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Abstract

Let Q be an r-graph on q vertices and let α > 1. The (α,Q)-spectral radius
λα,Q(H) of an r-graph H is defined as the maximum value of the Q-Lagrangian
polynomial over all vectors with unit α-norm. Given a family F of r-graphs, the
(α,Q)-spectral Turán number spexα(n,Q,F) of F is the maximum (α,Q)-spectral
radius λα,Q(H) among all n-vertex F-free r-graphs H. This spectral parameter
provides a spectral counterpart of the generalized Turán problem and contains many
classical spectral extremal problems as special cases.

In this paper, we first prove that for any α > 1 and every 2-covered r-graph Q
with q ⩽ ℓ vertices, the complete balanced ℓ-partite r-graph T r

ℓ,n uniquely maximizes
λα,Q(H) among all n-vertex ℓ-partite r-graphs. Based on this result and spectral
stability theorems, we further determine the exact value of spexα(n,Q,Hr

F ) for all
sufficiently large n, where Hr

F stands for the expansion of an edge-critical graph F
with chromatic number ℓ + 1. As corollaries, we obtain several Turán-type results
for graphs and r-graphs, including spectral bounds for the clique spectral radius of
F -free graphs and the α-spectral radius of Hr

F -free r-graphs, where F is an edge-
critical graph.

Mathematics Subject Classifications: 05C50, 05C35

1 Introduction

For an integer r ⩾ 2, an r-uniform hypergraph (or simply r-graph) H is a pair (V,E),
where V denotes a finite set of vertices and E is a collection of r-subsets of V . We write
v(H) for the order of H and |H| for the number of edges in H. A graph F is called
edge-critical if there exists an edge e of F such that χ(F − e) < χ(F ). An r-graph Q is
said to be 2-covered if every pair of vertices of Q is contained in at least one edge of Q.
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For a graph F , the expansion Hr
F of F is the r-graph obtained by enlarging each edge of

F with (r − 2) new vertices.
Given a family F of r-graphs, an r-graph H is said to be F-free if it contains no

member of F as a subgraph. A central problem in extremal combinatorics is the Turán
problem, which asks for the maximum number of edges in an F -free r-graph on n vertices.
The Turán number of F is defined as

ex(n,F) := max{|H| : v(H) = n and H is F -free }.

Turán first proved that ex(n,Kk+1) = |Tk,n| in [12]. Here, the Turán graph Tk,n is the
complete k-partite graph on n vertices whose part sizes are as equal as possible. Following
the seminal work of Turán, various results have been obtained. One of the most celebrated
results is the Erdős-Stone-Simonovits theorem, which gives asymptotics of ex(n, F ) for all
graphs F with chromatic number at least three.

Motivated by the classical Turán problem, Erdős [4] initiated the study of its gener-
alized version, which was subsequently developed in a systematic manner by Alon and
Shikhelman [1]. Let N (Q,H) denote the number of copies of Q in H. The generalized
Turán problem concerns the following function:

ex(n,Q,F) := max{N (Q,H) : v(H) = n and H is F -free }.

When Q is the r-clique Kr, Alon and Shikhelman [1] proved the analogue of the Erdős-
Stone-Simonovits theorem, by obtaining asymptotics on ex(n,Kr, F ) for all graphs F of
chromatic number at least r + 1.

Analogous to the classical Turán problem, the spectral Turán-type problem has also
emerged as a topic of considerable interest (see, e.g., [2, 9, 10]). This line of research,
initiated by Nikiforov [10], aims to determine the maximum spectral radius of an n-vertex
F -free graph.

For any real number α ⩾ 1, the α-spectral radius of hypergraphs was introduced by
Keevash, Lenz and Mubayi [6] and subsequently studied by Nikiforov [11]. Given an
r-graph H of order n, and a vector x = (x1, x2, . . . , xn)

T ∈ Rn, denote

PH(x) = r!
∑

e∈E(H)

xe,

where xe =
∏

v∈e xv. The α-spectral radius of H is defined as

λ(α)(H) := max
∥x∥α=1

PH(x) = max
∥x∥α=1

r!
∑

e∈E(H)

xe, (1)

where ∥x∥α := (|x1|α + · · ·+ |xn|α)1/α.
Recently, Liu [8] extended the results of Keevash, Lenz and Mubayi [6] to the spec-

tral generalized Turán problem. To illustrate the problem, we introduce some necessary
definitions and notations.
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Let Q and H be two r-uniform hypergraphs. A mapping ϕ : V (Q) → V (H) is
said to be a homomorphism from Q to H if ϕ(e) ∈ E(H) for every edge e ∈ E(Q).
We denote by Inj(Q,H) the set of all injective homomorphisms from Q to H, and let
inj(Q,H) = | Inj(Q,H)|. The number of labeled copies of Q in H is then given by

N (Q,H) =
inj(Q,H)

|Aut(Q)|
,

where Aut(Q) = Inj(Q,Q) stands for the automorphism group of Q. For an n-vertex
r-graph H, we define its Lagrangian Q-polynomial as

PQ,H(x1, . . . , xn) =
∑

ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

xi.

