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Abstract

We study the question of the least number of random edges that need to be
added to a Pósa-Seymour graph, that is, a graph with minimum degree exceeding

k
k+1n, to secure the existence of the m-th power of a Hamiltonian cycle, m > k.
It turns out that, depending on k and m, this quantity may be captured by two
types of thresholds, with one of them, called over-threshold, becoming dominant for
large m. Indeed, for each k ⩾ 2 and m > m0(k), we establish asymptotically tight
lower and upper bounds on the over-thresholds (provided they exist) and show that
for infinitely many instances of m the two bounds coincide. In addition, we also
determine the thresholds for some small values of k and m.
Mathematics Subject Classifications: 05C45, 05C76, 05C80

1 Introduction

The study of randomly augmented graphs, also called randomly perturbed graphs, was
initiated by Bohman, Frieze, and Martin in [4]. The general problem can be described as
follows: given a family G of n-vertex graphs and a graph property P , determine minimal
p = p(n) which ensures that for every G ∈ G asymptotically almost surely (briefly: a.a.s.)
G ∪ G(n, p) ∈ P. Here G(n, p) is the standard random binomial graph with p = p(n).
In [4], the authors considered the case where, given 0 < ε < 1/2, G is the family of all
n-vertex graphs G with minimum degree δ(G) ⩾ εn, while P is the Hamiltonicity, and
showed that the threshold sequence p(n) for G ∪ G(n, p) being Hamiltonian is of order
1/n.

Several papers (see e.g. [1, 2, 5, 6]) followed that suit and under other Dirac-type
conditions considered higher powers of Hamiltonian cycles.

aDepartment of Discrete Mathematics, Adam Mickiewicz University, Poznań, Poland
(antoniuk@amu.edu.pl, rucinski@amu.edu.pl).

bDepartment of Mathematics, Western Michigan University, Kalamazoo, MI, U.S.A.
(andrzej.dudek@wmich.edu).

the electronic journal of combinatorics 33(4) (2026), #P4.26 https://doi.org/10.37236/15044

https://doi.org/10.37236/15044


For m ∈ N the m-th power F m of a graph F is defined as the graph on the same
vertex set as F , and whose edges join distinct vertices at distance at most m in F . The
m-th power of an n-vertex path/cycle will be often called an m-path/m-cycle and denoted
by P m

n and Cm
n , respectively. A Hamiltonian cycle in a graph G is a cycle which passes

through all vertices of G. For integers m ⩾ 1 and n ⩾ m + 2, the family HAMm
n consists

of all n-vertex graphs G that contain the m-th power of a Hamiltonian cycle.
Recall that the celebrated Pósa-Seymour conjecture asserted that every graph G with

n vertices and minimum degree δ(G) ⩾ k
k+1n contains the k-th power of a Hamiltonian

cycle. Komlós, Sárközy, and Szemerédi [8, 9] proved this conjecture for n large enough.
The deterministic graphs we are going to consider will always satisfy a slightly stronger
condition δ(G) ⩾

(
k

k+1 + ε
)

n and we will be interested in probability p(n) guaranteeing
higher (than k) powers of Hamilton cycles in G ∪ G(n, p).

1.1 Thresholds and over-thresholds: known results

As customary, any definition of a threshold consists of a 1-statement and a 0-statement,
with 1 and 0 indicating the respective limiting probability. This is also the case of thresholds
for properties of randomly augmented graphs.

Definition 1. We say that a function d(n) is a (k, m)-Dirac threshold if

(i) for every ε > 0 there exists c1 > 0 such that for all n-vertex graphs G with
δ(G) ⩾

(
k

k+1 + ε
)

n and all p := p(n) ⩾ c1d(n)

lim
n→∞

P (G ∪ G(n, p) ∈ HAMm
n ) = 1,

and

(ii) there exist ε > 0, c0 > 0, and a sequence of n-vertex graphs Gε := Gε(n) with
δ(Gε) ⩾

(
k

k+1 + ε
)

n such that for every p := p(n) ⩽ c0d(n)

lim
n→∞

P (Gε ∪ G(n, p) ∈ HAMm
n ) = 0.

Note that, similarly to thresholds for properties of random graphs, if d(n) is a (k, m)-
Dirac threshold, then so is any function d′(n) = Θ(d(n)). If it exists, a (k, m)-Dirac
threshold is denoted by dk,m(n). In such case, the 1-statement alone yields the upper bound
dk,m(n) = O(d(n)), while the 0-statement alone yields the lower bound dk,m(n) = Ω(d(n)).

