5,
(So+L¢c)/Le = G/Le = {ies+ L¢ | i € [q]}, and hence Sy = {aye1 +a;es +ies | i € [q]},
«; € Z, which is pair 2 in Table 3.2. If ¢ = 2, then Sy does not generate G.

If |So| = pg and Sy is periodic, then |Lg,| = g or p by Lemma 2.8. Let Sp = D &
Lg, for some subset D. From the factorization of G/Lg, given in Lemma 2.5, we have
G/LSO = ((D + LSO)/LSO) ©® ((C + LSO)/LSO)' If |LSO| = p, then LSO = <e1>. Note that
(D + Lg,)/Ls, is an aperiodic set of order ¢ and G/Lg, = Z, x Z,. 1f ¢ = 2, then from
Lemmas 2.7, (D + Lg,)/Lsg, is an aperiodic set of order 2 that generates Zy X Zo, which
is not possible by Lemma 2.8. If ¢ = 3, from Theorem 3.1 and Remark 3.4, we have
(C'+ Ls,)/Ls, = {ies + Ls, | i € [3]}, and hence (D + Lg,)/Ls, = {ases +ies | i € [3]}.
Therefore So = D& Lg, = {je1+aies+ies | i € [3],7 € [p]} and C = {a,e;1+iey | i € [3]},
which is pair 3 in Table 3.2.

If |So| = pq, Sp is periodic, and |Lg,| = ¢, then Lg, = (es). Note that (D + Lg,)/Ls,
is an aperiodic set of order p and G/Lg, = Z, x Z,. From the case of |Sy| = p in Theorem
3.5 (pair 1), we have (D + Lg,)/Ls, = {ie1 + ayes + Lg, | i € [p]}, and (C' + Lg,)/Lg, =
{ies + Ls, | i € [q]}. Therefore Sy = D & Lg, = {ie; + jes + ase3 | i € [p], j € [¢]} and
C = {a,ey +ie3 | i € [q]}, which is pair 4 in Table 3.2.

If |So| = pq and Sy is aperiodic, then |C| = ¢ and C' is periodic, and hence C' = Lo =
(e2). From the factorization of G/L¢ given in Lemma 2.5, (So + L¢)/Le = G/Le =
{ie; +jes+ Lo | i € [p], j € [¢]}, and hence Sy = {ie; + a;e2+ jes | i € [p], j € [q]}.
«;; € Z, which is pair 5 in Table 3.2.

If |So| = ¢? and S is periodic, then |Lg,| = ¢ from Lemma 2.8 and hence Lg, = (ey).
Let So = D @ Lg, for some subset D. From the factorization of G/Lg, given in Lemma
2.5, we have G/Lg, = ((D + Ls,)/Ls,) ® ((C + Lg,)/Ls,). Note that (D + Lg,)/Ls, is
an aperiodic set of order ¢ and G/Lg, = Z, x Z,. From the case of |Sy| = ¢ in Theorem
3.5 (pair 2), we have (D + Lg,)/Ls, = {a;e1 +ies + Lg, | i € [¢]}, and (C' + Lg,)/Lg, =
{ie; + Lg, | @ € [p]}. Therefore Sy = D & Lg, = {ae1 + jes +ies | 1,5 € [¢]} and
C = {ie; + a;es | i € [p]}, which is pair 6 in Table 3.2.

If |So| = ¢* and Sy is aperiodic, then |C| = p and C is periodic, and hence C' = Lo =
(e1). From the factorization of G/L¢ given in Lemma 2.5, we have (Sy + L¢)/Le =
G/Lc = {iex + jes + Lc | i,j € [q]}, and hence Sy = {w;e; + iex + jes | 4,5 € [q]},
«;j € Z, which is pair 7 in Table 3.2.

Now, suppose (Sp, C) is one of the pairs in Table 3.2. For every pair (Sp, C'), we have
1So] - |C| = pg* = |G]. In every row in the table, we can see that for every 4, exactly one
of Sy or C' has an independent variable (i or j) before e;, and possibly a fixed integer
(ay, By, or ;) in the other set. This means that for every x = (z,y,2) € G, if we want
x =s—+cfors e Sy and c € C, we can set the independent variable to be z or x — ay
(similarly for y and z). For example, take the fourth row, we have

(z,y,2) = (&1 + (y — o, _,, ez + aze3) + (al_y, €2+ (2 — ay)es) .
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This means G = Sy @& C and we are done. O

Remark 3.7. In Theorem 3.6, the generators e, and e; may be replaced by any basis of
H = {0} x Z; X Zg, as in (C2).

4 Perfect codes in Cayley graphs of Hajos groups containing Zx

In this section, we will focus on Hajés groups that contain Z,» as a subgroup, where p is
a prime and k is a positive integer. These Hajos groups are Zx, Zyx X Zg, and Zigx X Zis.

Theorem 4.1. Let G = Zyx for a prime number p and a positive integer k. Let S be
a proper subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect
code in Cay(G,S) if and only if there are integers 0 = mg < my < --- < m, = k and
1 < ly < mypr —my fort € [n], such that

n—1
So = {Z (™ + ™ ")

t=0

e ) o

and

n—1

t=0

i, € [pmt+1_mt_lt] } ) (3)

Theorem 4.2. Let G = Z,» X Zg for distinct primes p, q, and a posilive integer k. Let S
be a proper subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code
in Cay (G, S) if and only if there are integers r € [n], 0 =mo <my < --- < m, < Mpyq <

< my =k, and 1 <l < mypy —my fort € [n]\{r} and 0 < I, < mpy1 —m,, such
that (So, C') is one of the following pairs. In (¢) and (d) below, By, . ., =0 when r = 0.

n—1
(a) So= { (Z ip™t + Z g, i, p™ aio,...,iT) iy € [plt} }
Py

te[n]\{r}
i € [pmt+1—mt—ltj| fOT’ t # r, iy € [Q]}

n—1
Do ap Y B i
te[n]\{r}

t=0

where My, + 1, = my,11.

nfl
o {(S o) o e

0

{ 1

M

t=

n—
< ™ Z Big,ewinD™ T Z Big, wsieg P j)

t=0 t=0 t=r
E

C

iy € |:pmt+1*mt*lt:| ,
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n—1

(C) SO = Z itpmz + Zaio,...,izpmt-’_lt, ir iy € |:plt:| fOT‘ ¢ 7& r, i€ [Q]
te[n]\{r} t=0
n—1
C= Zitpmt+lt + Z /Bio ..... z‘tpmt+1, 51,07".,Z,T71 i € |:pmt+1*mt7lt:|
=0 te[n)\{r—1}

where [, = 0.
n-! r—1 n—1
[P oRS oS S e A )
t=0 t=0 —
n—1
C = { (Z (itpmt-i-lt + Bio,...7itpmt+1) ’ /Bio,...,ir1> i, € [pmtﬂ—mt_lt} } '

t=0
Theorem 4.3. Let G = Zox X Zo for a positive integer k and S be a proper subset of
G \ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if and
only if there are integers v € [n], 0 =mo <mq < -+ <mp <Myyg < -+ <m, =k, and
1<l <myyy —my fort € n)\ {r} and 0 <1, < m,y1 —m,, such that (So,C) is one of
the following pairs. In (d), (e) and (f) below, Bi... iy = Yig,in.y = 0 when r = 0.

(a) So= Zzt2mt+ 3 Qa2 i, | i€ [QZt]

te[n\{r}

1
¢= 2" Zﬁio ----- (2" | i € {2mt+limtilt] fort#r, i, €[2]
te[n \{r} t=0

where m, + 1, = m, 1.

ten)\{r}

t=0

{ S 4 D g2 a2 i, | (i (2]

n—1
C ( Z 2mt+lt + Z/Biov"'vit2mt+1 + ir2mr+lr_1; ZT) it S |:2mt+1_mt_lti|
ten]\{r}

fort#mr i, € [2mr+1—mr—lr+1}}

where m, +1, > 1

n—1
SO - { ( (itth + Oéio,...,it2mt+lt) R ’7@'0,...,ir> it c [2lt:| }
n—1
C = { <ZZ gmi+li + Zﬁlo, 7Zt2mt+1 + Zﬁlo, i gmi+t )

RN

iv € [amnmmt]
=0 t=r

je 21}
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te[n)\{r} t=0

n—1
(d) So = { ( Z 7,2 4 Zaio,m,iﬂm”lt, i | |4 € [2“] fort#r, i, € [2]

n—1
Doa2™ YT Bigit 2" Bigyeio | |t € [zmmimtilt]
t=0 te[n]\{r—1}

where [, = 0.

n—1
S0 2D i 2 2™ | e [24] Jort £,
tem\{r} t=0

2 : mi+lt 2 : m mye—1
’Lt2 t f+ /87;07”.7“2 t+1+,8i07..,,i,~_12 " ’B’io,...,’ir—l

t=0 te[n)\{r—1}

iy € |:2mt+1_mt_lt:|}
where m, > 1.

n—1 r—1 n—1
(f) So = { (Z 12" + Z aio,...,it2Mt+lt + Z Ay, it 5 2mt+lt7 .7)
t=0 t=0

t=r

n—1
C= { (Z (it2mt+lt + Bio,n.,itzmt-‘—l) ) 7io,...,ir1>

t=0

nepﬂ,jem}
ve o)

The rest of this section is devoted to the proof of Theorems 4.1, 4.2, and 4.3.

4.1 Sufficiency of Theorems 4.1, 4.2, and 4.3

Lemma 4.4. Let (Sy,C) be one of the pairs in Theorem 4.1, 4.2 or 4.3 and G the
corresponding group. Then G = Sy @ C.

Proof. First, note that

n—1 n—1
let . Hpmt+1_mt_lt = phnTTmo = pk7
t=0 t=0

and hence |Sy| - |C| = |G| for every pair. Let s1,s0 € Sy and ¢1,¢0 € C such that
$1 4+ 1 = So + co. We will prove s; = s5 and ¢; = co.

Case 1. (S, C) is the pair in Theorem 4.1.

-----

[p"], and ¢; = Z?;ol (wep™ e + Bug,. ™), 2 = Z,?;Ol (vip™ T + Byg,.. 0 p™+)  for one
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U, Vg € [pmf“*mt’lt]. Since s1 + ¢1 = S9 + €9,
1

n—1 n

i0 + igP'® + o' + Bugp™ + D (™ + g™ ) 4 D (™ B ™)
t=1

i

[asy

n—1 n—
= jO + ajoplo + Uoplo + ﬁvopml + Z (jtpmt + ajo,..-7jtpmt+lt) + (UtpmtJrlt + ﬁvo,...7vtpmt+1> .
t=1 t=1
Note that 0 =mg < mg+1lp <my <my+1l; <Kmg <mg+1ly <+ <m, =k. By taking
the last equation in modulo p', we have iy = j, (mod p'). Since iy, jo € [p], ig = Jjo in
L. If g < my, take the equation in modulo p™! to get ugp® = vop® (mod p™). Since
Ug, vy € [pP™ 7], ug = vy in Zyr. If ly = my, then ug, vy € [p™ ] = {0}. Therefore, we
have 79 = jo and ug = vy. Using a similar argument, by taking the equation in modulo
pmatle and p™e+t for £ = 0,...,t in order, we will get i, = j; and u; = v, and hence
$1 = 89 and ¢; = ¢s.

Case 2. (S, C) is pair (a) in Theorem 4.2, or pair (a) in Theorem 4.3.

We use the same argument in Case 1 to get that i; in s; and s, are the same for
t € [r+ 1] and i; in ¢; and ¢y are the same for ¢ € [r]. By looking at the second
component of s; + ¢; = s9 + ¢9, We get 7, in ¢; and ¢y are equal. Since we already have
iy in 1 and sy and 7; in ¢; and ¢y are the same for ¢ € [r + 1], the remaining equation in
S1 4 €1 = $9 + ¢ is the same as in Case 1, and this leads to s; = s and ¢; = ¢».

Case 3. (Sp,C) is pair (c) in Theorem 4.2, or pair (d) in Theorem 4.3.

Similar to Case 2, but 4; in $; and sy and #; in ¢; and ¢y are the same for t € [r], and
from the second component of s; + ¢ = s9 + ¢, we get 2, in s; and sy are equal. The
remaining arguments follow.

Case 4. (So, C) is pair (b) or (d) in Theorem 4.2, or pair (c¢) or (f) in Theorem 4.3.

Similar to Cases 2 and 3, but from the second component of s; + ¢; = s9 + ¢o, we get
7 in s1 and s, or j in ¢; and ¢y are equal. The remaining arguments follow.

Case 5. (S, C) is pair (b) in Theorem 4.3.

Let
n—1
s1 = Zitth + Z Qg0 2™ gy 2m T | € S,
t=0 te[n)\{r}
n—1
Sg = thth + Z aj07~~~,jt2mt+lt + O‘jo,~-~7jr2mr+lr_17 Qjo,...gr | € S07
=0 te[n]\{r}
n—1
= Z u2metle 4 Zﬂuo,,,_,uﬂmt“ + u, 2m =1 ] e € and
te[n]\{r} =0
n—1
Cy = Z Ut2mt+lt + Z/BUO7---,Ut2mt+1 + UTer—i—lr—l’ v, | €,
te[n]\{r} t=0
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for one 1, j; € [2“}, one U, vy € [2’"”1*““*“] for t # r, and one u,, v, € [Qm”“*mﬁlr“]
Let s1 + ¢y = S9 + ¢9, we will prove s; = so and ¢; = ¢o. As the second component of
$1+ 1 = So+ ¢2 is in Zy, we know that («y, . 4, +u,) and (.. j. + v,) have the same
parity. This implies

(ati,..ip +ur) 277 = (0, g, +0) 27T (mod 277, (4)

If r > 1, similar to Case 1, taking s; + ¢; = 83 + ¢3 in modulo 2™=* for x € [r] and
2me+1 for x € [r — 1] in ascending order, we will get i, = j, for € [r] and u, = v, for
x € [r — 1]. By taking s; + ¢; = s2 + ¢ in modulo 2" we get

= (vjo,.;, 2™ gy ) A (027 et g 2t ) (mod 27). (5)

If [, > 1, then 2™ +=1 = ( (mod 2™) and we have

12m'r71+l7‘71 =

Uy Vp_ 2™l (mod 2.

If I, = 0, then using (4) on the first component of (5) gives the same equality in modulo
2™ We conclude u,_1 = v,_; similar to the previous cases.

If » = 0, there are no earlier indices to recover. In both cases, we proceed as follows.
Take 51 + ¢; = So + ¢ in modulo 2™+ we have

- am my—+1l-—1 my+l-—1
(’lr2 I S T A 705i0,...,ir) + (%«2 R Ur)

= (5,:2™ + oo 52"y, ) 4 (0,27 0) (mod 27, (6)
Using (4) on the first component of (6) gives
02" = 3,2™  (mod 2" ).

The rest of the arguments follow Case 1.
Case 6. (Sp, () is pair (e) in Theorem 4.3.

Similar to previous cases, by taking s; + ¢; = sy + ¢o in modulo 2™=+ and 2m=+! for
x € [r — 1] in ascending order, we will get i, = j, and u, = v, for x € [r —1]. Similar
to Case 5, take s; + ¢; = Sy + ¢o in modulo 2™ —1+-1 and 2™ and use the fact that
the second component of s; + ¢; = s9 4+ ¢ have the same parity to get 7,1 = j,_1 and
Ur_1 = v,_1, respectively. The rest of the arguments follow. O

4.2 Proof of Theorem 4.1

Proof of Theorem 4.1. Suppose Sy and C' are as in (2) and (3), respectively. Then G =
Sp @ C by Lemma 4.4. Suppose Cay (G, S) has a perfect code C. Then G = Z,» = Sy ®C
and |Sy| = p". We will prove (2) and (3) using induction on r. First, for |Sy| = p, by
Lemma 2.8, Sy is aperiodic and C' = pZ,. = {ip + B;p" | i € [p*~']}. In this case, s; # so
(mod p) for sy, s9 € Sy, which means we can write Sy as {i + a;p|i € [p|} as desired.
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Now, suppose (2) and (3) are true for |Sy| < p".

Case 1. 9) is periodic.

Let Sy = Lg, ® D and |Lg,| = p*. Then 0 < s < r because S generates G. From
Lemma, 25, G/LSO = ((D + LSO)/LSO) D ((C + LSO)/LSO) and ’(D + LSO)/LS()’ = ‘D’ <
|So|. We also have G/Lg, = Z,:-s. From the induction hypothesis, there are integers
0=mog<my <---<my, =log,(|G/Lsy|) =k —sand 1 <1 < myy —my for t € [n]
such that

1 € [plt} }, and

n—1
(D—%L&J/La)_’{E:(%pmt+wnmmmpm”“)%—L%

e}

(C + LSO)/LSO - {Z (itpmt+lt + Bio,---yitpmhq) + LSO

=0
Now Lg, = p**Z,. = {hp*~* | h € [p*]}. Therefore,

So = Lg, ® D

n—1

= 't K 205--+y0t a

{Z (ip™ + pr) + hphe
t=0

i € [p"] h e [ps]}

ir € [p] b€ [ps]}

n—1
= {Z (0™ + g, ™ ) + WP+ g0 D

t=0
it € [plt} } )

n
: !
) {Z (0™ + iic™ )
t=0
where m,, = k—s, [, = s, and ¢,, = h. Moreover, m,,1 =k > my, and 1 < [, = my,1—m,,.
Since G/Lg, = Zyi—s, p"~* + Lg, = Lg,, so we have

(C+ Lsy)/Ls,

e o]
it € [pmt“_mt‘lf} } .

n—2
- { <itpmt+lt + ﬁio""’itpmm) g pmntte-t g p™ + L,

n—
= {Z (Z'tpmt-i-lt + ,Bio,...,itpmtﬂ) + inilpmn71+lnf1 + Lg,
t=0

Therefore,

pra—

n—2
C - {Z (itpmt—Ht + Bio,...,itpmt+1) + 2:n—lpmn_l—i_ln_1 + Bio,...,in_lpk_s
t=0

i)

Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m, 1 = k.

n_l
- {Z (itpmt—Ht + ﬁio,.n,itpth)

t=0
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Case 2. ) is aperiodic.

In this case C' is periodic, so let C' = Le @ D. Consider the direct sum G/Le =
((50+Lc>/Lc)@(<D+Lc)/Lc) If |Lc| = |O|, then LC =C :pTZpk = {ip’" | 1€ [pk_r]}.
Since C' = L¢, we can take D = {0} and we have G/L¢c = (So + L¢)/Le. This means
(So+ Le)/Le ={i+ Lc | i € [pT]} and hence Sy = {i + a;p” | i € [p"]}.

If |Le| < |C], then by Lemma 2.5, (D + L¢) /L is aperiodic. Therefore (Sy+ L¢)/Le
is periodic and |(So + L¢)/Le| = |So|- Let |Le| = p°. From Case 1, there are integers
O=mog<my < -+ <mu1=k—sand 1<l <my1 —my for t € [n+ 1] such that

n

(So+ Le)/Le = {Z (@™ + g, P™ ™) + Lo

t=0

1 € [plt} } , and
n—1

(D_FLCVLC::{EZ(%pmHh4_&o ..... ™) + Lo

t=0

)

From the previous case, we also have m,, + I, = m,,1 = k — s. Since |G/L¢c| = p*~*,
p*=* + Lo = L¢, so we have
it S [plt} } .

(Sb+—Lc>/Lc::{ (iep™ + vig,..;:p™ ) +inp™ + Le
t=0

Since |L¢| = p*, Lo = p**Z,. = {hp*~* | h € [p*]}. Therefore,

n—1
SO = {Z (l'tpmt 4 Qig.... itpmt—Ht) + ,anmn 4 Qig..... inpk—s

n
_ - m me—+1
- { (th ' + aio ..... itp ! t)
t

C=D&Le
n—1
= {Z (iep™ " + Big,..id™ ) + Bp" iy € [P T b€ [ps]}
t=0
n—1
— {Z (itpmt—i-lt + @0 .... z‘tpth) + hpk—s + 5¢0,...,¢n,1,hpk i, € [pmt+1_mt—lt:| ,h c [ps]} '
t=0
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4.3 Proof of Theorem 4.2

Proof of Theorem 4.2. Suppose (Sy, C) is one of the pairs in Theorem 4.2. Then G = Sy&®
C by Lemma 4.4. Suppose Cay(G, S) has a perfect code C. Then G = Zyx X Zg = Sy & C'.
We may write |So| = p°q’ as |Sy| divides |G| = p*q, where f = 0or land 0 < e+ f < k+1.
We will prove (Sp, C') is one of the four pairs in Theorem 4.2 using induction on e + f.

First, consider the case |Sy| = p. From Lemma 2.8, Sy is aperiodic and C' = pZx X Zq =
{(ip, 5) | i € [p*71], j € [q]}. Write C = Lo @ D where D = {0}, by Lemma 2.5, we
have a direct sum G/L¢c = ((So + Le)/Le) @ (D + Le)/Le). Since D = {0}, we have
G/Lc = (So + L¢)/Le. This means (So + Leo)/Le = {(,0) + Lo | @ € [p]} and hence
So = {(i,0) + a;(p,1) | i € [p]} = {(i + qip, ;) | © € [p]}. Note that the pair (Sy, C') here
is pair (b) in Theorem 4.2 where n =1 and r = 0.

Now, for |Sp| = ¢. From Lemma 2.8, Sy is aperiodic and C' = Z,» x {0} = {(¢, 0) |

€ [p*]}. Using the same arguments as in the case of |Sy| = p, (So + L¢)/Le = G/Lc =
{(0,4) + Lc | i € [¢]} and hence Sy = {(0,4) + ai(1,0) | i € [q]} = {(w, ) | i € [¢]}. Note
that the pair (Sp, C) here is pair (c¢) in Theorem 4.2 where n =1 and r = 0.

Suppose Theorem 4.2 is true for e + f < m. We will prove that (S, C) is one of the
four pairs in Theorem 4.2 for |Sy| = p™ and |Sy| = p™Lq.

Case 1. |Sy| = p™ and S is periodic.

Let Sy = Lg, @ D and |Lg,| = p®, then 0 < s < m because Sy generates G. From
Lemma 25, G/LSO = ((D + LSO)/LSO> D ((C + LSO)/LS())' Since G/LSO = Zpkfs X Zq
and |(D + Ls,)/Ls,| = |D| = p™*, from the induction hypothesis, there are integers
O=mpg<m; <---<mp <My <---<my =k—sand 1<l <myy —my for

€ [n]\ {r} and 0 < I, < my41 —m,, such that (D + Lg,)/Ls, and (C + Lg,)/Ls, are
one of the four pairs in Theorem 4.2. Since |D| = p™~*, they can only be pair (a) or (b).
If (D+ Lg,)/Ls, and (C' + Lg,)/Ls, are pair (b), then

n—1
(D + LSO)/LSO = { (Z (itpmt —+ Qi .. itpmtJrlt) y Q. > -+ LS@

ir € [p" }}, and

i, € [pmt+1 me— lti| 7 j c [ ]}
Now, Lg, = p"*Z,. x {0} = {(hp"~*, 0) | h € [p*]}. Therefore,

S()ZLSOGBD
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n—1
- {(Z <th + azo,...,itpmt”t) y Qg ,Zr> + (h + Qig,.yip_1,h P 0) 1 € [plt} )
t=0
h € [p°]}
n
= { (Z (itpmt + 0410, pmt+lt) 9 a107 Zr) it 6 |:plti| 7h E [ps]}
t=0

where m,, = k—s, [, = s, and i,, = h. Moreover, m,,,; =k > m,and 1 <[, = my1—m
Since G/Lg, = Zy—s X ZLq, (p"*,0) + Lg, = Lsg,, so we have

ks { (Zz Pttt Z B4 + Z B P )

- (zn_lpm"*“"*l,o) + Ls,|i¢ € [pmt“ ml] L jelql}

Therefore,
n—2 n—2

= { (Z thmt—Ht + Z ﬁlov »ltpmHl + Z Bzo, ie,d P s ]) + (2'717117”%7144"71+
t=0 t=r

ﬂz'o,...,v:nfl,jpk_sao) ‘ it € [pm”l_m““} J € [Q]}

n—1 r—1 n—1
_ gt ,
= { (Z ip™t T + Z Big,..,D"" T + Z Bioyernsiti P J)
=0 =0 t=r

Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,,1 = k.
The pair (Sp, C') here is also in the form of pair (b).

If (D+ Ls,)/Ls, and (C'+ Lg,)/Lg, are pair (a), the same algebraic operation we did
for pair (b) is still applicable and we will get (Sp,C') to be another pair in the form of
pair (a).

Case 2. |Sp| = p™ and S is aperiodic.

In this case, C' is periodic and |C| = p*~™q. Let C = Lc @ D. Then |L¢| = q, p?,
or p°q, for 0 < s < k — m. Consider the factorization given in Lemma 2.5, we have
G/Lc = ((So+ Lc)/Le) ® (D + Le)/Le).

Subcase 2.1. |L¢| = ¢. In this case, G/L¢ = Z,x and (So + L¢)/ L is periodic. From
the case when S is periodic in Theorem 4.1, we have

(So+ L¢)/Le = { (Z (itpmt + aio,...,itpmt+lt) 70> + L¢

t=0

iv € [prenmt] e [q]} .

1 € [plt] } , and

n—1
(D+ Le)/Le = { <Z (Z'tptht + 5i0,...,z‘tpmt“) ,0> + Le

t=0

).

From the proof of Theorem 4.1, we also have m,,+1,, = m,, 1 = k. Since (pk, 0)+Lc = Le,

ir € [p"] }
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n—1
(SO + LC)/LC — { (Z (itpmt + Cl/io,__’itpmﬁ_lt) ,O) + (Z.npm", 0) + LC
t=0




Since |L¢| =q, Le ={(0,7) | 5 € [¢]} = ((0,1)). Therefore,

n n—1
i {(Z RS DUV ) ine '] } |
t=0 t=0
By setting r = n, we obtain
n
So = Zitpmt + Z g™ iy | e € [PY]
=0 tefnt+1)\{r}

Now, we will prove that C' is also in the form of C' in pair (a). We have

C=D¢&L¢c
n—1
- {(Z (1™ + i) ,o> +(0.9) i € [prenmet] e [q]}
=0
n—1
= { (Z <itpmt+lt + Bio,..., itpm”l) ,0> + (Bio,...,in_l,jpkaj) it € [Pmt“_mt_lt} J € [q]} .
=0

Recall that we set » = n. Let j = 4, and set a new value for m,,; to be equal to k. Then

n
C{< S a6 )

teln+1\{r} t=0

it € [pmt“*mt*lt} , fort #£r, i, € [q]} .

The pair (Sp, C') here is in the form of pair (a).

Subcase 2.2. |L¢| = p°. In this case, G/Lc = Zy—s X Zg, |(So+ Le)/Le| = |So| = p™,
and (So+ L¢)/Lc is periodic. From Case 1, (Sy+ L¢)/Le is either in the form of pair (a)
or (b) in Theorem 4.2. We calculate (Sy+ L¢)/Lc in the form of pair (a). The calculation
of (So+ L¢)/Le in the form of pair (b) will follow similarly.

From Case 1, there are integers 0 = mg < my < --- <m, < Myy1 < --- < My = k—s
and 1 < ly <myyy —my fort € [n+ 1]\ {r} and 0 < [, < m,1 —m,, such that

n

(So+ L¢)/Le = Zitpmt + Z igicd™ T i | + Lo | € [plt} , and
t=0 ten+1\{r}
n—1
(D+ Le)/Lo = S ip™ Y Bigiad™ iy | + Lo | iy € [pr el
telnl\ir} =0

fort #r, i, €[q]}.
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We also have m,, + I,, = m, 1 = k — s from Case 1. Since G/Lc = 7Z

k—s X ZLq, we have
(p*=*,0) + Lo = L¢ and

iy € [plt] } )

Since |L¢| = p*, we have Lo = p*~*Zx x {0} = {(hpk_s, O) ‘ h € [ps]}. Therefore,

n—1
So = { (Z ™t + Z Qg e D™ g ir) + (inpm" + ..., inpk_svo) 1y € [Plt} }

t=0 te[n]\{r}

p

n—1
(So+Lc)/Le = { (Z ip™ + Z g, P ir> + (1np™",0) + Le

t=0 te[n\{r}

n
) l
{(ZWT’” > Qigiad™ M )
t=0

ten+1\{r}
C=D6& L¢c
n—1
= Z Z.tpmt—i_lt + Z /Bio ,,,,, itpmH—l: ir + (hpk_sa 0) it € [pmt+1_mt_lt:| for ¢ 7& T,
teln\{r} t=0

ir € [q],h € [P°]}
n—1
= { ( S ™ L By ™, ir) + (hpkfs + 5@0,...,in,1,hpk,0>
tefn]\{r} t=0
iv € [pmm—mf—lf} for t # 1, iy € [q],h € [ps]} .
By setting i,, = h and a new value for m,,.1 to be equal to k, we have

n
C{( S G )

te[n+1\{r} t=0

i € [pmt“*mt*lt} fort £, i, € [q]} :

The pair (Sp, C') here is in the form of pair (a).

Subcase 2.3. |L¢| = p¥"™q. In this case, C = Lo = {(ip™,j) | i € [pk_m] ,J E
lq]} = (™, 1)) and G/L¢ = Zym. Since C' = L¢, we can take D = {0} and we have
G/Lc = (So + L¢)/Le. This means (So + Le)/Le = {(:,0) + L¢ | i € [p™]} and hence
So = {(2,0) + a;(p™, 1) | i € [p™]} = {(@ + a;p™, ;) | © € [p™]}. The pair (Sy, C) here is
in the form of pair (b).

Subcase 2.4. |L¢| = p°q for s < k —m. In this case, G/L¢c = Zyi—s, |(So + Le)/Le| =
|So| = p™, and (Sy + L¢)/Lc is periodic. From the case when Sy is periodic in Theorem
4.1, we have

n

(So+ Le)/Le = { <Z (0™ + cvig,s™ ™) ,0> + Lo

t=0

1 € [plt] } , and

n—1
(D+ L¢)/Le = { (Z (iep™ " + Big,.oieD™ ) ,0) + Le

t=0

et}
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We also have m,, + 1, = m, 1 = k — s from the same case. Since (p*~*,0) + L¢ = L¢,

ir € [p"] }

Since |L¢| = p*q, Lo = p" Ly x Zy = {(p"~*,5) | h € [p],j € [d} = (("*,1)).
Therefore,

n—1
SO = { (Z (itpmt + Qig,..., izpmt+lt) 10> + (anmnv 0) + Qg i (pk:—s’ 1)

(So+ Lc)/Le = { (Z (iep™ + iy, i ™) ,0) + (inp™,0) + Le

I
—
o~

I
=)
/N
:.
b
3
+
2
2
S
3
=
N
2
2
$
N——

C=D& L¢
n—1

= {( (itpmt“t + Bio,... upmt“) 70> + (hp"5,j) lir € {pmt“*mt*lt} Jhelp’l,je [Q]}
t=0
n—1

= { ( (z'tpmf“f + Bio, ..., itpm”l) ,0> + (hp’H + ,Bio,“.,in,l,h,jpkvj) it € [pmi“’m””] ,
t=0

h € [p®],j € [ql}

By setting i,, = h, r = n, and a new value for m,,; to be equal to k, we have

n n—1 n
C= { (Z ip™ 4 Z Bigyrrich™H + Z Bio, .., it,jpmt+1,j)

t=0 t=0 t=r

The pair (Sp, C') here is in the form of pair (b).

Case 3. |So| = p™ !¢ (m > 1) and S is periodic.

Let So = Ls, @ D. Then |Lg,| = ¢, p* (0 < s <m—1), or p°q (0 < s <m—1).
Consider the factorization G/Ls, = ((D + Ls,)/Ls,) ® ((C + Ls,)/Ls,) given in Lemma
2.5.

Subcase 3.1. |Lg,| = ¢. In this case, G/Ls, = Zy, (D + Lg,)/Lg, is aperiodic, and
(D + Ls,)/Ls,| = |D| = p™!. From Theorem 4.1, there are integers 0 = my < m; <
s <my =k and 1 <l < myyq —my for ¢ € [n] such that

(D + LSO)/LSO = { ( (itpmt + Qg .., itpmtJrlt) 7O> + LSO

1 € [plt] } , and

i Sl 3
IMILIML

(C + LSO)/LSO - { ( (itpmt+lt + /Bio ..... itpmt+1) ;O> + LSO

et}
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Now Lg, = {(0,7) | j € [q]}. Therefore,

So = LSO @& D

n—1

] {<Z (5™ + i) 70> FO0.) e[ ge [q}}
t=0
n—1

= { (Z (iep™ + g,y p™ 1) ,j> e [, €l ]}
t=0

By Setting r=mn, Zn = .j7 and my = m; + lr =Mry1 = k; we have
SO = Z ’itpmt + Z aiO,...,itpmt+lt7 ir th - [plt] for ¢t # T, ir € [Q]
te[n+1\{r} t=0

Now,

n—2
(C + LSO /LS() { (Z mt—Ht + ﬁio,...,itpmHl) + in—lpmn_1+ln_1, 0) + LSO

t=0
i, € [pmt+1 mz*lz} } )

Therefore,

n—2
C = { (Z (iﬂ?mﬁ_lt + /Bioz"'vitpmt+1) + anpmnl+ln170) + /87;07--~7in71 (07 ]‘)

t=0

i € |:pmt+1*mt*lt:| }

n—1 n—2
. l ) _ _l
B { (Z thmt+ i E Bio,...,itpmt+1751'0,“.,2'711) 1 € [pmf-*-l my t} } .
t=0 t=0

Recall that r =n, 7, = j, and m,, = m, + [, = m, 1 = k. So we have

n
_ < mg+l m . Myt1—me—l
C= E up™tt + E Biosooitl™ 0 Biorir_y | |10 € [pMH ™7
t=0

te[n+1\{r—1}

The pair (Sp, C') here is in the form of pair (c).