The (α,Q)-spectral radius of H is given by

λα,Q(H) := max
∥x∥α=1

PQ,H (x1, . . . , xn) , (2)

where ∥x∥α := (|x1|α + · · · + |xn|α)1/α. If x ∈ Rn is a vector with ∥x∥α = 1 such
that λα,Q(H) = PQ,H(x), then x is called an eigenvector corresponding to λα,Q(H). The
(α,Q)-spectral Turán number of F is then defined as

spexα(n,Q,F) := max {λα,Q(H) : v(H) = n and H is F -free } .

Assume that v(Q) = q. Let

inj(n,Q,F) := max{inj(Q,H) : v(H) = n and H is F -free }.

By an averaging argument, the ratio inj(n,Q,F)/(n)q is non-increasing in n, where (n)q =
n(n− 1) · · · (n− q + 1). Together with (n)q/n

q → 1, the limit

π̂(Q,F) := lim
n→∞

inj(n,Q,F)

nq

exists. The definitions below extend the relevant concepts introduced by Keevash, Lenz
and Mubayi [6] to the framework of the generalized Turán problem. Fix an r-graph Q
with v(Q) = q and let F be a family of r-graphs. Let H be a hereditary family of F -free
r-graphs. Here, hereditary means that for every H ∈ H, all subgraphs of H also belong
to H. For every n ∈ N, let

λα,Q(n,H) := max {λα,Q(H) : H ∈ H and v(H) = n} .

For an r-graph H and a vertex v ∈ V (H), the Q-degree of v in H is defined as

dQ,H(v) := |{ϕ ∈ Inj(Q,H) : v ∈ ϕ(V (Q))}| .

For convenience, we use dQ(H), δQ(H), ∆Q(H) to denote the average, minimum, maxi-
mum Q-degree of H, respectively.
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Definition 1 ([8]). Let α ⩾ 1 and δ ⩾ 0 be real numbers. Let N ⩾ 1 be an integer.

(i) We say that F is (δ,N,Q)-smooth if for every n ⩾ N the following inequality holds:∣∣inj(n,Q,F)− inj(n− 1, Q,F)− qπ̂(Q,F) · nq−1
∣∣ ⩽ δnq−1.

(ii) We say that F is (δ,N,Q)-degree stable with respect to H if every F-free r-graph H
on n ⩾ N vertices with δQ(H) ⩾ (1− δ)qπ̂(Q,F)nq−1 is contained in H.

(iii) We say that H is (α, δ,N,Q,F)-balanced in spectral if for every n ⩾ N the following
inequality holds: ∣∣λα,Q(n,H)− inj(n,Q,F)/nq/α

∣∣ ⩽ δnq−q/α−1.

Based on the definitions above, Liu [8] established the generalized α-spectral stability
theorem, extending the stability theorem in [6].

Theorem 2 ([8]). Let q ⩾ r ⩾ 2 be integers and α > 1, ε > 0 be real numbers. Let
Q be an r-graph on q vertices, F be a family of r-graphs with π̂(Q,F) > 0, and H be a
hereditary family of F-free r-graphs. There exist constants δ > 0,M , and N such that
the following holds. Suppose that

(i) F is (δ,M,Q)-smooth

(ii) F is (ε,M,Q)-degree stable with respect to H, and

(iii) H is (α, δ,M,Q,F)-balanced in spectral.

Then for every F-free r-graph H on n ⩾ N vertices, we have

λα,Q(H) ⩽ λα,Q(n,H),

with equality only if H ∈ H. In particular, for every n ⩾ N ,

spexα(n,Q,F) = λα,Q(n,H).

The application of the above theorem relies on degree stability, which is a fundamental
and well-studied notion in extremal problems. The following degree stability result for
expansion r-graphs will be needed later.

Theorem 3 ([3]). Let ℓ ⩾ k ⩾ r ⩾ 2 be integers and Q be a blowup of some 2-covered
k-vertex r-graph. Suppose that F is an edge-critical graph with χ(F ) = ℓ+ 1. Then there
exist ε > 0 and N0 > 0 such that the following statements hold for all n ⩾ N0:

(i) Every n-vertex Hr
F -free r-graph H with δQ(H) ⩾ (1− ε)

v(Q)·inj(n,Q,Hr
F )

n
is ℓ-partite.

(ii) inj (n,Q,Hr
F ) = inj(Q,G) for some complete ℓ-partite r-graph G on n vertices.
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Let T r
ℓ,n be the complete ℓ-partite r-graph on n vertices where no two parts differ by

more than one in size. The main results of this paper are as follows.

Theorem 4. Let n ⩾ ℓ ⩾ q ⩾ r ⩾ 2 be integers and let α > 1. Let H be the family of
all ℓ-partite r-graphs and Q be a 2-covered q-vertex r-graph. For every n-vertex r-graph
H ∈ H, we have

λα,Q(H) ⩽ λα,Q(T
r
ℓ,n),

equality holds if and only if H = T r
ℓ,n.

Theorem 5. Let ℓ ⩾ q ⩾ r ⩾ 2 be integers and let α > 1. Let Q be a 2-covered q-
vertex r-graph. Suppose that F is an edge-critical graph with χ(F ) = ℓ+ 1. Then, for all
sufficiently large n, every Hr

F -free r-graph H on n vertices satisfies

λα,Q(H) ⩽ λα,Q(T
r
ℓ,n),

equality holds if and only if H = T r
ℓ,n.

When r = 2, α = s and Q = Ks, λα,Q(G) becomes the s-clique spectral radius ρs(G),
which was introduced by Liu and Bu [7]. Theorem 5 immediately implies the following
conclusion.