Note also that, by definition, a (k, m)-Dirac threshold does not depend on ε (only the
constants c1 and c0 in Definition 1 do).

In [6] it was proved that dk,k+1(n) = n−1 for all k ⩾ 1. This was substantially extended
in [1] to cover many other (k, m)-Dirac thresholds. In particular, it turned out that
dk,m(n) = n−1 for all m ⩽ 2k + 1. This result was independently obtained by Nenadov
and Trujić in [11].

We now state the main result of [1]. For the ease of future references, we split it into
the 1-statement, the 0-statement, and a unifying conclusion.
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Theorem 2 ([1]). Let k ∈ N.

(a) For all integers r ⩾ 0, ℓ ⩾ r(r + 1), and m ⩽ kℓ + r, if dk,m(n) exists, then
dk,m(n) ⩽ n−2/ℓ.

(b) For all positive integers ℓ and m ⩾ (k + 1)(ℓ − 1), if dk,m(n) exists, then dk,m(n) ⩾
n−2/ℓ.

(c) Consequently, for (k + 1)(ℓ − 1) ⩽ m ⩽ kℓ + r and ℓ ⩾ r(r + 1), we have dk,m(n) =
n−2/ℓ.

The (k, m)-Dirac thresholds determined so far are all of the form dk,m(n) = n−ηk,m ,
with a positive rational ηk,m ⩽ 1. Let us call this number the (k, m)-Dirac exponent.

Despite the apparent generality of Theorem 2, a vast majority of pairs (k, m) still
remained unaccounted for. For instance, for k = 1 Theorem 2(c) covers only m ∈ {2, 3, 4},
for k = 2 only m ∈ {3, 4, 5, 6, 7, 9}, while for k = 3 only m ∈ {4, . . . , 10, 12, 13, 16, 20}. By
some ad hoc arguments, the exponents η1,8 and η2,14 have also been determined in [1].

Recently, in [2] we have fully covered the case k = 1, showing that except for a few
small values of m, the thresholds change their nature and become more elusive, which lead
us to the following definition of an Dirac over-threshold.

Definition 3. We say that a positive rational η is a (k, m)-Dirac over-exponent if

(i) for every ε > 0 there exists µ > 0 such that for all n-vertex graphs G with
δ(G) ⩾

(
k

k+1 + ε
)

n and all p := p(n) ⩾ n−η−µ

lim
n→∞

P (G ∪ G(n, p) ∈ HAMm
n ) = 1,

and

(ii) for every real µ > 0 there exists ε > 0 and a sequence of n-vertex graphs Gε := Gε(n)
with δ(Gε) ⩾

(
k

k+1 + ε
)

n such that for every p := p(n) ⩽ n−η−µ

lim
n→∞

P (Gε ∪ G(n, p) ∈ HAMm
n ) = 0.

If it exists, the (k, m)-Dirac over-exponent is denoted by η̄k,m and the function d̄k,m(n) :=
n−η̄k,m is called the (k, m)-Dirac over-threshold. Then, the 1-statement alone yields the
bound η̄k,m ⩾ η, equivalently d̄k,m(n) ⩽ n−η, while the 0-statement alone yields the bound
η̄k,m ⩽ η, equivalently d̄k,m(n) ⩾ n−η.

Throughout the paper, whenever we write any of these inequalities, we assume implicitly
that the object in question, that is ηk,m, η̄k,m, dk,m(n), or d̄k,m(n), exists.

The prefix “over” is meant to remind us that the abrupt change in behavior of the
probability in question happens just “below” the function n−ηk,m . The main difference
between the (k, m)-Dirac threshold and the (k, m)-Dirac over-threshold is that now the
implicit dependence on ε is much more substantial. As a drawback, however, for a given ε
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we do not obtain a threshold in the classical sense, but a pair of functions bounding it
from both sides.

More precisely, for every ε > 0 the 1-statement (i) holds for p ⩾ n−η−µ1(ε) while the
0-statement (ii) holds for p ⩽ n−η−µ2(ε), with µ1(ε) < µ2(ε), where µ2(ε) is the inverse of
the function ε(µ) defined in part (ii) of Definition 3. In all known cases, it follows from
the proofs that µ2(ε) is a linear function of ε, while µ1(ε) is a tower function of ε born in
the Regularity Lemma.