Subcase 3.2. [Lg,| = p* (0 < s < m —1). In this case, G/Lg, = Zy—s X Zq,
(D + Lgs,)/Ls, is aperiodic, and |(D + LSO)/LSO| = |D| = p™*"!q. From the induction
hypothesis, there are integers 0 =mo <my < --- <m, <My <---<m, =k—sand
1<l <mypr—my fort € [n]\ {r} and 0 < I, < my41 —m,, such that (D + Lg,)/Ls, and
(C+ Lg,)/Ls, are one of the four pairs in Theorem 4.2. Since |(D+ Lg,)/Ls,| = p™ g,
they can only be pair (c) or (d).
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If (D+ Lg,)/Ls, and (C' + Lg,)/Ls, are pair (c), then

n—1
(D + Ls,)/Ls, = Z up™ + Zaio,...,izpmt“t, ir | + Ls, i € [p"] for t #r,

velal\{r) i

ir € [q]},
and
n—1
(C'+ Ls,)/Ls, = Zitpmmt + Z Bioyeorsiel™ s Bigyiva | + Ly
t=0 te[n]\{r—1}

it c [pmt+1*mt*lt:| } )

Now, Lg, = p"*Z,. x {0} = {(hp"~*, 0) | h € [p*]}. Therefore,

Sy =Lg, & D
n—1
= S ™ > i p™ i |+ ("0 Vi € [ph] for t # i, € (g,
ten]\{r} t=0
h € [p’]}
n—1
= Z ip™ + Zaio,..‘,itpmﬁlt, i |+ (hpk_s + aio,..‘,in,l,hpka 0) I € [plt}
te[n)\{r} t=0

for t # r,i, € [q], h € [p°]}

— Z ip™ + Zaimm’itpmt“t, ir | |ie € [p"] fort #r i €q ¢,
et T} =0

where m, =k — s, I, = s, and i,, = h. Since G/Lg, = Zy—s X Zq, (P*7,0) + Ls, = Ls,,
so we have

n—2
(C + LSO)/LSO = { (Z ,L'tpmt+lt + Z /Bio ..... itpmf,+17 Bio ..... irl) + (Z'n,1pm"’1+l”*l, 0)

t=0 ten—1)\{r—1}

L, |ir € [t}

Therefore,
n—2
C= Zitpmz+lt —+ Z Bz‘o ..... itpmt+17 /61:01---7in1 + (in—lpmn71+ln71
t=0 te[n—1\{r—1}
+ﬁio,...,in_1pkis, 0) | it c [pmt-&-l*mt*lt]}
n—1
= Zitpmt-i-lz + Z 6i0,-..,itpmt+la 51,07'”7“_1 = |:pmt+1—mt—lt:|

=0 te[n\{r-1}
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Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,11 = k.
The pair (Sp, C') here is also in the form of pair (c).

If (D+ Ls,)/Ls, and (C'+ Lg,)/Ls, are pair (d), the same algebraic operation we did
for pair (c) is still applicable and we will get (Sp,C) to be another pair in the form of
pair (d).

Subcase 3.3. |Lg,| = p°q (0 < s < m —1). In this case, G/Lg, = Z,—s, (D+ Ls,)/Ls,
is aperiodic, and |(D + Lg,)/Ls,| = |D| = p™ *"!. From Theorem 4.1, there are integers
0=mg<mq <-- <my, =log,(|G/Ls,|) =k —sand 1 <I; < my —my for t € [n]
such that

n—1
(D + LSO)/LSO = { (Z (Z'tpmt + Qig..... itpmt_Ht) ,O) + LSO it c [plt] } , and
t=0
n—1
(C'+ Lsy)/ Lsy = { (Z (@™ + Big,i0™ ") ,O> + Lg, |i¢ € [pree ™ } .
=0
Now Ls, = {(hp*~*,5) | h € [p*],j € [g]} = ((0"~*,1)). Therefore,
So=Lgs, ®D
n—1
= {(Z (ip™ + ctig,...i0™ ") ,0> + (hp"=5,5) i € [p*] k€ [p°),5 € [q]}
=0
-
- { <Z (Z'tpmt + ., Z"5pmt+lt) ’0> + (hpk_s + O‘io,l..,infl,h,jphj) 1 € [plt} )
t=0

By setting i, = h, r =n, m,, = k — s, and [, = s, we have

n r—1 n
SO - { (Z itpmt + Z Q... itpmt+lt + Z Q... it,jpmt+lt7j>

t=0 t=0 t=r

i € [plt] J € [Q]}

Since G/Lg, = Zy—s, (p"%,0) + Lg, = Lsg,, so we have

(C + LSO)/LSO
n—2
= Gp™ T By ™ 70> + (ip_1p™-1Ft=1.0) 4+ Lg, | i € [pmerr—mel }
U ot o) o )+ s fine | |
Therefore,
n—2
°" { (Z (™ 4 Biic?™ ) ’O> + (i p™ 1 0) + Big, iy (P75 1)
t=0

i, € [pmt+1—mt_lt]}

n—1
= { (Z (iep™ " + Big.oial™ ) i, iT_1>

t=0

et}
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Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,11 = k.
The pair (Sp, C) here is in the form of pair (d).

Case 4. |Sy| = p™ g and Sy is aperiodic. In this case, C' is periodic and |C| = p
Let C = Lo @ D. Then |L¢o| = p®, for 0 < s < k—m + 1. Consider the factorization
G/Lc = ((So+ Le)/Le) ® (D + Le)/Le) given in Lemma 2.5.

Subcase 4.1. |L¢| = p* ™. In this case, C = L¢ = {(ip™1,0) | i € [pF=mH]} =
(p™~1,0)) and G/Lc = Zym—1 X Z,. Since C = L¢, we can take D = {0} and we have
G/Lc = (So+ L¢)/Le. This means (So+ Lo)/Le = {(i,7)+ Lo | i € [p™7Y, 7 € [¢]} and
hence So = {(i, ) + ai;(p"~",0) | i € [p" 7], 5 € [q} = {(i + ayp™ ™", j) [ i € [p" 7] 5 €
[q]}. The pair (Sp, C) here is in the form of pair (d).

Subcase 4.2. |L¢| = p® for s < k —m + 1. In this case, G/Lo = Zp—s X Zyg,
|(So+Lc)/Le| = |So| = p™ ¢, and (So+ L)/ Le is periodic. From Case 3, (So+ L¢)/Le
is either in the form of pair (c¢) or (d) in Theorem 4.2. We will give the calculation for
(So 4+ L¢)/Le in the form of pair (c¢). The calculation when (Sy+ L¢)/Le is in the form

of pair (d) will follow similarly.
From Cases 3.1 and 3.2,

k—m-+1

(So+ L¢)/Le = { ( Z up™t 4 Zaig ,,,,, G pme e ir> +Le

teln+1\{r} =0

i € [p] for t £ 1, i, € [CI]} ,

ten]\{r—1}

n—1
(D + LC)/LC = { (Z itpmt"!‘lt + Z Biow.,itpmtﬂv 5@ .... irl) + Lo
t=0

-

We also have m,, +1,, = m,41 = k—s from Subcase 3.1 and 3.2. Since G/L¢ = Zyi-s X Zg,
(p"*,0) 4+ Lo = L, and

n—1
So+Le)/Le=3 | D o™+ g™, i | + (Gup™,0) + Le | € [p"]
tefn)\{r} =0

for t #r, i, €[q]}.

Since |Lc| = p*, Le = p**Zy. x {0} = {(hp"~2,0) | h € [p*]}. Therefore,

n—1
Sp = { ( ST oip™ 4> ag ™ ir> + (inpm" + au,... inp’“’s,0> iy € [p“]

te[n)\{r} t=0
for t #r, i, € [q]}

n
{( SRS S )

tefn-+1\{r} =0
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C — D @ LC

n—1

=3 ap™ ™+ > Bigi ™ Bigios | + (hp'H,0> it € {pmt“’m“’f] ,
=0 te[n)\{r—1}

h e [p°l}

n—1

= Zitptht + Z BigyeositP" ™ Bigyesip_y | + <hpk_5 + ﬁio,__.,in,l,hpk,o)
t=0 te[n]\{r—1}

ive [pmemm Tt he )

By setting i,, = h and a new value for m,,.1 to be equal to k, we have

n

o < my+l m . m —mye—I1

C= E upttt + E Bigsoitl™ 0, Bigivy | [ € [P 7]
t=0

te[n+1\{r—1}

The pair (Sp, C') here is in the form of pair (c). O

4.4 Proof of Theorem 4.3

Observation 4.5. For 1 < s < k, there are three subgroups of G = Zqyr X Zo of or-
der 2°, namely ((287°,0)), ((2¥7%,1)), and ((257°71,0),(0,1)). Their quotient groups
are G/ ((2575,0)) = Zgi-s X Ln, G/ {(2¥7%,1)) = Zop—ssa, and G/ ((257°11,0),(0,1)) =

ZQk—s+l .

Proof of Theorem 4.3. Suppose (Sp,C) is one of the pairs in Theorem 4.3. Then G =
So@® C by Lemma 4.4. Suppose Cay(G, S) has a perfect code C. Then |Sy| = 2™ for some
positive integer m and G = Zgx X Zs = So @ C. We will prove (Sy, C) is one of the six
pairs in Theorem 4.3 using induction on m.

The group G = Zqyr X Zs is not a cyclic group, and since Sy generates G, there are at
least two non-zero elements in Sy. So we start the basis step at m = 2. First, we give
an outline of the method to be used. When Sy is periodic, we will prove the basis step
at m = 2, and for m > 2, we will use induction by using Theorem 4.1 and when Sy is
aperiodic and |Sp| < 2™. When Sy is aperiodic, we will use Theorem 4.1 and the result
when Sy is periodic and [Sy| = 2™.

Suppose |So| = 4 and Sy is periodic. From Lemma 2.8, |Lg,| = 2, so Lg, = ((2"71,0)),
((2¥71,1)), or ((0,1)). Consider the factorization G/Ls, = ((D + Ls,)/Ls,) ® ((C +
Ls,)/Ls,) given by Lemma 2.5. If Lg, = ((2¥71,0)), then G/Lgs, = Zy—1 x Zs and
|(D + Lg,)/Ls,| = 2. Since Zyr-1 X Zs is not a cyclic group, we know that no set Sy of
order 2 generates Zor—1 X Zso.

If Lg, = ((2871,1)), then G/Lg, = Zy. and (D + Lg,)/Ls, is an aperiodic set of
order 2. From Lemma 2.8 and Theorem 4.1, (C' + Lg,)/Ls, = {(2{,0) + Lg, | i €
281} and (D + Ls,)/Ls, = {(i + 2a;,0) + Ls, | i € [2]}. This means Sy = D & Lg, =
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{(i+205,0) + (21, 1) | i,5 € 2]} = {(i + 205 + 52571, 5) | 0,5 € [2]}. By setting i = ¢
and 4, = j, we have Sy = {(ig + 20y, + 112", 41) | 40, i1 € [2]}. Note that C' = {(24,0) +
Bi(2F11) | i € [2871)} = {(2i0 + Biy2" 71, Biy) | i0 € [2571]}. The pair (Sp, C) here is pair
(e) in Theorem 4.3 where r =1, mg =0, m; =k, my =k, lp =1, and [; = 0.

Similarly, if Lg, = ((0,1)), then G/Lg, = Zyx, and hence (C' + Lg,)/Ls, = {(2¢,0) +
Ls, | i € [2°7Y} and (D + Lg,)/Ls, = {(i +20a;,0) + Ls, | i € [2]}. This means Sy =
D@LSO = {(Zo + 20-/7,’072.1) | 19,11 € [2]} and C' = {(2@0,510) | 19 € [21671]} The pair (So, C)
here is pair (d) in Theorem 4.3 where r =1, mg =0, m; =k, ma =k, lp =1, and [; = 0.

Suppose Theorem 4.3 is true for |Sy| < 2™. We will prove that (Sp, C') is one of the
six pairs in Theorem 4.3 for |Sy| = 2™.

Case 1. 5 is periodic.

Let Sy = Lg, ® D and |Lg,| = 2°. Then 0 < s < m because Sy generates GG, and
Ls, = ((2"72,0)), ((2%7%,1)), or {(2*7571,0),(0,1)). Consider the factorization G/Lg, =
((D+ Ls,)/Ls,) ® ((C+ Lg,)/Ls,) given by Lemma 2.5.

Subcase 1.1. Lg, = ((2¥7%,0)). In this case, G/Lg, = Zo—s X Zy and |(D+Lg,)/Ls,| =
|D| = 2™~*. From the induction hypothesis, there are integers 0 = my < m; < --- <m, <
My < - <my=k—sand 1 <Ily <myp—my fort € [n]\{r}and 0 < I, < m,11—m,,
such that (D + Lg,)/Ls, and (C' + Lg,)/Ls, are one of the six pairs in Theorem 4.3.

We will give the calculation for (D + Lg,)/Ls, and (C' + Lg,)/Ls, in the form of pair
(¢). The calculation for the other pairs will follow similarly. Since (D + Lg,)/Ls, and
(C+ Lg,)/Ls, are pair (c), we have

n—1
(D + Ls,)/Ls, = { (Z (it2mt + Qi it2mt+lt) » Yoo, ir) + L,

t=0

n—1 r—1 n—1
(C'+ Lsy)/Ls, = { (Z i 2t 4 Z Bigyis 2™ + Z Bigywsig 27, j) + Lg,
t=0 t=r

t=0
iy € [2menTme] e (2]}

Now, Lg, = 2877y x {0} = {(h2"=*, 0) | h € [2]}. Therefore,

S():LSO@D

n—1
= { (Z (it2mt + Q. .., it2Mt+lt> s Yioserrs ir> + (h2k*5, 0)

t=0

n—1
= { (Z (itth + ..., it2mt+lt> » Vi, ir) + <h2k75 + Qig,...in_1,h 2k7 0)

t=0
h e [2°]}

n
= { (Z (it2mt + i, z‘t2mt+li) 3 Yigseers iT>

iy € [2“} he [25]}
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where m,, = k—s, [, = s, and i,, = h. Moreover, m,, 11 =k > m, and 1 < [,, = my11—m,,.
Since G/ Lg, = Zgk—s X Zsy, we have (2°7%.0) + Lg, = Lg, and

n—2 r—1 n—2
©eayis = (S s Sz S i)
t=0 t=0 t=r
+ (ipo1 27 1 0) + Lg, |4 € [2m0 7™ ] e 2]}

Therefore,
n—2 r—1 n—2
7 { (Z 2™ B i 2D Bio,ing 27 j) # iz
t=0 t=0 t=r
Biosin-1g2%0) | € [2memn=mt] e 2]}

n—1 r—1 n—1
- { (Z it2mt+lt + Z 'Biof"'vitthJrl + Z /BiOP"vitvj 2mt+1’ j)

t=0 t=0 t=r

o [prnmt] e m} |

Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,;1 = k.
The pair (Sp, C') here is also in the form of pair (c).

Subcase 1.2. Lg, = ((287°,1)). In this case, G/Lg, = Zgr—s+1 and |(D + Lg,)/Ls,| =
|D| =275,

From Theorem 4.1, there are integers 0 = mg < m; < --- < m, = k—s+ 1 and
1<l <myyg —my for t € [n] such that

n—1
(D + LSO)/LSU = { <Z (itth + ai07,,_7it2mt+lt) ,0) + LSO

1 € [2“] } , and

T
)

3

(C + LSO)/LSO - { < (itth—Ht + ﬁio,,.,’it2mt“) ,O> + LSO

i, € [zmt+1—mt—lt:| } )

t=0

Now Lg, = ((2¢7%,1)) = {h (28=%,1) | h € [2%]}. Therefore,

So = LSO @D
n—1
= { <Z (#02 + ig, .. 2™ ,0) + (h257 ) [ic € [24] e [28]}
t=0
n—1
= { <Z (it2mt + aio,...,it2mt+lt> 70) + (th—s + aio,m,in—thk’ h) iy € |:2lt] he [25]} )
t=0

By setting ¢, = h, r=n, m, =k —s+1,and [, = s — 1, and my,.1 = m, + 1, = k,
we have

n
v { ( PR DL +2m>

tefn+1\{r} =0

= {2“] for t # r,i, € [2““} }
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Since G/Lg, = Zok-s+1, we have (2™,0) + Lg, = Lg, and hence

n—2
(O " LSO /LSO { (Z 2mt+lt + ﬁio ,,,,, it2mt+1) ’0> * (i"—12mnfl+ln7170) + LSO

t=0
i, € |:2mt+1_mt_ltj| } )

Therefore,

n—2
" { (Z (it2mt+lt + Bio,... it2mt+1) ’0> + (in—12m"’1+l"71,0> + Bio,ovsin—1 (2k_87 1)

t=0

iy € |:2mt+1*mt*lt:| }

n—1
= { (Z it2mt+lt + Z ’810 ~~~~~ Zt2mt+1 + 1810 ~~~~~ - 12m7‘_1’620 ~~~~~ irl)

=0 ten\{r—1}
e oot}

Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,11 = k.
The pair (Sp, C) here is in the form of pair (e).
Subcase 1.3. Lg, = ((2"7*71,0),(0,1)) for 1 < s < m. In this case, G/Lg, = Zgr-s1
and |(D+ Ls,)/Ls,| = |D| = 2™*. From Theorem 4.1, there are integers 0 = mo < m; <
- <mp=k—s+1and 1<y <myp —my for t € [n] such that

1 € [2“} } , and

n—1
(D + LSo)/LSO = { < (itth + Q... itthHt) a0> + LSO

(C + LSO)/LSO = { < (Z't2mt+lt + 51'0 ,,,,, it2mf+1) ,O> + LSO

t=0

1 € [th“*mtflt} } .

Now Lg, = { (h2F=**1, ) | h € [2°71],j € [2]}. Therefore,
So=1Ls, & D

n—1

= { (Z (it2mt + Qig.... itth—Ht) 70) + (h2k—s+1’j)
n—1

- { (Z (ie2" + 0,3, 2™ ) ,0> + (R25 5 a2 )

i€ 2" he2,j € [2]}

i € [2"],
t=0

he27',j €2},

By setting ¢, = h, r=n, m, =k —s+1,and [, = s — 1, and m, 1 = m, + 1, = k, we
have

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17 33



Since G/Lg, = Zok-s+1, we have (2™,0) + Lg, = Lg, and hence

n—2
(C+ Ls,)/Ls, = { (Z (12™7 + By, 27) ,0) + (i1 21 0) + L,

t=0
i, € [th-ﬁ—l*mt*lt} } )

Therefore,

n—2
C = {(Z i 2mt+lt +610 """" 2mt+1) ’0> +( 12— 14+ln—1 0) +ﬁzo ..... - (Qk s+1 O)

t=0
T Yigsenyin_1 (0, 1) ‘ i € [2mt+1—mt—lt]}

n—1
(S )

t=0

1 € [th“fmtflt} } .

Note that in C' we can also set the sum from ¢ = 0 to n because m,, + [, = m,,1 = k.
The pair (Sp, C') here is in the form of pair (f).

Subcase 1.4. Lg, = ((2¢#7°71,0),(0,1)) for s = 1. In this case, Lg, = ((0,1)) and
G/Ls, & Zo, (D + Ls,)/Ls, is aperiodic, and |(D + Lg,)/Ls,| = |D| = 2™"'. From
Theorem 4.1, there are integers 0 = mg < m; < --- <my, =k and 1 <l < myy1 —my
for ¢ € [n] such that

n—1
(D + LSO)/LSO = { ( (itth + Q.. itth—Ht) 70) + LSO

1 € [2“} } , and

(C + LSO)/LSO = { ( (it2mt+lt + 62’0 ..... iz2mt+1) 7O> + LSO

t=0

i, € |:2mt+1*mt*lti| } )

Now Lg, = {(0,7) | j € [2]}. Therefore,

_ { (nz (i:2™ + gy, 5, 2™ ) 70) + (0, )
i € [QZt] ] € [2]}

i€ [2"],j€ [2]}

By setting r = n, ¢, = 7, and m,, = m,. + [, = m,.; = k, we have

Sy = S a2 Y i 2™ | i€ [24] for t # i, € 2]

telnt+1)\{r} =0
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Now,

n—2
(C + LS() /LSO = { (Z 1 2mt+lt + ﬁio ..... it2mt+1) + Z'n12m"1+l"1,0> + LSO

t=0
i, € |:2mt+1_mt—lt:| } )

Therefore,

n—2
C = {(Z 2mt+lt + Bio.... th+1) + 412" 1 0) + Bioyernsin- 1(0 1)

t=0
iy € [th+1_mt—lt]}

n—1 n—2
= { (Z 02" By i 2™ B 1)
t=0

t=0

i, € |:2mt+1_mt_ltj| } )

Recall that r =n, 7, = j, and m,, = m,. + ., = m, 1 = k. So we have

n

C = Zitzmt+lt + Z 5@,0 ..... itzmtJrlJﬁiO ..... . i € |:2mt+1*mz*lt:|

=0 teln+1]\{r—1}

The pair (Sp, C') here is in the form of pair (d).

Case 2. 5) is aperiodic.

In this case, C' is periodic and |C] = 281 Tet C = Lo @ D, |Lg| = 2° for
0 < s < k—m+ 1. Consider the factorization G/Lc = ((So + L¢)/Le) ® (D + Le)/Le)
given by Lemma 2.5.

Subcase 2.1. |L¢| = 25=™F1. In this case C' = L¢, and by taking D = {0} we have
G/Lc = (So+ L¢)/Le.

If Lo = ((2™7,0)) = {(i2™7*,0) | i € [28=™F1] }, then (So + Lc)/Le = {(i,§) + Lc |

€ [2™7Y,7 € [2]}. This means Sy = {(i,7) + ;;(2™1,0) | ¢ € [271],5 € [2]} =
{(z + ;2™ 1,j) | i € [2"7Y,5 € [2]}. The pair (Sp, C) here is in the form of pair (f)
where n =1 and r = 0.

If Lo = ((2m71, 1)) = {(i2m7, ) | i € [28=™F1] }, then (So + Le)/Le = {(i,0) + Lc¢ |
i € [2™]}. This means Sy = {(4,0) + ; (2™ 1, 1) | i € 2™} = {(i + ;2™ ', o) | i € [2™]}.
The pair (Sp, C') here is in the form of pair (b) where n =1, r =0, and [y = m.

If Lc = ((2™,0),(0,1)) for m < k, then Le = {(i2™,j) | i € [2*"™], j € [2]} and
(So+ L¢)/Le = {(i,0) + Le | @ € [2™]}. This means Sy = {(4,0) + «;(2™,0) + ~;(0,1) |
i€ 2™} = {(i + a;2™,7;) | i € [2™]}. The pair (Sp, C) here is in the form of pair (c)
where n =1 and r = 0.

If Le = ((2™,0),(0,1)) for m = k, then L = ((0,1)) = {(0,7) | i € [2]} and (So +
Le)/Le = {(1,0) + Le | i € [2¥]}. This means Sy = {(i,0) + o;(0,1) | i € [2F]} =
{(i,04) | i € [2¥]}. The pair (Sp, C) here is in the form of pair (a) where n = 1 and r = 0.

Subcase 2.2. Lo = ((287%,0)) for s < k —m + 1. In this case, G/Lc = Zyi—s X Lo,
|(So + Le)/Le| = |So| = 2™, and (So + L¢)/ L is periodic. From Case 1, (So + L¢)/Le
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is one of the six pairs in Theorem 4.3. We will calculate (So + L¢)/Le and (D + Le)/Le
in the form of pair (a). The calculation for the other forms will follow similarly.

From Case 1, there are integers 0 = mg < my < -+ <My < Myyy < -+ < My = k—s
and 1 <l <myyg —my fort € [n+ 1]\ {r} and 0 < I, < my,41 —m,, such that

(SO +LC)/LC = Z ome | Z Qig..... it2mt+lt’ Qg + LC it c [th} : and
t=0 ten+1)\{r}

(D+ L¢)/Le = > i 2m N B 2™ | 4+ Lo |d € [2me el
ten]\{r} t=0

for t #r, i, € [2]}.

We also have m,, +1,, = m, 11 = k—s from Case 1. Since G/Lc = Zigr—s X Zig, (2™ 0)+

LC’ = Lc, and
ir € [2"] }

n—1
(So + Le) /Lo = { (Zztzmt + > i 2™ ) + (in2™,0) + Lo
i € |:21t] }

te[n]\{r}
Since Le = ((2772,0)) = {(h2¥7%,0) | h € [2°]}, we have

n—1
S0 = Zitth T Z g, i 2™ g | F (Zﬁ?m" + az‘o,...,in2k78,0>
t=0 te[n]\{r}
it € |:21t] }

n
— E ; E +1
- { ( ltzmt + ai07...,it2mt ta a’io,...,i,«)

=0 ten+1\{r}
and
C=De& L¢
n—1
_ S a2t e S B2 | (h2k_5,0) i € [2mt+1—mt—lt] for t # 1,
telnl\{r} =0

ir € [2],h € [2°]}

n—1
= { ( Z Z-tthHt + Z ﬁio,...,z’tth“, ir> + (h?kis + 6i0,.‘.,in,1,h2k, 0)
te

[mI\{r} 1=0
iy € [2”‘#1—”“—“} for t £ 7, iy € [2],h € [25]}.

By setting i,, = h and a new value for m,,,1 to be equal to k, we have

n
o { ( S a3 e, )

te[n+1]\{r} t=0

it € [th“_mt_l‘] fort #r, i, € [2]} .
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The pair (Sp, C') here is in the form of pair (a).

Subcase 2.3. Lo = ((2¥7%,1)) for s < k —m + 1. In this case, G/Lc = Zoi-ws1,
|(So + L¢)/Le| = |So| = 2™, and (Sy + L¢)/Le is periodic. From the case when Sy is
periodic in Theorem 4.1, we have

n

(SO + LC’)/LC = { (Z (Z't2mt + Qi it2mt+lt) ,0) —+ LC’

t=0

1 € [2“} } , and

n—1
(D + Lc)/Le = { (Z (12T + By, 0 2™ ) ,0) + Lo

t=0

i, € [zmulfmz*lz} } )

We also have m,, +1, = m, 1 = k—s+1 from the same case. Since (2™ 0)+L¢ = Lc,

n n—1
(So+ Le)/Le = { (Z W2 Y g, 2" o) + Lo | € [2"] } .
t=0 t=0

Since Lo = ((257%,1)),

n n—1
So = { (Z 152™ + Z Qi 2, 0) + vy, (2670,1)

t=0 t=0

By setting r = n, we have

n

_ . m m +l mr“l‘lr_l
So = E 12" + E Qg i 2+ i 2 y Qg
=0 telnt1\{r}

Now Lo = {(h2*=5 h) | h € [2°]}. Therefore,

C =D& L¢

n—1
) { <Z (it2mt+lt + 61'0 ,,,,, itzmHl) ’O> t (h2k787 h)

t=0
1

= { (Z (i2™ M + By, 0 27) ,0) + (h2m e By k25 h)

t=0
i, € |:2mt+1*mt*lt:| ,h c |:2m7'+17mr*lr+11| } )

i € [2miTmeh] h e [23]}

By setting i, = h, and a new value for m,,.1 to be equal to k, we have

n

= ST a2ty By 2 2m | e [2men et
te[n+1]\{r} t=0

for t #r, i, € [2mm ] L
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The pair (Sp, C) here is in the form of pair (b).

Subcase 2.4. Lo = ((287571,0),(0,1)) for 1 < s < k —m + 1. In this case, G/L¢ =
Zgr—s+1 and (So+ L¢)/Le is periodic. From the case when Sy is periodic in Theorem 4.1,
we have

n

(SO + LC’)/LC - { (Z (itth + Qi it2mt+lt) ,0) —+ LC

t=0

1 € [2“] } , and

n—1
(D + Lc)/Le = { (Z (i2™ 1 + By 0 2™) ,0) + Lo

t=0

i, € |:2mt+1*mt*lti| } )

We also have m,, +1,, = m, 11 = k—s+1 from the same case. Since (2™ 0)+ Lo = L,

n n—1
(So + Le) /Lo = { (Z W2 Y a0, 2, 0) + Lo | i € [2"] } .
t=0 t=0
Since Lo = ((2F7°71,0), (0, 1)),

ic € [2¢] }

t=0

n
So = { (Z 2™+ Yo, 2 0) + Qig,..in (2’“*3“7 0) + Yig,.wniin (0,1)
t=0

iy € [2mt+1*mt*lt] ,

he 271, €[2]}.

By setting r = n, i,, = h, and a new value for m,, 1 to be equal to k, we have

n r—1 n
C = { <Z it2mt+lt —+ Z Bio 77777 it2mt+1 + Z /Bio ..... it7j2mt+l,j>
t=0 t=0 it
je2}.

The pair (Sp, C) here is in the form of pair (c).

it c |:2mt+1_mt—lt:| ’
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Subcase 2.5. L¢ = <(2k +1,0),(0,1)) for s = 1. In this case Lc = ((0,1)), G/L¢ =
Zok, and (Sy + L¢)/Lc is perlodlc From the case when Sy is periodic in Theorem 4.1,
we have

(SO + LC)/LC = { <Z (itth + Q... it2mt+lt> ,0) —+ LC

t=0

i € [2“]}, and

n—1
(D + Lo)/Le = { (Z (120 4 By 0 2 ,0) + Le

t=0

i, € |:2mt+1*mt*lti| } ]

From the proof of Theorem 4.1, we also have m,,+1,, = m,,; = k. Since (2™ 0)+ Lo =

L07
i € [2"] } :

i € [2] }

(So+ Lc)/Le = { (Z (12™ + vy, 27 ,0) + (in2™,0) + Le

Since Lo = ((0,1)) = {(0,7) | j € [2]},

n—1
So = {(Z (12™ + vy, 3, 2™ ) ,0) + (1n2™",0) + iy, .4, (0, 1)

n n—1
= { ( 7,2 1 Zaio ..... zt2mt+lt,azo ..... ln) i € [2&} } )
t=0 t=0
By setting r = n, we get
SO = Z 1t Qe + Z Qg 2mt+lt7 Qg i it c [2lt:|
tefn+1\{r}

Now, we will prove that C' is also in the form of C' in pair (a). We have

C=D® Lo
n—1
(S e o) w0 e o] e )
t=0
n—1
- {<Z (it2mt+lt + Bio, .., it2mt+1) ’ ) (BZO in—1,] J) it € [2mt+1_mt_lt} J € [2]}
t=0

Recall that we set » = n. Let j = 4, and set a new value for m,, 1 to be equal to k. Then
we have

C= { ( Z thmt—Ht + Z Blo ,,,,, it 2mt+lair)
[

ten+1\{r} =
The pair (Sp, C') here is in the form of pair (a). O

1 € |:2mt+1—mt—lt] , fort #£r, i, € [2]} .
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5 Perfect codes in Cayley graphs of Z,. X le

In this section, we characterize perfect codes in Cayley graphs Cay(G, S) of Hajés groups
of the form G = Z, x Z4. These Haj6s groups are Zy, Zy. X Lo, Ly X 73, Ly X Z3,
Z, x Z3 and all their subgroups. The first two groups, Loy Ly X g, and their subgroups
are covered in the previous section. We are left to consider Z,s X Z3, Z,2 x Z3, Z, X Z3
and their subgroups.

The calculation required to prove G = Sy @ C for given (S, C) in this section is
similar to the calculation in the proof of Theorem 3.6. So from this point onward, to
prove that Cay(G, S) admits a perfect code, we will provide the perfect code C' but omit
the calculation leading to G = Sy @ C.

Theorem 5.1. Let G = Z,2 for a prime p and let S be a proper subset of G\ {0} that
generates G. Let 0 € C C G. Then C is a perfect code in Cay(G,S) if and only if

So={i+ap|i€l[pl} and C={ip|ie [p]}.

Proof. Suppose Cay(G,S) admits a perfect code C. Since |G| = p* and S is a proper
subset of G\ {0}, we have |Sy| = p. From Lemma 2.8, C' is a subgroup of order p, so
C = L¢ = pZ,2. From the factorization of G/L¢ given in Lemma 2.5, (Sy + L¢)/Le =
G/Lc = Zy2[pZy = {i+ Lc | i € [p]}, and hence Sy = {i + a;p | © € [p]}, oy € Z. Since
0 € Sy, we have ag = 0. O

Lemma 5.2. Let G =7y X Zs and let S be a proper subset of G\ {0} that generates G.
Then Cay (G, S) does not admit a perfect code.

Proof. Suppose Cay(G, S) admits a perfect code C. From Lemma 2.8, |Sp| > 3. Since
G =5y&C, |S]| divides |G| = 4. This means Sy = G, contradicting the assumption that
S a proper subset of G\ {0}. O

Theorem 5.3. Let G = Z,s for a prime p and let S be a proper subset of G\ {0} that
generates G. Let 0 € C C G. Then C is a perfect code in Cay(G,S) if and only if (Sy, C)
1s one of the pairs in Table 5.1.