Corollary 6. Suppose that F is an edge-critical graph with χ(F ) = ℓ + 1. Let G be an
n-vertex F -free graph. Then for any 2 ⩽ s ⩽ ℓ and sufficiently large n,

ρs(G) ⩽ ρs (Tℓ,n) ,

equality holds if and only if G = Tℓ,n.

Note that Kℓ+1 is an edge-critical graph with chromatic number ℓ+ 1.

Corollary 7 ([13]). Let G be an n-vertex Kℓ+1-free graph. Then for any 2 ⩽ s ⩽ ℓ and
sufficiently large n,

ρs(G) ⩽ ρs (Tℓ,n) ,

equality holds if and only if G = Tℓ,n.
Remark: In fact, the above result in [13] holds for all integers n ⩾ s (not only for

sufficiently large n).

Note that if Q consists of a single hyperedge, then λα,Q(H) coincides with the α-
spectral radius of H. The following corollaries follow directly from Theorem 5.

Corollary 8. Suppose that F is an edge-critical graph with χ(F ) = ℓ + 1. For any
ℓ ⩾ r ⩾ 3 and α > 1, there exists n0, such that for any Hr

F -free r-graph H on n > n0

vertices, λα(H) ⩽ λα

(
T r
ℓ,n

)
, with equality if and only if H = T r

ℓ,n.

Corollary 9 ([14]). For any ℓ ⩾ r ⩾ 3 and α > 1, there exists n0, such that for any
Hr

Kℓ+1
-free r-graph H on n > n0 vertices, λα(H) ⩽ λα

(
T r
ℓ,n

)
, with equality if and only if

H = T r
ℓ,n.

The rest of the paper is organized as follows. In Section 2 we introduce some prelim-
inary lemmas for the proofs of our main results. The proofs of Theorem 4 and Theorem
5 are presented in Sections 3 and 4, respectively.
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2 Preliminaries

Throughout the proofs, we shall use several classical inequalities, including the Power
Mean inequality, the Arithmetic Mean–Geometric Mean inequality, Bernoulli’s inequality,
Hölder’s inequality, and Maclaurin’s inequality. A standard reference for these inequalities
is [5].

Fix integers ℓ ⩾ q ⩾ r ⩾ 2, and let Q be a 2-covered r-graph on q vertices. Let α > 0
and x = (x1, . . . , xn) be a vector with ∥x∥α = 1. We present several results that will be
used in the subsequent proofs.

Fact 10. ([8]) Let H be an n-vertex r-graph with E(H) ̸= ∅. Then there exists a non-
negative eigenvector corresponding to λα,Q(H).

Fix an ordering (u1, . . . , uq) on the vertices of Q. For a vertex v ∈ V (H), we define
the ordered Q-link Lo

Q,H(v) to be the ordered multiset consisting of all tuples ϕ−v, where
ϕ ∈ Inj(Q,H) and v ∈ ϕ(V (Q)). Here ϕ − v stands for the ordered tuple obtained by
removing v from (ϕ(u1), . . . , ϕ(uq)). For w ∈ V (H), let LQ,H(w) denote the multiset of
sets ϕ(V (Q)) \ {w}, indexed by ϕ ∈ Inj(Q,H) with w ∈ ϕ(V (Q)).

Lemma 11. Let H be an n-vertex r-graph containing a copy of Q. Suppose that u, v ∈
V (H) are distinct vertices satisfying LQ,H(u) = LQ,H(v). If α > 1 and x is an eigenvector
corresponding to λα,Q(H), then xu = xv.

Proof. Since LQ,H(u) = LQ,H(v), no term in PQ,H(x) contains both xu and xv. We may
therefore write

PQ,H(x) =
∑

ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

xi = xuA+ xvA+B,

where A and B are independent of xu and xv.
Suppose xu ̸= xv. Define a vector x′ = (x′

1, . . . , x
′
n) by

x′
u = x′

v =
xu + xv

2
, and x′

i = xi for all i ∈ [n] \ {u, v}.

It is clear that PQ,H (x′) = PQ,H(x). Since H contains a copy of Q, this implies that
λα,Q(H) = PQ,H (x) = PQ,H(x

′) > 0. Hence x′ ̸= 0. Since α > 1, the power mean (PM)
inequality implies

|x′
1|

α
+ · · ·+ |x′

n|
α
< |x1|α + · · ·+ |xn|α = 1.

Set y =
x′

∥x′∥α
. Then ∥y∥α = 1. Moreover, since 0 < ∥x′∥α < 1, we have ∥x′∥−q

α > 1.

Consequently,

λα,Q(H) ⩾ PQ,H(y) =
PQ,H(x

′)(
∥x′∥α

)q > PQ,H(x
′) = PQ,H(x) = λα,Q(H).

This leads to a contradiction. The result follows.
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Lemma 12. Let ℓ ⩾ q ⩾ r ⩾ 2 be integers and let α > 1. Suppose H is a complete ℓ-
partite r-graph. Then every nonnegative eigenvector corresponding to λα,Q(H) is strictly
positive.