Throughout the paper, we will be using notation argminf(x)[D] to denote the (smallest)
element x0 ∈ D for which f(x0) = minx∈D f(x). To formulate the result for k = 1 from [2]
in full generality, for each integer m ⩾ 2, let f := fm be a function with the real domain
(0, m) defined as

f(x) = 1
x

((
x

2

)
+
(

m − x + 1
2

))
.

Observe that f is a convex function. It can be easily checked that f has a unique global
minimum at

λm := argminf(x)[(0, m)] =
√

2m2 + 2m

2 .

Moreover, owing to the convexity of f ,

ℓm := argminf(x)[[m]] ∈ {⌊λm⌋, ⌈λm⌉}.

For example, λ20 =
√

210, ⌊λ20⌋ = 14, ⌈λ20⌉ = 15, and f(14) = 8 = f(15), so ℓ20 = 14.

Theorem 4 ([2]).

(a) For all integers r ⩾ 0, r ⩽ ℓ < r(r + 1) and m = ℓ + r, we have η̄1,m ⩾ 1/f(ℓ).

(b) For every integer m ⩾ 2, we have η̄1,m ⩽ 1/f(ℓm).

(c) For m = 7 and all m ⩾ 10, setting r = m − ℓm, we have r ⩽ ℓm < r(r + 1).
Consequently, η̄1,m = 1/f(ℓm).

Recall that in [1,6] we have already found the (1, m)-Dirac exponents for m ∈ {2, 3, 4, 8}.
Also in [1], by an ad hoc argument, we have determined the (1, 5)-Dirac over-exponent.
The remaining two cases, m = 6 and m = 9, were established separately in [2]. These
three additional cases are exceptional in that the over-exponents are not equal to 1/f(ℓm)
(see discussion in Section 2.2). Anyhow, in [2] we have obtained the complete collection of
(1, m)-Dirac thresholds and over-thresholds. They are summarized in Table 1.

1.2 New results

As it will be explained in the next section, the proof of Theorem 2(a), under the com-
plementary assumption ℓ < r(r + 1), can be easily adapted to yield a generalization of
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m 2 [6] 3 [1, 11] 4 [1] 5 [1] 6 [2] 7 [2] 8 [1] 9 [2] ⩾ 10 [2]

1/η1,m 1 1 3
2 - - - 3 - -

1/η̄1,m - - - 2 9
4

13
5 - 7

2 f(ℓm)

Table 1: The reciprocals of the (1, m)-Dirac exponents and over-exponents.

Theorem 4(a) to larger k. For all k ⩾ 1 and m ⩾ k + 1, define a function f = fk,m over
the real domain (0, m) as

f(x) = 1
x

((
x

2

)
+
(

m − kx + 1
2

))
.

Note that f1,m = fm was defined prior to Theorem 4 and that, in fact, setting m = kℓ + r
and x = ℓ, all functions fk,m take the same form

f(ℓ) = 1
ℓ

((
ℓ

2

)
+
(

r + 1
2

))
.

Next, observe that

f(x) = 1
2

(
x − 1 + m(m + 1)

x
+ k2x − 2km − k

)

= 1
2

√x(k2 + 1) −
√

m(m + 1)
x

2

+
√

(k2 + 1)(m2 + m) − (2m + 1)k
2 − 1

2 .

Thus, f has a unique global minimum at

λ := λk,m = argminf(x)[(0, m)] =
√

m(m + 1)
k2 + 1 ,

for which
f(λ) =

√
(k2 + 1)(m2 + m) − (2m + 1)k

2 − 1
2 . (1)

Since f is convex,

ℓk,m := argminf(x)[[m]] ∈ {⌊λ⌋, ⌈λ⌉}

We may now generalize Theorem 4(a) to arbitrary k ⩾ 1.

Proposition 5. For all integers k ⩾ 1, r ⩾ 0, and m = kℓ + r, if r ⩽ ℓ < r(r + 1), then
η̄k,m ⩾ 1/fk,m(ℓ).