Table 5.1: Perfect codes in Cayley graphs of Z,s

Row So C
1 [{i+aip|ielp]} {ip|ie|p’]}
2 | {i+ap+jp®|i,jelpl}|{ip+aip?|iep]}
3 | {i+ap?|ic [p?]} {ip* | i € [p]}

Proof. Suppose Cay(G, S) admits a perfect code C. Then G = Sy & C and so |Sy| - |C| =
|G| = p?. Since S is a proper subset of G'\ {0}, Cay(G, S) is not a complete graph. Hence
|C| > 2 and therefore 2 < |Sy|, |C| < p.

If |So| = p, then from Lemma 2.8, Sy is aperiodic and C' is a subgroup of G with
order p*, so C = Lo = pZ,s. From the factorization of G/Lc given in Lemma 2.5,
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(So+Lc)/Le =G/Le = Zys |pZys = {i+Lc | i € [p]}, and hence Sy = {i+asp | i € [p]},
a; € Z. This gives row 1 in Table 5.1.

If [So| = p? and Sy is periodic, then |Lg,| = p by Lemma 2.8, so Ls, = p*Z,s. Let
So = D@ Lg, for some subset D. From the factorization of G/Lg, given in Lemma 2.5, we
have G/Lg, = ((D+Ls,)/Ls,)®((C+Ls,)/Ls,). Note that (D+Lg,)/Ls, is aperiodic and
G/Ls, = Z,2. From Theorem 5.1, we have (D + Lg,)/Ls, = {i + cup+ Lg, | i € [p]} and
(C+Lgs,)/Ls, = {ip+ Ls, | i € [p]}. Therefore, Sy = D@ Lg, = {i+ap+jp*|i,j € [p|}
and C' = {ip + a;p? | i € [p]}. This gives row 2 in Table 5.1.

If |Sy| = p* and Sy is aperiodic, then |C| = p and C is periodic. Hence C' = Lg =
p*Zys = {ip* | i € [p|}. From the factorization of G/L¢ given in Lemma 2.5, (Sy +
Lo)/Le = G/Le = Zy3 |p*Zys = {i + Lo | i € [p*]}, and hence Sy = {i + a;p® | i € [p?]},
a; € Z. This gives row 3 in Table 5.1. O]

Theorem 5.4. Let G = Zy»2 X Zqg for distinct primes p and q, and let S be a proper subset
of G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if
and only if (Sy, C) is one of the pairs in Table 5.2.

Table 5.2: Perfect codes in Cayley graphs of Z,: x Z,

Row So C

1 [ {(i +aip,ai) | i € [p]} {(ip,j) i € [pl, j € [q]}
2 | {(as,9) |7 € [q]} {(10)|1€[ 1}

3 | {(G+ip )i, jepl} {(aip,i) | i € [q]}

4 |{G, ) i€ [p?]} {(0,9) | i € [q]}

5 |{(i+aip,j)liep],jeld}t [{(ip,a:)]i€ [p]}

6 |{(i+jp,i)|i€lq],jelpl} |{(+ap0)]ié€lp]}

7 {(l+ozz]p, ) i€ pl, Je[q]} {(ip,0) | € [p]}

Proof. Suppose C' is a perfect code in Cay(G, S). Then G = Sy @ C and so |Sy| - |C] =
|G| = p*q. Since S is a proper subset of G \ {0}, Cay(G, S) is not a complete graph.
Hence |C] > 2 and therefore 2 < |Syl, |C] < p*q.

Case 1. 9) is aperiodic.

Since G is Hajos and G = Sy & C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = L @& D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |So| is a prime, then |Le| = |C|
by Lemma 2.8 part (c). If | S| is not a prime, then |Sy| must be a multiple of two primes
(either p? or pg). This means that |C| = p?q/|Sy| is a prime, and hence |L¢| = |C/|. Set

A= (SO +Lc)/LC and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A® B.

Since |L¢| = |C|, we have C' = Lo as 0 € C. This means we can take D = {0} and hence
B=L¢/Le and G/Le = A. We use C' to get A and then use Lemma 2.6 to obtain Sp.
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All possible values for (|Sy|,|C|,|L¢c|) are given in the first column of Table 5.3. In
the second column, we list C', A, and Sy. The last column indicates which row in Table
5.2 the result corresponds to.

Table 5.3: The case when G = Z,2 x Z,; and Sy is aperiodic

(1S0l, 1€, |Lc|) C, A, and S Result
ORI
{(#,0) + L¢ | i € [p]} row 1
={(i + cip, i) | i € [p]}

o Tic ]
{(0,9) + L¢ | i € [q]} row 2
= {(, %) | i € [q]}

{(0,9) | € [ql}

{(i,0)+ L¢ | i € [p?*]} row 4
o= {Gai) i € [°]}

{(ip,0) | i € [p]}

() +Lclichl, jeld) |rowT
— {(+ogp,d) [i € [p], 4 € )

(p,pq,pq)

(q,p%,p?)

m@gm@g

(r,4,q)

N

D>Q
|

(pq,p,p)

Case 2. 5) is periodic.
In this case we have |Lg,| > 2 and Sy = D @ Lg, for some subset D of G by Lemma
2.3. So |D|-|Ls,| = S| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D‘I'LSO)/LSO and Y:(C+LSO>/LSO-
Since S is periodic, by Lemma 2.5, we have
G/Lsy,=X®Y

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (S, C') via (X,Y).

All possible values for (|So|, |C|,|Ls,|) are given in the first column of Table 5.4. In
the second column we list Lg,, X, Y, Sy, and C. The third column shows which previous
theorem is used to obtain (X,Y). The last column indicates which row in Table 5.2 the
result corresponds to. O

Table 5.4: The case when G = Z,2 x Z, and S is periodic

(IS0l |C|, | Ls, 1) Ls,, X, Y, Sy, and C Reference | Result
Ls, = ((p,0))
X ={(i, 1) + Ls, | i € [pl}
(pg’q,p) Y = {(0’1) + LSO | 7 - [q]} 3.5 (TOW ].) row 3
So ={(i+jp,ai) | 1,5 € [pl}
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C = {(cup,1) | i € [q]}

Ls, = {(0,1))
X = {<i+aip,0> +LSO ‘ 1 € [p]}
(rg,p; q) Y = {(ip,0) + Ls, | i € [p]} 5.1 row 5

So={(i+aip,j) | i €[pl, j € ldl}
C = {(ip,a) | i € [p]}

Ls, = {(p,0))
X = {(ci,i) + Ls, | i € [q]}
(pq,p,p) Y ={(,0)+ Ls, | i € [p]} 3.5 (row 2) | row 6

So = {(a; + jp,i) | i € [q], j € [p]}
C ={(i+wp,0)|iep}

Lemma 5.5. Let G = Zy X 7o X Zy and let S be a proper subset of G\ {0} that generates
G. Let 0 € C C G. Then C is a perfect code in Cay(G,S) if and only if Sy = {je1 +
ies + jes | 1,7 € [2]} and C = {iey | i € [2]}.

Proof. Suppose Cay(G, S) admits a perfect code C. Then G = Sy @ C and so |Sy| - |C| =
|G| = 8. From Lemma 2.8, we have |Sy| > 2 and hence (||, |C|) = (4,2) as |Sy| - |C| =8
and |C| > 2.

If Sy is periodic, then |Lg,| = 2 and Lg, = (e1). Let Sy = D & Lg, for some subset D.
From the factorization of G/Lg, given in Lemma 2.5, we have G/Lg, = ((D+Lsg,)/Ls,) ®
((C'+ Ls,)/Ls,). From Lemma 2.7, we know that (D + Lg,)/Ls, is a generating set of
G/Ls, 27y X Zy and Lg, € (D + Lg,)/Ls,. This case is not possible by Lemma 5.2.

If Sy is aperiodic, then |C| = 2 and C' is periodic, and hence C' = Lo = (eq). From
the factorization of G/ L¢ given in Lemma 2.5, (So+ L¢)/Le = G/Le = {iea+jes+ Lo |
i,7 € [2]}, and therefore Sy = {ies + jes + ayje1 | i,j € [2]}, oy € Z. O

Remark 5.6. In Lemma 5.5, the generators e;, e; and ez may be replaced by any basis of
H = ZQ X ZQ X ZQ, as in (02)

Theorem 5.7. Let G = Zys X Zy for an odd prime p and let S be a proper subset of
G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if and
only if (So,C) is one of the pairs in Table 5.5.

Table 5.5: Perfect codes in Cayley graphs of Z,s x Zs

Row So C

1 | {(i+aip,ci) | i €[p]} {(Zp] i€ [p?],jel2]}

2 | {(ou,4) | i € [2]} @0y ] i€ [p°]}

3 {6+ ap+ i) | i,5 € [pl} {(Zp+ozzj ) 1ielp], g€ 2]}
4 [ {(i+ aip+ 4% aij) | 4,4 € [p]} {(ip +aip®,j) | i € [p], 36[2]}
5 | {(+jp+ayp®,ai) | i,j € [pl} {(aip+jp* i) |1 €[2], j € [p]}
6 | {(+aip? az)‘le[ }} {(ip*,5) | i €p], j € 2]}

7 {(Hazp, ) [i€lpl,je2} {(ip, i) | € [p 2}

8 | {(ai+jp? i)\i€[2],j€[p]} {(i + aip®,0) | i € [p°]}
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9 {(@+azp+%p Alielpl,jel2} |{Gp+p* )lijepl}
10 | {(ai+jp+ayp*d) i€ 2], e pl} |{G+ap+ip®0)|i,j € pl}
11 {(l+ampj)|26[p]7 € [2]} {(ip, )MG[ °]}

12 | {(i+4p* i) | i € [p?], j € [pl} {(cip®,i) | i € [2]}

13 {(l+Jp,az)!i€[p]7J€[p2}} {(cip,i) | € [2]}

14 | {(i,) | i€ [p*]} {(o, )!26[]}

15 [ {(i+aip*,j) i€ [p*], 72} {(ip?, ai) | i € [p]}

16 | {(i + awp+jp* k) |4, € [p], k € [2]} | {(ip + aip?,0) | i € [p]}
17 [ {(i+aip+jp*. k) [ i,5 € [p], k € 21} | {(ip + qip®, ) | 7 € [p]}
18 | {(i + jp,i )IZG[] je[pz]} {(z+azp, 0) |4 € [pl}

19 {(z+%p J) lie [p?],je2]} {(#p*,0) | i € [p]}

Proof. Suppose C'is a perfect code in Cay(G,S). Then G = Sy @ C and so |Sy| - |C| =
|G| = 2p3. Since S is a proper subset of G \ {0}, Cay(G, S) is not a complete graph.
Hence |C] > 2 and therefore 2 < |Syl, |C| < 2p3.

Case 1. ) is aperiodic.

Since G is Hajés and G = Sy @ C, in this case C' must be periodic, that is, Lo is
nontrivial. Write C' = Lo @ D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|- |D| = |C| and 2 < |L¢| < |C]. If |Sp| is a prime, then |L¢o| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢o| could be any divisor of |C|. Set

A= (So +Lc)/LC and B = (D+Lc)/Lc.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A& B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Lc. We also know that A contains
L and A generates G/L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |L¢| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C) via (4, B).

The first column of Table 5.6 represent all possible values for (|.Syl, |C],|L¢]). In the
second column, we list C'; A, and Sy when |L¢o| = |C| and we list Le, A, B, Sp, and
C when |Le| < |C|. The third column shows which previous theorem is used to obtain
(A, B) when |L¢| < |C|. The last column indicates which row in Table 5.5 the result
corresponds to.

Table 5.6: The case when G = Z,3 X Zy and Sy is aperiodic

(1Sol, ICI, | Lc)|) Lc, A, B, Sy, and C Reference | Result
C = {(ip,j )!26[ ] j €21}
(p,2p%,2p%) | A={(i,0)+ Lc | i € [p]} row 1

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17 44



{(i + aup.0) | € [p])
; )|1€[ °I}

i)+ Lo | i€ [2]} row 2
ai,i) | i € 2]}

((0,1))

(i + aip+ 9% 0) + Le: | i, j € [}

(ip + a;p?,0) + Lc | i € [p]} 5.3 (row 2) | row 4
(i + eup + jp*, 35) | 4, € [pl}
{(ip + aip®,j) | i € [p], 5 € [2]}
¢ =((#%0))

{(i +jp, i) + Lo | 4,5 € [p]}

{(asp,i) + Lo | i € [2]} 5.4 (row 3) | row 5
{(Z—i—jp—i—ozwp ;) | 4,5 € [pl}
{(cip+jp,0) | i € [2], j € [pl}
{Gp®,5) i€ p], j € 2]}

{3, )—i—LC]ZE[Q]} row 6
{(Z—i—a,p i) | i€ [pQ]

((*,0))
(i+ap.j) +Le i €[pl, j € 2]}

(ip, i) + Le | i € [p]} 5.4 (row 5) | row 9
{(Z+Oéip+aijp27j) lielp],je 2]}
{(ip + jp? i) | 3,5 € [P}

¢ = ((r%,0))

(i +jp,i) + Le | i € (2], 5 € [pl}
(i 4+ cqip,0) + Lo | i € [pl} 5.4 (row 6) | row 10
{(Oéz+Jp+%p i)[ie2],j€lpl}
{(i + aip+jp*,0) | i,5 € [p]}

{(ip,0) | i € [p*]}

{G))+ Lo i€ bl j € 2]} row 11
{(i+aip,j) i €[], 5 € [2]}

{(
{(,
{(
{

Il
A
~~

~.

)

(2,p3,p°)

Q
I

@ e N0 e Qlw
Il
Sa=

I
—~—

(p%,2p,2)

Udtuh(')
Il

(p%,2p, p)

= QA
I

(p?, 2p, 2p)

b:TrQho
ﬂwﬁn

(2p, p?,p)

bd:uh(')
[
—_~—

(2p, p?,p)

= QA

(2p, p*,p?)

= Q)

(i

0,4) [ i€ 2]}
(p3,2,2) i
{(,

0)+ Lc | i € [p*]} row 14
}

al)\ze[p}
ip*,0) | i € [pl}
(, )+Lc|z€[p],j€[2]} row 19
{(+aiyp? ) i€ [p?], 5 € [2]}

N = Ql:n

(2p%, p,p)

Case 2. 5) is periodic.

In this case we have |Lg,| > 2 and Sy = D @ Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = S| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSU)/LSO and Y = (O + LSQ)/LS()'
Since Sy is periodic, by Lemma 2.5, we have
G/Lsy,=X®Y

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17 45



and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (Sp, C) via (X,Y).

The first column of Table 5.7 represent all possible values for (|.So|, |C|, |Lg,|). In the
second column we list Lg,, X, Y, Sy, and C. The third column shows which previous
theorem is used to obtain (X,Y’). The last column indicates which row in Table 5.5 the
result corresponds to. O

Table 5.7: The case when G = Z,s x Zy and S is periodic

(ISol, IC|, | Ls, 1) Ls,, X, Y, Sy, and C Reference | Result
LSO = <(p2’0)>

X = {(z'—i-ozip, Odi) + Lg, ‘ 1€ [p]}
(*,2p,p) |Y ={(ip,j) + Ls, | i € [p], j € [2]} 5.4 (row 1) | row 3
So = {(i + aip + jp?, i) | i, j € [pl}
C = {(ip+aip*,j) i€ [p], j €2}

Ls, = ((0,1))
X ={(i+aip,0) + Lg, | i € [p]}
(2p, p?,2) Y = {(ip,0) + Lsg, | i € [p*]} ) 5.3 (row 1) | row 7
je

So = {(Z+Q1p7]) | s [p]v
C = {(ip,ai) | i € [p*]}
Ls, = (#%.0))

X = {(0i, i) + Ls, | i € [2]}

(2p, p?, p) Y ={(i,0) + Lg, | i € [p?]} 5.4 (row 2) | row 8
So = {(ai +jp?,i) | i € [2], j € [p]}

C={(i+ap?0) i€ [p?]}
Ls, = <(p270)>

X ={(i,0q) + Ls, | i € [p?]}
(p?,2,p) Y ={(0,i) + Ls, | i € [2]} 5.4 (row 4) | row 12
So = {(i +jp* i) | i€ [p?], j € [pl}
C = {(aip?,i) | i € [2]}

Ls, = {(p,0))
X ={(i,) + Ls, | i € [pl}
(p%,2,p%) Y ={(0,7) + Ls, | i € [2]} 3.5 (row 1) | row 13

So={(i+jp, ) i€p],je [p*]}
C = {(aip,i) | i € [2]}

Ls, = ((0,1))
X ={(i+ a;p*,0) + Ls, | i € [p?]}
(2p?,p, 2) Y = {(ip%,0) + Ls, | i € [p]} 5.3 (row 3) | row 15

So={(i+ cip®,5) | i € [p*], 5 € [2]}

C = {(ip? ai) | i € [p]}

Lg, = <(p2,0)>

X ={(i +aip,j) + Ls, | i € [p],j € [2]}
(2p?,p, p) Y = {(ip,0) + Lg, | i € [p]} 5.4 (row 7) | row 16
So = {(i + curp + 3% k) | 4,5 € [p] , k € [2]}
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C = {(ip+ aip®,0) | i € [p]}
LSO = <(p2a1)>

X ={(i +a;p,0) + Ls, | i € [p]}
(2p%,p,2p) | Y ={(ip,0) + Ls, | i € [p]} 5.1 row 17
So = {(i +aup+ jp* k) | i,5 € lp], ke 2]}
C ={(ip + up® ) | i € [p]}

Ls, = ((p,0))
X = {(ai,i) + LSO ’ 1 E [2]}
(2p2%,p,p*) | Y ={(i,0) + Ls, | i € [p]} 3.5 (row 2) | row 18

So = {(eu +jp,7) | i € [2], j € [p?]}
C = {(i +a;p,0) | i € [p]}

Theorem 5.8. Let G = Z,2 X Zy X Zy for an odd prime p and let S be a proper subset of
G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if and
only if (So, C') is one of the pairs in Table 5.8.

Table 5.8: Perfect codes in Cayley graphs of Z,2 X Zg X Zs

Row So C

1 [ {(i +aip)er + aex + Bies | i € [pl} {ipe1 + jez + kes | i € [p], j,k € [2]}
2 | {(t+jp)e1 + aje2 + Bies | i,j € [p]} {oujper +ies + jes | 4,7 € [2]}

3 | {(i+jp)er + aijer + aies | 4,5 € [p]} {aiper + jes +ies | 4,5 € 2]}

4 {ie; + a;es + Bies | i € [pﬂ} {ies + jes | i,7 € [2]}

5 | {(i+apler +jes+es|i€p], <2} {ipe1 + cvijea + jes | i € [p], j € [2]}
6 | {(i+aipler+jes+aies|ie[p],je 2]} |{jper+aies+ies|i€[2], )€ [pl}
7 | {t+ap)er + aijes +jes | i€ pl, j€ 2]} | {ipe1+jes+ves|i€[p], e 2]}
8 | {(ai+jp)er +aijes +iez[i€ 2], jepl} | {(i+aipei+jes|ic [p] , J € [2]}
9 | {(i+aipes +ages +jes | i € p], j € [2]} | {ipes+ jes |i € [p], € 2]}

10 | {ajer + jes +ie3 | 4,5 € [2]} {ie1 + ajes | i € [pQ]}

11 {(OLZ + aijp)el +je2 + ieg | Z,] € [2}} {(Z +]p)el + a;eq | Z,] € [p]}

12 | {ayje; +ies + jes | i,j € [2]} {ie1 |i € [p?]}

13 {zel + jes + aye3 ‘ZG [p ],] S [2}} {OéiEQ-‘rieg |i€ [2]}

14 | {(i + kp)e1 + avjes + jes | i,k € [p],j € [2]} | {auper +ieq | i€ [2]}

15 | {(i+jp)e1 + kea + azes | i,7 € [p], k€ [2]} | {aiper + a;es +ies | i € [2]}

16 | {ie1 + aijez + jes | i € [p?], j € [2]} {iez | i € [2]}

17 | {(i + aijp)er + kex + jes | i € [p], j, k € [2]} | {ipe1 + ez | i € [p]}

18 | {(cij + kp)er +iex + jes | 4,5 € [2], k € [pl} | {(i + cup)er [ i € [pl}

19 | {(o; +jp)e1 + kea +ies | i,k €[2],j€[p]} |{(E+ ap)er +ea|ic[p]}

20 | {(i+ ayp)er + jea + kes |i € [p], 4,k € [2]} | {ipe1 + a;es+ Bies | i€ [p]}

21 | {(i+ ayjup)er + jea + kes | i€ [p], 4,k € [2]} | {ipe1 | i € [p]}

Proof. Suppose C'is a perfect code in Cay(G, S). Then G = Sy@&C and so |Sp|-|C| = |G| =
4p?. Since G is not a cyclic group, |Sg| > 2 by Lemma 2.8. Therefore, 2 < |Sy| < 4p°.

Case 1. Sy is aperiodic.

Since G is Hajos and G = Sy @ C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo & D for some subset D of G whose existence is ensured by

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17 47



Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |So| is a prime, then |Le| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢o| can be any divisor of |C]. Set

A= (So —{-Lc)/Lo and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Le. We also know that A contains
L and A generates G/L¢e by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |Lo| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |Le| < |C|, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

The columns of Table 5.9 represent all possible values for (||, |C/|, |L¢|); C, A, and S
when |Lo| = |C| or Le, A, B, Sy, and C when |L¢| < |C|; which previous theorem is used
to obtain (A, B) when |L¢| < |C|; and which row in Table 5.8 the result corresponds to.

Table 5.9: The case when G = Z,» X Zy X Zy and S is aperiodic

(|S0l,1C|, | Lc]) Lo, A, B, Sy, and C Reference | Result
C= <pel + eg,e3>
(p,4p,4p) | A={ies + Lc | i€ [p]} row 1
So = {(i + asp)el + a;es + Bies | i € [p]}
Lc = (e2)
A={(i+jp)er + aes + Lc | i, € [p]}
(p%,4,2) B = {a;pe1 +ies+ Lc | i € [2]} 5.4 (row 3) | row 3

So=A{(i +jp)er + aijes + ases | 4,5 € [p]}
C = {wpei + jes +ies | i,j € [2]}

C = (eg,e3>
(p%,4,4) A={ies+Lc |i€ [p*]} row 4
So = {ie1 + azes + Bies | i € [p?]}
Lc = (pe1)
A:{ie1+jeg—|—a¢e3+Lc \ie [p],j@ [2]}
(2p,2p,p) B = {ajes +ies + Lo | i € 2]} 3.6 (row 4) | row 6

S() = {(’L +C¥7;jp)el +jez + o es | 1€ [p] s ] S [2]}
C = {jpe; + a;es +ies |i € [2] j € [p]}

Lc = <e2>
A={(i+ap)ei +jes+Lc|i€[p],je€2]}
(2p,2p, 2) B = {ipe; + ayes + L¢ | i € [p]} 5.4 (row 5) | row 7

So = {(t + aup)er + ajjes + jes | i € [p], j € [2]}
C = {ipe; + jea + ayes | i € [p], j € [2]}

LC = <e2>
A= {(ai+jp)el +ies + Lo | 1€ [2} ,J € Lp]}
(2p, 2p, 2) B={(i+ a;p)e1 + L¢ | i € [p|} 5.4 (row 6) | row 8

So = {(ci +jp)er + aijea +ieg | i € [2], j € [p}
C={(+aple +jex|i€p],je2}
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C = (pe1 + e2)

(2p,2p,2p) |A={iesx+jes+Lc|i€(p],je2]} row 9
Sy = {(Z + Oéijp)el + ajjer + jes ‘ 1€ [p] ,J € [2}}
L¢ = (pe1)
A= {aiel + jes +ies + Lo ‘ 1,j € [2]}
(4,p%,p) B = {ie1 + ;ea + L¢ | i € [p]} 3.6 (row 6) | row 11

So = {(oi + aijp)er + jes +ies | i,j € [2]}
C={(i+jpe1 + aes|i,j € [p|}

C = (e1)

(4,p%p?) | A={iex+jes + Lc |45 € [2]} row 12
So = {aijer +iex + jes |4, j € [2]}
C = (e2)

(2p%,2,2) | A= {ie; +jes+ Lc | i€ [p?], j€[2]} row 16
So = {iel + a;;€s + jes | 1 € p2] ,J € [2]}
C = (pe1)

(4p,p,p) A={ie;1 +jes+kes+ Lc |i€[p], jkel2} row 21

So = {(i + aujxp)er + jes + kes | i € [p], 5,k € [2]}

Case 2. 9) is periodic.

In this case we have |Lg,| > 2 and Sy = D & Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = S| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSO)/LSO and Y = (O + LSQ)/LS()'
Since Sy is periodic, by Lemma 2.5, we have
G/Lsy,=X®Y

and X is aperiodic in G/ Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (Sp, C') via (X,Y).

The columns of Table 5.10 represent all possible values of (S|, |C|, |Ls,|); Ls, X,
Y, So, and C; which previous theorem or lemma is used to obtain (X,Y’); and which
row in Table 5.8 the result corresponds to. Note that in some cases, for example when
(ISol, |C1, | Ls,|) = (2p, 2p, p), no Sy and C' exist since no X exist from the previous theorem
given in the third column. [

Table 5.10: The case when G = Z,2 X Zy X Zy and Sy is periodic

(15015 1€, | Lso 1) Ls,, X, Y, Sy, and C Reference | Result
LSO = <pe1>
X = {ie1 + a;ex + fies + Ls, | i € [p]}
(p?,4,p) Y = {ies + jes+ Ls, | 1,7 € 2]} 3.6 (row 1) | row 2

So = {(i + jp)e1 + aes + Bies | 1,5 € [p]}
C = {aijpel + ieg +j63 | Z7j S [2]}

LS(J = <e2>

X ={(i + asp)er + ez + Ls, | i € [p]}
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(2p, 2p, 2) Y = {ipe; + jes + Lg, | i € [p], j € [2]} 5.4 (row 1) | row 5
SO = {(Z +ozip)e1 +jez + o es | 1€ [p] R ] S [2]}
C = {ipe1 + asjes +jes | i € [p], j € [2]}

(2p,2p,p) Not possible since no X exists 3.6
LSO = <92>
X = {041‘61 + 1e3 + LSO | 1 E [2]}
(4,p%,2) Y = {ie1 + Ls, | i € [p?]} 5.4 (row 2) | row 10

So = {aser + jes +ies | 4,5 € [2]}
C = {ie1 + ayes | i € [p?]}

Ls, = (e2)
X = {ie1 + a;es + LSO | 1 E [pz]}
(2p?%,2,2) Y = {ies + Lg, | i € [2]} 5.4 (row 4) | row 13

So = {ie1 + jes + azes | i € [p?], j € [2]}
C = {Oziez + ies | 1€ [2]}

Ls, = (per)
X = {ie; + a;jes + jes+ Lg, | i € [p],j € [2]}
(2p?%,2,p) Y ={iea+ Lg, | i € [2]} 3.6 (row 5) | row 14

S() = {(l + kp)e1 + Q€2 +j63 | i,k’ S [p] ,] € [2]}
C ={a;pe; +ieq | i€ [2]}

Ls, = (pe1 +e2)

X = {iel + a;es +LSO | 1€ [p]}

(2p?,2,2p) Y = {ies + Lg, | i € [2]} 3.5 (row 1) | row 15
So = {(i+jp)el + kes + aie3 | 1,J € [p]a ke [2]}
C = {aipel + a;es + ieg | 1€ [2]}

(2p?%,2,p?) Not possible since no X exists 5.2
Lg, = <62>
X ={(i + osjp)er + jes + Ls, | i € [p], j € [2]}
(4p,p,2) Y = {ipe1 + Lg, | i € [p|} 5.4 (row 7) | row 17

So = {(i + aijp)er + kex + jes | i € [p], j, k € [2]}
C = {ipel —+ ;e | 1€ [p]}

LSO = <pel>
X ={a;;e1 +ies+jes+ Lg, | 1,7 € 2]}
(p.p.p) | Y = fies +Ls, | i € [} 36 (row 7) | row 18

So = {(Ctij + kp)el + iex + jes | 1,] € [2} , ke [p]}
C={(i+aip)ei|i€ [p]}

LSO - <p61 + e2>

X = {aiel —|—ie3 +LSO | 7€ [2]}

(4p, p, 2p) Y = {ie1 + Lg, | 7 € [p]} 3.5 (row 2) | row 19
So = {(cvi + jp)er + key +ie3 | i,k € [2], j € [p]}
C={(i+aper +aies|ic€[p]}

Ls, = (ez,e3)

X = {(Z + ozip)el + LSO | 1 E [p]}

(4p, p, 4) Y = {ipe; + Ls, | i € [p]} 5.1 row 20
So = {(i+0lip)el —|—j82 + keg | RS [p] y j,k S [2]}
C = {ipe, + a;e; + Bies | i € [p]}

Remark 5.9. In Theorem 5.8, the generators e; and e3 may be replaced by any basis of
H = {0} X Zy X Zs, as in (C2).

Theorem 5.10. Let G = Z, X Zy X Ly X Zs for an odd prime p and let S be a proper
subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code in Cay(G, S)
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if and only if (Sy, C) is one of the pairs in Table 5.11.

Table 5.11: Perfect codes in Cayley graphs of Z, X Zy X Zy X Zs

Row So C

1 {iel + a,es + Bies + Yi€4 ‘ 1€ [p]} {ieg + jes + key | 1,7, ke [2]}
2 | {ie1 +jes +ases+ Bies | i € [p],j € [2]} {aijes +ies + jes | 4,5 € [2]}
3 | {ier + aijes + jes +aseq | i € [p], 5 € [2]} {jes + cyes +ieq | 1,5 € [2]}
4 {iel + ajje2 + ,Bijeg + jey | 1€ Lp] ,J € [2]} {ieg + jes | i, ] € [2]}

5 {aiel + a;je2 + jes +ieq | 1,] € [2]} {ie1 + jes + ayes ‘ xS [p] ,J € [2]}
6 | {aijer + a;jes +ies +jeq | 0,5 € [2]} {ie1 +jes |i € [p], 7 € 2]}

7 {iel + k’eg + ;€3 +je4 | xS [p] s j, ke [2]} {Oéiez + ieg | xS [2]}

8 {ke1 + a;5e2 + ie3 + jeq | i,J € [2] 5 ke [p]} {aiel + 1eq | s [2]}

9 | {ie1 +jes+kes+ ey |i€p],j,ke2]} |{aes+ Bies+ies]|ic|2]}
10 {iel + k€2 + jes + key | 1€ [p] , ),k € [2]} {ieg | 1€ [2}}

11 {Oéijel + k‘eg + ieg +je4 I i,j, ke [2]} {iel + o€ | xS [p]}

12 {oziel + jes + kes + iey | 1,7, ke [2}} {iel + aes + fBies | 1 E [p]}
13 {aijkel -+ ie2 +je3 + k64 | ’i,j,k S [2]} {ie1 | 1€ [p}}

Proof. Suppose C'is a perfect code in Cay(G,S). Then G = Sy @ C and so |Sy| - |C| =
|G| = 8p. Since G is not a cyclic group, |Sy| > 2 by Lemma 2.8. Therefore, 2 < |Sy| < 8p.

Case 1. 5) is aperiodic.

Since G is Hajés and G = Sy @ C, in this case C' must be periodic, that is, Lo is
nontrivial. Write C' = Lo @ D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|- |D| = |C| and 2 < |L¢| < |C]. If |Sp| is a prime, then |Le| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |Lo| can be any divisor of |C]. Set

A= (SO + Lc)/LC and B = (D + Lc)/LC
Since C' is periodic, by Lemma 2.5, we have
G/Lc =A@ B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Lc. We also know that A contains
L¢ and A generates G/L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if [L¢| = |C], then C = L¢ as 0 € C. This means we can take D = {0} and hence
B = L¢/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C) via (4, B).

Similar to Table 5.9, the columns of Table 5.12 represent all possible values for
(ISol, |C1, | Lel); €, A, and Sy when |Le| = |C] or Lo, A, B, Sy, and C when |L¢o| < |C];
which previous theorem or lemma is used to obtain (A, B) when |L¢| < |C|; and which
row in Table 5.11 the result corresponds to.
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Table 5.12: The case when G = Z,, x Zy x Zy X Zy and Sy is aperiodic

(|Sol,1C1, | Le]) Lc, A, B, Sy, and C Reference | Result
C = <eg, es, e4>
(p,8,8) A={ies+ Lc | i€ [p]} row 1
So = {ie1 + azes + Biez + vieq | i € [p]}
Lc = <e2>
A= {iel + jes + ayeq + Lo | xS [p],jE [2]}
(2p,4,2) B = {a;es +ies + Lc | i € [2]} 3.6 (row 4) | row 3

SO = {z’el + Q€3 +j63 + ey | 1€ [p] s j S [2]}
C = {jes + jes +ieqs | 4,5 € 2]}

C = (e2,e3)
(2p,4,4) A= {ie; +jes+Lc |i€p],je2]} row 4
S() = {iel + Q€2 + ﬂijeg +je4 | 1€ [p] N ] S [2]}
(4,2p,p) Not possible since no A exists 5.5
LC = (e2>
A ={aje; + jes+ies+ Lo | i,5 € 2]}
(4,2p,2) B = {ie1 + ayes + L¢ | i € [p]} 3.6 (row 6) | row 5

So = {aser + ajjes + jes +ieq | 4,5 € [2]}
C = {ie; +jes+yes |i € [p], j €[2]}

C = <91 + e2>

(4,2p,2p) | A= {iez+jes+ Lc |45 € [2]} row 6
So = {aije1 + aijes +ies + jeq | 3,7 € [2]}
C = (e2)

(4p, 2,2) A= {ie; +jes+kes+ Lc |i€p], j,k €[2]} row 10
So = {iel + k€2 + jes + key | 1€ [p] , g,k € [2]}
C = (e1)

(8,p,p) A= {iez + jes + key + Lo | 1,7,k € [2]} row 13

So = {aijk:el + 1e9 + jes + key | 1,7,k € [2]}

Case 2. Sy is periodic.