Proof. Let H be a complete ℓ-partite r-graph. By Fact 10, there exists a nonnegative
eigenvector x corresponding to λα,Q(H). Suppose x contains at least one zero entry. By
Lemma 11, the entries of x are equal within each partition class. Hence, if xv = 0 for
some vertex v, then xw = 0 for every vertex w in the same partition class. Let H′ denote
the induced subgraph of H on the vertices corresponding to positive entries of x. Then
H′ is a complete k-partite r-graph with r ⩽ k < ℓ, and

λα,Q(H) = λα,Q(H′).

If every partition class of H′ has size one, then H′ = Kr
k . Combining ℓ ⩾ q and ℓ > k,

we obtain
λα,Q(H) ⩾ λα,Q (Kr

ℓ ) > λα,Q (Kr
k) = λα,Q (H′) ,

which is a contradiction. Consequently, H′ contains a partition class of size at least two.
Take a vertex i from a partition class of H′ with size at least 2, and let j be a vertex

satisfying xj = 0. Clearly j /∈ V (H′). We define a new vector x′ by setting x′
j = xi,

x′
i = 0, and x′

k = xk for all k /∈ {i, j}. It is easy to see that ∥x′∥α = 1. We now prove that

PQ,H(x
′) > PQ,H(x),

which yields a contradiction.
Let i∗ be another vertex in the same partition class as i. Since Q is 2-covered, no

term in PQ,H(x) contains both xi and xi∗ . In contrast, PQ,H(x
′) includes extra terms

that do not appear in PQ,H(x), and all such additional terms are strictly positive. Hence
PQ,H(x

′) > PQ,H(x), as desired. This completes the proof.

Lemma 13. Let ℓ ⩾ q ⩾ r ⩾ 2 be integers and α > 1. Let H be a complete ℓ-partite
r-graph. If H′ is a subgraph of H, then λα,Q(H′) < λα,Q(H), unless H′ = H.

Proof. Suppose that λα,Q (H′) = λα,Q(H). We will show H′ = H. By Fact 10, we can
choose a nonnegative vector x attaining λα,Q (H′) and satisfying ∥x∥α = 1.

We first claim that V (H′) = V (H). Suppose for contradiction that V (H′) ⊊ V (H). We
extend x to a vector x̃ defined on V (H) by setting x̃v = 0 for each vertex v ∈ V (H)\V (H′).
It then follows that

PQ,H(x̃) = PQ,H′(x) = λα,Q(H′),

which implies that x̃ achieves the spectral radius λα,Q(H). This yields a contradiction to
Lemma 12, as every nonnegative eigenvector associated with λα,Q(H) is strictly positive.
We therefore conclude that V (H′) = V (H). By an identical argument, any eigenvector
corresponding to λα,Q(H′) must also be strictly positive.

We now claim that E(H′) = E(H). Suppose for contradiction that H′ is a proper
subgraph of H. Since H is a complete ℓ-partite r-graph with ℓ ⩾ q, every edge of H
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is contained in a copy of Q. It follows that removing any edge will strictly reduce the
number of copies of Q. Since x is strictly positive, we have

PQ,H′(x) < PQ,H(x),

which is a contradiction. Therefore E(H′) = E(H). This completes the proof.

Lemma 14. For sufficiently large n, we have

inj(n,Q,Hr
F ) = inj

(
Q, T r

ℓ,n

)
.

Proof. Let G be an Hr
F -free r-graph on n vertices satisfying inj(n,Q,Hr

F ) = inj(Q,G).
We will prove that G = T r

ℓ,n. By Theorem 3 (ii), G is a complete ℓ-partite r-graph with
partition classes V1, . . . , Vℓ of respective sizes n1, . . . , nℓ. Since Q is 2-covered, we have

inj(Q,G) = q!
∑

1⩽i1<···<iq⩽ℓ

ni1 · · ·niq .

We next prove that this quantity is maximized only if n1, . . . , nℓ are as equal as possible,
which implies that G = T r

ℓ,n. Indeed, suppose there exist i, j with ni − nj ⩾ 2. Write

inj(Q,G) = q! ·
(
Aninj +B(ni + nj) + C

)
,

where nonnegative integers A, B and C are independent of ni and nj. Let G ′ be the
complete ℓ-partite r-graph obtained from G by moving one vertex from Vi to Vj. Then
we have

inj(Q,G ′)− inj(Q,G) =q! · A
(
(ni − 1)(nj + 1)− ninj

)
,

which is strictly positive since ni − nj ⩾ 2 and A > 0. This leads to a contradiction.
Consequently, G = T r

ℓ,n.

The following fact follows from the definition of π̂(Q,Hr
F ).

Fact 15. For any δ > 0, there exists an integer N1(δ) such that for all n > N1,∣∣dQ (T r
ℓ,n

)
− qπ̂(Q,Hr

F )n
q−1
∣∣ ⩽ δ

2
nq−1.

Lemma 16. For any δ > 0, there exists an integer N2(δ) such that for all n > N2,

∆Q

(
T r
ℓ,n

)
− δQ

(
T r
ℓ,n

)
⩽

δ

2
nq−1.