Note that r ⩽ ℓ < r(r + 1) if and only if m
k+1 ⩽ ℓ < (m − kℓ)(m − kℓ + 1). It turns out

(see Fact 24 in Appendix) that for m sufficiently large,
m

k + 1 ⩽ ℓk,m < (m − kℓk,m)(m − kℓk,m + 1), (2)
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that is, the assumptions of Proposition 5 are satisfied for ℓ = ℓk,m and, consequently,
η̄k,m ⩾ 1/fk,m(ℓ). Unlike for k = 1, in general case we have fallen short of showing
a complementary 0-statement. Instead, we are only able to show the following, quite tight
estimates.
Theorem 6. For all integers k ⩾ 2, there exists a constant mk such that for all m ⩾ mk,

1
f(ℓk,m) ⩽ η̄k,m ⩽

1
f(λk,m) .

The difference 1
f(λk,m) − 1

f(ℓk,m) is shown in Appendix to be less than 128k5/m3, so it
converges to 0 with m → ∞ (see Fact 25 therein.)
Remark 7. In fact, for some rather rare instances, Theorem 6 does determine η̄k,m exactly.
Namely, when λk,m happens to be an integer, so that ℓk,m = λk,m, and, at the same time,
(2) hold. We will show now that for any k there are infinitely many values of m for which
this happens. Let λk,m = p, where p is an integer. Equivalently, m2+m

k2+1 = p2 and hence,
the quadratic equation of m,

m2 + m − (k2 + 1)p2 = 0,

has a positive integer solution if ∆ = 1 + 4(k2 + 1)p2 is a perfect square, in which case
m = −1+

√
∆

2 . Thus, we want to know for which integers p and q, we have

1 + 4(k2 + 1)p2 = q2.

The latter is a well-known Pell’s equation (see, e.g., [10]). This equation has infinitely
many distinct integer solutions (p, q) (as already proved by Lagrange). For instance, such
solutions exist for k = 2, m = 4 (corresponding to p = 2 and q = 9) and for k = 3, m = 9
(corresponding to p = 3 and q = 19). Thus, λ2,4 = 2 and λ3,9 = 3.

Since Theorem 6 applies only to large values of m, we complement it by determining
the missing exponents and over-exponents for k = 2 and all m ⩽ 20 (except for m = 19),
as well as for k = 3 and m ⩽ 20. Recall that so far the value of η2,m has been known only
for m ∈ {3, 4, 5, 6, 7} ∪ {9, 14}, while η3,m – for m ∈ {4, . . . , 10, 12, 13, 16, 20}, and that no
over-exponents η̄2,m or η̄3,m have been discovered before.
Proposition 8. We have

η2,11 = 2
5 , η2,13 = 1

3 , η2,16 = 2
7 , η2,18 = 1

4 , η2,20 = 2
9 ;

η̄2,8 = 1
2 , η̄2,10 = 4

9 , η̄2,12 = 5
13 , η̄2,15 = 2

7 , η̄2,17 = 7
27 ;

η3,15 = 2
5 , η3,18 = 1

3 , η3,19 = 1
3 ;

and
η̄3,11 = 1

2 , η̄3,14 = 4
9 , η̄3,17 = 5

13 .

All known values of exponents and over-exponents, are summarized in Table 2 for
k = 2 and in Table 3 for k = 3.
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m 3–5 6–7 8∗ 9 10∗ 11∗ 12∗ 13∗ 14 15∗ 16∗ 17∗ 18∗ 19 20∗

1/η2,m 1 3
2 - 2 - 5

2 - 3 3 - 7
2 - 4 ? 9

2

1/η̄2,m - - 2 - 9
4 - 13

5 - - 7
2 - 27

7 - ? -

Table 2: The reciprocals of all known (2, m)-Dirac exponents and over-exponents. New
results are indicated by asterisk.

m 4–7 8–10 11∗ 12–13 14∗ 15∗ 16 17∗ 18∗ 19∗ 20

1/η3,m 1 3
2 - 2 - - 5

2 - 3 3 3

1/η̄3,m - - 2 - 9
4 - - 13

5 - - -

Table 3: The reciprocals of all known (3, m)-Dirac exponents and over-exponents. New
results are indicated by asterisk.

2 Upper bound machinery

In this section, we explain how the upper bound proof technique from [1] and [2] differen-
tiates between thresholds and over-thresholds. The proofs of upper bounds in [1] and [2]
were based on the standard Absorbing Method whose four main ingredients, Connecting,
Reservoir, Absorbing, and Covering Lemmas, all claim the existence of certain constant
length m-paths in G ∪ G(n, p), from which the ultimate m-th power of a Hamiltonian
cycle is built. The proofs of each of these four lemmas consist of a deterministic part and
a probabilistic part.