In this case we have |Lg,| > 2 and Sy = D & Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = |So| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSo)/LSo and Y = (C + LSO)/LSO-
Since Sy is periodic, by Lemma 2.5, we have
G/Lsy, = XY

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (S, C') via (X,Y).

Similar to Table 5.10, the columns of Table 5.13 represent all possible values for
(IS0, |C1, |1 Lsy|); Lsys X, Y, So, and C'; which previous theorem or lemma is used to
obtain (X,Y'); and which row in Table 5.11 the result corresponds to. O
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Table 5.13:

The case when G' = 7Z,, X Zy X Zy X Zy and Sy is periodic

(ISol,1C1, | Ls,|) Ls,, X, Y, Sy, and C Reference | Result
LSO = <e2>
X = {z’el + oyes + Bieq + Lg, | 1€ [p]}
(2p,4,2) Y = {ies + jes + Lg, | 4,7 € [2]} 3.6 (row 1) | row 2
So = {ie1 + jez + cies + Bies | i € [p],j € [2]}
C= {aijeg + ie3 + jey | 1,] € [2}}
(2p,4,p) Not possible since no X exists 5.5
(4,2p,2) Not possible since no X exists 3.6
LSO = <82>
X = {ie1 + ajes + jes + L, | i € [p], j € [2]}
(4p,2,2) Y ={ies+ Lg, | i € [2]} 3.6 (row 5) | row 7
So = {ie1 + kes + aj;e3 + jes | i € [p], j, k € [2]}
C = {aieg + ieg | 1€ [2}}
Lg, = (e1)
X = {aijeg + ieg +je4 =+ LSO | ’L,j & [2]}
(4p, 2, p) Y = {iea+ Lg, | i € [2]} 5.5 row 8
So = {k‘el + ajjex +1e3 + jey | i, ] € [2], ke [p]}
C = {Oéiel + ieo | 1€ [2}}
(4p, 2, 2p) Not possible since no X exists 5.2
Ls, = (e2,e3)
X = {ie1 + aes + Lg, | i € [p]}
(4p,2,4) Y = {ies + Lg, | 7 € [2]} 3.5 (row 1) | row 9
So = {iel + jeq + kes + o, ey | xS [p],j,k‘ € [2]}
C = {ai62 + Bies + iey | 1€ [2]}
Ls, = (e2)
X ={ajje1 +ies + jes+ Lg, | 4,5 € 2]}
(8,p,2) Y = {iex1 + Lg, | i € [p]} 3.6 (row 7) | row 11
So = {Ozijel + kes + ie3 + jey | i,5,k € [2]}
C = {iel + o eq | 1 E [p]}
Ls, = (ez, e3)
X = {Oziel +ie4 + Lg, | 1 € [2]}
(8,p,4) Y = {ie1 + Lg, | i € [p]} 3.5 (row 2) | row 12
So = {aiel + jes + kes + iey | 1,7, ke [2]}
C = {ie1 + o;eo + Bieg I xS [p]}

Remark 5.11. In Theorem 5.10, the generators es, e3 and e, may be replaced by any basis

of H = {O} X ZQ X Z2 X ZQ, as in (C2)

Lemma 5.12. Let G = Zo X Zo X Zg X Zg and let S be a proper subset of G\ {0} that
generates G. Let 0 € C' C G. Then C is a perfect code in Cay(G,S) if and only if (So, C')

15 one of the pairs in Table 5.14.

Table 5.14: Perfect codes in Cayley graphs of Zy X Zo X Zg X Zg

Row

So

C

1 {kel + ajjex + 1e3 + jey | 1,7, ke [2]}
{aijrer +iex + jes + key | 4,5,k € [2]}

{Oéiel + 1e9 | 1€ [2]}
{ier | i € 2]}
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Proof. Suppose Cay(G, S) admits a perfect code C. Then G = Sy @ C and so | Sy - |C] =
|G| = 16. Since Sy generates GG, Sy contains at least four non-zero elements, so |Sy| > 5.
Also, Cay(G, S) is not a complete graph. Hence |C| > 2 and therefore (|So|, |C|) = (8, 2).

If Sy is periodic, then |Lg,| = 2 or 4. Suppose |Lg,| = 4. Then Lg, = (e1,e2). Let
So = D@ Lg, for some subset D. From the factorization of G/Lg, given in Lemma 2.5, we
have G/Lgs, = ((D+Ls,)/Ls,)®((C+Ls,)/Ls,). Note that (D+Lg,)/Ls, is a set of order
2 containing 0+ Lg, and generates G/Lg, = 7y X Zy by Lemma 2.7. Since Zs X Z5 is not a
cyclic group, (D+ Lg,)/Ls, cannot generate G/Lg,, a contradiction. Therefore, |Lg,| = 2,
and hence Lg, = (e1). Let Sy = D @ Lg, for some subset D. From the factorization
of G/Lg, given in Lemma 2.5, we have G/Ls, = ((D + Ls,)/Ls,) ® ((C + Ls,)/Ls,)-
Note that (D + Lg,)/Ls, is an aperiodic set of order 4 and G/Lg, = Zy X Zgy X Zo.
From the case of |Sy| = 4 and Sy is aperiodic in Lemma 5.5, we have (D + Lg,)/Ls, =
{ai ;€2 +ies+ jes+ Lg, | 4,5 € [2]} and (C'+ Lg,)/Ls, = {ie2+ Lg, | i € [2]}. Therefore,
So = D @ Lg, = {ke1 + a;je2 +ie3 + jeq | i,j,k € 2]} and C = {«,e; + ies | i € [2]}.
This gives row 1 in Table 5.14.

If |So| = 8 and Sj is aperiodic, then |C| = 2 and C' is periodic, and hence C' = Lo =
(e1). From the factorization of G/L¢ given in Lemma 2.5, (So + L¢)/Le = G/Le =
{ieg +je3+ke4+Lc | 1,7, ke [2]}, and hence Sy = {aijkel + 1€, —|—j63—|—k’64 | 1,7, k e [2]},
a;j, € Z. This gives row 2 in Table 5.14. O

Remark 5.13. In Lemma 5.12, the generators e, e, e3 and e, may be replaced by any
basis of H = ZQ X Zg X ZQ X ZQ, as in (CQ)

Theorem 5.14. Let G = Zys X Zy X Ly for an odd prime p and let S be a proper subset
of G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if
and only if (S, C) is one of the pairs in Table 5.15.

Table 5.15: Perfect codes in Cayley graphs of Zys x Zy x Zs

Row So C

1 [ {G+aipler +ases + Bies | i€ [p]} {ipe1 + jea + kes | i € [p?], 4, k € 2]}

2 | {(i+ cup+ jp?)er + aies + Bies | i,5 € [p]} {(ip + cijkp®)er + jez + kes | i € [p], 5,k € [2]}
3 | {(i+ cip+jp?ler + aijes + ase3 | 4,5 € [p]} {(ip + aijp*)er + kez + jes | i € [p], j,k € [2]}
4 | {G@E+Jp+ aijp?ler + asex + Bies | 4,5 € [p]} {(avijp+ kp®)e1 +ie2 + jes | 4,5 € [2], k € [p]}
5 | {(i+aip+jp*ler +aijes + Bijes | i,5 € [p]} {(ip+ aip?)er + jex + kes | i € [p], j, k € [2]}
6 {(i + jp + aijp?®)er + ayjes + azes | 4,5 € [p]} {(aip + jp?)e1 + kex +ies | i,k € [2], j € [p]}
7 | {(i+ aip?er + Bies + vies | i € [p?]} {ip®e1 + je2 + ke | i € [p], 4, k € [2]}

8 | {(i+aip)er +jex+ases |ic€ [p], € 2]} {ipe1 + cijes + jes | i € [p?], j € [2]}

9 | {(i+aip)er +ajjes +jes |i€[p], ] € [2]} {ipe1 + jez + cvies | i € [p?], j € [2]}

10 | {(ai 4 jp*)er + aije2 +ies | i € 2], j € [p]} {(i +aip®)er +je2 | i € [P?], 5 € [2]}

11 | {(i+ aip+ aijp?)er +jea +ases | i € [p], j € [2]} {(ip + kp?)e1 + aijes + jes | i,k € [p], 7 € [2]}
12 | {(i+ aip+ aijp?)er + aijez +jes | i € [p], j € [2]} {(ip + jp*)er + kez + cies | i,5 € [p], k € [2]}
13 | {(ai +jp+ aijp?ler +aijes +ies |i€ (2], 5 € [p]} | {(i+cip+jp°ler +kez | 4,5 € [p], k€ [2]}

14 | {(i + aijpler +jex +ases | i€ [p], j € [2]} {jpe1 + aiez +ies |i € [2], j € [p?]}

15 | {(i + aijp)er + a;jex +jes | i € [p], j € [2]} {ipe1 +jez | i € [p?], j € [2]}

16 {aiel + jea + ies3 | i, € [2]} {iel + a;es ‘ 1€ [pB}}

17 | {(ai + aijp?)er + jes +ies | 4,5 € [2]} {(i+jp*)e1 + ez | i € [p?],5 € [p]}

18 | {(ai +aijpler + jex +ies | 4,5 € [2]} {(@+jp)er +asez | i€ [p],j € [p°]}
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19 {aije1 +iea + jes | 4,5 € [2]} {ie1 |i € [pS]}

20 | {(i+jp + kp*)er + aijez + aies | 4,5,k € [p]} {aiper + jez +ies | 4,5 € [2]}

21 | {(i+jp?)e1 + aiea + Bies | i € [p?],j € [p]} {aijp®er +iez +jes | i,5 € [2]}

22 | {(i + jp)e1 + aiez + Bies | i € [p], ] € [p?]} {aijper +iea + jes | i,5 € [2]}

23 | {(i+jp?)e1 + aijex + aies | i € [p?], j € [p]} {aip?er + jezx +ies | i,5 € [2]}

24 {(i+jp)e1 + ajjes + a;es | i€ [p] ,J € [Pz]} {Otipel + jes + ies | i,] € [2]}

25 | {ie1 + asez + Bies | i € [p3]} {ies + jes | i,j € [2]}

26 | {(i + cip + jp®)er + kex + aijes | 4,5 € [p], k € [2]} {(ip + aip®)er + aijez +jes | i € [p], j € [2]}
27 {(Z+JP+ aijp?)er +kez +aies | 4,5 € [p], k€ 2]} | {(aip+jp?)er + aijez +ies | i€ [2], j € [p]}
28 | {(i+ aip®)er + jea + ases | i € [p?], j € 2]} {ip*e1 + aijea +jes | i € [p], j € [2]}

29 | {(i + cijp + kp*ler + jez + cves | i,k € [p], j € [2]} {(ip + aijp*)er + azez +ies | i € [2], j € [p]}
30 | {(i+ip+kp®ler + a;jes + jes | i,k € [p], j € [2]} {(ip+ aijp*)e1 + jez + cuies | i € [p], j € [2]}
31 | {(ci +jp+kp?er + aijex +ies | i €[2], 4,k € [p]} {(i 4+ aip + aijp?)er +jez | i € [p], j € [2]}
32 | {(i +aijp+kp®ler +aijez +jes |4,k € [p], j € [2]} | {(ip + ai;p)er +jez | i € [p], j € [2]}

33 {(Z+azp+ﬂ? Jer +kez +ases | i,5 € [p], k € 2]} {(ip+ aijp*)e1 + aijez + jes | i € [p], j € [2]}
34 | {(i+ aip?)er + aijes + jes | i € [p?], 5 € [2]} {ip®e1 + jea + ajes | i € [p], j € [2]}

35 | {(i + cirp+ jp*)er + aijrex + kes | 4,5 € [p], k € [2]} | {(ip + cip®)er + jea | i € [p], j € [2]}

36 | {(i+aip+jp*)er +aijres +kes | 4,5 € [p], k€ 2]} | {(ip+ aip?)er +jex +aies | i€ [p], j € [2]}
37 | {(ai +jp)er + aijez +ies | i€ [2], j € [p°]} {(i + aip)er +je2 | i € [p], j € [2]}

38 | {(i+ cijp®)er +jex + ases | i € [p?], j € [2]} {jp°e1 + aiex +ies | i € [2], 7 € [p]}

39 {(l+kp+04ukp Jer + aijes +jes | i,k € [p], j € [2]} | {(aip+jp*)er +ie2 | i€ [2], j € [p]}

40 | {(i+jp + cujrp?)er + kez + aies | 4,5 € [p], k € [2]} | {(cip +jp®)e1 + ciez +ies | i € [2], j € [p]}
41 | {(i + cijp?)er —|—o¢”eg +jes | i€ [p?], j € [2]} {ip®e1 + jez2 | i € [p], j € [2]}

42 | {(i+ ip+ aijp®ler + kez +jes | i€ [p], k€ 2]} | {(ip+jp*)er + aijer +aies | 4,5 € [p]}

43 | {(ai +jp+ aijp®ler + kea +ies | i,k € (2], 5 € [pl} | {(i + cup+ jp?)er + aijez | 4,5 € [p]}

44 | {(i + ajp)er + kez +jes | i € [p], 5,k € [2]} {ipe1 + a;ez | i € [p?]}

45 | {(ai + aijp + kp?)er + jea +ies | 4,5 € [2], k € [p]} {0+ jp+ aijp®er + ez | 4,5 € [p]}

46 | {(aij + kp)er +iez2 + jes | i,5 € [2], k € [p]} {(i + aip®ler | 7 € [p?]}

47 | {(i + aip)er + jez + kes | i € [p], 5,k € [2]} {ipe1 + c;eax + Bies | i € [p?]}

48 | {(as +jp*)e1 + kez +ies | i,k € [2], j € [p]} {G+ aip®ler +azex | i € [p?]}

49 | {(i + cijp + ijrp®)er + kea 4 jes | i € [pl, 4,k € [2]} | {(ip + jp®)er + ciea | 4,5 € [p]}

50 | {(aiy +kp+0tukp Je1 +iex +jes [ 4,5 € [2], k € [p]} | {(i 4+ aip + jp?)er | 4,5 € [p]}

51 | {(a +Jp+mgkp Jer + kes +ies | i,k € [2], j € [p]} | {(i + cip+ jp*)er + ez | 4,5 € [p]}

52 | {(i + cip+ aijpp?)er + jex + kes | i € [p], j,k € [2]} | {(ip+ jp®)er + asez2 + Bies | 4,5 € [p]}

53 | {(i + cijrp)er +jex + kes | i € [p], 4,k € [2]} {ipe1 | i € [p°]}

54 {iel + jeax + ae3 | 1€ [p?’} J € [2]} {aieg + ie3 ‘ 1€ [2]}

55 | {(i +kp*ler +aijezx +jes |i € [p?], j € (2], k€ [p]} |{aip’er+iex|ic€ [2]}

56 | {(i+jp®)e1 + ke + aues | i€ [p?],j € [p], k€ [2]} {aip?e1 + aiez +iez | i € 2]}

57 {(i—f—kp)el + a;jes + jes | 1€ [p} ,J € [2], ke [])2]} {aipel + ieg | i€ [2}}

58 | {(i +jp)er + kea + cvies | i € [p], j € [p?], k € [2]} {aupe1r + cie2 +ie3 | i € 2]}

59 {ie1 + Ocij62 + jes | i€ [ps] ,JE [2}} {iez | i€ [2]}

60 | {(i + ai;p®)er + kea + jes | i € [p?], j,k € [2]} {ip?e1 + azez | i € [p]}

61 | {(i + ijup +Ip?)er + jes + ke | i,1 € [p], 4,k € 2]} | {(ip + cip®)er | i € [p]}

62 | {(i + ip®)e1 + jez + kes | i € [p?], 4,k € [2]} {ip®e1 + ciex + Bies | i € [p]}

63 | {(i+aijp+kp®)er +lez +jes [ i,k € [p], .l € [2]} | {(ip+ap®ler +asez | i € [p]}

64 | {(cij + kp)e1 +iex + jes | 4,5 € [2] k € [p?]} {(@ + asp)er | i € [p]}

65 | {(i + aip+jp*)er + kez +les | 4,5 € [p], k,1 € [2]} {(ip + cip®)er + aie + Bies | i € [p}

66 | {(a; +jp)e1 + kez +ies | i,k € [2], j € [p?]} {(@ + a;p)er + asez | i € [p]}

67 | {(i +aijxp®)er +jes +kes | i€ [p?], 5.k € [2]} {ip*e1 | i € [p]}

Proof. Suppose C' is a perfect code in Cay(G,S). Then G = Sy @ C and so |Sy| - |C| =
|G| = 4p?. Since G is not a cyclic group, |Sy| > 2 by Lemma 2.8. Therefore 2 < |Sy| < 4p?.

Case 1. S) is aperiodic.
Since G is Hajés and G = Sy @ C, in this case C' must be periodic, that is, Lo is
nontrivial. Write C = Lo @ D for some subset D of G whose existence is ensured by

ot
ot
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Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |So| is a prime, then |Le| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢o| can be any divisor of |C]. Set

A= (So —{-Lc)/Lo and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Le. We also know that A contains
L and A generates G/L¢e by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |Lo| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |Le| < |C|, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

Similar to Table 5.9, the columns of Table 5.16 represent all possible values for
(ISol, IC], |Lcl); C, A, and Sy when |Le| = |C| or Le, A, B, Sp, and C when |La| < |C|;
which previous theorem is used to obtain (A, B) when |L¢| < |C|; and which row in Table
5.15 the result corresponds to.

Table 5.16: The case when G' = Z,s X Zy X Zs and Sy is aperiodic

(ISol,1C1, | Lel) L¢, A, B, Sy, and C Reference | Result
C = (pe1 + ez, e3)
(p,4p?,4p?) | A= {ie1 + Lc | i € [p]} row 1
So = {(i + aip)er + aex + Bies | i € [pl}
LC = <eg>
A= {(i+ap+jp*)ei + aies + Lo | 4,7 € [p]}
(p?,4p,2) B ={(ip+ a;;p*)e1 + jes + Lo | i € [p], j € [2]} 5.7 (row 3) | row 3
So = {(i + cip + jp*)e1 + aijes + cies | i, j € [p]}
C = {(ip+ ai;p®)e1 + kes + jes | i € [p], 4,k € [2]}
Lc = (per)
A={(i+jple1 + aies + fies + Lo | i,j € [p]}
(p%, 4p, p) B = {(«ijp,i,j) + Lc | 1,5 € [2]} 5.8 (row 2) | row 4
So = {(i + jp + cijp®)er + aiez + Bies | 4,5 € [p]}
C= {(aijp-i- kp2)el +ies +jes |i,5 € 2], k€ [p]}
LC = (eg,e3>
A= {(i+aip+jp*)ei + Lo | i, € [p]}
(p?,4p, 4) B = {(ip+ a;p*)e1 + Lc | i € [p]} 5.3 (row 2) | row 5
So = {(i + cip + jp*)e1 + aijes + Bijes | 0,7 € [p]}
C = {(ip+ cip*)e1 + jes + kes | i € [p], j,k € [2]}
Lc = (p°e1 + e2)
A={(i+jp)e1 +ae3+ Lc | i,j € [p]}
(p?,4p,2p) | B = {aipe; +iez+ L¢ | i € [2]} 5.4 (row 3) | row 6
So = {(i + jp + cijp®)er + aijes + cies | i, j € [p]}
C = {(aip + jp*)er + kes +ies | i,k € 2], j € [p]}
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C= <p2€17827e3>

SO =S {Ozijel +7;eZ +je3 | 7’7] S [2]}

(p?, 4p, 4p) A={ies+ L¢ i€ [p2]} row 7
So = {(i + a;p*)e1 + Biea + vies | i € [p*]}
Lc = (e2)
A={(i+ap)ei +jes+Lc|i€[p],je€2]}
(2p,2p*,2) | B = {ipe1 + ajes + L¢ | i € [p?]} 5.7 (row 7) | row 9
So = {(i + aip)er + aijea + jes | i € [p], j € [2]}
C = {ipe1 + jes + aves | i € [p°], j € [2]}
LC = <e2>
A= {(ozi+jp2)e1 +1es3 + L¢ |i€ [2],j€ [p]}
(2p,2p%,2) | B={(i+ap®)e1 + Lc | i€ [p*]} 5.7 (row 8) | row 10
Sy = {(Oéz +jp2)e1 + ;e +ie3 | XS [2] ,J € [p]}
C ={(i+aip®)es +jes | i € [p?], j € [2]}
Lc = (p*eq
A={(i+apler +jes+aes+ Lc |i€[p],je€ 2]}
(2p,2p*,p) | B = {ipe1 +a;jes+ jes+ Lo |i € [p], j € [2]} 5.8 (row 5) | row 11
So = {(i + cip + ai;p®)er + jex + ez | i € [p], j € 2]}
C = {(ip + kp®)e1 + aujea + jes | i,k € [p], j € [2]}
Lo = <P2€1 + ez>
A={(i+aplel+jes+ Lo |ic[pl,jel2}
(2p,2p%,2p) | B = {ipe; + ajes + Lo | i € [p]} 5.4 (row 5) | row 12
So = {(i + aip + a;jp*)er + aijea + jes | i € [p], j € [2]}
C = {(ip+ jp*)e1 + kes + ayes | i,7 € [p], k € [2]}
Lo = <p291 + 92>
A= {(o; +jplei +iez + Lo | i € [2], j € [p]}
(2p,2p*,2p) | B={(i +a;p)er + L¢c | i € [p]} 5.4 (row 6) | row 13
Sy = {(Ozz +Jp + Oéiij)el + ajjes + tes | 1€ [2] ,J € [p]}
C = {(i+aip+jp*lei + ke |i,j€[p], k€[2]}
Lc = (per)
A= {iel + jes + ayes + Lo ‘iE [p],je [2]}
(2p,2p%,p?) | B={aes+ies+ Lo |i€ (2]} 3.6 (row 4) |row 14
So = {(Z + aijp)el + jes + aye3 | 1€ [p] ,J € [2]}
C = {jpe1 + ases +ies | i € [2], j € [p*]}
C = (pe; +e3)
(2p,2p?,2p?) | A= {ie1 +jes+ Lo |i€[p], j€[2]} row 15
So = {(Z + Oéijp)el + a;;es + jes ‘ xS [p] ,J € [2}}
Lo = (p°er)
A= {aiel + jes +ie3 + Lo ‘ 1,J € [2]}
(4,p3,p) B = {ie1 + ajes + L¢ | i € [p?]} 5.8 (row 10) | row 17
So = {(Oéz + Oéijp2)el + jes + ies | i,J € [2]}
C = {(i+jp*)ei + aies | i € [p°],j € [p]}
Lc = (pe1)
A ={wa;e; + jes +ies+ Lo | 0,5 € [2]}
(4,p%,p%) B = {ie; + cyes + L¢ | i € [p]} 3.6 (row 6) | row 18
So = {(a; + aijp)el + jes +ies | i,j € [2]}
C ={(i+jpler + asex | i € [p],j € [p*]}
C = (e1)
(4,p°,p%) | A= {iez+jes+ Lc |45 € [2]} row 19

Le = <92>
A= {(i+jp*ei+aes+ Lc | i€ [p?], j € [p}
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(p%,4,2) B = {a;p’e; +ies+ Lo | i€ [2]} 5.7 (row 12) | row 23
So = {(i + jp*)e1 + ayjes + azes | i € [p?], j € [p]}
C = {a;p®e; + jes +ies | i,7 € [2]}
LC = <eg>
A={(i+ jp)er + azes+ Lc | i € [p], j € [p*]}
(p3,4,2) B = {a;pe1 +ies+ Lc | i € 2]} 5.7 (row 13) | row 24
So = {(i + jp)er + ayjes + ajes | i € [p], j € [p?]}
C = {wpe; + jes +ies | i,j € 2]}
C= <e2,e3>
(p3,4,4) A= {iey + Lc | i € [p?]} row 25
Sy = {iel + ajes + Bies | xS [pﬂ}
Lc = (e2)
A ={(i + aip®)er +jes + Le | i € [p?], j € [2]}
(2p?,2p, 2) = {ip’e; + ayes + L¢c | i € [p]} 5.7 (row 15) | row 34
So = {(i + aip®)e1 + ajzes + jes | i € [p?], j € [2]}
C = {ip®e; + jes + ayes | i € [p], j € [2]}
LC = <92>
A= {(i+ ap+jp*)er + kes + Lo | 0,5 € [p], k € [2]}
(2p%,2p,2) | B={(ip+ aip?)e1 + Lc | i € [p]} 5.7 (row 16) | row 35
So = {(i + cirp + jp*)e1 + ayjres + kes | 4,5 € [p], k € [2]}
C = {(ip+ cip*)es + jez | i € [p], j € [2]}
LC = <e2>
= {(i+aip+jp2)e1 +kes + Lc | i,5 € [p], k € [2]}
(2p?,2p, 2) = {(ip + a;p®)e; + aze3 + Lo | i € [p]} 5.7 (row 17) | row 36
= {(i + cip + jp*)er + ujrea + kes | 0,5 € [p], k € [2]}
C:{(zp-i-ozlp Je1 + jes + ayes | i € [p], j € [2]}
Le = (e2)
A={(a; +jp)er +ies + Lo | i € 2], j € [p?]}
(2p%,2p,2) | B={(i+a;p)es + Lc | i€ [p]} 5.7 (row 18) | row 37
SO {(az +.]p)e1 + Q€9 + Ze3 | (&S [ } ) .] € [p2]}
={(i + aip)er +jes | i € [p], j € [2]}
Lc = (p%e1)
A:{z’e1 +jes +ajes + Lo | i € [p?], j € [2]}
(2p?,2p, p) ={ajes +ies+ Lo | i € [2]} 5.8 (row 13) | row 38
So —{(z—|—a”p Je; + jes + auesz | i € [ ] Jje 2}
C = {jp’e1 + aies +ies | i € 2], j € [p]}
Le = (p°er)
A={(i+kp)e1 + aj;es+ jes + Lc | i,k € [p], j € [2]}
(2p%,2p,p) | B ={a;pe; +ies+ Lc | i € [2]} 5.8 (row 14) | row 39
Sy = {(Z + kp + Otijkp2)el + o€ + jes | i,k € [p] ,J € [2]}
C = {(cip + jp*)er +iez | i € [2], j € [p]}
Lc = (per)
A={(i+jp)ei + key + ases + L¢ | i,j € [p], k € [2]}
(2p%,2p,p) | B={aipe1 + e +ies+ Lo | i € 2]} 5.8 (row 15) | row 40
So {(Z +Jp+ Oéijkpg)el + kes + ase3 | i,J € [p] ke [2]}
C = {(cup + jp®)e1 + ajes +ies | i € [2], j € [p]}
C = <p (31 —|—82>
(2p%,2p,2p) | A={ie1 +jes+ Lc |i€ [p?], € [2]} row 41
S = (0 Qur'de +ausen+jen 1€ 7] € 2)
= (p%e1)
A = {(Z +aijp)e1 + kes + jes + Le | 1€ [p] s gk € [2]}




(4p,p*,p) B = {ipe1 + oyea + Lc | i € [p]} 5.8 (row 17) | row 49
So = {(i + cvijp + aijep?)er + kes + jes | i € [p], 4,k € [2]}
C ={(ip+ jp®)er1 + azes | i,j € [p]}

Lc = (p°er)
A= {(Oéij + k‘p)el + tes + jes + Lo | i,] € [2], ke [p]}
(4p,p%, p) B ={(i +asp)e1 + Lc | i€ [p]} 5.8 (row 18) | row 50

So = {(Oéij + kp+ aijkpz)el +ie2 +je3 | Z,] S [2] 5 ke [p]}
C ={(i+aip+jp’er|i,j € [p]}

Lc = (p’er)
A= {(Oéz +jp)el + kes +ie3 + Lo | i,k € [2] ,J € [p]}
(4p,p%, p) B ={(i+ a;p)er + a;es+ L¢ | i € [p]} 5.8 (row 19) | row 51

So = {(a; + jp + aijrp®)er + kes +ies | i,k € [2], j € [p]}
C = {(i +aip+jp®er + aues | i,j € [p]}

Lc = (p’er)
A= {(Z+alpa]?k)+LC | s [p]?jak € [2]}
(4p,p%, p) B = {ipe; + a;es + Bies + Lo | i € [p]} 5.8 (row 20) | row 52

So = {(Z + o;p + az‘jkp2)el —|—j92 + ke3 | 1 E [p] 9 j, ke [2]}
C = {(ip + jp*)er + aies + Bies | i,j € [p]}

C = (pe1)

(4p,p?,p?) | A= {ie; +jex +kes+ Lo |i€p],j,kel2} row 53
Sy = {(Z TP aijkp)el +j62 + kes | 1€ [p] 5 j, ke [2]}
C = (e2)

(2p3,2,2) | A= {ie; +jes+Lc |i€ [p?], €2} row 59
So = {ie1 + a;ex + jes | i € [p®], j € [2]}
C= <p2e1>

(4p?, p,p) A= {iey + jes + kes+ Lc | i € [p?], j, k € [2]} row 67

So = {(i + ajxp?)er + jes + kes | i € [p?], 4, k € [2]}

Case 2. 9) is periodic.

In this case we have |Lg,| > 2 and Sy = D & Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = |So| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSO)/LSO and Y = (C + LSO)/LSO-
Since Sy is periodic, by Lemma 2.5, we have
G/Lsy,=X®Y

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (S, C') via (X,Y).