Proof. Let V1, . . . , Vℓ denote the partition classes of T r
ℓ,n, with |Vi| = ni and n1 ⩾ n2 ⩾

· · · ⩾ nℓ. Take u ∈ V1 and v ∈ Vℓ. For convenience, we set

A = N (Q, T r
ℓ,n), and Bi = N

(
Q, T r

ℓ−1,n−ni

)
for i ∈ {1, ℓ}.

the electronic journal of combinatorics 33(4) (2026), #P4.19 8



We then obtain

∆Q(T
r
ℓ,n)− δQ(T

r
ℓ,n) = |dQ(u)− dQ(v)|

= |Aut(Q)|
∣∣∣∣A−B1

n1

− A−Bℓ

nℓ

∣∣∣∣
= |Aut(Q)|

∣∣∣∣( 1

n1

− 1

nℓ

)
A+

(
1

nℓ

− 1

n1

)
Bℓ +

Bℓ −B1

n1

∣∣∣∣
⩽ |Aut(Q)|

(∣∣∣∣ 1n1

− 1

nℓ

∣∣∣∣A+

∣∣∣∣ 1nℓ

− 1

n1

∣∣∣∣Bℓ +
|Bℓ −B1|

n1

)
⩽ |Aut(Q)|

(
A

n2
ℓ

+
Bℓ

n2
ℓ

+
|Bℓ −B1|

n1

)
⩽

δ

2
nq−1,

where the last inequality holds since A and Bi are O(nq), and |Bℓ −B1| is O(nq−1).

Lemma 17. Let H be an n-vertex ℓ-partite r-graph. If α = 1, then

λ1,Q(H) ⩽ q!

(
ℓ

q

)
ℓ−q.

Proof. Let x be a nonnegative n-dimensional vector satisfying ∥x∥1 = 1 and λ1,Q(H) =
PQ,H(x). We further choose such an x to have the minimal number of positive entries,
and let m denote this number. We claim m ⩽ ℓ.

Suppose for contradiction that m > ℓ. Then x has two positive entries xi and xj

corresponding to vertices in the same partition class. Since Q is 2-covered, we have

PQ,H(x) = xi
∂PQ,H(x)

∂xi

+ xj
∂PQ,H(x)

∂xj

+ S,

where S is independent of xi and xj.

Assume
∂PQ,H(x)

∂xi
⩾ ∂PQ,H(x)

∂xj
, and define a new vector x′ by

x′
i = xi + xj, x′

j = 0, and x′
s = xs for all s ∈ [n] \ {i, j}.

Clearly ∥x′∥1 = 1, and

PQ,H(x
′)− PQ,H(x) = xj

(
∂PQ,H(x)

∂xi

− ∂PQ,H(x)

∂xj

)
⩾ 0.

Hence PQ,H(x
′) = PQ,H(x), whereas x

′ has exactly m−1 positive entries. This contradicts
the minimality of m. We therefore conclude that m ⩽ ℓ.
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Without loss of generality, let x1, . . . , xm denote the positive entries of x. By Maclau-
rin’s inequality,

PQ,H(x) ⩽ q!
∑

1⩽i1<···<iq⩽m

xi1 · · · xiq

⩽ q!

(
m

q

)(
1

m

m∑
i=1

xi

)q

= q!

(
m

q

)
m−q ⩽ q!

(
ℓ

q

)
ℓ−q.

This completes the proof.

Lemma 18. Let H be an n-vertex ℓ-partite r-graph. If α > 1, then

λα,Q(H) ⩽ (q!)1/α
(
ℓ

q

)1/α

ℓ−q/α inj(Q,H)1−1/α. (3)

Moreover, we have

λα,Q(H) ⩽ q!

(
ℓ

q

)
ℓ−qnq−q/α, (4)

equality holds if and only if ℓ | n and H = T r
ℓ,n.

Proof. First, we prove inequality (3). Let x be a nonnegative eigenvector corresponding
to λα,Q(H). By the power-mean (PM) inequality, we have

λα,Q(H) =
∑

ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

xi ⩽ inj(Q,H)1−1/α

 ∑
ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

xα
i

1/α

. (5)

Let y = (y1, . . . , yn) = (xα
1 , . . . , x

α
n). By Lemma 17,∑

ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

xα
i =

∑
ϕ∈Inj(Q,H)

∏
i∈ϕ(V (Q))

yi ⩽ λ1,Q(H) ⩽ q!

(
ℓ

q

)
ℓ−q. (6)

Hence inequality (3) follows immediately.
We now prove inequality (4). Let H2 be the graph with vertex set V (H2) = V (H),

and let its edge set be defined by

E(H2) =
{
uv | ∃ϕ ∈ Inj(Q,H) such that u, v ∈ ϕ(V (Q))

}
.

Then each copy of Q in H corresponds to a unique q-clique in H2. Consequently,

inj(Q,H) ⩽ q! · kq(H2).

By Zykov’s theorem [15], we have
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kq (H2) ⩽ kq (Tℓ,n) ⩽

(
ℓ

q

)(n
ℓ

)q
,

equality holds if and only if ℓ | n and H2 = Tℓ,n. Substituting this bound gives

inj(Q,H) ⩽ q!

(
ℓ

q

)(n
ℓ

)q
, (7)

with equality if and only if ℓ | n and H = T r
ℓ,n.

Combining (5), (6) and (7), we obtain

λα,Q(H) ⩽ (q!)1/α
(
ℓ

q

)1/α

ℓ−q/α

(
q!

(
ℓ

q

)(n
ℓ

)q)1−1/α

= q!

(
ℓ

q

)
ℓ−qnq−q/α.

This establishes inequality (4). If equality holds in (4), then equality must hold in (7).
Consequently, ℓ | n and H = T r

ℓ,n.