Let Ps denote the k-path on s vertices and, for a graph F , let F (ℓ) be the ℓ-blow-up of
F obtained from F by replacing each vertex v by an independent set Uv of ℓ vertices (all
sets Uv pairwise vertex-disjoint) and replacing each edge {v, w} by the complete bipartite
graph between Uv and Uw.

2.1 Braids and their densities

In the deterministic part, from the Dirac assumption δ(G) ⩾
(

k
k+1 + ε

)
n, one derives

the existence of many copies of suitable k-paths P(k+1)t in G and, based on that, many
copies of the ℓ-blow-ups P(k+1)t(ℓ) of P(k+1)t, also in G (cf. [1, Lemma 5.15]). What is still
missing from a full copy of an m-path is a graph consisting of k + 1 vertex-disjoint copies
of a graph B(ℓ, r, t) called a braid. In Figure 1 we present the decomposition of an 8-path
into a 3-blow-up of a 2-path (black edges) and 3 copies of the braid graph B(3, 2, 2) (red
edges). Note that here k = 2 and 8 = 2 × 3 + 2.

corollary
Roughly speaking, a braid graph consists of an ordered collection of ℓ-cliques joined

sequentially by bridge-like structures.
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V1

V2

V3

Figure 1: The decomposition of an 8-path.

Definition 9.

(a) For r ⩾ 1, two sequences of vertices ⇀
v = (v1, v2, . . . , vr) and ⇀

u = (u1, u2, . . . , ur) of a
graph G form an r-bridge if each vi is adjacent in G to all u1, u2, . . . , ui, i ∈ [r].

(b) For t ⩾ 1, ℓ ⩾ 2, and 1 ⩽ r ⩽ ℓ, the braid graph B(ℓ, r, t) consists of t vertex-
disjoint ℓ-cliques K

(1)
ℓ , K

(2)
ℓ , . . . , K

(t)
ℓ , with vertices ordered arbitrarily, where for

each i ∈ [t − 1], the last r vertices of K
(i)
ℓ and the first r vertices of K

(i+1)
ℓ form an

r-bridge. We write shortly Bt := B(ℓ, r, t) and, for any integer s ⩾ 1, denote by sBt

the union of s vertex-disjoint copies of Bt.

In the probabilistic part of the proof of each lemma, based on a version of Janson’s
inequality, one a.a.s. complements many of the copies of P(k+1)t(ℓ) obtained in the deter-
ministic part, with a suitable copy of (k + 1)B(ℓ, r, t), coming entirely from G(n, p). We
now state the appropriate version of Janson’s inequality used in these proofs.

For a graph F with vF ⩾ 1 vertices and eF edges, set

dF := eF

vF − 1 and mF := max
H⊆F

dH .

Lemma 10 ([1], Prop. 5.8). Let F be a graph with eF ⩾ 1 and, for τ > 0, let F be a family
of copies of F in Kn with |F| ⩾ τnvF . Furthermore, for some C > 0, let p ⩾ Cn−1/mF

and let X be the number of copies of F ∈ F that are present in G(n, p). Then, for some
C ′ depending on C and F ,

P(X ⩾ τnvF peF /2) ⩾ 1 − exp{−C ′n}.

It is easy to see that for any graph F , the maximum in mF is always achieved by
a connected subgraph of F . Thus, as (k + 1)Bt is a disjoint union of copies of Bt, we have
m(k+1)Bt = mBt . Hence, it all boils down to calculating the maximum density mBt of the
braid graph. To this end, it was shown in [1, proof of Prop. 5.8] and [2, Prop. 4.3] that

mBt =

dKℓ
= ℓ

2 if ℓ ⩾ r(r + 1),
dBt = t(ℓ

2)+(t−1)(r+1
2 )

tℓ−1 otherwise.

This is the only place where the upper bound proofs in [1] and [2] differ. If there exists
a representation m = kℓ + r with ℓ ⩾ r(r + 1), the assumption p ⩾ Cn−2/ℓ suffices to carry
on the whole proof and we recover Theorem 2(a).
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Under the opposite assumption, r ⩽ ℓ < r(r + 1), the situation is less clear-cut. The
braids we use are of an enormous length t = t(ε) coming from the Regularity Lemma. So,
in this case mBt = dBt varies with t (and is also a function of ε). This is the reason for
switching in [2] to the limiting density of B(ℓ, r, t) as t → ∞. Recalling the definition of
function fk,m from previous section, we have dBt ↗ fk,m(ℓ), as dBt = fk,m(ℓ) − Θ(1/t) is
a strictly increasing function of t. Thus, setting µ(ε) = 1/dB(t) − 1/fk,m(ℓ) we obtain
Proposition 5. Then, the left-hand side inequality in Theorem 6 follows by Fact 24 showing
that (2) holds for sufficiently large m.