Similar to Table 5.10, the columns of Table 5.17 represent all possible values for
(I50l, |C1, |1 Lsy|); Lsys X, Y, So, and C'; which previous theorem or lemma is used to
obtain (X,Y'); and which row in Table 5.15 the result corresponds to. O
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Table 5.17: The case when G = Z,3 X Zy X Zy and Sy is periodic

(15015 1€, | Ls, 1) Ls,, X, Y, Sy, and C Reference | Result
Ts = (7o)
X = {(’L + aip)el + ;e + Bieg + LSO | 1€ [p]}
(p?,4p, p) Y = {ipe; + jes + kes + Lg, | i € [p], j, k € [2]} 5.8 (row 1) | row 2
So = {(i + cip + jp*)er + avex + Bies | 4,5 € [p]}
C = {(Zp+ Oéijkp2)el + jes + kes ‘ 1€ [p] s j,k‘ S [2}}
LSO < >
= {(i + aip)er + aiez + Ls, | i € [p]}
(2p,2p?,2) Y {ipe1 + jes + Ls, | i € [p?], j € [2]} 5.7 (row 1) | row 8
So = {(i + cip)er + jes + e | i E [P]J € 2]}
C= {Zpel + aj5€2 +jes | i€ [ ] [2]}
(2p, 2%, p) Not possible since no X exists 5.8
Ls, = <92>
X = {aie1 +ie3+ Lg, | 1€ [2]}
(4,p%,2) Y = {ie; + Lg, | i € [p*]} 5.7 (row 2) | row 16
So = {aiel + jes + ies | i, ] € [2]}
C = {iel + o€ | xS [p3]}
Ls, = (p’e1)
X ={(i+ jp)er + aijes + aes + Ls, | 4,5 € [p]}
(p3,4,p) Y = {a;pe1 + jes +ies+ Lg, | 1,5 € [2]} 5.8 (row 3) | row 20
So = {(Z +jp+ kp2)81 + ay;es + ases | i,5,k € [p]}
C = {a;pe; + jes +ie3 | 1,5 € 2]}
Lo = (PPer)
X = {ie1 + a;es + fBies + Lg, | i € [p?]}
(p®,4,p) Y = {iex + jes + Lg, | 4,5 € 2]} 5.8 (row 4) | row 21
So = {(i + jp*)e1 + ciea + Bies | i € [p?],j € [p]}
C = {Otijp261 + ieg +je3 | Z,] € [2]}
Lg, = <pel>
X = {ie1 + a;ex + Bies + Lg, | i € [p]}
(p3,4,p?) Y = {ies + jes + Lg, | 4,7 € [2]} 3.6 (row 1) | row 22
So =A{(i + jp)er + ez + Bies | i € [p],j € [p?]}
C = {a;;pe; +iex + jes | i,j € [2]}
LSO = <62>
X ={(i+ aip+jp*)er + aijes + Ls, | i,7 € [p]}
(2p?%, 2p, 2) Y = {(ip + aup?)e1 + jes + Ls, | i € [p], j € [2]} 5.7 (row 4) | row 26
So = {(i + csp + jp*)er + kex + ajjes | 4,5 € [p], k € [2]}
C = {(ip + aip?*)e1 + ayje2 + jes | i € [p], j € [2]}
LSO = <e2>
X = {(Z +jp+ozijp2)e1 aF a,;€es +LSO | 7 j € [ ]}
(2p%,2p,2) | Y = {(cup+jp*)e1 +ies+ Ls, | i €[2], j € [p]} 5.7 (row 5) | row 27
So = {(i + jp+ cijp®)er + kes + cvies | 0,5 € [p], k € [2]}
C = {(a;p+ jp?er + aijes +ies | i € [2], j € [p]}
LSO <e2>
X ={(i +a;p?)e; + cyez + Lg, | i € [pﬂ}
(2p?%, 2p, 2) Y = {ip’e; + jes + Ls, | i € [p], j € [2] 5.7 (row 6) | row 28
So =A{(i + a;p*)er + jes + azes | i € [p?], j € [2]}
C = {ip*e; + a;jes + jes | i € [p], j € [2]}
Lg, <p2e1>
X {(’L I Ckijp)el + jes + ayes + LSO | 1 € [p] s JE [2]}
(2p?,2p, p) Y ={jpe; + a;ea +ie3+ Ls, | i € 2], j € [p]} 5.8 (row 6) | row 29
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So = {(i + cijp + kp*)er + jez + azez | i,k € [p], j € [2]}
C ={(jp+ a;p*)er + aes +ies | i € [2], j € [p]}
Ls, = (p®e1)
X = {(Z + ozip)el + yjer + jes + Lg, | 1€ [p] ,J € [2]}
(2p?,2p,p) | Y ={ipei + jes + ases+ Ls, | i € [p], j € [2]} 5.8 (row 7) | row 30
SO = {(l —+ Oé,jp+ kpz)el —+ Oéijeg +je3 | ’L,k S [p} , ] S [2]}
C = {(ip + a;;p*)e1 + jes + ez | i € [p], j € [2]}
Ls, = (p°e1)
X = {(Oéz —|—jp)el + ajjey +iez + Lg, | 1 € [2] ,J € [p]}
(2p,2p,p) | Y ={(i +a;p)er + jex+ Ls, | i € [p], j € [2]} 5.8 (row 8) | row 31
So = {(a; + jp + kp?)e1 + ajjes +ies | i € [2], 4,k € [p]}
C = {(i + i+ agp?es + jes | i €[], j € 2]}
L5 = (Per)
X = {(i + aijp)er + aijes + jes + Ls, | i € [p], j € [2]}
(2p?%,2p,p) | Y = {ipe; +jes + Ls, | i € [p], j € [2]} 5.8 (row 9) | row 32
So = {(’L + agp + k?p2)61 + o€ + jes | i,k € [p] ,J € [2]}
C = {(ip+ a;;p*)er + jez | i € [p], j € [2]}
Ls, = <p2el + ez>
X ={( +aip)es +a,es + Lg, | i € [p]}
(2p%,2p,2p) | Y = {ipe1 + jes + Lg, | i € [p], j € [2]} 5.4 (row 1) | row 33
So = {(’L + a;p +jp2)e1 + kes + aie3 | 1,] € [p], ke [2}}
C = {(ip+ ay;p®)er + aijer + jes | i € [p], j € [2]}
(2p?,2p,p?) | Not possible since no X exists 3.6
Ls, = <e2>
X = {(Z + o;p + Oéijp2)el + jes + LSO | i€ [p] ,J € [2]}
(4p,p*,2) |Y ={(ip+jp*)e1 + ases + Lg, | i,j € [p]} 5.7 (row 9) | row 42
So = {(i + cip + a;jp*)er + kea + jes | i € [p], 4, k € [2]}
C = {(ip+ jp*)e1 + aijes + aies | 4, j € [p]}
Ls, = <e2>
X = {(ai + jp+aip*er +ies + Ls, | i € 2], j € [p]}
(4p,p?2) | Y ={(i+aip+jp*)ei + Ls, | 4, € [p]} 5.7 (row 10) | row 43
So = {(a; + jp + aijp*)er + kes +ies | i,k € [2], j € [p]}
C = {(i+ aip+jp*)er + aije | 4,4 € [p]}
LSO = <e2>
X ={(i + aypler + jes + Lg, | i € [p], j € [2]}
(4p,p*,2) Y = {ipe1 + Ls, | i € [p*]} 5.7 (row 11) | row 44
So = {(i + ay;p)er + kes + jes | i € [p], j, k € [2]}
C = {ipe1 + ases | i € [p*]}
Ls, = (p®e1)
X = {(Ozl + Otijp)el + jes +ie3 + Lg, | i, ] € [2]}
(4p,p?%, p) Y = {(i + jp)e1 + ases + Lg, | i, € [p]} 5.8 (row 11) | row 45
So = {(ei + cijp + kp*)er + jez +iez | 4,5 € [2], k € [p]}
C = {(i + jp + cujp*)es + aies | i, 5 € [p]}
L5 = (Fer)
X = {aijel + ieg + jes + Lg, ‘ 1,] € [2]}
(4p, p?, p) Y = {ie; + Lg, | i € [p?]} 5.8 (row 12) | row 46
So = {(Oéij ar k‘p2)e1 + ies + jes | i, ] € [2] , k€ Lp]}
C={(i+ap’e|ic [p’]}
Ls, = (ez, e3)
X ={(i + aipler + Ls, | i € [p]}
(4p,p?, 4) Y = {ipe1 + Ls, | i € [p*]} 5.3 (row 1) | row 47
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SO = {(eralp)el +je2 —+ keg | = [p] s ],k‘ S [2}}
C= {i1<7621 + aie2>+ Bies | i € [p*]}
Ls, = (p“e1 + e
X = {aiel —|—z'e3 +LSO | 7€ [2]}
(4p,p?,2p) | Y ={ie1+Lg, | i€ [p?]} 5.4 (tow 2) | row 48
So = {(a; + jp*)er + key +ies | i,k € [2], j € [p]}
C ={(i+ aip®)er + asey | i € [p*]}
LSO = <e2>
, X:{?’e1+aie3—!—LSO lie [p*]}
(2p°,2,2) Y = {ies + Lg, | ¢ € [2]} 5.7 (row 14) | row 54
So = {ie1 + jes + ayes | i € [p*], j € [2]}
C={aes +ies|i €2
-~ :{ <p2261> 3|4 €2}
X = {iel -|—Oéij62 +j63 +LSO ‘ 7€ [pZ] 5 ] S [2}}
(2p3,2,p) Y = {iea + Lg, | 1 € [2]} 5.8 (row 16) | row 55
S() = {(2 + kp2)el + Q€2 +jeg | 1€ [p2] 5 j S [2], ke [p]}
C = {a<ip22e1 + ie; | i€ [2]}
Ls, = (p°e1 + e
; X:{?’e1+aie3—fLSO |i€ [pz}}
(2p?, 2, 2p) Y ={ies+ Ls, | i € [2]} 5.4 (row 4) | row 56
So = {(i + jp*)e1 + kea + ez | i € [p?], j € [p], k € [2]}
C = {a;p’e; + ajes +ies | i € [2]}
Ls, = (pe1)
X = {ie; + ajex + jes + Lg, | i € [p], j € [2]}
(2p3, 2, p?) Y = {z’e.Q +Ls, | i €[2]} ‘ ‘ ‘ 3.6 (row 5) | row 57
So = {(i + kp)e1 + aujes + jes | i € [p], j € [2], k € [p?]}
C ={a;pe; +iey | i €[2]}
Ls, = (pe1 + e3)
X = {ie1 + o es +LSO | 1 E [p]}
(2p3,2,2p?) Y = {ies+ Lg, | i € [2]} 3.5 (row 1) | row 58
So ={(i+ jp)er + kes + aves | i € [p], j € [p?], k € [2]}
C ={a;pe; + ajes +ies | i € [2]}
(2p3,2,p?) Not possible since no X exists 5.2
LSO = <e2>
X ={(i+ a;;p*)e1 + jes + Lg, | i € [p?], j € [2]}
(4p?, p, 2) Y = {ip®e; + Ls, | i € [p]} 5.7 (row 19) | row 60
So = {(i2+ aijp®)er + key + jes | i € [p?], 4,k € [2]}
C ={ip°e; +a;es | i €
- i <p2(131> 2 | i € [pl}
X ={(i+ asjup)er + jea + kes + Lg, | i € [p], j, k € [2]}
(4p?,p, p) Y = {ipe; + Ls, | i € [p|} 5.8 (row 21) | row 61
So = {(i + ayrp + Ip®)er + jea + kes | 0,1 € [p], j, k € 2]}
C = {(ip+ aip?ey | i € [pl}
Ls, = (e2,e3)
, X = {(i2+ a;p?)e; + Ls, | i € [p*]}
(4p*,p,4) Y = {ip®e1 + Ls, | i € [p]} 5.3 (row 3) | row 62
So = {(i + a;p*)e1 + jes + kes | i € [p?], j, k € [2]}
C = {i]<?2§,1 + aiei + B;es | 1€ [p]}
Ls, = (p°e1 + e
X ={(i+ayple1 +jes+ Ls, | i €[p], j €[2]}
(4p%, p, 2p) Y = {ipe1 + Ls, | i € [p|} 5.4 (row 7) | row 63
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So = {(i + ayp + kp*)e1 + lea + jes | i,k € [p], 4,1 € [2]}
C = {(ip+ a;p*)e; + ez | i € [p]}
LS(J = <pel>
X = {ajje1 +iey + jes+ Lg, | 4,7 € [2]}
(4p%,p,p*) | Y = {ie1 + Ls, | i € [p]} 3.6 (row 7) | row 64
So = {(aij + kp)er +ies + jes | i,5 € [2] k € [p?]}
C={@GE+a;p)e1 |i€ [p]}
Ls, = {p°e1 + ez, e3}
X = {(Z +Oéz‘p)el +LSO | 1€ [p]}
(4p?, p, 4p) Y = {ipe1 + Lg, | i € [p|} 5.1 row 65
So = {(i + cyp+ jp*)es + kes +les | i,j € [p], k,1 € [2]}
C = {(ip+ a;p?)es + aiea + Bies | i € [p]}
Ls, = (pe1 + e2)
X = {aiel + ie3 +L50 | 1€ [2]}
(4p*,p,2p*) | Y = {ie1 + Lg, | i € [p]} 3.5 (row 2) | row 66
So = {(ci + jp)er + kea +ies | i,k € [2], j € [p?]}
C={(i+aplel + aies | i € [p]}

Remark 5.15. In Theorem 5.14, the generators e; and ez may be replaced by any basis of

H = {0} X Zy X Zs, as in (C2).

Theorem 5.16. Let G = Z,2 X Zo X Lo X Ly for an odd prime p and let S be a proper

subset of G\ {0} that generates G. Let 0 € C' C G.

Then C'is a perfect code in Cay(G, S)

if and only if (Sy, C) is one of the pairs in Table 5.18.

Table 5.18: Perfect codes in Cayley graphs of Z,2 X Zg X Zy X Zg

Row So

C

{(i + aip)e1 + ajes + Bies + vies | i € [p]}

{(i + jp)e1 + aiea + Bies + viea | 4,5 € [p]}

{(i +jp)er + aijes + ajes + Bieq | 1,5 € [p]}

{(i + jp)er + aijez + Bijes + aseq | i,5 € [p]}

{ie1 + a;ex + Bies +yieq | i € [p?]}

{(@ + a;p)er +jez + ez + Biea | i € [p], j € [2]}
{(i + cip)e1 + aijes + jes + aseq |1 € [p], j € [2]}
{(i + aijp)el + jea + ajes + Biea | i € [p], 7 € 2]}
{(i + asp)er + a;je2 + Bijes + jea | i € [p], j € [2]}
{(o; + jp)er + aijez + Bijes +ies | i € [2], j € [p]}
{(i + aijp)er + aijes + jes + azeq |3 € [p], 7 € [2]}
{(i + aijp)er + aije2 + Bijes + jea | i € [p], j € [2]}
{ase1 + ajjes + jes +ies | 4,5 € [2]}

{(as + asjp)er + azjes + jes +ieq | 4,5 € [2]}
{aijer + aijes +ies + jes | 4,5 € [2]}

{(i +jp)er + kez + aijes + ases | 4,5 € [p], k € [2]}
{ie1 + jez + aes + Biea | i € [p?], j € [2]}

{(Z + Icp)e1 + aije2 + jes + aieq | ’i,k E [p] 2 J € [2}}
{(i + kp)e1 + aijex + Bijes + jea | i,k € [p], j € [2]}

T Y T g
© O NG W RO P XN W

20 | {(i+jp)e1 + kez + aiez + Bies | 4,5 € [p], k € [2]}
21 {iel + a;je2 + jes + aieq |i€ [p2],j6 [2}}

22 | {(t + kp)er + aijke2 + aijes + jes | 4,k € [p], 5 € [2]}
23 | {(i+jp)er + aijres + kes +aieq | 4,5 € [p], k € [2]}
24 {iel +aijeg+,3ije3 + jea |i€ [pz],jé [2]}
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{ipe1 + jea + kes +les | i € [p], j,k,l € [2]}
{aijkper +iea + jes + keq | 4,4,k € [2]}
{aijpel + kez + ies + jea ‘ i, J,k € [2]}
{aipe1 + jes + kes +ieq | 4,5,k € [2]}

{iez + jes + key ‘ i,5,k € [2]}

{ipel + ajjres + jes + key | 7 E [p] , 4.k € [2]}
{ipel + ke + a;jes + jeq ‘ RS [p] , 1k € [2]}
{kpel + aijez +ie3 + jeq ‘ i,J € [2] , ke [p]}
{ipel + jes + kes + ajeq | i€ [p] , 0k € [2]}
{(2 + a’ip)el +je2 + kes | (&S [P] ) Jrk € [2}}
{jpe1 + kez + a;es +ieq | j € [p], i,k € [2]}
{ipe1 + jea + kes | i € [p], ],k € [2]}

{ie1 + jez + ases | i € [p?], j € [2]}

{(i +jp)e1 + kez + ases | i,5 € [p], k € [2]}
{ie1 + jes | i € [p?],7 € [2]}

{aiper + aijes + jes +ies | 4,5 € 2]}
{aijes +ies + jea | 4,5 € [2]}

{aijpel + jes + o;e3 + ies | 2,9 € [2]}
{aijper +iez + jes | 4,5 € [2]}

{ozijpel + aijez +ie3 + jey | 2,7 € [2]}

{jeg + a;es3 +iey | i,] € [2]}

{aiper + jez +ies | 4,5 € [2]}

{aiper + jea + a;e3 +iea | 4,5 € [2]}

{iez + jes | 4,5 € 2]}
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25 | {(i+aijp)er + ke + jez + ajeq | i € [p], j, k € 2]} {jpe1 + aijes + azes +ies | i € [2], j € [p]}
26 | {(i + aip)er + kez + aijes + jea | i € [p], j, k € [2]} {ipe1 + aijes + jes + aseq | i € [p], j € [2]}
27 {(O&l +jp)e1 +ke2+aije3+ie4 |i,]€€ [2],j€ [p}} {(i+aip)el +aije2 + jes |i€ [p],jE [2]}
28 | {(i + aijpler +kez +aijes +jesa |i € [p], j,k € 2]} | {iper + asje2 +jes | i€ [p], j € [2]}

29 | {(as + kp)e1 + asje2 + jes +iea | 4,5 € [2], k € [p]} {(i + aijp)el + jea + ajes | i € [p], j € [2]}
30 | {(euj +kp)er + aijez +ies +jes [ 4,5 € [2], k€ [p]} | {(i+ aijp)er +jex |i € [p], j € [2]}

31 {(i+aip)e1 + jea + kes + ajea |i€ [p],j,ke [2}} {ipel +aije2+5ije3 + jea |i€ [p},je [2}}
32 | {(i+aijpler + aijrez + kes + jes | i € [p], 5,k € [2]} | {ipe1 + jez + ases |i € [p], j € 2]}

33 | {(euj + kp)er + avijrez: +ies +jes | 3,5 € [2], k € [p]} | {(i +aspler +jex |i € [p], j € [2]}

34 | {(as +jp)er + asjrez +kes +ies |1,k €[2], 5 € [p]} | {(i + cup)e1r + jea + ases | i € [p], j € [2]}
35 | {(i+aip)er +ajjrez +jes +kes|i€[pl, s k€ 2]} | {ipe1 +jez + aies +Bies|i€ [p], ] € [2]}
36 | {(i +aijkp)er +kex +aijes +jes |i € [p], j,k €2} | {jper + aiez +ies |i€ [2], 5 € [p]}

37 | {(k+ aijrpler +aijes +ies +jes | 4,5 € [2], k € [p]} | {(a: + jpler +iez |i € [2], j € [p]}

38 | {(i+aijkp)er + jez +kes +aies | i€ [p], j k€ [2]} | {jpe1r + aiez + Bies +ieq |i € [2], j € [p]}
39 | {(i+aijrpler + aijnez + jes + ke | i € [p], j, k € [2]} | {ipe1 + jez | i € [p], j € [2]}

40 | {(o; + aijp)er + kez + jes +iea | 4,5,k € [2]} {(i + jp)er + cvijez + aes [ 4,5 € [p]}

41 | {a;je1 + kex +ies + jes | 4,5,k € [2]} {ie1 + ajez | i € [p?]}

42 {aiel + jes + kes + ieq | i, 4,k € [2]} {i91 + a;es + ,Bies | i€ [p2]}

43 | {(aij + aijxp)er + kea +ie3 + jea | 4,5, k € 2]} {(i +jp)er + asez | i,j € [p]}

44 | {(ai + ayjkp)er + jes + kes +ieq | 4,5,k € [2]} {(i + jp)e1 + cviez + Bies | i,5 € [p]}

45 | {(aujr)er +ie2 + jes + ke | 4,5,k € [2]} {ie1 | i € [p?]}

46 {iel + kes + ajjes + jea ‘ 1€ [p2] , ],k c [2}} {aieg + ies | 1€ [2]}

47 {(Z + lp)e1 + ajjke2 + jes + key ‘ il € [p] , 0k € [2]} {aipel + ez ‘ i€ [2]}

48 {iel + jes + kes + ajeq | 1€ [p2] , 0k € [2]} {aieg =+ ,Bieg + ieq | i€ [2}}

49 | {(i + kp)e1 + lea + a;jes + jea | i,k € [p], 7,1 € [2]} {aiper + a;ez +ies | i € [2]}

50 {kel + aijez +ie3 + jey ‘ 1,J € [2] , ke []92}} {aiel + ie2 | 1€ [2]}

51 {(7, —|—jp)e1 + keo + les + a;es | 1,] € [p], k,l € [2]} {aipel + a;eq + ﬁieg + ie4 | i€ [2}}

52 {iel + ajjke2 + jes + key | 1€ [p2} , j,k S [2]} {i92 | 1 E [2]}

53 {(i+aijkp)e1+le2 + jes + key ‘Z‘G [p],j,k‘,lG [2]} {z'pel + a;en "L'E [p]}

54 | {(cujk + lp)e1r +iez + jes +key | 1,5,k € [2], L € [p]} {(i + aip)e1 | i € [p]}

55 | {(i + aijp)er + kex + les + jea | i € [p], j, k,l € [2]} {ipe1 + a,ez + Bies | i € [p]}

56 {(Oéij + kp)el + les +ie3 + jes | i, 5,1 € [2] , ke [p]} {(Z+ ozip)el + a;en | i€ [p]}

57 {(7, +a,-p)e1 + jea + kes + les | 1€ [p] , ik, L e [2]} {ipel + ajes + Bies + viea ‘ 1€ [p]}

58 | {(a; + jp)e1 + kea +les +ieq | ik, 1 € [2], 7 € [p]} {(i + aip)e1 + ase2 + Bies | i € [p]}

59 | {(i+ cijmp)er +jez + kes +leq |i € [p], 4, kL € [2]} | {ipes | i€ [p]}

Proof. Suppose C'is a perfect code in Cay(G, S). Then G = Sy@&C and so |Sy|-|C| = |G| =

8p?. Since G is not a cyclic group, |Sy| > 2 by Lemma 2.8. Therefore, 2 < |Sy| < 8p?.

Case 1. S) is aperiodic.

Since G is Hajos and G = Sy @ C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo @ D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|- |D| = |C| and 2 < |L¢| < |C]. If |Sp| is a prime, then |Leo| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |Lo| could be any divisor of |C|. Set

A= (SO —I—Lc)/LC and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Le. We also know that A contains
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L¢ and A generates G/L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |[L¢| = |C], then C = L¢ as 0 € C. This means we can take D = {0} and hence
B = L¢/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C) via (4, B).

Table 5.19 represent all possible values for (|So|, |C|, |Lc]|); C, A, and Sy when |L¢| =
|C| or L¢, A, B, Sp, and C' when |L¢| < |C|; which previous theorem or lemma is used
to obtain (A, B) when |L¢| < |C]; and which row in Table 5.18 the result corresponds to.

Table 5.19: The case when G = Z,2 X Zy X Zy X Z and Sy is aperiodic

(1501, 1C, |Lc]) Lc, A, B, Sy, and C Reference | Result
C = (pe1 + ez, e3,ey)
(p,8p,8p) | A={ies +Lc|ic€[pl} row 1
So = {(i + a;p)er + a;ex + Bies +v,eq | i € [pl}
Lec = <92>
A={(i+jp)ei + ases + Biea + Lc | 1, € [p]}
(p?,8,2) B = {a;jpe; +ie3 + jes + Lo | 1,5 € [2]} 5.8 (row 2) | row 3

So ={(i+ jp)e1 + aijes + aies + fieq | 4,7 € [p]}
C = {aijpel + kes + ie3 + jey | 1,7,k € [2}}

Lo = (e2,e3)

A={(i+jp)e1 + ajes+ Lc | i,j € [p]}

(p%,8,4) B = {a;pe1 +ies+ Lc | i € 2]} 5.4 (row 3) | row 4
So = {(i + jp)e1 + aijes + Bijes + aieq | 4,5 € [pl}
C = {ozipel +j62 =+ ]{163 =+ z'e4 | i,j, k S [2]}

C = <92,63,e4>

(p?,8,8) A= {iey + L¢ | i € [p*]} row 5
So = {ie1 + aies + Bies + vieq | i € [p?]}
Lc = (e2)
A= {(’L +aip)el +j83 + aeq +LC | 1 E [p] s j < [2]}

(2p,4p,2) B = {ipe1 + a;jes +jes+ Le |1 € [p], j € [2]} 5.8 (row 5) | row 7

So = {(i + ayp)er + aj;e2 + jes +aeq | i € [p], 7 € [2]}
C = {ipe; + kes + ayjes + jes | 1 € [p], j, k € [2]}

Lc = (pe1)
A= {ie1 + jes + yes + Biea + Lo | 1 € [p], 7 € [2]}
(2p,4p, p) B = {a;jes +ie3+ jes+ Lo | 4,5 € [2]} 5.10 (row 2) | row 8

So = {(Z + aijp)el + jes + ajes + Bieq | 1€ [p] ,J € [2]}
C = {kpe + a;;es + ies + jes | 1,5 € [2], k € [p]}

Lc = (ez, e3)

A={(+ a;p)e1 +jes+ Lc | i € [p], j € [2]}

(2p, 4p, 4) B = {ipe; + aes + Lc | i € [p]} 5.4 (row 5) | row 9
So = {(i + asp)er + aijex + Bijes + jey | i € [p], j € [2]}
C = {ipe + jey + kes + aieq | i € [p], j,k € [2]}

Lc = (eg,e3>

A= {(al +jp)e1 +1e4 + Lo | xS [2] ,J € [p}}

(2p, 4p, 4) B={(i+a;p)er + Lc | i € [p]} 5.4 (row 6) | row 10
So = {(ai + jp)er + a;jes + Bijes +ieq | i € [2], j € [p]}
C={(i+aplel+jes+kes|iclp,jkel2}
L

A

c = (pe1 + e2)
= {ie1 + jes + ayes + Lo | i € [p], j € [2]}
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(2p,4p,2p) | B={ases+ies+ Lo |i€[2]} 3.6 (row 4) | row 11
So = {(i + aijp)er + aijez + jes + aieq | i € [p], 7 € [2]}
C = {jpe1 + kes + a;e3 + iey |j S [p] , i,k € [2]}
C = (pe1 + ez, e3)
(2p74pa4p) A:{iel +je4+LC |7’6 [p]vje [2]} row 12
So = {(Z + aijp)el + ;€ + 5@‘63 + jeq | 1€ [p] ,J € [2]}
LC = <eg>
A ={ae; +jes +ies+ Lc | 4,7 € 2]}
(4,2p%,2) | B ={ie1 + azes+ Le | i € [p?]} 5.8 (row 10) | row 13
SO = {aiel + ;€2 +je3 + ie4 | Z,] € [2]}
C = {iei +jes +ajes |i € [p?], j € [2]}
(4,2p%,p) Not possible since no A exists 5.10
Lc = (pe1 +e3)
A= {aiel + jes +ieq + Lo | 1,] € [2]}
(4,2p?,2p) | B ={ie; +ajes+ Lc | i € [p]} 3.6 (row 6) |row 14
So = {(al + aijp)el + oy e + jes + iey | i, ] € [2]}
C={(i+jp)er +kes+ajes|i,j€[p], ke 2}
(4,2p%,p?) Not possible since no A exists 5.5
C = (el + e2>
(4,2p2,2p?) | A= {ies+jes+ Lc | i, € [2]} row 15
So = {aijer + aijes +ies +jeq | i,j € 2]}
LC = (e2>
A = {ie| + jes + oyes + Lo | i € [p?], j € [2]}
(2p?,4,2) B ={a;es+ies+ Lo |i€[2]} 5.8 (row 13) | row 21
So = {z’el + Q€2 + jes + ayeq | 1€ [p2] ,J € [2]}
C = {jes+ ases +ieq |i,j € [2]}
Le = (e2)
A={(i+kp)e1 + a;je3 + jesa+ Lc | i,k € [p],j € [2]}
(2p?,4,2) B = {a;pe, +ies + Lc | i € [2]} 5.8 (row 14) | row 22
So = {(Z = k:p)el + aijrer + a €3 + jey | i,k € [p} ,J € [2]}
C= {aipel + jeq +ie3 ‘ 1,] € [2]}
LC = <62>
A={(i+jp)e1 + kes + ajes + Lo | 4,5 € [p], k € [2]}
(2p?,4,2) B = {aipe1 + aje3 +ies + Lo | i € 2]} 5.8 (row 15) | row 23
So = {(Z +jp)el + ayjke2 + kes 4+ ayeq | 1,] € [p] s ke [2}}
C = {a;pe; + jes + aye3 +ieq | 1,5 € [2]}
C = <e2,93>
(2p%,4,4) | A= {ie1+jes+Lc |i€ [p?], j€[2]} row 24
So = {ie1 + aujes + Bijes +jea | i € [p?], j € [2]}
LC = <e2>
A= {(Z + Oéijp)el —+ ke3 —|—je4 + LC | 7€ [p] s j, ke [2]}
(4p,2p,2) B = {ipe; + a,es + Lc | i € [p|} 5.8 (row 17) | row 32
SQ = {(l -+ aijp)el + ajjres + kes + jey | xS [p] s ]716 S [2}}
C = {ipe; + jes + ayes | i € [p], j € [2]}
Lc = (e2)
A= {(aij+kp)e1+ie3+je4+Lc |i,7 € [2], k € [p]}
(4p, 2p, 2) B={(i+ap)er+Lc|ie<p} 5.8 (row 18) | row 33
So = (aij + kp)er + ;€2 +1e3 + jey | i,] € [2] ke [p]}
C={(i+a;p)er +jes|i€[p],je<2}
Lo = 62>
A= {(ai—&-jp)el + kes +ies+ Lo | i,k € [2],j S [p]}
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(4p,2p, 2) B ={(i+ a;p)er + ases + Lc | i € [p]} 5.8 (row 19) | row 34
So = {(ai + jp)er + aijres + kes +iey | i,k € [2], j € [p]}
C ={(i+ aipler +jes + aies | i € [p], j € [2]}
Le = (e2)
A={(i+a;p)er +jes+kes+ Lo | i € [p], j, k € 2]}
(4p, 2p, 2) B = {ipe1 + a;es + Bies + Lo | i € [p]} 5.8 (row 20) | row 35
So = {(i + aup)er + aijres + jes + key | i € [p], 4,k € [2]}
C = {ipe1 +j02 + o es +,8ie4 | 1€ [p} s j S [2]}
Lo = (pe1)
A= {ie1 +kez+0&ijeg + jeq + Lo ‘ 1 E [p],j,k‘ S [2]}
(4p, 2p, p) B = {a;es +ies+ Lc | i € [2]} 5.10 (row 7) | row 36
S() = {(’L + aijkp)el + ]{162 + ;€3 —|—je4 | RS [p] s j, ke [2}}
C = {jpe; + a;es +ie3z |i€[2],j€[p}
Le = (pe1)
A= {ke1 +aije2+ie3+je4—|—Lc I i,j S [2], ke [p]}
(4p,2p,p) B = {a;e1 +ies+ Lc | i € 2]} 5.10 (row 8) | row 37
S() = {(k + al-jkp)el + ;€2 -+ ieg +je4 | Z,j € [2] s ke [p]}
C= {(ai—kjp)el +ieq |i€ [2]7j € [p]}
Lo = (pe1)
A= {iel +je2+k:e3+aie4+Lc | 1€ [p],j,k S [2]}
(4p, 2p, p) B = {ajey + Bies +ies + Lo | i € [2]} 5.10 (row 9) | row 38
So = {(t + aijrp)er + jes + kes + aseq | i € [p], 4,k € 2]}
C = {jpe1 + ases + Bies +ieq | i € [2], j € [p]}
C = (pe; + e3)
(4p, 2p, 2p) A= {ie; +jes+kes+ Lc |i€p], j,k€[2]} row 39
So = {(i + aizrp)er + aijres +jez +key | i € [p], j, k € [2]}
Lo = (pe1)
A ={a;jer + key +ie3 + jes + Lc | i, 4,k € [2]}
(8,p2,p) B = {ie1 + ayes + Lc | i € [p]} 5.10 (row 11) | row 43
So = {(aij + Otijkp)el + kes + ie3 + jey | 1,7,k € [2]}
C={(i+jpler +aiez | i,j € [p]}
Lc = (per)
A= {aiel + jes + kes +ieq + Lo | 1,7,k € [2]}
(8,p%,p) B = {ie; + a,es + Bies + Lo | i € [p]} 5.10 (row 12) | row 44
So = {(O&,’ + aijkp)el + jes + kes + iey | 1,5,k € [2]}
C ={(i+jpler + aies + Bies | i,7 € [pl}
C = (el)
(8,p%,p?) A = {ies + jes + kes + L | 4,5,k € [2]} row 45
So = {(aijk)el + iex + jes + key | 1,7, ke [2]}
C = <62>
(4p?,2,2) A= {ie| + jes + kes+ Lc | i € [p?], j, k € [2]} row 52
SO = {iel + ;€2 +je3 + ke4 | 1€ [pQ] , j, ke [2]}
C = (pe1)
(8p,p,p) A={ie; +jes+kes+les+ L |i€p], 5,k €2} row 59
So = {(Z + aijklp)el + jes + kes + ley | 1 € [p] YN NS [2]}

Case 2. 5) is periodic.

In this case we have |Lg,| > 2 and Sy = D @& Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = |So|] and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D +LSO>/LSO and Y = <C+LSO)/LSO-
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Since S is periodic, by Lemma 2.5, we have
G/Ls, = XY

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (S, C') via (X,Y).