Lemma 19. Let (ℓ)q = ℓ(ℓ− 1) · · · (ℓ− q + 1). For sufficiently large n, we have

inj(Q, T r
ℓ,n) =

(ℓ)q
ℓq

nq +O(nq−2). (8)

Proof. Let n = ℓt+ s with integers ℓ > s ⩾ 0. Since Q is 2-covered,

inj(Q, T r
ℓ,n) = q!

q∑
i=0

(
s

i

)(
ℓ− s

q − i

)
(t+ 1)itq−i

= q!

q∑
i=0

(
s

i

)(
ℓ− s

q − i

)(
tq + itq−1 +O(tq−2)

)
= q!

( q∑
i=0

(
s

i

)(
ℓ− s

q − i

)(
n− s

ℓ

)q

+

q∑
i=0

i

(
s

i

)(
ℓ− s

q − i

)(
n− s

ℓ

)q−1)
+O(nq−2).

By Vandermonde’s identity and the combinatorial identity i
(
s
i

)
= s
(
s−1
i−1

)
, we have

inj(Q, T r
ℓ,n)

q!
=

((
ℓ

q

)(
n− s

ℓ

)q

+

q∑
i=1

s

(
s− 1

i− 1

)(
ℓ− s

q − i

)(
n− s

ℓ

)q−1)
+O(nq−2)

=

(
(ℓ)q
q! ℓq

nq − sq

ℓq

(
ℓ

q

)
nq−1 + s

q−1∑
i=0

(
s− 1

i

)(
ℓ− s

q − 1− i

)(n
ℓ

)q−1
)

+O(nq−2)

=

(
(ℓ)q
q! ℓq

nq − sq

ℓq

(
ℓ

q

)
nq−1 +

s

ℓq−1

(
ℓ− 1

q − 1

)
nq−1

)
+O(nq−2)

=

(
(ℓ)q
q! ℓq

nq +O(nq−2)

)
.
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This completes the proof.

3 Proof of Theorem 4

Let H ∈ H be an r-graph achieving λα,Q(n,H). By Lemma 13, H is a complete ℓ-partite
r-graph with partition classes V1, . . . , Vℓ. Let ni = |Vi| for i ∈ [ℓ], with n1 ⩽ n2 ⩽ · · · ⩽ nℓ

and
∑ℓ

i=1 ni = n. We proceed by contradiction and assume that nℓ − n1 ⩾ 2. By Lemma
12, λα,Q(H) admits a positive eigenvector x. Furthermore, Lemma 11 implies that all
entries of x corresponding to vertices in the same partition class are equal. For each
i ∈ [ℓ], let ai be the value of the entries of x on Vi. For convenience, set c = n1a

α
1 + nℓa

α
ℓ .

Define

S0 =
∑

1<i1<···<iq<ℓ

ni1ai1 · · ·niqaiq ,

S1 =
∑

1<i1<···<iq−1<ℓ

ni1ai1 · · ·niq−1aiq−1 ,

S2 =
∑

1<i1<···<iq−2<ℓ

ni1ai1 · · ·niq−2aiq−2 .

Since Q is 2-covered, PQ,H(x) can be written as follows.

PQ,H(x)

q!
= (n1a1 + nℓaℓ)S1 + (n1a1) (nℓaℓ)S2 + S0.

Obviously, S0, S1 and S2 are independent of a1, aℓ, n1, nℓ.

We split the argument into two cases. In each case we construct a hypergraph H′

satisfying
λα,Q(H′) > λα,Q(H).

Case 1. nℓ + n1 = 2m for an integer m.

Let H′ denote the complete ℓ-partite r-graph with vertex partition

V (H′) = V ′
1 ∪ · · · ∪ V ′

ℓ ,

satisfying |V ′
1 | = |V ′

ℓ | = m, V ′
1 ∪ V ′

ℓ = V1 ∪ Vℓ, and V ′
i = Vi for all 1 < i < ℓ. Define a

vector y = (y1, . . . , yn) by

yi =
( c

2m

)1/α
≜ b for i ∈ V ′

1 ∪ V ′
ℓ ,

and yi = xi for all i ∈
⋃ℓ−1

k=2 V
′
k . Observe that yα1 + · · ·+ yαn = 1. Moreover,

PQ,H′(y)− PQ,H(x)

q!
=
(
m2b2 − n1nℓa1aℓ

)
S2 + (2mb− (n1a1 + nℓaℓ))S1.
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We claim that

m2b2 − n1nℓa1aℓ > 0, and 2mb− (n1a1 + nℓaℓ) ⩾ 0,

which implies that PQ,H′(y) > PQ,H(x).
Since m2 > n1nℓ and α > 1, applying the AM-GM inequality yields

m2b2 = m2

(
n1a

α
1 + nℓa

α
ℓ

2m

)2/α

⩾ m2− 2
α

(√
n1aα1nℓaαℓ

)2/α
=

(
m2

n1nℓ

)1−1/α

n1nℓa1aℓ

> n1nℓa1aℓ.

For the second estimate, the power-mean (PM) inequality implies

2mb = 2m

(
n1a

α
1 + nℓa

α
ℓ

2m

)1/α

⩾ 2m

(
n1a1 + nℓaℓ

2m

)
= n1a1 + nℓaℓ.