In summary, taking the ominous upper bound proof in [1] as a black box, in order to
get a feeling of the nature of the threshold associated with a particular case of k and m, it
suffices to check which decompositions m = kℓ + r, with ℓ ⩾ r, minimize the maximum
density mBt of the braid B(ℓ, r, t) and whether ℓ ⩾ r(r + 1) or not. In the former case, we
are after a threshold dk,m(n), in the latter – after an over-threshold d̄k,m(n). The main
difficulty always lies in proving a matching 0-statement.

2.2 Ordinary thresholds are doomed to extinction?

In this section, we argue that over-thresholds are by far more expected than the ordinary
ones. But first we have to learn how to recognize which statement yields a better bound,
Theorem 2(a) or Proposition 5. If it is the former, chances are that we are looking at
an ordinary threshold dk,m(n), otherwise, at an over-threshold d̄k,m(n). Both, provided a
matching 0-statement can be proven.

Such recognition boils down, given k and m, to checking all pairs (ℓ, r) with m = kℓ + r
and optimizing the respective bounds stemming from Theorem 2(a) and Proposition 5
(depending on whether ℓ ⩾ r(r + 1) or not). For convenience, we restate both statements
in terms of Dirac exponents and over-exponents.

Corollary 11. For all integers k ⩾ 1, r ⩾ 0, ℓ ⩾ r, and m = kℓ + r,

1. if ℓ ⩾ r(r + 1), then ηk,m ⩾ 2/ℓ;

2. if ℓ < r(r + 1), then η̄k,m ⩾ 1/f(ℓ).

Note that, by monotonicity, both parts of Corollary 11 hold for all m ⩽ kℓ + r.
We now define three crucial parameters which will be helpful in telling the two cases

apart. Given k ⩾ 1 and m > k, let

rcr(k, m) = max{r ⩾ 0 : (m − r)/k is an integer and (m − r)/k ⩾ r(r + 1)}.

Note that for k ⩾ 2, due to non-divisibility, the parameter rcr(k, m) may not exist.
Specifically, it is easy to see that for m ≡ s (mod k), 1 ⩽ s ⩽ k − 1, rcr(k, m) exists if
and only if m ⩾ ks(s + 1) + s. Indeed, if m ≡ s (mod k), then for every representation
m = kℓ + r, we have ℓ ⩽ m−s

k
and r ⩾ s. Thus, if m < ks(s + 1) + s, then ℓ < r(r + 1), so

rcr(k, m) does not exist, while

if m ⩾ ks(s + 1) + s, then rcr(k, m) ⩾ s, (3)
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since s satisfies both conditions in the definition of rcr(k, m).
In particular, for k = 2, only rcr(2, 3) does not exist, while for k = 3 the exceptions are

m = 4 (s = 1) and m = 5, 8, 11, 14, 17 (s = 2). Since s ⩽ k − 1, it follows from (3) that

rcr(k, m) exists for all m ⩾ (k2 + 1)(k − 1), (4)

though it might do for smaller m as well, for instance, for all m ≡ 0 (mod k). See the
second row of Tables 4–6 for the values of rcr(k, m) with k = 1, 2, 3 and small m.

If rcr := rrc(k, m) does exist, it tells us what are the best bounds coming from
Corollary 11. Indeed, putting

ℓcr := ℓcr(k, m) = m − rcr

k

and
ℓ∗ := ℓ∗

k,m = argminf(x)[{rcr, . . . , ℓcr − 1}],

we get
ηk,m ⩾ 2/ℓcr and η̄k,m ⩾

1
f(ℓ∗) (5)

from cases (1) and (2), respectively. Thus, it boils down to checking if

f(ℓ∗) ⩽ ℓcr/2. (6)

Note that (2) is equivalent to ℓm < ℓcr, which implies that f(ℓm) ⩽ f(ℓcr). Moreover, one
can show that f(ℓcr) ⩽ ℓcr/2. Thus, (2) implies (6). However, the inverse implication
is not true in general. For k = 1, each m ∈ {5, 6, 9} is a counterexample – see Table 4
for the relevant parameters. The advantage of (6) is even more transparent for k = 2:
for m ⩽ 34, among the fourteen values of m for which (6) holds, only two, 25 and 32,
satisfy (2) (details omitted).