Table 5.20 represent all possible values for (|Sol|, |C|, |Ls,|); Lsy,, X, Y, So, and C;
which previous theorem or lemma is used to obtain (X,Y); and which row in Table 5.18
the result corresponds to. O

Table 5.20: The case when G = Z,2 X Zy X Zg X Zy and Sy is periodic

(IS0, 1Cl, | Ls,|) Ls,, X, Y, Sy, and C Reference | Result
Ls, = (pe1)
X = {iel + ajes + Bies + vieq + LSO | xS [p]}
(p%,8,p) Y = {ies + jes + kes+ Ls, | 0,5,k € [2]} 5.10 (row 1) | row 2

So ={(i+ jp)er + a;es + Bies + vieq | 4,5 € [p]}
C = {a;jxper +ies + jes +keq | 1,5,k € [2]}

LSO = <e2>
X = {(7, + Ozip)el + oyes + Bieq + Lg, | xS [p]}
(2p,4p,2) Y = {ipe; + jes + kes+ Lgs, | i € [p], j,k € [2]} 5.8 (row 1) | row 6

So = {(l + Ozip)el + jes + ayes + Bie4 | xS [p] ,J € [2]}
C = {ipe1 + asjrez + jes +key |i € [p], j, k € [2]}

(2p,4p,p) Not possible since no X exists 5.10
(4,2p%,2) Not possible since no X exists 5.8
LSO = <e2>
X ={(i +jpler + aijes + ajeqs + Ls, | 4,5 € [p]}
(2p?,4,2) Y = {o;pe1 + jes +ies + Lg, | 1,7 € [2]} 5.8 (row 3) | row 16

So = {(i+ jp)e1 + kea + ajes + aeq | 0,5 € [p], k € [2]}
C = {a;pe; + a;jes + jes +ieq | 1,5 € [2]}

Ls, = (e2)
X = {ie1 + aje3 + Bies + Lg, | i € [p?]}
(2p?,4,2) Y = {ies + jes + Lg, | 3,5 € [2]} 5.8 (row 4) |row 17

So = {ie1 + jez + ajes + Bies | i € [p?] j € [2]}
C = {a;;es +ies + jeq | 4,5 € [2]}

Ls, = (pe1)
X = {i61 + ;€2 + jes + ajeq + LSO | (S [p] ,J € [2]}
(2p%,4,p) Y = {jes + ez +ieq | 3,5 € [2]} 5.10 (row 3) | row 18

So = {(i + kp)e1 + a;je2 + jes + ayeq | i,k € [p], j € [2]}
C = {a;jper + jes + ayes +ieq | 1,5 € [2]}

LSD - .<pe1> . .
X = {ie1 + ajjes + fijes + jes + Ls, | i € [p], j € 2]}
(2p2,4,p) Y = {iex + jes + Lg, | 4,5 € 2]} 5.10 (row 4) | row 19

So = {(Z + kp)e1 + o€ + ﬁijeg + jey | i,k € [p] ,J € [2}}
C = {ayjpe; +iey + jes | 4,5 € [2]}

Lg, = (pe1 + e2>

X = {iel + o;es3 + 57;64 + LSO | 7€ [p]}

(2p?, 4, 2p) Y = {ies + jes+ Lg, | 4,7 € [2]} 3.6 (row 1) |row 20
So = {(’L + jp)er + kes + ajes + Biey | 1,J € [p] , ke [2]}
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C = {aijper + aijes +ies + jeq [ i,5 € 2]}
(2p?, 4,p?) Not possible since no X exists BB
LSO - < >
= {(i+ awpler + jes + aves + L, |i € [p], j € [2]}
(4p, 2p, 2) = {jpe1 + a;es +ies + Lg, |1 €[2], 7 € [p]} 5.8 (row 6) |row 25
SO = {(i + aijp)er + kex + jes + aeq | i € [pl, 7,k € [2]}
C = {jper + aijes + ez +ieq | i € (2], j € [p]}
LSO = < >
={(i+ a;p)e1 + a;jes + jes + Lg, | i € [p], j € 2]}
(4p, 2p, 2) Y {ipe1 + jes + ases + Lg, | i € [p], j € [2]} 5.8 (row 7) | row 26
50 = {(i + aup)er + kex + ajjes + jeq | i S [p], j. k € 2]}
C = {ipe1 + ajes + jes + aseq | i € [p], j € [2]}
Ls, = < >
X = {(Oéz' —|—jp)e1 + ayjes + ieq4 + LSO | 1 € [2] ,J € [p]}
(4p, 2p,2) Y ={(i +a;p)er + jes+ Ls, | i € [p], j € 2]} 5.8 (row 8) | row 27
So = {(ai + jp)e1 + kes + ayjes +iey | i,k € [2], j € [p]}
C={(i+wpler +aes+jes| i €pl, je (2]}
Ls, = <e2>
X ={(i + a;jp)e1 + ajjes +jea + Lg, |7 € [p], j € [2]}
(4p, 2p, 2) Y = {ipe; + jes + Lg, | i € [p], j € [2]} 5.8 (row 9) | row 28
So = {(Z + aijp)el + kes + Q;jes + jey | 1€ [p] , g,k € [2]}
0/ = {ip61 + a;;€s + jes | 1€ [p] ,J € [2]}
LSO <pe1>
= {we1 + a;jes + jes +ies + Lg, | i j € 2]}
(4p, 2p, p) = {ie; + jes + ajes + Lg, | i € [p], j € [2]} 5.10 (row 5) | row 29
SO = {(o + kp)er + vjes + jes +ieq | i j € 2], k€ [p}
C ={(i+ a;jp)er + jes + ez | i € [p], j € [2]}
LSO = <pe1>
X = {Oéije1 + €9 +ie3 + jey + Lg, | i,] € [2]}
(4p, 2p, p) Y = {ie; + jea+ Lg, | i €[], J € [2]} 5.10 (row 6) | row 30
So = {(vij + kp)e1 + a;jes +ies + jeq | 4,5 € [2], k € [p]}
C= {(i-l—cujp)el + jes | 1€ [p] ,J € [2}}
Ls, = <e27e3>
X ={(i + asp)er + ajes + Lg, | i € [p]}
(4p,2p,4) Y = {ipe1 + jea+ Lg, | i € [p], j € [2]} 5.4 (row 1) |row 31
So = {(Z + a;p)e + jes + kes + aeq ‘ xS [p] , k€ [2]}
C = {ipel + o€ + ﬁijeg + jeq | XS [p] ,J € [2]}
(4p, 2p, 2p) Not possible since no X exists 3.6
Ls, = <e2>
= {(O&i aF Oéijp)el + jes +ieq + LSO | 1,] € [2]}
(8,p%,2) Y ={(i+jp)e1 + cies+ Ls, | 1,5 € [p]} 5.8 (row 11) | row 40
SO = {(Oll + aijp)el + kes + jes + iey | o Js ke [2]}
C ={(i+ jp)e1 + a;jes + ase3 | 4,7 € [p]}
Ls, = <e2>
X = {aijel +ies + jes + Lg, | i,] € [2]}
(8,p2,2) Y = {ie1 + Lg, | i € [p?]} 5.8 (tow 12) | row 41
SO = {aijel + keg + ieg +je4 | i,j, ke [2]}
©' = {iel + o e | 1 E [pQ]}
Ls, = <627e3>
X = {Oéiel +ie4 + Lg, ‘ 1 € [2]}
(8,p%,4) Y = {ie; + Lg, | i € [p?]} 5.4 (tow 2) | row 42
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S() = {aiel +je2 + keg + ie4 | i,j, ke [2]}
C = {ie1 + aies + Bies | i € [p?]}
LSO = <e2>
X = {ie; + ajjes + jes + Lg, | i € [p*], j € [2]}
(4p?,2,2) Y = {ies + Lg, | 7 € [2]} 5.8 (row 16) | row 46
So = {ie1 + key + aijes + jes | i € [p?], j, k € [2]}
C ={ajes +ie; | i€ [2]}
Ls, = (pe1)
X = {ie1 + ajjke2 + jes + key + LSO | 1€ [p] s Js ke [2]}
(4p?,2,p) Y ={iea+ Lg, | i € 2]} 5.10 (row 10) | row 47
So = {(Z + lp)e1 + k€2 + jes + key | i,l € [p] , 5,k € [2]}
C = {aipel + ieq | xS [2]}
Ls, = (e2, e3)
X = {ie1 + azeq + LSO ‘ xS [pQ]}
(4p?,2,4) Y = {ies + Lg, | i € [2]} 5.4 (row 4) | row 48
So = {ie1 + jes + kes + aey | 1€ [p2] , 5,k € [2]}
C= {Oéieg + ﬂieg + ie4 ‘ 1€ [2]}
Ls, = (pe1 + e3)
X = {ie1 + ajjes + jes + Lg, | i € [p], j € [2]}
(4p?,2,2p) Y = {ies + Lg, | i € [2]} 3.6 (row 5) | row 49
So ={(i + kp)e1 + lez + avjjes + jeq | i,k € [p], j,1 € [2]}
C ={a;pe; + a;es +ie3 | i € [2]}
Ls, = <e1>
X = {Oéijeg + ieg +je4 —+ LSO | ’L,] e [2]}
(4p?,2,p%) |Y = {iex + Lg, | i € [2]} B.5 row 50
So = {ke1 + ;€2 + ie3 + jey | i,] € [2], ke [pﬂ}
C = {aiel + ieq | xS [2]}
Ls, = (pe1 + ez, e3)
X = {ie1 + o;eq +LSO ‘ xS [p]}
(4p?, 2, 4p) Y = {ies + Lg, | i € [2]} 3.5 (row 1) | row 51
So ={(i+ jp)e1 + kes + les + ayeq | 4,5 € [p], k,l € [2]}
C = {a;pe; + a;es + Bies +ieq | i € [2]}
(4p%,2,2p%) | Not possible since no X exists 5.2
Ls, = <e2>
X ={(i + ajjxp)e1 + jes + kes + Ls, | i € [p], j, k € [2]}
(8p,p,2) Y = {ipe1 + Lg, | i € [p]} 5.8 (row 21) | row 53
So = {(i + aijxp)er +lez + jes + keq | i € [p], j, k.1 € [2]}
C = {ipe; + aeq | i € [p|}
Ls, = <pe1>
X = {(aijk)el —+ ie2 +je3 + ke4 —+ LS{) ‘ i,j, ke [2]}
(8p,p,p) Y = {ie1 + Ls, | i € [p]} 5.10 (row 13) | row 54
So = {(aijk +lp)er +ies + jes +key | i,j,k € [2} , e [p]}
C ={(i+aip)e1|i€ [p]}
Ls, = (e2, e3)
X ={(i+a;jp)er +jesa+Ls, | € [p], j € [2]}
(8p,p,4) Y = {ipe1 + Lg, | 7 € [p]} 5.4 (row 7) | row 55
So = {(’L + aijp)el + kes + les + jey | 1€ [p] s g, kL€ [2]}
C = {ipe1 + a;ex + Biez | i € [p]}
LSO = <pe1 + e2>
X = {Oéijel + ie3 + jeq + LSO | i,J € [2]}
(8p,p, 2p) Y ={ie; + Lg, | i € [p]} 3.6 (row 7) | row 56
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So = {(aij + kp)er + lex + ies + jey | i,4,1 € [2], k € [p]}
C={(i+aplei + aies | i € [p]}

Ls, = (e2,e3,e4)

X ={(i+asp)er + Ls, | i € [p]}

(8p,p,8) Y = {ipe1 + Ls, | i € [p]} 5.1 row 57
So ={(i + aup)er + jes + kes +leq | i € [p], j, k, € [2]}
C = {ipe; + a;es + Bies +veq | i € [p]}

Ls, = (pe1 + ez, e3)

X = {aiel + iey +LSO ‘ xS [2]}

(8p, p, 4p) Y ={ie1 + Ls, | i € [p]} 3.5 (row 2) | row 58
So = {(a; + jpes + key +les +iey | i,k,1 € [2], 7 € [p]}
C= {(Z + Oéip)el + ayes + Bies | 1€ [p]}

Remark 5.17. In Theorem 5.16, the generators es, e3 and e, may be replaced by any basis
of H={0} X Zy X Zy X Zs, as in (C2).

Theorem 5.18. Let G = Z, X Zy X Lo X Ly X Ly for an odd prime p and let S be a
proper subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code in
Cay(G, S) if and only if (So, C) is one of the pairs in Table 5.21.

Table 5.21: Perfect codes in Cayley graphs of Z, X Zg X Zg X Zg X 7y

Row So C
1 {iel + aiez + fies + yiea + d;es | RS [p]} {iez + jes + kes + les | i,7,k, 1 € [2}}
2 | {ie1 + jex + aze3 + Bies +vies | i € [p], j € [2]} {aijres +ies + jes + kes | 4,5,k € 2]}
3 {iel + ajje2 + jes + aies + Bies | i€ [p] ,J € [2]} {keg + ajjes + ie4 + jes ‘ i,5,k € [2]}
4 {iel—l—aijeg—l—,&jeg + jes + ases ‘ 1€ [pL] € [2]} {je2+ke3—|—aie4—|—ie5 | i, 5,k € [2}}
5 | {ie1 + aijez + Bijes +vijea +jes | i € [p], j € 2]} | {iex + jes + kes | i,5,k € [2]}
6 | {ie1 + ke2 + aujes + jes + ajes |1 € [p], 4,k € [2]} {aije2 + jes + ajes +ies | 1,7 € [2]}
7 {iel + kea + ayjes + ﬂije4 + jes | i€ [p] , 5k € [2]} {aijGQ + ie3 + jes | i,J € [2]}
8 {ie1 + jeas + kes + aieq + Bies | i € [p], 4,k € [2]} {aijes + Bijes + ies + jes | 4,5 € [2]}

9 | {ie1 + ajjre2 + kes + asjes +jes | i € [p], 4,k € [2]} | {je2 + cses +ies | 4,5 € 2]}

10 | {ke1 + ajjre2 + ayjes +ies +jes | 0,5 € [2], k € [p]} | {aie1r + jea +ie3 | 4,5 € 2]}

11 | {ie1 + ajjre2 + jes + kes + cyes | i € [p], 4,k € [2]} | {je2 + cues + Bies +ie5 | 4,5 € [2]}
12 | {ie1 + cijue2 + Bijues + jes + kes | i € [p], j,k € [2]} | {ie2 + jes | 4,5 € [2]}

13 | {ozer + kez + aijes + jes +ies | 4,5,k € 2]} {ie1 + aijex + jes +azeq | i € [p], j € [2]}
14 {aijel + keo + a;jes + ieq + jes | i, 5,k € [2]} {iel + ajj ez + jes | 1€ [p] ,J € [2}}

15 {aijel + ayjke2 + kes + ieq + jes | i, 5,k € [2}} {ie1 + je2 + ajes | 1€ [p] ,J € [2]}

16 | {aser + aijre2 + jes + kes +ies | 4,5,k € [2]} {ie1 + je2 + aies + Bies | i € [p], j € [2]}
17 {aijke1 + kea + aije3 + ieq + jes | i,7,k € [2}} {je1 + a;e2 + ies | xS [2] ,J € [P]}

18 {aijkel + ajjrez +ies + jeq + kes | i,7,k € [2]} {i61 + jeo | 3 E [p] jE [2}}

19 {ie1 + les + a;jres + jes + kes | 1€ [p] , 5k, e [2]} {aiGQ + ies | 1€ [2]}
20 | {le1 + aijie2 +ies + jes + kes | i,5,k € [2],l € [p]} | {auer +ie2 i€ 2]}

21 | {ie1 + kez + les + asjes + jes | i € [p], 7, k, 1 € [2]} {a;e2 + Bies +ies | 1 € [2]}

22 {ke1 + lex + ajje3 + iteq + jes | 4,5, € [2], k € [p]} {aier + azex +ies | i € [2]}

23 | {ie1 + jex + kes +les + ases | i € [p], 4, k, L € [2]} {aie2 + Bies + vies +ies5 | i € [2]}
24 {iel + a;ki€2 + jes + key + les | 1€ [p] , gkl € [2]} {iez | xS [2]}

25 | {aijrer + lea +ie3 + jes + kes | 4,5, k, 1 € [2]} {ie1 + ase2 | i € [p]}

26 {Ozijel + kes + les + ieq + jes | i,7,k,l € [2]} {iel + a2 + Bies | 1€ [p]}

27 | {aie1 + jes + kes +les +ies | i,5,k, 1 € [2]} {ie1 + a;e2 + Bie3 + yiea | i € [p]}
28 | {aijrie1 +ie2 + jes + kes +les | i, 7, k, 1 € [2]} {ie1 | i € [p]}
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Proof. Suppose C'is a perfect code in Cay(G,S). Then G = Sy & C and so |Sy| - |C| =
|G| = 16p. Since Sy generates G, Sy contains at least four non-zero elements, so |Sy| > 5.
Therefore, 4 < S| < 16p.

Case 1. ) is aperiodic.

Since G is Hajos and G = Sy @ C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo @ D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|- |D| = |C| and 2 < |L¢| < |C]. If | Syl is a prime, then |Leo| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |Lo| can be any divisor of |C]. Set

A= (50 +Lc)/LC and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés group are also Hajds groups, A is periodic in G/ Le. We also know that A contains
L¢ and A generates G/L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |L¢| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |Lo| < |C|, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

Table 5.22 represent all possible values for (|Sy], |C|, |Lc|); C, A, and Sy when |L¢a| =
|C| or L¢, A, B, Sy, and C' when |Lo| < |C|; which previous theorem or lemma is used
to obtain (A, B) when |L¢| < |C|; and which row in Table 5.21 the result corresponds to.

Table 5.22: The case when G = Z,, x Zy X Zg X Zy X Zy and Sy is aperiodic

(1S0],1C|, | Lc]) Lc, A, B, Sy, and C Reference [ Result
C = (ey,e3,eq4,€5)
(p7 16, 16) A= {iel + Lc ‘ & [p]} row 1
So = {ie1 + ajes + Bies + veq + dies | i € [p]}
Lc = (e2)
Az{iel + jes + ayeq + Bies + Lo ‘ie [p],je [2]}
(2p,8,2) | B={oyjes+ies+jes+Lc|i,j€[2]} 5.10 (row 2) | row 3

So = {ie1 + a;jes + jes + azes + Bies [ € [p], j € [2]}
C = {ke2 + ayj5es + ieq + jes | i,j,k € [2]}

Lo = (ez,e3)

A ={ie1 +jes +aies + Lo |i € [p], j € [2]}

(2p, 8,4) B = {wo;es +ies + Lo | i € 2]} 3.6 (row 4) | row 4
So = {ie1 + a;jes + Bijes + jes + ayes | i € [p], j € [2]}
C= {jGQ + keS + ey + Z’e5 | ivja ke [2]}

C= <e23e3ae4>

(2p, 8,8) A={iei +jes+ Lo |i€[p],je€2} row 5
So = {ie1 + a;je2 + Bijes + vijea + jes | i € [p], j € [2]}
Lo = (e2)

A:{ie1+ke3+a1je4+je5+Lc\ie [p],j,kG [2]}
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(4p, 4,2) B = {a;es +ies+ Lc | i € [2]} 5.10 (row 7) | row 9
SO = {iel aF Q€2 + kes + Qj€q +je5 | 1 E [p] 9 j, ke [2]}
C = {jes+ases+ieq|i,j€[2]}

LC = (e2>
A= {ke1 —|—aije3 +i64 +je5 +LC ‘ Z,j S [2], ke [p]}
(4p, 4,2) B = {«a;e1 +ies+ Lc | i € [2]} 5.10 (row 8) | row 10

So = {kel + Q€2 + Qjes +ieq + jes | 1,j € [2] S [p]}
C = {aje; + jes +ie3 | i,j € [2]}

LC = <62>
A = {ie; + jes + key + ajes + Lo | i € [p], 4, k € [2]}
(4p,4, 2) B = {Oéieg, + Bieq +ies + Lo | 1€ [2}} 5.10 (I‘OW 9) row 11

So = {iel + ajjkes + jes + kes + ajes ‘ 1€ [p] , gk € [2]}
C = {jes + ajes + fies +ies | i,j € [2]}

C = (ez,e3)
(4p,4,4) A= {ie1 +jes+kes + Lc |i€p], j,ke€2]} row 12
So = {ie1 + ayjres + Bijres + jes + kes | i € [p], j, k € [2]}
LC = <62>
A= {aijel + kes + ies + jes + Lo ‘ 1,5,k € [2]}
(8,2]7, 2) B = {iel + a;es + Lo | 1€ [p]} 5.10 (I‘OW 11) row 15

So = {aijer + aijres + kes +ies + jes | 4,5,k € [2]}
C={ie1+jes+ ez |ic[p],je2]}

Lo = (e2)
A ={aier + jes + kes +ie; + Lo | 1,5,k € [2]}
(8,2p,2) B = {ie; + a;e3 + Bies + Lo | i € [p]} 5.10 (row 12) | row 16

So = {aje1 + ajjres + jes + key +ies | i, 5, k € [2]}
C = {ie1 + jes + ajes + Biey | 1 E [p],je [2]}

LC = <e1>
A= {keg + a;jes + ie4 —|—je5 + LC ‘ i,j,k & [2]}
(8,2p,p) B = {«a;es +ies+ Lc | i € [2]} 5.12 (row 1) | row 17

So = {aijkel + kes + a;jes +ieq + jes | i,7,k € [2]}
C ={je; +aes+ies|ic[2],]<[p}

C — <e1 aF e2>

(8,2p,2p) A= {ies+ jes+ kes + Lo | 1,5,k € [2]} row 18
So = {aijkel + ajjres +ies + jes + kes | 1,5,k € [2]}
C = (e9)

(8p,2,2) A= {ie; +jes +kes+les+ Lo |i€[p], j,k,l€[2]} row 24
So = {’iel + aijpie2 + jes + key + les | 1€ [p} , kL€ [2}}
C = <e1>

(16,p,p) A= {ies+ jes + kes+les+ Le | i, 5, k,1 € [2]} row 28

So = {ajrier +ieg + jes + key +les | i, 5, k,1 € [2]}

Case 2. 9) is periodic.

In this case we have |Lg,| > 2 and Sy = D & Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = |So| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSo)/LSo and Y = (C + LSO)/LSO-
Since S is periodic, by Lemma 2.5, we have
G/Ls, = XY
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and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (Sp, C) via (X,Y).

Table 5.23 represent all possible values for (|Syl|, |C|,|Ls,|); Lsy,, X, Y, So, and C;
which previous theorem or lemma is used to obtain (X,Y"); and which row in Table 5.21

the result corresponds to. O
Table 5.23: The case when G' = 7Z,, X Zy X Zy X Zy X Zy and Sy is periodic
(ISol51C1, | Ls, ) Ls,, X, Y, Sy, and C Reference | Result

Lg, = (e2)
X = {z’el + ajes + Bies +vies + Lg, | i € [p]}

(2p,8,2) Y = {ies + jes + kes + Lg, | 4,7,k € [2]} 5.10 (row 1) | row 2
So = {ie1 + jes + ae3 + Bies +vies | i € [p], j € [2]}
C = {Ozijkeg + ie3 +je4 —+ ke5 | i,j, ke [2]}

(2p, 8,p) Not possible since no X exists 5.12
Lg, = <eQ>
X = {z’el +a1—je3 +je4 + o,es +LSO | 1€ [p] 5 ] c [2}}

(4p,4,2) Y ={jes + ajes +ies + Lg, | 1,7 € [2]} 5.10 (row 3) | row 6
Sy = {ie1 + kes + a;je3 + jeyq + o es | 1 E [p] s g,k € [2]}
C = {Oéijeg —|—je3 + a;e4 + ies | i,j S [2]}
LSO = <92>
X = {iel + ayjes3 +ﬁije4 + jes + LSO | 1€ [p} ,J € [2]}

(4p, 4,2) Y = {ies + jes+ Ls, | 3,j € [2]} 5.10 (row 4) | row 7
S() = {iel + keg + a;jes + Bi]’e4 —|—je5 | 1€ [p} s j, ke [2]}
C = {a;jes +ie3+ jey | 4,5 € [2]}

(4p, 4,p) Not possible since no X exists 5.12
Ls, = (ez, e3)
X = {iel + a;eq + ﬁieg, + LS() ‘ xS [p]}

(4p,4,4) Y = {ies + jes + Ls, | 4,7 € [2]} 3.6 (row 1) | row 8
Sy = {ie1 + jes + kes + ayeq + Bies | i € [p} , ),k € [2]}
C = {Oéijeg T 61’]’93 + ieq + jes | 1,J € [2]}

(4p, 4, 2p) Not possible since no X exists 5.5
Ls, = <eQ>
X = {aiel —+ ;€3 +je4 + i65 —+ LSO | Z,] c [2]}

(8,2p,2) Y = {ie; + jes + ayeqs + Ls, | 1 € [p], j € [2]} 5.10 (row 5) | row 13
S = {aie1 + key + ajje3 + jey + ies ‘ 1,7,k € [2]}
C = {ie1 + ayjes + jes + azeq | i € [p], j € [2]}
Lg, = (e2)
X = {aijel + agjes + ieq4 + jes + LSO | 1,] € [2]}

(8,2p,2) Y = {iex1 +jes+ Ls, | i € [p], j € 2]} 5.10 (row 6) |row 14
So = {aijer + key + a;jes +ieq + jes | 4,5,k € [2]}
C= {iel + ;€9 + jes | 1€ [p] ,J € [2]}

(8,2p,4) Not possible since no X exists 3.6
Ls, = <62>
X = {iel + a;res3 + jey + kes + Lg, ‘ 1€ [p] , k€ [2]}

(8p,2,2) Y = {ies+ Lg, | i € [2]} 5.10 (row 10) | row 19
Sy = {iel +leg + agjres + jes + kes | xS [p] s 4okl € [2]}
C = {Oéieg + ieg | 1€ [2]}
Ls, = (e1)
X = {Oéijk;eg + ie3 + jes + kes + Lg, ‘ 1,7,k € [2]}
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(8p,2,p) Y = {iea + Lg, |7 € [2]} 5.12 (row 2) | row 20
So = {le1 + oy k€2 + ie3 + jeq + kes | 7, ke [2] s l e [p]}
C = {Oziel + ieq | 1€ [2]}

Ls, = (e, e3)

X = {z’e1+aije4+je5+L50 |i€ [p},je [2]}

(8p,2,4) Y = {ies + Lg, |7 € [2]} 3.6 (row 5) |row 21
Sy = {ie1 + kes + les + a;jey4 + jes | 1€ [p] s gy k€ [2]}
C = {Oéieg + Bies + iey | xS [2]}

Lg, = (e1+ e2)

X = {Oéije?, +ieys+jes+ Lg, |i,j € [2]}

(8p,2,2p) Y ={ies+ Lg, | i € [2]} 5.5 row 22
So = {k‘el + les + Q;;es + teq + jes ‘ 1,5, € [2] ke [p]}
C = {aiel + ;e + ieg | xS [2]}

LSO = <62,63,e4>

X = {iel + oses +LSo | 0 E [p]}

(8p,2,8) Y = {ies + Lg, | 7 € [2]} 3.5 (row 1) | row 23
SO = {iel +j62 +k63 +le4 + o es | 1 E [p} R j,k,l S [2}}
C= {aieg + Bie3 + v;eq4 + ies | 1€ [2]}

(8p, 2, 4p) Not possible since no X exists 5.2
LSO = <92>
X = {aijkel + ie3 + jes + kes + Lg, ‘ 1,7,k € [2]}
(16,p,2) Y ={ie1 + Lg, | i € [p]} 5.10 (row 13) | row 25

So = {aijkel + ley + ies + jeyq + kes | i,7,k, 1 € [2]}
C = {z’el + o eq | 1€ [p]}

Ls, = (ez, e3)

X = {Oéije1 + ieq + jes + LSO | 1, € [2]}

(16,p,4) Y ={ies + Lg, | i € [p]} 3.6 (row 7) | row 26
SO = {aijel + kes + le3 + iey —|—je5 ‘ i,j, k,l S [2}}
C = {ie; + a;es + Bies | i € [p|}

Ls, = (e2,e3,ey)

X = {aiel + ie5 + LSO | i € [2]}

(16,p,8) Y = {ie1 + Lg, | i € [p} 3.5 (row 2) |row 27
So = {aiel + jes + kes + ley + ies | 1,7, k,l € [2]}
C = {ie1 + a;ex + Be3 +v,eq | i € [pl}

Remark 5.19. In Theorem 5.18, the generators e, e3, e, and e; may be replaced by any
basis of H = {0} X Zg X Z2 X ZQ X ZQ, as in (02)

6 Remaining Hajés groups

In this section, we characterize perfect codes in Cayley graphs of the remaining Hajos
groups. These groups are subgroups of Z,, X Zy X Zy X Ly, Ly X Ly X Ly, Lg X L3, L2 X L2,
and Z,2 X Ly X Ly.

6.1 Subgroups of Z, X Zq X Zg X Zg

Theorem 6.1. Let G = Zy, X Ly X Z, for distinct primes p, ¢ and r, and let S be a proper
subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code in Cay(G,S)
if and only if (So, C) is one of the pairs in Table 6.1.
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Table 6.1: Perfect codes in Cayley graphs of Z, X Z, X Z,

Row So C

1 {(i, 04, 8:) | i € [p]} {(0,4,5) | i € [a], 5 € [r]}
2 | {(ai,i, 8:) | i € [q]} {(5,0,9) [i e pl, 5 € [r]}
3 | {(ai,Bii) | i€ [r]} {(i,5,0) [ € [p], j € [q]}
4 {0, dai) lieldl,jelply |{(ai,0,0)i€r]}

5 |{(i,d,ai) lielpl, jeld}t |{(0,0i0)|ielr]}

6 |{(aii)lielr],jelpl} |{(ei,0)]ielgl}

7 {(aig) [ielpl, g e} {04, ) [ i€ lg]}

8 (e, g, i) |ielr],jeld} |{(ai0) i€ [p]}

9 [{(ewi,g) lielq],jelr]} {(0,ai) i€ [p]}

10 | {(é,4 0u5) | i € [p], 5 € [q]} | {(0,0,4) | i € [r]}

111 {(i, 05,5) | 2 € [pl, J € [r]} | {(0,2,0) | 7 € [q]}

12| {(ouy,8,4) | i €[], 4 € [r]} | {(2,0,0) | 7 € [p]}

Proof. Suppose C'is a perfect code in Cay(G, S).

If [So| = p, then from Lemma 2.8, Sy is aperiodic and C' is a subgroup of order gr,
so C = Le = {0} x Z, X Z,. From the factorization of G/L¢ given in Lemma 2.5,
(So+ Le)/Le = G/Le = {(3,0,0) + L¢ | @ € [p]}, and hence Sy = {(i, a4, 5:) | © € [p]}
This gives row 1 in Table 6.1. The same argument can be applied when |Sy| = ¢ and
|So| = r to get rows 2 and 3 in Table 6.1.

If |So] = pg and Sy periodic, then |Lg,| = p or q. Let Sy = D & Lg, for some
subset D. From the factorization of G/Lg, given in Lemma 2.5, we have G/Lg, =
(D+Lg,)/Ls,®(C+Ls,)/Ls,- If |[Lg,| = p, then Lg, = ((1,0,0)). Note that (D+Lg,)/Ls,
is an aperiodic set of order ¢ and G/Lg, = Z, X Z,. From Theorem 3.5 (row 2), we get
(D +LSO)/LSO = {(07i’ai) + L, | 1€ [Q]} and (C+LSO)/LSO = {(anvi) + L, | S [T‘]}
Therefore, Sy = D & Lg, = {(j, %, 04) | i € [q], j € [p]} and C = {(;,0,4) | ¢ € [r]}. This
is row 4 in Table 6.1. By using the same arguments, we can get the case of |Lg,| = ¢.
This is row 5 in Table 6.1. We can get rows 6 to 9 by changing |Sy| to pr and ¢r, and
also set |Lg,| to a prime divisor of |Sp|.

If |So| = pq and Sy aperiodic, then |C| = r and C is periodic, which means C' = Lo =
((0,0,1)). From the factorization of G/L¢, (So+ L¢)/Le = G/Le = {(i,7,0) + Lo | i €
[p], 7 € [q]}, and hence Sy = {(7,7, ;) | i € [p], J € [¢]}, au; € Z. This is row 10 in Table
6.1. Rows 11 and 12 are the cases |Sy| equal to pr and ¢r with the same arguments. [

Theorem 6.2. Let G = 7Z, X Zy X Ly X Zy for distinct odd primes p and q, and let S be
a proper subset of G\ {0} that generates G. Let 0 € C C G. Then C is a perfect code in
Cay (G, S) if and only if (So,C) is one of the pairs in Table 6.2.

Table 6.2: Perfect codes in Cayley graphs of Z, X Z, X Zgy X Zq

Row So C
1 | {ier + asex + Bies +vieq | i € [p]} {iex + jes + keq [ i € [q], j,k € [2]}
2 | {ase1 +iex + Bies +vieq |1 € [q]} {ie1 + jes + kes | i € [p], j, k € 2]}
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9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

{Zel + jes + aje3 + 5264 lielp
{je1 +ies+ ajje3+aseq | i€ [q], 5 € [p]}
{ie1 + jes + 0z +aeq|i€pl,j€lq}

{a”el + ies + jes + ajey | i€
{aijel + 1eo + ;€3 + jey | xS
{oziel + Biea + jes + iey | 1,] € [2
{aije1 + azes + jes +ieq | 1,5 €|
{aier + a;jes + jes +ieq | 4,5 € |
{aije1 + aje0 +ies +jes | 1,) €
{iel + jes + kes + oyjeq | 1 € [ ]
{k‘el + ies + Q€3 —|—je4 | i€ [q]
{ie1 + kes + a;jes + jey | i € [p],
{je1+z’e2+ke3+aie4 ‘ 1€ [ ],
{ie1 + jes + kes + ajeq | i € [p],
{ie1 + jes + Q€3 + key | 1€ [p]

{iel + a;;es + kes + jey | 1 E [p] 9

{kei + a;jep +ie3 + jey | i,j € [2] ) [
{ie1 + ez + jes + key | i € [p], j,k € 2
{je1 + ajes + ke +iey | i,k €[2], ] € [p]
{ie1 + aijues + jes +key | i € [p], j, Kk €]
{aijel + ies + kes + jey | xS [ } j k€ [

{aijer +key +iez +jes |, €[2], k€ q
{aiel +ie2 +je3 +ke4 ‘ i€ [ ] _],k € [2}}

{aier + jex + kez +ieq | i,k € [2], j € [q]}

{aijkel + 1es + jes + key | 1€ [q] , k€ [2]}

{aijer +ies + jey | i, 5 € [2]}
{aijes +ies + jes | 4,7 € [2]}
{a;e1 + jes +ieq | 1,7 € [2]}
{aier + jes +ieq | 4,5 € [2]}
{ies +je4 4,7 € 2]}

]
{mey+wQ+J%\l€M]J€[ﬂ}
{ies + jes + ayeq | i € [q], 7 € [2]}
{jes + ajes ﬂ—z’e4 \ i€[2], 7€ [q]}

]
{ie1 + azes + jes | i € [p], j € [2]}
{ie1 +jes +aseq | i € [p], j € [2]}
{je1 + ajes +ieq | i €[2], 5 € [p]}

{ie1 + jes | i € [p], j € [2]}

{ie1 + jes + ayjes | i € [p], j € [q]}

{je1 +ies +ases i€ [q], j € [p]}
. J € [ql}

{ie1 + jes + aves | i € [p]
{ier +jes |i€[p],j€lq
{Ozi63 + ieq | 1 E [2]}
{Oéiel + ieg | xS [2]}
{Oéieg + ieg | xS [2]}
{aiel + a,e3 + iey ‘ xS [2]}
{a;es + ajes +ieq | i € [2]}
{ies | i € [2]}

{iEQ + o es | 1 € [q]}

{aiel + ie2 | xS [q}}

{ies + azes + Bieq | i € [q]}
{a;e1 +ies + aes | i € [¢}
{ie2 | i € [q]}

{ie1 + o es | 1€ [p]}

{ie1 + cves [ i € [p]}

{ie1 + aes + fies | i € [p]}
{iel + o;eo + o es ‘ xS [p]}
{ie1 | i € [p]}

Proof. Suppose C'is a perfect code in Cay(G, S). Then G = Sy@&C and so |Sy|-|C| =

4pq. Since G is not a cyclic group, |Sp| > 2 by Lemma 2.8. Therefore, 2 < |Sy| < 4pgq.