Therefore,
λα,Q (H′) ⩾ PQ,H′(y) > PQ,H(x) = λα,Q(H),

which is a contradiction. This completes the proof for the case that n1 + nℓ is even.

Case 2. n1 + nℓ = 2m+ 1 for an integer m.

Let H′ be the complete ℓ-partite r-graph with vertex partition

V (H′) = V ′
1 ∪ · · · ∪ V ′

ℓ ,

satisfying |V ′
1 | = m, |V ′

ℓ | = m+ 1, V ′
1 ∪ V ′

ℓ = V1 ∪ Vℓ and V ′
i = Vi for all 1 < i < ℓ. Define

a vector y = (y1, . . . , yn) by

yi =

(
c

2m+ 1

)1/α

≜ b for i ∈ V ′
1 ∪ V ′

ℓ ,

and yi = xi for all i ∈
⋃ℓ−1

k=2 V
′
k . Observe that yα1 + · · ·+ yαn = 1. Further, we obtain

PQ,H′(y)− PQ,H(x)

q!
=
(
m(m+ 1)b2 − n1nℓa1aℓ

)
S2 + ((2m+ 1)b− (n1a1 + nℓaℓ))S1.

First, we claim the lower-bound estimate:

(2m+ 1)b− (n1a1 + nℓaℓ) ⩾ 0.
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This inequality follows directly from the power mean (PM) inequality. Indeed,

(2m+ 1)b = (2m+ 1)

(
n1a

α
1 + nℓa

α
ℓ

2m+ 1

)1/α

⩾ (2m+ 1) · n1a1 + nℓaℓ
2m+ 1

= n1a1 + nℓaℓ.

We then proceed to verify

m(m+ 1)b2 − n1nℓa1aℓ > 0,

which contradicts the extremal optimality of H.
We split the proof into two subcases by considering α > 9/8 and 1 < α ⩽ 9/8. Here,

the artifactual threshold 9/8 arises from the method used in our proof.

Subcase 2.1. α > 9/8.

Since α > 9/8, applying Bernoulli’s inequality gives(
(2m+ 1)2

4(m− 1)(m+ 2)

)1/α

=

(
1 +

9

4(m− 1)(m+ 2)

)1/α

⩽ 1 +
9

4α(m− 1)(m+ 2)

<
m(m+ 1)

(m− 1)(m+ 2)
. (9)

Recall that n1nℓ ⩽ (m− 1)(m+ 2). By the AM-GM inequality, we have

m(m+ 1)b2 = m(m+ 1)

(
n1a

α
1 + nℓa

α
ℓ

2m+ 1

)2/α

⩾ m(m+ 1)

(
1

2m+ 1

)2/α (
2
√

n1aα1nℓaαℓ
)2/α

= m(m+ 1)

(
4

(2m+ 1)2

)1/α(
1

n1nℓ

)1−1/α

n1nℓa1aℓ

⩾ m(m+ 1)

(
4

(2m+ 1)2

)1/α(
1

(m− 1)(m+ 2)

)1−1/α

n1nℓa1aℓ

=
m(m+ 1)

(m− 1)(m+ 2)

(
4(m− 1)(m+ 2)

(2m+ 1)2

)1/α

n1nℓa1aℓ

> n1nℓa1aℓ,
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where the last inequality follows from (9).

Subcase 2.2. 1 < α ⩽ 9/8.

Assume for contradiction that m(m+ 1)b2 − n1nℓa1aℓ ⩽ 0. This immediately yields

a1aℓ ⩾
m(m+ 1)

n1nℓ

(
c

2m+ 1

)2/α

. (10)

Define a vector z = (z1, z2, . . . , zn) as follows:
zi =

n1a1
m

≜ b1, if i ∈ V ′
1 ,

zj =
nℓaℓ
m+1

≜ bℓ, if j ∈ V ′
ℓ ,

zk = xk, for all k ∈ V ′
2 ∪ V ′

3 ∪ · · · ∪ V ′
ℓ−1.

One can readily verify that

PQ,H′(z)− PQ,H(x)

q!
=

(
m(m+ 1)b1bℓ − n1nℓa1aℓ

)
S2

+
(
mb1 + (m+ 1)bℓ − n1a1 − nℓaℓ

)
S1

= 0.

Then

λα,Q (H) = PQ,H(x) = PQ,H′(z) ⩽ λα,Q(H′)∥z∥qα. (11)

Since λα,Q (H′) ⩽ λα,Q (H), inequality (11) implies that

∥z∥α ⩾ 1. (12)

On the other hand, one has

zα1 + zα2 + · · ·+ zαn = 1−
(
n1a

α
1 + nℓa

α
ℓ

)
+mbα1 + (m+ 1)bαℓ .

Combining this identity with (12), we arrive at

mbα1 + (m+ 1)bαℓ ⩾ n1a
α
1 + nℓa

α
ℓ .

Substituting b1 =
n1a1
m

and bℓ =
nℓaℓ
m+ 1

into the above inequality gives

m
(n1a1

m

)α
+ (m+ 1)

(
nℓaℓ
m+ 1

)α

⩾ n1a
α
1 + nℓa

α
ℓ .