Case 1. ) is aperiodic.

Since G is Hajos and G = Sy @ C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo @ D for some subset D of G whose existence is ensured by

Lemma 2.3. Then |L¢|- |D| = |C|. If |Sp| is a prime, then |L¢o| =

|C| and 2 < |L¢| <

by Lemma 2.8 part (c). If |\Sp| is not a prime, then |Ls| can be any divisor of |C]. Set

A= (SO + Lc)/LC and B =
Since C' is periodic, by Lemma 2.5, we have
G/Lc =A@ B
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and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajos groups are also Hajdés groups, A is periodic in G/Lc. We also know that A
contains L and A generates G/ L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|.
Note that if |Lo| = |C|, then C' = L as 0 € C. This means we can take D = {0} and
hence B = Lo/ Lc and G/Le = A. We use C' to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C|, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

All possible values for (|Syl,|C|, |L¢|) are given in the first column of Table 6.3. In
the second column, we list C, A, and Sy when |L¢| = |C| and we list Le, A, B, Sp, and
C when |L¢| < |C]. The third column shows which previous theorem is used to obtain
(A, B) when |L¢| < |C|. The last column indicates which row in Table 6.2 the result
corresponds to. The result in the cases when |Sy| = ¢, 2¢, and 4¢ can be derived by
swapping e; and e, from the cases when |Sy| = p, 2p, and 4p, respectively. The resulting
forms of Sy and C' are in rows 2, 14 to 17, and 37 in Table 6.2.

Table 6.3: The case when G' = 7Z,, X Z, X Zy X Zy and S; is aperiodic

(|Sol,1C1, | Lel) L¢, A, B, Sy, and C Reference | Result
C = <82, €3, e4)
(p,4q,4q) A={ie1 +L¢c | i€ [p|} row 1
So = {ie1 + ayep + Biez + vieq | i € [p]}
LC = (e3>
A={jei+ies+ajes+Lc|iclq],jep}
(pg,4,2) B = {o;e; +ies + Lo | i € 2]} 6.1 (row 4) | row 5

S() = {jel + 1eo +aije3 + ey | 1€ [q] R ] S [p]}
C = {ase1 +jes +ieq | 4,5 € [2]}

Lo = (es)
A= {ie) +je; +aiesa+ Lo | i € [pl, j € [ql}
(pgq,4,2) B ={a;es +ies+ Lc | i € [2]} 6.1 (row 5) | row 6

So = {ie1 + jes + ayjes + aeq | i € [p], j € [q]}
C ={aes+ jes +ieq |i,j € [2]}

C= <e3ae4>
(pQ7474) A:{iel +j62+LC|i€[p]7j€[(]]} row 7
So = {iel + jes + ;€3 + Bije4 | 1€ [p] ,J € [q]}
Lc = (es)
A= {je1 +wes+ies+ Lc |i€[2], € [p}
(2p,2q,2) B ={«a;e1 +iea+ Lc | i € [q]} 6.1 (row 6) | row 9

So = {je1 + ases + a;jes +ies | i € [2], j € [p]}
C = {aje; +iey+jes|ic[q,je[2}

LC = <63>
A:{ie1+aie2+je4+Lc |i€ [p],je [2]}
(2p,2q,2) B = {ies + aes+ Le | i € [q]} 6.1 (row 7) | row 10

S() = {iel + aeo + a;j€es —|—je4 | 1€ [p] s j S [2]}
C:{ie2+je3+aie4|i€ [Q],jE [2]}

LC = (e2>
A= {iel + jes + ayeq + Lo | 0 E [p],je [2]}
(2p,2q,q) B = {woes +ies+ Lo | i € 2]} 3.6 (row 4) | row 11

So = {te1 + aj;ea + jes +aseq | i € [p], J € [2]}
C = {jes +ajes +ieq |ic[2],]€q]}
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C = <62 —|—e3>

(2p,2q,2q) | A= {iei+jes+ Lc |i€[p], € 2]} row 12
So = {ie1 + a;jes + a;jes + jes | i € [p], j € [2]}
Lc = <61>
A= {aieg + jes +ieq + Lo | i, ] € [2]}
(4,pq,p) B = {iea + a,es+ Lc | i € [q]} 3.6 (row 6) | row 19

So = {asjer + ajes + jes +iey | 4,5 € [2]}
C ={jei+ies+ases|ic|q],jecpl}

Lc = (e2)
A = {ajer + jes +ies + Lc | i,j € 2]}
(4,p9,9) B = {ie1 + ae3 + Lo | i € [pl} 2.0 (o &) o A0

So = {oier + jjes + jes +ieq | 4,5 € [2]}
C = {ie; + jes + ayes | i € [p], j € [q]}

C = (e1 + 62>

(4,pq,pq) | A= {iez +jes+ Lc | i,5 € 2]} row 21
So = {aje1 + ajjex +ies + jey | 4,5 € 2]}
C = (e3)

(2pq,2,2) A={iei +jes+kes+Lc|icpl,j<lq,ke2} row 27
So = {iel +j62 +ozijke3 + key | 1€ [p] 9 ] € [q], ke [2]}
C = (e2)

(4p,q,q) | A= {ie1 + jes+kes+ Lo |i€[p], j,k € [2]} row 32

So = {ie1 + a;jres + jes + keq | i € [p], 4,k € [2]}

Case 2. 5) is periodic.

In this case we have |Lg,| > 2 and Sy = D @ Lg, for some subset D of G by Lemma
2.3. So |D|-|Ls,| = S| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSO)/LSO and Y = (C + LSO)/LSO-
Since S is periodic, by Lemma 2.5, we have
G/Lsy,=X®Y

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (S, C') via (X,Y).

All possible values for (|Sy|, |C|,|Ls,|) are given in the first column of Table 6.4. In
the second column we list Lg,, X, Y, Sy, and C. The third column shows which previous
theorem or lemma is used to obtain (X,Y"). The last column indicates which row in Table
6.2 the result corresponds to. The cases for |Sy| = 2¢ and 4q are derived from the cases
of |So| = 2p and 4p, respectively. The resulting forms of Sy and C' are in rows 13, and 33
to 36 in Table 6.2. O

Table 6.4: The case when G = 7Z,, X Z, X Zy X Z and S is periodic

(IS0, 1Cl, | Ls,|) Ls,, X, Y, Sy, and C Reference | Result
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X = {iex + aye3 + fies + Lg, | i € [q]}

(pg,4,p) Y = {ies + jes+ Lg, | 1,7 € [2]} 3.6 (row 1) | row 3
So = {jel + ies + o e3 + Bieq ‘ 1€ [q] ,J € [p]}
C = {Oéijel +ies+jeq i€ [2]}
Lg, = (e2)
X = {ie1 +ajes+ Bies+ Lg, |1 € [p]}
(pq,4,q) Y = {ies + jes + Lg, | 4,j € [2]} 3.6 (row 1) | row 4
So = {iel + jes + oy es + Bieq ‘ xS [p] ,J € [q]}
C = {Oéijeg —+ ie3 +je4 | Z,] (S [2]}
LSO = <e3>
X = {iey + ajex + Bies + Lsg, | i € [p]}
(2p,2q,2) Y ={iea+jes+ Ls, | i €[q], 7 €[2]} 6.1 (row 1) | row 8
So = {iel + a;es + jes + Bieq ‘ 1€ [p] , ] € [2]}
C = {iea + oyjes +jes | i € q], j € [2]}
(2p,2q,p) Not possible since no X exists 3.6
Ls, = (es3)
X = {aiel + Bies +ies + LSO | 1€ [2}}
(4,pq, 2) Y = {ie1 +jea+ Ls, |1 € [p], 7 € [q]} 6.1 (row 3) | row 18
So = {Oliel + Bies + jes + iey ‘ 1,J € [2]}
C = {ies +jes +ayes|i € [p], j € g}
Ls, = <e3>
X = {ie1 +jes + aijeq + Ls, | i € [p], j € [a]}
(2pq,2,2) Y = {ies + Lg, | i € [2]} 6.1 (row 10) | row 22
So = {ie1 + jes + kes + ajjeq | i € [p], j € [q], k € [2]}
C ={aje3 +ieq4 | i€ [2]}
Ls, = <e1>
X = {iez + ayjes + jes + Ls, | i € [q], j € [2]}
(2pq,2,p) Y ={ies+ Lgs, | i € 2]} 3.6 (row 5) | row 23
So = {ke1 +1ex + a;e3 + jey | 1 € [q],je [2}, ke [p]}
C = {aiel + ieg | XS [2]}
Lg, = (e2)
X = {iel +aije3 +je4+LSO |Z€ [p],je [2}}
(2pq,2,q) Y = {ies + Lg, | i € [2]} 3.6 (row 5) | row 24
So = {iel + key + ajje3 + jey ‘ xS [p],jE [2}, ke [q]}
C = {Oéieg + ieg | 1 € [2]}
LSO = <e1 + e3>
X = {ieg + a;eq4 + Lg, ‘ 1 € [q]}
(2pq,2,2p) |Y ={ies+ Lg, | i € 2]} 3.5 (row 1) | row 25
Soz{jel+ie2+ke3+aie4 |i€ [q],jG [p], ke [2]}
C = {aiel + o;es + ie4 ‘ 1€ [2]}
Ls, = (e2 + e3)
X = {ie1 + o;eq +LSU ‘ xS [p]}
(2pq,2,2q) Y = {ies + Lg, | i € [2]} 3.5 (row 1) | row 26
So = {ie1 + jex + kes + ases [ i € [p], j € [q], k € [2]}
C = {wes+ae3+ieq | i€ (2]}
(2pq, 2,pq) Not possible since no X exists 5.2
LSO = <e3>
X = {ie1 + ajjes + jea+ Lg, | i € [p], j € [2]}
(4p, q,2) Y = {iex + Lg, | @ € [q]} 6.1 (row 11) | row 28

So = {ie1 + a;jes + kes + jey | i € [p], j, k € [2]}
C = {ies + aye3 | i € [q]}

LSO = <e1>

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17

80



X = {ayjes +ie3 + jes + Lg, | 4,7 € 2]}
(4p,q,p) Y = {iex + Ls, | i € [q]} 3.6 (row 7) | row 29
So = {ke1 + €2 + ie3 + jey | 1,] € [2], ke [p]}
C = {aiel + ieq | 1€ [q]}

Ls, = (e3,eq)

X = {iel + o, eo +LSU ‘ xS [p]}

(4p, q,4) Y ={iea+ Ls, | i € [¢]} 3.5 (row 1) | row 30
So = {ie1 + ez + jes +key | i € [p], 4,k € [2]}
C = {ieg + a;es + 5ie4 | = [q]}

Ls, = (e1 + e3)

X = {Oéieg + ieq +LSO ‘ 1 E [2]}

(4p, q,2p) Y ={iea+ Ls, | i € [q]} 3.5 (row 2) | row 31
So = {je1 + a,es + kes +ies | i,k € [2], j € [p]}
C = {aiel + ieq + €3 ‘ xS [q]}

Remark 6.3. In Theorem 6.2, the generators e; and e, may be replaced by any basis of
H ={0} x {0} x Zy x Zs, as in (C2).

6.2 Subgroups of Z, X Zz X Z4

Lemma 6.4. Let G = Zy,2 X Zy, for p =2 or 3, and let S be a proper subset of G \ {0}
that generates G. Let 0 € C C G. Then C is a perfect code in Cay(G,S) if and only if
(So, C) is one of the pairs in Table 6.5 for some a € [3], b € [3] \ {a} and ¢ € [p] \ {0}.
In this lemma, repeated occurrences of each individual structural parameter a and c in the
same row have the same value across the two factors.

Table 6.5: Perfect codes in Cayley graphs of Z,: x Z,

Row So C Condition

1 [ {(qisi+aqi) | € [3]} {(i,ai) | i< [9]} p=
2 | {(i+3,) i€ 3]} {(3i,7) | 4,5 € 3]} p=
3 [ {(i+3j,ai+a;) | 4,5 €[3]} {(Bai, ) | i € [3]} p=3
4 | {(o; + 3j,a0; +1) | 4,5 € [3]} {(i + 3, ai) | i € [3]} p=
5 | {(a;+1i+3j,a0; +bi) | 1,5 €3]} | {(i+ 3a,ai) |i€[3]} p=
6 | {0+ (i+i)pci)li,je€pl} {((i + ci)p, caq) | i € [p]}
7 {4+ pai,g) 4,5 € [p]} {(pi, o) | i € [pl}
8 [ {(i+paij,j) 4,7 € [p} {(pi,0) | i € [p]}
9 | {(i + aip,cai) | i € [p*]} {(pi, ci) | i € [p]}

10 | {(4,0:) i€ [p*]} {(0,4) |7 € [p]}

Proof. Suppose C'is a perfect code in Cay(G, S). From Lemma 2.8, |Sy| > 3. If [Sy| = p,
then p = 3. From Lemma 2.8, Sy is aperiodic and C'is a subgroup of order 9, so C' = Lo =
((1,a)) for some a € [3], or ((3,0), (0,1)). From the factorization of G/L¢ given in Lemma
2.5, G/LC = (S() +L(j)/LC If LC = <(1,CL)>, then (S() + Lc)/LC = {(0,2) +LC | 1€ [3]}7
and hence Sy = {(a;,7 + aq;) | i € [3]}, for some «;’s in Z. This gives row 1 in Table
6.5. If Lc = ((3,0),(0,1)), then (So + L¢)/Le = {(i,0) + Le | i € [3]}, and hence
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So = {(4,0) + ;(3,0) + 5;(0,1) | i € [3]} = {(@ + 3y, 5;) | © € [3]}, for some «;’s and f;’s
in Z. This gives row 2 in Table 6.5.

If |So| = p? and S is periodic, then |Lg,| = pand Ls, = {(p,0)), {(p, c)) for ¢ € [p]\{0},
or ((0,1)). Let So = D @ Lg, for some subset D. From the factorization of G/Lg, given
in Lemma 2.5, we have G/Ls, = (D + Lg,)/Ls, ® (C + Ls,)/Ls,. If Ls, = ((p,0)), then
G/Ls, = Z, x Z,. If p =2, then from Lemma 5.2 we know this case is not possible. So
p = 3. From Theorem 3.1 and Remark 3.4, we get (D+ Lg,)/Ls, = {a;vi+iva+Lg, | i €
3]} and (C'+ Lg,)/Ls, = {ivi+Lsg, | i € [3]} for some generator v; and vy of Z3 x Z3 and
a; € Z. Now, all 8 elements of Z3 x Z3\ {(0,0)} is a candidate for v;. However, for every
candidate vy, (vi) = (2vy), so we only need to consider four candidates: (0,1), (1,0),
(1,1), and (1,2). Similarly, we can choose vy to be one of the three remaining candidates
not chosen by vi. We divide this case into smaller cases based on v; and vo. If vi = (0,1)
and vo = (1, a) for some a € [3]. In this case, So = D@ Lg, = {(i+3j,ai + ;) | 4,5 € [3]}
and C' = {(3a;,7) | i € [3]}. This gives row 3 in Table 6.5. If v; = (1,a) and v, = (0, 1)
for some a € [3]. In this case, Sy = D @& Ls, = {(ov + 3j,a0; + i) | 4,5 € [3]} and
C = {(i+3ay,ai) | i € [3]}. This gives row 4 in Table 6.5. If vi = (1,a) and vy = (1,b) for
some a € [3] and b € [3]\{a}. In this case, Sy = D®Lgs, = {(a;+i+3j, ac;+bi) | i,j € [3]}
and C' = {(i + 3, ai) | ¢ € [3]}. This gives row 5 in Table 6.5.

If |So| = p?, Sy is periodic, and Ls, = ((p,c)) for ¢ € [p] \ {0} or ((0,1)), then
G/Ls, = Z,2. From Theorem 5.1, we get (D + Lg,)/Ls, = {(i + p,,0) + Lg, | i € [p]}
and (C'+ Lg,)/Ls, = {(pi,0) + Ls, | i € [p]}. If Ls, = {(p,c)) for ¢ € [p] \ {0}, then
So=D&Ls, ={(i+ (a; + J)p,cj) | 1,7 € [p]} and C = {((i + a4)p, ca;) | i € [p]}. This
gives row 6 in Table 6.5. If Lg, = ((0,1)), then So = D @& Lg, = {(i + pa, j) | 4,5 € [p]}
and C' = {(pi, ;) | i € [p]}. This gives row 7 in Table 6.5.

If |So| = p? and Sy is aperiodic, then |C| = p and periodic, so C = Lc = ((p,0)),
((p,c)) for ¢ € [p]\{0}, or ((0,1)). From the factorization of G/L¢ given in Lemma 2.5, we
have G/Lc = (So+ Le)/Le® (D + Le)/Le. If C = Lo = {(p,0)), from the factorization
of G/Lc, (SQ+L0>/LC = G/LC = {(Z,])+LC | Z,] € [p]}, and hence So = {(Z—I—paw,j) |
i,j € [p]}, cuij € Z. This gives row 8 in Table 6.5. If C' = L = ((p,¢)) for ¢ € [p] \ {0},
from the factorization of G/L¢, (So+Lc)/Le = G/Le = {(i,0)+L¢ | i € [p*]}, and hence
So = {(i+ayp,ca;) | i € [p*]}, a; € Z. This gives row 9 in Table 6.5. If C' = Lo = ((0,1)),
from the factorization of G/L¢, (So + L¢)/Le = G/Lc = {(i,0) + Lc | © € [p?]}, and
hence Sy = {(i, ;) | i € [p*]}, a; € Z. This gives row 10 in Table 6.5. O

Theorem 6.5. Let G = Z, x Z4 for an odd prime p, and let S be a proper subset of
G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if and
only if (So,C) is one of the pairs in Table 6.6.

Table 6.6: Perfect codes in Cayley graphs of Z, x Z,

Row So C
1 [ {(ou,i+20) i€ 2]} {(i,25) [i € [p], j € [2]}
{(d,05) | i € [p]} {(0,4) [ € [4]}
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{(i, i +2j) i €pl, j
{(Gri+2a) i €2], ) [
{(1,5 +204j) |icp], j €
{(

{(

. J
@i, i +27) | 4,7 € [2]}
;1) | i € [4]}

~N O U = W

Proof. Suppose C'is a perfect code in Cay(G, S).

If |So| = 2, then from Lemma 2.8, Sy is aperiodic and C'is a subgroup of order 2p, so
C = Lc = ((1,2)). From the factorization of G/L¢ given in Lemma 2.5, (So+ L¢)/Le =
G/Lc ={(0,7) + Lo | i € [2]}, and hence Sy = {(ay,7 + 2c) | ¢ € [2]}. This gives row 1
in Table 6.6.

If |So| = p, then from Lemma 2.8, Sy is aperiodic and C' is a subgroup of order 4, so
C = Lc = ((0,1)). From the factorization of G/L¢ given in Lemma 2.5, (So+ L¢)/Le =
G/Lc = {(i,0) + Lo | © € [p]}, and hence Sy = {(4,s) | © € [p]}. This gives row 2 in
Table 6.6.

If |So| = 2p and S is periodic, then |Lg,| = 2 or p. Let Sy = D& Lg, for some subset D.
From the factorization of G/Lg, given in Lemma 2.5, we have G/Lg, = (D + Lg,)/Ls, ®
(C+ Ls,)/Ls,- If |Lg,| =2, then Lg, = ((0,2)). Note that (D + Lg,)/Ls, is an aperiodic
set of order p and G/Lg, = Z, X Zy. From the case of |Sp| = p in Theorem 3.5 (row 1), we
get (D + LSO)/LSO = {(i’ai) + Ls, | S [p]} and (C+ LSO)/LSO = {(071) + Lg, | UES [2]}
Therefore, So = D@ Lg, = {(i,a; +2j) | i € [p], j € [2]} and C = {(0,7 4+ 2c;) | 7 € [2]}.
This gives row 3 in Table 6.6.

If | So| = 2p, Sp is periodic, and |Lg,| = p, then Lg, = ((1,0)). Note that (D+Lg,)/Ls,
is an aperiodic set of cardinality 2 and G/Lg, = Z,. From Theorem 5.1, we get (D +
LS@)/LSO = {(O,Z + 20[1) + LSO ’ 1€ [2]} and (C + LSg)/LSO = {(O, 22) + LSO | 1€ [2]}
Therefore, Sy = D @ Ls, = {(j,7+2;) | i € [2],j € [p]} and C = {(«,2i) | i € [2]}.
This gives row 4 in Table 6.6.

If [So| = 2p and Sy is aperiodic, then |C| = 2 and C' is periodic, which means C' =
Le = {(0,2)). From the factorization of G/L¢, (So + L¢)/Le = G/Le = {(i,7) + Lc¢ |
i €[pl,j € 2]}, and hence Sy = {(i,j + 2c;) | i € [p], j € [2]}. This gives row 5 in
Table 6.6.

If |So| = 4 and Sp is periodic, then |Lg,| = 2 and hence Lg, = ((0,2)). Let Sy =
D ® Lg, for some subset D. From the factorization of G/Lg, given in Lemma 2.5, we have
G/Ls,=(D+ Ls,)/Ls, ® (C'+ Lgs,)/Ls,. Note that (D + Lg,)/Ls, is an aperiodic set of
cardinality 2 and G/Lg, = Z, X Zy. From the case of |Sy| = 2 in Theorem 3.5 (row 2), we
get (D + LSO)/LSO = {(ahi) + Ls, | i€ [2]} and (C + LSO)/LSO = {(1,0) + L, | XS [P]}
Therefore, Sy = D & Lg, = {(a4,i+2j) | i, € [2]} and C = {(4,2c;) | ¢ € [p]}. This
gives row 6 in Table 6.6.

If |So| = 4 and Sy is aperiodic, then |C] = p and periodic, which means C' = L¢ =
((1,0)). From the factorization of G/L¢, (So + L¢)/Le = G/Le = {(0,i) + Lo | @ € [4]},
and hence Sy = {(ay,4) | ¢ € [4]}. This gives row 7 in Table 6.6. O

Theorem 6.6. Let G = Z, X Zy X Zy for an odd prime p, and let S be a proper subset of
G\ {0} that generates G. Let 0 € C C G. Then C' is a perfect code in Cay(G,S) if and
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only if (So,C) is one of the pairs in Table 6.7.

Table 6.7: Perfect codes in Cayley graphs of Z,, x Z4 X Zs

So C
i,05,5) | i € [pl} 0,i,7) | i € [4], j € [2]}
i,05+25,6:) | i € [p], j € [2]} 01+2%J)!2 € 2]}
ioi +24,5) [i € [pl, j€ 2]} 0,7+ 204, 04) | i € [4]}
G,ai,g) lielpl, e 2} 0,4,05) | i € [4]}
i, 7+ 205,05) | i € [p], j€[2]} 0,; +24,1) | 4,7 € [2]}
Zaz+2.7+20ém04w)\le[p],JG[Q]} 0,4+ 20; + 24, §) | 4,5 € [2]}
Jyi+ 205 + 2045, qi5) [ i € 2], 7 € [pl} @i, 20+ 27,7) | 4,7 € [2]}
B0 + 25, a45) | 0 € [p], j € [2]} 0,4+ 20, 7) | 4,j € [2]}
Jyi+ 204, 045) |1 € [2], j € [p]} %2H)|H€[Q]}
i,65,7) | i € [p], j € [2]} 0,4,0) | < € [4]}
i, a5, J + ou5) [ 1€ [p], JE[Q]} 0,4,7) | i € [4]}
i,J + 25,5 + Bij) | i € [p], 7 € [2]} 0,21,5) | 4,5 € [2]}
a1+ 205 + 27, ])\i,j€[2]} i,2j + 2045, aw)|i€[p],j€[2]}

o, i+ 204, §) | 4,5 € [2]}
inJ + 2045,1) | 4,5 € [2]}
(o % 7,—|-2] +20[U az]) | ivj € [2]}

6,25, a45) | ¢ € [p], j € [2]}
i, + 27, O)]ZG[],jE[Q]}

i,20; +27,5) | i € [p], 7 € [2]}

Q

i+ 27, aq5) | 4,5 € [2]} i,204,7) | i € [p], 36[2]}
g, 1 + 205 + 24, 5) | 4,5 € [2]} J,2i+ 204, 05) | i € 2], 5 € [pl}
gy i 420, 5) |4, € [2]} J:2i,05) [ 1 € [2], j € [pl}
gy i+ 2045, 5) | 4,5 € [2]} i, 2], O)IZGH H%
a1, 0q) | 4 € [4]} zOj)lze[p]J [2]}
i, o + 2k, ) | i € [pl, j, k€ [2]} 0,7+ 2w;,0) |7 € [2]}
i,J + 2055 + 2k, k) | i € [p], j, k € [2]} 02@+2azal)|z 2]}
i,J + 2045, k) | i € [p], JkG[]} 0,2, ;) | i € [2]}
k,i+2a;5,7) | 4,7 €(2], k € pl} oy, 21, 0)]26[2]}

koi+ 2045, + ij) | 0,5 € [2], k € [pl} | {(u,24,4) | 1 € [2]}

Jyisaq) | i€ [4], JG[]} 041702)116[2]}
i,j.05) [ 1 € [p], j € [4]} 0,04,1) [ i € [2]}
ZJ7az+J)\l€[] Jj €[4} 0,04,i+ ) | i € [2]}

0,7+ 24, 5) | i € [2]}
@, 20 + 204, 04) | 1 € [2]}
a;, 26, 05) | i € 2]}
0,24,0) |7 € [2]}

0,2i z)|z€ 2]}

2041+2]k)| []7]7k€[2]}
Jyi+ 20y + 2k, k)|i,k€[2],j6[p]}
Jri+ 204, k) | ik € 2], j € [pl}
irj+ 20058 ) |5 € ], 3,k € 2
3+ 2aga) € lp e (1)

{(i {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{G {(
{( {(
{( {(
{( {(
{( {(@
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{(qi, i+ 204, 04) | i € [4]} {(i,25,4) i €
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(
{( {(0,
{( {(
{( {(
{( {(
{( {(
{( {(@,
{( {(
{( {@,

N S RN SO R SO S U B SO RN SO R TC RO O SO I ORI SO SO SC T ORI SO ST Sy g Gy G Sy &
Howoo\]c»cnqxwun—to@oo\]@m%wwwowm\]@m.&ww}—lo@m\‘@m”&ww’_‘%

i,g,caz) [ i € [pl, j € [4]} 0,0,4) | i € [2]}

azgz+2k1)\wk€[]} i, 204,0) | i € [pl}

iyt +25,5) | @ [4]7j€[2]} i, 204, i) | i € [p]}

aiyi,j) |i € [4], j € 2]} i,0,4) | i € [p]}

i, j,0) |4 € (2], j € [4]} U Qi )|26[P]}
J

[4]}
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42 | {(ou,i+24,k) 14,4,k € 2]} (G, 204, 8;) | i € [p]}
43 | {(aij,i,5) [i€[4], 5 € 2]} {(4,0,0) | i € [p]}

Proof. Suppose C' is a perfect code in Cay(G,S). Then G = Sy @ C and so |Sy| - |C| =
|G| = 8p. Since G is not a cyclic group, |Sp| > 2 by Lemma 2.8. Therefore, 2 < |Sy| < 8p.

Case 1. Sy is aperiodic.

Since G is Hajos and G = Sy & C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo & D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |So| is a prime, then |L¢| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢o| could be any divisor of |C|. Set

A= (SO + Lc)/LC and B = (D + Lc)/LC
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Hajés groups are also Hajos groups, A is periodic in G/Ls. We also know that A
contains L and A generates G/ Le by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|.
Note that if |Lo| = |C|, then C = Lo as 0 € C. This means we can take D = {0} and
hence B = Lo/ Lec and G/Le = A. We use C' to get A and then use Lemma 2.6 to obtain
So. If |Le| < |C|, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sy, C) via (A, B). Note that for some triples (|.So|, |C|, | L¢]),
there are more than one possible Lg, see Observation 4.5.

The columns of Table 6.8 represent all possible values of (|So|, |C|, |L¢c|); C, A, and
So when |L¢| = |C| or Le, A, B, Sy, and C when |L¢| < |C|; which previous theorem or
lemma is used to obtain (A, B) when |L¢o| < |C|; and which row in Table 6.7 the result
corresponds to.

Table 6.8: The case when G' = Z,, x Z4 X Zy and Sy is aperiodic

(ISol, |C], | L)) L¢, A, B, Sp, and C Reference | Result

C =((0,1,0),(0,0,1))

(p,8,8) A={(:,0,0)+ L¢ | i € [p]} row 1
So = {(i,,8) | i € [p]}
L¢c = <(03270)>
A:{lel +jez+ai63+Lc|iE [p],je [2]}

(2p, 4,2) B = {ajes +ies+ Lo | i € 2]} 3.6 (row 4) | row 5
So = {(i,j + 205, 05) | i € [p], j € [2]}
C ={(0,2] + as,%) | 4,5 € [2]}
Le ={(0,2,1))
A={(i,0; +25,0) + Lo | i € [p], j € [2]}

(2p,4,2) B ={(0,i+ 2w;,0) 4+ L¢ | i € [2]} 6.5 (row 3) | row 6
So = {(4, 04 + 25 + 2045, 055) | i € [p], 5 € [2]}
C={(0,i+20; +24,5) | 4,5 € [2]}
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~

¢ =1((0,2,1))
A={(j,i+20,0)+ Le |1 € 2], j € [pl}
(2p,4,2) B = {(®;,2i,0) + Lc | i € 2]} 6.5 (row 4) | row 7
So = {07 + 2ai + 2aij5,045) | i € 2], j € [p]}
C = {(04,2i + 25, ) | i, € [2]}
Le = ((0,0,1))
A={(i,a; +25,0)+ Lo | i € [p], j € [2]}
(2p,4,2) B ={(0,i+42a;,0)+ Lc | i € [2]} 6.5 (row 3) | row 8
So = {(i, i + 2, 5) | i € [p], J € [2]}
C={(0,i+20,j)|4j €2}
Lo = ((0,0,1))
A=A{(,i+20;,0) + Le | i € 2], j € [pl}
(2p,4,2) B = {(w;,2i,0) + L¢ | i € 2]} 6.5 (row 4) | row 9
So = {4, + 204, 055) | i € 2], j € [pl}
C = {(ai,2i,4) | 4, € [2]}
¢ ={(0,1,0))
(2p,4,4) | A={(,0,5)+Lc|iclp], ] €2} row 10
So = {(i, i, 4) | i € [p], j € [2]}
C=(0,1,1))
(2.44) | A={(i.05)+Lc|i€p], ] €2 ]} row 11
So = {(i, avij, j + ovij) | i € [P] € 2]}
C’z((OQO) (0,0,1))
(2p,4,4) A=A{(i,7,0) + Lc | i € [p], j € [2]} row 12
So = (1.5 +2as;,) + Biy) |1 € [pl. € 2]}
o ={0.2,0)
A= {oz,;el +je2 +’L'63+LC | Z,_] e [2]}
(4,2p,2) B = {ie; + aea + Le | i € [p|} 3.6 (row 6) | row 15
So = {(Olz,j +2C¥ij,i) ‘ 1,j € [2]}
C={@,0; +25,0) | i € [p], 7 €[2]}
To=((0,2,1)
A:{(al,z—’_z?v )+LC | [ ] € [2]}
(4,2p,2) B = {(4,20;,0) + L¢ | i € [p]} 6.5 (row 6) | row 16
So = {(az 1+ 275 +2041j 041]) |Zvj € [2]}
C ={(1,20; +2j,j) | i € [p], j € [2]}
Le =((0,0,1))
A ={(e,1425,0) + Lc | 4,5 € [2]}
(4,2p,2) B = {(i,20;,0) + L¢ | i € [p]} 6.5 (row 6) | row 17
So = {(as,i+ 24, ai5) | 4,5 € 2]}
C={(,20,5) i € [p], j € [2]}
Lo = <(1’070>>
A={(0,i+20;+2§,5)+ Lc | i,j € [2]}
(4,2p,p) B ={(0,2i 4+ 2c;, ;) + Lc | i € [2]} 6.4 (row 6) | row 18
So = {(auj, i+ 20 +25,5) | 4,5 € 2]}
C= {(]721+2C¥Z,C¥Z) | i€ [2] ,J € [p]}
Lo = <(13070)>
A= {(0i 4201 4) + Lo | i.j € 2]}
(4,2p,p) B ={(0,2i,0;) + Lc | i € 2]} 6.4 (row 7) | row 19
S0 = {(cuy» i+ 20u.9) | 1.5 € 2]}
C={0G,2,a:) |i€[2],]€pl}
C=1{(1,2,0)
(4, 2p, 2p) A={(0,i,5) + Lc | 4,7 € [2]} row 20
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(aljvl+2aw7]) |Z j € [2]}

[=}

(4,2p,2p)

w e QN
e~

(=}

4]
i, i+ 204, 05) | i € [4]}

row 21

(4,2p, 2p)

—~—

row 22

(4p,2,2)

—~—
f—A—\A/—\r—A—\/\/\r—AﬂA/—\/—Aﬁ

k) + Lo | i€ [pl, g,k € [2]}

row 34

(4p,2,2)

| + 20450, k) | i € [p], 5, k € [2]}
1

)
5,00+ Lo [i € pl, j € [4]}

’Laj +2alj7al.7) |Z € [p] je [4]}

—— e~
/—*—\/\/—\

row 35

(4p,2,2)

—~—
-~

row 36

(8,p,p)

— e~
—_

N N N - N - s

~—
—

Q
<
<
=

~

m
=m
<

m
~
[—;

row 43

Case 2. 9) is periodic.

In this case we have |Lg,| = 2 and Sy = D & Lg, for some subset D of G by Lemma

2.3. So |D| - |Ls,| = S| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D +LSO)/LSO and Y = <C+LSO)/LSO-

Since S is periodic, by Lemma 2.5, we have

G/Lsyy =X®Y

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously

established theorems to obtain the pair (Sp,C) via (X,Y).

(150l,1C1,|Ls,|), there are more than one possible Lg,, see Observation 4.5.

The columns of Table 6.9 represent all possible values for (|Sy|, |C|, |Ls,|); Ls,» X, Y,
So, and C'; which previous theorem or lemma is used to obtain (X,Y); and which row in
Table 6.7 the result corresponds to.

Table 6.9: The case when G = Z,, X Z4 X Zy and Sj is periodic

],
C ={(0,i+2ay,7) | 4,5 € [2]}

(150, 1€, | Ls, ) Ls,, X,Y, Sp, and C Reference | Result
Ls, = <(0’2’0)>
X = {(i’ahﬁi) +LSO | (XS [ ]}
(2p,4,2) Y ={(0,i,5) + Ls, | 3,5 € [2]} 3.6 (row 1) | row 2
SO:{(Z7041+2]751)|Z€[1)3 E[}}

LSo = <(0’ 2, 1)>
X = {(i,;,0) + Lg, | i € [p]}

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17

Note that for some triples

]

87



THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17

(2p,4,2) Y ={(0,4,0) + Lg, | i € [4]} 6.5 (row 2) | row 3
SO = {(i’ai +2.77]) | S [p] ) .7 € [2]}
C={(0,i+2a;,;) | i € 4]}
Ts, = {(0,0, 1)
X = {(5,0,0) + Ls, | i € [pl}
(2p,4,2) Y ={(0,4,0) + Ls, | i € [4]} 6.5 (row 2) | row 4
So = {(, 00, 5) i € [p], j € 2]}
(2p,4,p) Not possible since no X exists 6.4
(4,2p,2) Not possible for Lg, = ((0,2,0)) 3.6
Ls, = <(07271)>
X ={(w,i + 20;,0) + Lg, | @ = [2]}
(4,2p,2) Y ={(:,24,0)+ Ls, | i € [p], j € [2]} 6.5 (row 1) | row 13
So = {(evi,i+ 20 +24,7) | 4,5 € [2]}
C={(i,2j +2ay,a) |i € [p], j € [2]}
Ls, = <(O’071)>
X = {(Oéi,i —|—20[l'70) + Lg, ‘ 1€ [2]}
(4,2p,2) Y ={(,24,0)+ Ls, | i € [p], j € [2]} 6.5 (row 1) | row 14
So = (@i + 200,99 | 4,5 € [2])
C = {(i,2),00,) i €[] 5 € 2]}
Ls, = ((0,2,0))
X = {ie1 + ajes + jes + Ly, | 1 € [p], j € [2]}
(4p,2,2) Y = {iea + Lg, | 7 € [2]} 3.6 (row 5) | row 23
So = {(iaaij +2k7]) | S [p] I,k € [2]}
C ={(0,i+ 20;,0) | i € [2]}
Ls, = ((0,2,1))
X ={(i,J + 2045,0) + Ls, | 1 € [p], j € [2]}
(4p,2,2) Y ={(0,2¢,0) + Ls, | i € [2]} 6.5 (row 5) | row 24
So = {(4,j + 205 + 2k, k) | i € [p], 5, k € [2]}
C ={(0,2i + 20, ;) | i € [2]}
Ls, = ((0,0,1))
X ={(i,j + 2045,0) + Ls, | i € [p], j € [2]}
(4p,2,2) Y ={(0,2:,0) + Lg, | i € [2]} 6.5 (row 5) | row 25
So ={(1, ]+20m k)|i€lpl, j,ke2]}
C ={(0,2i,c;) | i € [2]}
Ls, = ((1,0,0))
X = {(O Z+20¢1j,j) + Ls, |Z’] € [2]}
(4p,2,p) Y ={(0,2:,0) + Lg, | i € [2]} 6.4 (row 8) | row 26
So = {(k,i +2ai;,5) | i,5 € [2], k € [p]}
C ={(w;,2i,0) | i € [2]}
Ls, = ((1,0,0))
X = {(0 z+2aw,j+aij)+LSO IZ,] € [2]}
(4p,2,p) Y ={(0,24,7) + Lg, | ¢ € [2]} 6.4 (row 9) | row 27
So :{(k‘ i+2aij,j—|—o¢ij)\i,j€ [2],]{36 [p]}
C = {(ci,2,9) | i € [2]}
Ls, = ((1,0,0)
X ={(0,4,0;) + Lg, | 7 € [4]}
(4p,2,p) Y ={(0,0,i)+ Ls, | i € [2]} 6.4 (row 10) | row 28
So =A{(j,i,0q) | i€ 4], j € [pl}
C = {{an,0,4) | i € [2])
L5 = (0,1,0)
X = {(i.0,a;) + Ls, | i € [p]}
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(4p,2,4) V' ={(0,0,i) + Ls, | i € [2 ]} 3.5 (row 1) | row 29
So = {(1, 37%) |i€[p],je [}
C={00,ai,i) | i€}
LSO = < Oa 13 1)>
X ={(i,0,0;) + Lg, | i € [p]}
(4p,2,4) Y ={(0,0,4) + Ls, | i € [2]} 3.5 (row 1) | row 30
So=A{(,j,a; +J) | i €[pl, j €[4}
C={0,0;,i+ ;) | i € [2]}
Is, = ((0.2,0),(0.0,1)
X ={(i,,0) + Ls, | i € [p]}
(4p,2,4) Y = {(0,i 0) + Ls, |7 €[2]} 3.5 (row 1) | row 31
So = {(é,05 + 2, k) | i € [p], j, k € [2]}
C ={(0,i+20;,8)|ic 2]}
(4p,2,2p) Not possible for Lg, = ((1,2,0)) 5.2
Ls, =((1,2,1))
X ={(0,i 4 2a;,0) + Lg, | 7 € [2]}
(4p, 2, 2p) Y ={(0,24,0) + Ls, | i € [2]} 5.1 row 32
So={(4,1 +20; + 2k, k) | i,k € 2], 7 € [p]}
C = {(o,2i + 20y, 0;) | i € [2]}
Ls, = ((1,0,1))
X ={(0,7 4+ 2c;,0) + Lg, | 7 € [2]}
(4p, 2, 2p) Y ={(0,24,0) + Lg, | i € [2]} 5.1 row 33
So ={(j,t + 20, k) | i,k € [2], j € [p]}
C ={(ay,2i,04) |7 € [2]}
Ls, = ((0,2,0))
X = {(alj ( .])+L50 |7“7.] € [2]}
(8,p,2) Y ={(:,0,0) + Ls, | i € [p]} 3.6 (row 7) | row 37
S = {(azj7i+2k7j) | ivj,k € [2]}
C = {(i,224,0) | i € [p]}
Ls, = (0,2,1)
X = {(a17270)+LSO |i€ [4]}
(8,p,2) Y ={(,0,0)+ Lg, | i € [p]} 6.5 (row 7) | row 38
So = {(as,i+2j,5) i€ 4], €2}
C ={(1,2a;,;) | i € [p]}
L5, = ((0,0,1)
X = {(ci,i,0) + Ls, | i € [4]}
(8,p,2) Y ={(:,0,0) + Ls, | i € [p]} 6.5 (row 7) | row 39
So = {(a, ZJ)lZEH Jj€ 2]}
C ={(,0,q;) | i € [p]}
Ls, = ((0,1,0))
X = {(a, 02)+LSO|Z€[]}
(8,p,4) Y ={(i,0,0) + Lg, | i € [p]} 3.5 (row 2) | row 40
SO = {(ai,jai) | (S [2] 5 ] € [4]}
C={(i,a;0) i € [p]}
LSO = <(O 1 1)>
X ={(,0,i) + Ls, | i € [2]}
(8,p,4) Y= {(1,0,0) + Ls, | i € [p]} 3.5 (row 2) | row 41
So = {(es,j,i+j) i€ 2], j€[4]}
C={(,0) i € [p]}
Ls, = ((0,2,0), (0,0, 1)
X = {(CVZ,’L,O)'FLSO |i6 [2]}
(8,p,4) Y ={(:,0,0) + Ls, | i € [p]} 3.5 (row 2) | row 42
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= {(ci,i+ 25, k) [ 4,5,k € [2]}
= {6,204, i) | i € [p]}

6.3 Circulant graphs

As mentioned in the introduction, cyclic Hajds groups are subgroups of Z» X Z, Zy> X Z2,
L2 X Log X Lo, and Z, X Lg X Ly X Zs. Recall that circulant graphs having perfect codes with
prime size have been classified in [6]. Circulant graphs on Hajds groups having perfect
codes with size relatively prime to the degree plus one have been classified in [7].

If a circulant graph on a subgroup of Z, X Z, x Z, x Zs has a perfect code, then the
size of the perfect code will be relatively prime to the degree plus one. This means that
circulant graphs on subgroups of Z,, x Z, X Z, X Zs have been characterized. Subgroups of
Lk X ZLq are covered in Theorems 3.5, 4.1, and 4.2. As every proper subgroup of Z,2 X Z
or of Zy> X Zq X Zy is also a subgroup of Z, X Zq X Zy X Zg or Ly X L4, we are left to
characterize circulant graphs on Z,» X Zy and Z,» X Z, x Z, having a perfect code C
where |C| is not relatively prime to |G|/|C].

Theorem 6.7. Let G = Zy» X Zgp for distinct primes p and q, and let S be a proper
subset of G\ {0} that generates G. Let 0 € C' C G and let |C| be not relatively prime to
|So|l. Then C' is a perfect code in Cay(G,S) if and only if (Sy,C) is one of the pairs in
Table 6.10.

Table 6.10: Perfect codes in Cayley graphs of Z,2 X Zg

Row S() C

1| {(i+ cup, Bi) | i € [p]} {Gip,g) 17 € [p] JG[ 1}

2 | {(ei,i+Biq) | i € g} {G,jq) i€ [p?],J < [a]}

3 | {(i+aip,i+3jq)|i€lpl,jeld} {(ij+amc1)|26[p]v € [q]}
4 | {(ai+gpitaiq)|ielq,jelply [{(+aypiq) |iclpl,]elq}
5 {(J+azgw+azq)ll lql, j€lpl} |{(ai+3jpyiq)|i€lq], )€ pl}
6 |{(i+ayp,ai+jg)|i€lpl,jeldt |{(pi+aiq)|i€ldl, e pl}
7 | {(i+aip,jtaqg) li€lp],jelqd} [{(ip,ai+jq)|i€(p], i€ ld}
8 |l +jpit+aijq) |i€ld],jepl} |{(i+aipjg)|iep],]eld}
9 {0+ ijp,j +ijq) | i € [pl, j € lal} | {(ip,ja) |i € [p], j € lq]}

10 | {(J +kp,i+aizq) | i € al, 5,k € [p]} | {(pai,iq) | i € [q ]}

11 | {(,ai+jg) | i€ [p?],j€ld} {(0,i + i) | 7 € [g]}

12 | {(j,i+aiq)|ield,je [p*]} {(aiyiq) |7 € [q]}

13 | {(i+ijpai+kq) i, jelpl, ke€lqd} |{(paii+qas) i€ [q]}

14 | {4+ i5q) | i € [p?], J € [} {(0,4q) | i € [q]}

15 | {(i +aijp,j +kq) [ i €pl, 4,k € lal} | {(ip,ciq) | i € [p]}

16 | {(ai+jp,i) i€ [¢*],] € p)} {(i + aip,0) | i € [p]}

17 {(Hazn ) ielpl,ged?]} {(ip, ;) | i € [p]}

18 | {(ai +jp,i+kq) i,k €q], 5 €[pl} |{(+pai,qo) | i€ [p]}

19 {(Z+%p, )1ielpl,je[d®]} {(ip,0) | i € [pl}
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Proof. Suppose C'is a perfect code in Cay(G, S). Then G = Sy @ C and so |Sy| - |C| =
|G| = p*¢®. Since Cay(G,S) is a connected non-complete graph, 1 < |Sy| < p*¢?

Case 1. ) is aperiodic.

Since G is Hajos and G = Sy & C, in this case C' must be periodic, that is, L¢ is
nontrivial. Write C' = Lo & D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |So| is a prime, then |L¢| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢o| can be any divisor of |C]. Set

A= (SO —f—Lc)/Lc and B = (D+Lc)/LC
Since C' is periodic, by Lemma 2.5, we have
G/Lc=A®B

and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Haj6s group are also Hajés groups, A is periodic in G/ L. We also know that A contains
Lo and A generates G/L¢ by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |L¢| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C, then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

All possible values for (|So|, |C/|,|L¢|) when |Sy| and |C| are not relatively prime are
given in the first column of Table 6.11. In the second column, we list C'; A, and S
when |Lo| = |C| and we list Lo, A, B, Sp, and C when |L¢| < |C]. The third column
shows which previous theorem is used to obtain (A, B) when |L¢| < |C|. The last column
indicates which row in Table 6.10 the result corresponds to.

Table 6.11: The case when G = Z,2 X Z, and Sy is aperiodic

(1Sol, |C], |Lc|) L¢, A, B, Sy, and C Reference | Result
{(ip.j) [ i € [p].j € [¢*]}
{(¢,0) + Lc | i € [pl} row 1
= {(i+ asp, B;) | i € [pl}
{G,jq) | i€ [p?],j€ld}
{(0,i) + L | i € [q]} row 2
{(Oéz,>i+ﬁifJ) | < € [q]}
Jyi+aiq) + Lo | i €q], j € [pl}
aiiq)+ Lo | i € [q]} 5.4 (row 5) | row 5
={(j+ Qip, i+ a;q) | i €[q], j € [p]}
{(< T;JP,ZQ) lielql,j€pl}
i,oi+3jq) + Le |1 € [pl, j € [q]}
0,74 a;q) + Lo | i € [q]} 5.4 (row 6) | row 6

= {(i + aijp, i + jqg) | i € [p], j € [q]}

(p,pa?, pg?)

ﬁ>—Q
I

(¢,p°q,p*q)

/-\f\/\
"6

I
——

(pg, pq,p)

D:th-hQUlbdtb-h
Il Il
Q:

(pq, pq,p)

=
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C={Upitaiq)liclq,]celpl}
Lo = (qe2)
A={(i+ap,j)+Lc|ielp],jeld}
(rg;pg,q) | B={(ip,a;) + Lc | i € [p]} 5.4 (row 5) | row 7
So =A{(i + aup,j + ayjq) | i € [p], j € [al}
C = {(ip,ci +jq) | i €[p], j € lq]}
Lc = (qe2)
A={(a;+jp,i)+ Lc|ielq, e pl}
(rq;pq,q) | B ={(i+ ap,0)+ Lc | i € [p]} 5.4 (row 6) | row 8
So = {(cvi +jp,i +aizq) | i €lq], j € [pl}
C = {(i+aip,jqg) liclp],j€lq}
C ={(ip,jq) | i € [p], j € [q]}
(rg,pq,pq) |A={(,5)+Lc|ielp],je€ld} row 9
So = {(i + aijp,j +aiiq) | i € [pl, j € [ql}
C ={(0,iq) | i € [q]}
(P’a.0.9) |A=A{(,j)+Lc |ie[p?],jeld} row 14
So ={(i,5 + ouiq) | i € [p*], j € [q}
C = {(ip,0) | i € [pl}
(pg*. p.p) A= {(,5) +Lc liep], je[¢®]} row 19
={(i+ayp,j) liclpl,je ]}

Case 2. 5) is periodic.
In this case we have |Lg,| > 2 and Sy = D @& Lg, for some subset D of G by Lemma
2.3. So |D| - |Ls,| = |So] and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSO)/LSO and Y = (O + L50>/LSO.
Since Sy is periodic, by Lemma 2.5, we have
G/Ls, = XY

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (Sp, C) via (X,Y).

All possible values for (|Syl,|C|,|Ls,|) when |Sp| and |C| are not relatively prime are
given in the first column of Table 6.12. In the second column we list Lg,, X, Y, Sy, and
C. The third column shows which previous theorem is used to obtain (X,Y’). The last
column indicates which row in Table 6.10 the result corresponds to. [

Table 6.12: The case when G = Z,2 X Z, and S is periodic

(ISol, IC|, |Ls, ) Ls,, X, Y, Sy, and C Reference | Result
Ls, = (qe2)
X ={(i +aip,a;) + Ls, | i € [p]}
(pg,pa,q) |V ={(ip,j) + Ls, | i € [p], j € [d]} 5.4 (row 1) | row 3
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So ={(i +ap, 0+ jq) | i € [p], j € g}
C={(ip,j+aiyq)|icpl,jeld}

Ls, = (pe1)
X = {(as,i4 asq) + Lg, | i € [q]}

(pg,pg;p) | Y ={(i,49) + Ls, | i € [p], j € [q]} 5.4 (row 1) | row 4
So = {(ei + jp,i+aiq) | i € [q], j € [p]}
C={(i+aip,jg) liclpl,Jjeld}
Lg, = <pel>
X ={(j,i+aujq) +Ls, | i € q], j € [p]}
(p%q,q,p) Y ={(0,iq) + Ls, | i € [¢]} 5.4 (row 7) | row 10
SO = {(j+kp7i+aijQ) | (&S [(Z] ) j)k € [p]}
C = {(po,iq) | i € [q]}
Ls, = <qe2>
X ={(,)+ Lg, |7 € [ 2]
(%q,q,q) Y ={(0,¢) + Lg, | i E [q] 5.4 (row 4) | row 11
So=A{(i,s +jq) | i € [p?], 7 € lal}
C ={(0,i + aiq) |Z € [q]}
LSO - < >
X ={(0,i+ aiq) + Ls, | i € [q]}
(P*q,¢,p*) | Y ={(0,iq) + Ls, | i € [¢]} 5.1 row 12
So={(,i+aiq) |i€ql,je [p?]}
C = {(i,iq) | i €[q]}
Ls, = (pe1 + qe2)
X ={(i,a;) + Lg, | i € [p]}
(p%q, q, pq) Y ={(0,¢)+ Ls, | i € [q]} 3.5 (row 1) | row 13
So ={(i +jp,ci +kq) | i,5 € [p], k € [q]}
C = {(pai,i+qoy) | i € [q]}
Ls, = (qe2>
X ={(i +ayp,j) + Ls, | i € [p], § € [q]}
(pg?, p,q) Y ={(ip,0) + Lg, | i € [p]} 5.4 (row 7) | row 15
So = {(i + aijp,j + kq) | i € [p], j, k € [q]}
C = {(ip,asq) | i € [p]}
Ls, = (pel>
X = {(O‘Zﬁi) +L50 ‘ (S [q2]}
(pg*, p,p) Y ={(i,0)+ Ls, | i € [p]} 5.4 (row 4) | row 16
So = {(ci +jp,i) i€ [¢*], j € [p}
C={(+ap0)]|iclp}
LSO = <e2>
X ={(i+ aip,0) + Ls, | i € [p]}
(pg*,p,q%) | Y ={(ip,0) + Ls, | i € [p]} 5.1 row 17
So={(i+aup,j) li€lp],je ]}
C = {(ip,as) | i € [p]}
Ls, = (pe1 + qez)
X:{( .1) + Ls, | i € [q]}
(o p,00) |Y ={(0) +Lg, | i€[p} 3.5 (row 2) | row 18
Sy =

{(ai +jp,i+kq) | i,k € [q], j € [p]}

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.17

93



| C = {(i + po, qo) | i € [p]}

Theorem 6.8. Let G = Z,2 X Ly X Z, for distinct primes p, q and r, and let S be a
proper subset of G \ {0} that generates G. Let 0 € C' C G and let |C| be not relatively
prime to |So|. Then C is a perfect code in Cay(G,S) if and only if (So, C) is one of the
pairs in Table 6.15.

Table 6.13: Perfect codes in Cayley graphs of Z,: X Z, X Z,

Row So C

1 [ {4+ aip, s, 04) | i € [p]} {(ip,j, k) | i€ p],j€lq], ker]}
2 | {(ai+jp,i,8:) i €], j € [pl} {(@ + @ijp,0,7) | i € [p], j €[]}
3 | {Ei+aip,j,ai)|i€p],jelql} {(ip, cij, 3) 13 € [p], j € [r]}

4 |{(+ auypsisaq) i €q), j € [pl} {(ci +4p,0,i) | i € [r], 5 € [p]}
5 | {(i+aigp,j,ai) i €pl, j € g} {(p, iy i) | i € [r], JGH}

6 | {(i+ap,j i) i€ p], € ld} {(ip, iy §) i € [p], j € [r]}

7 [ {(i+ip,i,aip) i€ g, j € [p]} {(Z+azp,03)|@€[] jelr}
8 {(H%p]@;)!Zé[?],jE[Q]} {(@p,0,5) | i € [p], j € [r]}

9 | {(ai+jp,Bii) | i € [r], 7 € [p]} {( + @ijp,5,0) [ i € [p], j € [al}
10 [ {(i 4+ aip,5,5) | i € [p], j € [r]} {(ip, J,ciz) | i € [p], j € [q]}
11 [ {(j + cujp, visi) | i € [r], j € [p]} {(ai +7p,4,0) | i €[], j € [pl}
12 | {(i + aijp, i, 3) | € [p], J €[]} {(Up,i,cq) | i € lgl, j € [pl}

13 | {(i + aip,cij, ) | i € [p], j € [r]} {(ip, j,ci) | i € [p], j € [q]}

14 | {(os + jp, cij,8) [ i € [r], j € [pl} {(i + aup, j, )\26[]736[]}
15 {(z—l—a”p,ﬁw, ) lielpl,jelrl} {(ip,4,0) [ i € [p], j € [q]}

16 | {(ayj +kp,i,j)li€lql,j€lr], kelpl} |{(+ap,0, 0)\16[]}

17 | {(i + aijp, k, J)I%E[p] jelr], keld} |{(ip,a;0) i€ [pl}

18 | {(i+ ayp, 4, k) | i € [p], 7 €ldl, k €[r]} {(mO ;) | i € [p]}

19 | {(ai +pj ki) ielr],jepl, kelg} |{(+aip a;,0)]|i€[p]}

20 | {(ci+ip,ik)i€lq),jelpl, kelr]} |{(i+aip,0,a:) i€ [p]}

21 | {(i+aip, g k) liepl,jeld, kelr]y |{(ip,ai, )€ [p]}

22 | {(i+ayp, g k) i €lpl, j €ldl, k €[r]} | {(#p,0,0) | i € [pl}

Proof. Suppose C'is a perfect code in Cay(G,S). Then G = Sy & C and so |Sy| - |C| =
|G| = p*qr. Since Cay(G, S) is a connected non-complete graph, 1 < |Sy| < p?qr.

Case 1. 5) is aperiodic.

Since G is Hajés and G = Sy @ C, in this case C' must be periodic, that is, Lo is
nontrivial. Write C = Lo @ D for some subset D of G whose existence is ensured by
Lemma 2.3. Then |L¢|-|D| = |C| and 2 < |L¢| < |C]. If |Sp| is a prime, then |Le| = |C|
by Lemma 2.8 part (c). If |Sp| is not a prime, then |L¢| can be any divisor of |C]. Set

A= (SO +Lc)/LC and B = (D+Lc)/LC.
Since C' is periodic, by Lemma 2.5, we have

G/Lc=A®B
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and B is aperiodic in G/L¢. Since G/ L¢ is isomorphic to a subgroup of G and subgroups
of Haj6s group are also Hajés groups, A is periodic in G/ L. We also know that A contains
L and A generates G/Le by Lemma 2.7. Furthermore, |A| = |Sy| and |B| = |D|. Note
that if |L¢| = |C|, then C' = L¢ as 0 € C. This means we can take D = {0} and hence
B = Lg/Le and G/Le = A. We use C to get A and then use Lemma 2.6 to obtain
So. If |[Le| < |C), then this factorization enables us to make use of previously established
theorems to obtain the pair (Sp, C') via (A, B).

As in Table 6.11, the first column of Table 6.14 is (|.Sy|, |C|, |Lc|) when |Sp| and |C|
are not relatively prime. The remaining columns contain C, A, and Sy when |L¢o| = |C|
or Lo, A, B, Sy, and C when |L¢| < |C|; which previous theorem is used to obtain (A, B)
when |L¢| < |C|; and which row in Table 6.13 the result corresponds to.

Table 6.14: The case when G' = Z,2 X Zy X Z, and Sy is aperiodic

(1Sol, IC], | Le|) L¢, A, B, Sg, and C Reference | Result
C={(ip,j, k) |i€p],j€ld, kell}
(p,pgr,pqr) | A={(i,0,0)+ L¢ | i € [ I} row 1
So = {( +a1paauaz) | i€ [p]}
Lo = (pe1)
A={(j,4,0:) + Lc | i €[q], j € [p]}

(pgq, pr, p) B = {(w;,0,i) + L¢ | i € [r]} 6.1 (row 4) | row 4

So ={( + ayp,i,0;) | i € [q], j € [p]}
C={(a;+jp,0,d) |i€lr],je€pl}
Lo = (per)

A={(i,j,cq) + Lc | i € [p], j € [d]}

(pgq, pr, p) B ={(0,a;,%9) +Lc|i€r]} 6.1 (row 5) | row 5
So ={(t +aip, j,cs) | i € [p], j € [q]}

C={(p,ci,i) |i€[r], j€[p]}
Lc = (es)
A= {(i+aupj,0)+Lc i € o], j € )}

(pq, pr,7) B = {(ip, a;, )+Lc | i€ [p]} 5.4 (row 5) | row 6
So = {(i + aip, j, ;) | i € [p], j € la]}

C={(ipyas,j) i €p], j€[r]}
Le = (es)
A= {(a; +jp,i,0)+ Lc | i € lq], j € [p]}

(pq,pr,r) B={(i+a;p,0,0)+ Le | i € [p ]} 5.4 (row 6) | row 7
So = {(as + jp,i,045) | i € [q ] € [pl}
C={(i+ap0,j)]i€[p],jer]}

C={(ip,0,j) |i€p],j€ [7“]}

(pg,pr,pr) | A={(i,5,0)+ Lc | i € [p], j € [a]} row 8
So = {(i + aijp, j, Bij) | ¢ € [ 1, j € lal}

Le = (pe1)
A={(j,aii) + Lc|ielr],j€ pl}

(pr, pq, p) B ={(w,i,0) + L¢ | i € [g]} 6.1 (row 6) | row 11

So = {(J + aijp, @i,9) [ i € [r], j € [p]}
C = {(a; +jp,i,0) | i € [q], j € [p]}
Lo = (per)

A={(i,ai,j)+ Lc |i € [p], j €[]}

(pr,pq,p) B={(0,4,a;) + Lc | i € [q]} 6.1 (row 7) | row 12
SO = {(i+aijpvaivj) |Z.€ [p] ,J € [7"]}
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C={(Up;i,c;) | i €[q], j € [pl}
Lc = (eg)
A={(i+ap,0,j)+Lc|i€p],jer]}

(pr,pq, q) B = {(ip,0,c;) + Lc | i € [p]} 5.4 (row 5) | row 13

So = {(i + @ip, i, j) | i € [P] € [r]}

C = {(ip,j, i) | i € [p], Jj [q}}

Lc = (e2)

A= {(ai +jp,0,i)+ Lc |i€lr], j € [p]}

(pr,pq,q) B ={(i+ a;p,0,0)+ Lc | i € [p]} 5.4 (row 6) | row 14
So = {(i + jp, i, i) [ i € [r], j € [p]}
C={(i+aip,j,0)|i€p],jelqd}

C = {(ip,5,0) | i € [p], Je[q]}

(pripgspg) | A={(,0,5) + Lc |i € [p], j € [r]} row 15
So = {(i + ayp, Biz. j) | i € [ |, j€lr]}

C = {(ip,0,0) | i € [p]}

(pgr.p.p) | A={(i,4,k)+Lc|i€[p],j€ld, ker]} row 22
SO:{( +azjkpaja )|i€[p],j€[q],k€[7‘]}

Case 2. S) is periodic.

In this case we have |Lg,| = 2 and Sy = D & Lg, for some subset D of G by Lemma
2.3. So |D|-|Ls,| = |So| and 1 < |Lg,| < |So| by Lemma 2.8 part (b). Set

X = (D + LSo)/LSo and Y = (C + LSO)/LSO-
Since S is periodic, by Lemma 2.5, we have
G/Ls, = XY

and X is aperiodic in G/Lg,. We also know that X contains Lg, and X generates G/Lg,
by Lemma 2.7. This factorization enables us to make use of Lemma 2.6 and previously
established theorems to obtain the pair (Sy, C') via (X,Y).

As in Table 6.12, the first column of Table 6.15 contains all possible values for
(150!, 1C1,|Ls,|) when [Sy| and |C]| are not relatively prime. The next three columns
are Lg,, X, Y, Sy, and C; which previous theorem is used to obtain (X,Y’); and which
row in Table 6.13 the result corresponds to. O

Table 6.15: The case when G = Z,» X Zy X Z, and S is periodic

(IS0, 1C1, | Ls,|) Ls,, X, Y, Sy, and C Reference | Result

LSO = <pe1>
X = {(o,%,6:) + Ls, | i € [q]}

(pq,pr.p) | Y ={(i,0,5) + Ls, | i € [p], j € [r]} 6.1 (row 2) | row 2
So = {(a; +jp,i,8:) | i € [q ]7] € [pl}
C={(i+ayp,0,5) [i€pl,jE[r]}
LSD = <e2>
X = {(i+0&ip,0,047;)+L50 |i€ [ ]}

(pg,pr,q) | Y ={(ip,0,j) + Ls, | i € [p], j € [r]} 5.4 (row 1) | row 3
S():{(i+aipvj7ai) |ZE [p]7 [q]}
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C= {(ipaaijaj) | i € [p] , J € [T]}
LSO = <pe1>
X = {(Oéi,ﬁi,i) +LSO | 1 E [7‘]}

(pr.pg.p) | Y ={(4,5,0) + Ls, | i € [p], j € [q]} 6.1 (row 3) | row 9
So = {(ai + jp, Bi,3) | i € [r], j € [p]}
C={(i+aypj,0)|icp],je€ld}

LSO = <e3>
X = {(z‘Jral-p,ai,O) +LS0 | S [p]}

(pripg;r) | Y ={(ip,5,0) + Ls, | i € [p], j € [q]} 5.4 (row 1) | row 10
So = {(i + aip, e, 5) | i € [p], j € [r]}

C= {(ip’jvaij) | i € [p] 2 JE [Q]}
Ls, = <pe1>
X = (aij7i7j) +LSO |7:E [Q]vje [T‘]}

(pgr, p, p) Y ={(:,0,0)+ Ls, | i € [p]} 6.1 (row 12) | row 16
So = {(ai; + kp,i,j) i € lq], j €[r], k € [p]}

C ={(i +;p,0,0) | i € [p]}
LSO = <e2>
X ={(i + ai;p,0,5) + Ls, | i € [p], j € [r]}

(pqr,p, q) Y = {(ip,0,0) + Lg, | i € [p]} 5.4 (row 7) | row 17
So = {(i +ayp,k,j) [i € [p],j€r], k € [q]}

C = {(ip, 2;,0) | i € [p]}
LSO = <e3>
X ={(i +ai;p,5,0) + Ls, | i € [p], j € [q]}

(pgr, p,7) Y ={(ip,0,0) + Lg, | i € [p|} 5.4 (row 7) | row 18
So = {(i + aup, 5. k) | i € [p], j€lg], k €[r]}

C = {(ip,0,) | i € [p]}
Lg So — <pe1 +e2>
X ={(e;,0,9) + Lg, | i € [r]}

(pgr, p, pq) Y ={(i,0,0) + Lg, | 7 € [p]} 3.5 (row 2) | row 19
So = {(a; +pj, k,é) [ i €[r], j€[p], k € [q]}
C={(i+apa;0)|i€p}

Ls, = <pe1 +e3>
X = {(O‘la%o) +LSO | (&S [Q]}

(pqr, p,pr) Y ={(i,0,0) + Lg, | i € [p]} 3.5 (row 2) | row 20
So ={(a; + jp,i,k) | i € [q], j € [p], k € [r]}
C= {(i+a¢p,0,a¢) | S [p]}

Ls, = (ez + e3)
X ={(t + a;p,0,0) + Lg, | i € [p]}

(pqr,p,qr) Y = {(ip,0,0) + Lg, | i € [p ]} 5.1 row 21
So={(+aip,j.k)[i€pl,jeld, kelr]}
C = {(ip, i, ) | i € [pl}
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