Rearranging terms, we obtain

nℓa
α
ℓ

((
nℓ

m+ 1

)α−1

− 1

)
⩾ n1a

α
1

(
1−

(n1

m

)α−1
)
.
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Given α > 1, together with the conditions (nℓ/(m+ 1))α−1−1 > 0 and 1−(n1/m)α−1 >
0, we further deduce that

nℓa
α
ℓ

n1aα1
⩾

1− (n1/m)α−1

(nℓ/(m+ 1))α−1 − 1
. (13)

For 1 < α ⩽ 9
8
, we apply Bernoulli’s inequality to obtain

(n1

m

)α−1

=

(
1− m− n1

m

)α−1

< 1− (α− 1)(m− n1)

m
. (14)

Similarly,(
nℓ

m+ 1

)α−1

=

(
1 +

nℓ −m− 1

m+ 1

)α−1

< 1 +
(α− 1)(nℓ −m− 1)

m+ 1
. (15)

Note that m− n1 = nℓ −m− 1. Combining with (13), (14) and (15), we have

nℓa
α
ℓ

n1aα1
>

m+ 1

m
. (16)

Using (16) and the identity n1a
α
1 + nℓa

α
ℓ = c, we derive

n1a
α
1nℓa

α
ℓ <

m(m+ 1)

(2m+ 1)2
c2.

Rearranging this inequality yields

a1aℓ <

(
m(m+ 1)

n1nℓ

)1/α(
c

2m+ 1

)2/α

.

Combining the above estimate with (10), we conclude(
m(m+ 1)

n1nℓ

)1/α

>
m(m+ 1)

n1nℓ

.

However, this is a contradiction, since m(m + 1) > n1nℓ and 1/α < 1 jointly imply that
the reverse inequality must hold.

Therefore, whenever nℓ−n1 ⩾ 2, both Case 1 and Case 2 lead to λα,Q(H′) > λα,Q(H),
which contradicts the optimality of H. Consequently, we must have H = T r

ℓ,n.

4 Proof of Theorem 5

Fix integers ℓ ⩾ q ⩾ r ⩾ 2 and a real number α > 1. Let Q be a 2-covered r-graph on
q vertices. Recall that Hr

F denotes the expansion of F , where F is an edge-critical graph
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with chromatic number χ(F ) = ℓ+ 1. Let H be a hereditary family of ℓ-partite r-graphs
that are Hr

F -free.
We now apply Theorem 2 to establish Theorem 5. In view of Theorem 4, it is enough

to verify conditions (i), (ii), and(iii) of Theorem 2.

We first verify condition (i). It suffices to prove that there exists an integer N such
that for all n ⩾ N ,∣∣ inj(n,Q,Hr

F )− inj(n− 1, Q,Hr
F )− qπ̂(Q,Hr

F ) · nq−1
∣∣ ⩽ δnq−1.

By Lemmas 14 and 16, we obtain∣∣inj(n,Q,Hr
F )− inj(n− 1, Q,Hr

F )− dQ
(
T r
ℓ,n

)∣∣
=
∣∣inj(Q, T r

ℓ,n)− inj(Q, T r
ℓ,n−1)− dQ

(
T r
ℓ,n

)∣∣
⩽
∣∣∆Q(T

r
ℓ,n)− δQ(T

r
ℓ,n)
∣∣

⩽
δ

2
nq−1.

Combining this with Fact 15, we conclude that condition (i) is satisfied.

Condition (ii) follows immediately from Theorem 3.

For condition (iii), Theorem 4 yields

λα,Q(n,H) = λα,Q

(
T r
ℓ,n

)
.

By Lemma 14, we have inj(n,Q,Hr
F ) = inj(Q, T r

ℓ,n). It therefore suffices to establish the
following inequality:

inj(Q, T r
ℓ,n)

nq/α
− δnq−q/α−1 ⩽ λα,Q

(
T r
ℓ,n

)
⩽

inj(Q, T r
ℓ,n)

nq/α
+ δnq−q/α−1. (17)

The lower bound is trivial. Indeed, let x =
(
n−1/α, . . . , n−1/α

)
be the uniform vector.

One readily verifies that

λα,Q(T
r
ℓ,n) ⩾ PQ,T r

ℓ,n
(x) =

inj(Q, T r
ℓ,n)

nq/α
>

inj(Q, T r
ℓ,n)

nq/α
− δnq−q/α−1

for all δ > 0. This proves the lower bound in (17).
We now consider the upper bound in (17). Combining (4) and (8), we obtain

λα,Q

(
T r
ℓ,n

)
⩽

inj(Q, T r
ℓ,n)

nq/α
+O

(
nq−q/α−2

)
.

For any fixed δ > 0, there exists an integer N such that the inequality

λα,Q

(
T r
ℓ,n

)
⩽

inj(Q, T r
ℓ,n)

nq/α
+ δnq−q/α−1
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holds for all n > N . This completes the proof of the upper bound in (17).
Since all three conditions of Theorem 2 are satisfied, combining Theorem 2 with

Theorem 4 yields that for all n ⩾ N ,

spexα(n,Q,Hr
F ) = λα,Q(n,H) = λα,Q

(
T r
ℓ,n

)
.

To establish uniqueness, suppose that anHr
F -free r-graphH satisfies λα,Q(H) = λα,Q(T

r
ℓ,n).

Since λα,Q(H) = λα,Q(T
r
ℓ,n) = λα,Q(n,H), equality in Theorem 2 yields H ∈ H, so H is

ℓ-partite. The equality case of Theorem 4 then forces H = T r
ℓ,n. This completes the

proof.
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