Whichever holds, case (1) or (2) of Corollary 11, it prompts a strong indication of the
nature of the presumable threshold, ordinary or over-threshold. Except for a handful of
small examples, in all known instances this prediction has not failed. Consult Tables 4–6
for the values of all relevant parameters for k = 1, 2, 3 and small m; the circled entries
determine the Dirac exponents and over-exponents, which agree with the values presented
in Tables 1–3.

We have already noticed (cf. (4)) that for each k, if m is large enough, then rcr(k, m)
exists. In fact, the same is true with respect to the validity of inequality (6), which implies
that ordinary thresholds are likely to vanish for large m.

Proposition 12. For every k ⩾ 1 and m > k, if rcr ⩾ 5k/2, then f(ℓcr − 1) ⩽ ℓcr/2.
Consequently, if m ⩾ (7k/2)3, then (6) holds. Moreover, for k = 2, (6) holds for all odd
m ⩾ 15, except m = 27, 29, 31, 33, and for all even m ⩾ 24, except m = 44, 46.

This proposition will be proved in Appendix.
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m 2 3 4 5 6 7 8 9 10

rcr(1, m) 0 1 1 1 1 1 2 2 2

ℓcr(1, m) 2 2 3 4 5 6 6 7 8

ℓ1,m 2 2 3 4 5 5 6 7 7

ℓ∗
1,m 1 1 2 3 4 5 5 6 7

f(ℓ1,m) 1
2 1 4

3
7
4

11
5

13
5 3 24

7
27
7

f(ℓ∗
1,m) 1 3 2 2 9

4
13
5

16
5

7
2

27
7

Table 4: Relevant parameters for k = 1 and 2 ⩽ m ⩽ 10. Circled numbers determine
Dirac exponents 2/ℓcr or over-exponents 1/f(ℓ∗) and 1/f(ℓ).

m 7 8 9 10 11 12 13 14 15 16 17 18 19 20

rcr(2, m) 1 0 1 0 1 0 1 2 1 2 1 2 1 2

ℓcr(2, m) 3 4 4 5 5 6 6 6 7 7 8 8 9 9

ℓ2,m 3 4 4 5 5 6 6 6 7 7 8 8 9 9

ℓ∗
2,m 2 3 3 4 4 5 5 5 6 6 7 7 8 8

f(ℓ2,m) 4
3

3
2

7
4 2 11

5
5
2

8
3 3 22

7
24
7

29
8

31
8

37
9

13
3

f(ℓ∗
2,m) 7

2 2 3 9
4 3 13

5
16
5 4 7

2
17
4

27
7

31
7

17
4

19
4

Table 5: Relevant parameters for k = 2 and m ∈ {7, . . . , 20}. Circled numbers determine
Dirac exponents 2/ℓcr or over-exponents 1/f(ℓ∗). The only open case is m = 19.

m 10 11 12 13 14 15 16 17 18 19 20

rcr(3, m) 1 - 0 1 - 0 1 - 0 1 2

ℓcr(3, m) 3 - 4 4 - 5 5 - 6 6 6

ℓ3,m 3 3 4 4 4 5 5 5 6 6 6

ℓ∗
3,m 2 - 3 3 - 4 4 - 5 5 5

f(ℓ3,m) 4
3 2 3

2
7
4

9
4 2 11

5
13
5

5
2

8
3 3

f(ℓ∗
3,m) 11

2 - 3 13
3 - 3 4 - 16

5 4 5

Table 6: Relevant parameters for k = 3 and m ∈ {10, . . . , 20}. Circled numbers determine
Dirac exponents 2/ℓcr or over-exponents 1/f(ℓ).
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For k = 2, Proposition 12, together with Proposition 8 (cf. Table 5), implies that the
only remaining values of m for which (6) does not hold, and so, ordinary threshold are
likely, though not yet proved, are m ∈ {22, 27, 29, 31, 33, 44, 46}. It is possible to produce
such (finite) lists of m’s for higher k, but they get longer and longer. For instance, for
k = 3, (6) holds for all m ⩾ 142, as well as for certain intervals of smaller m, e.g., for all
m ∈ {21, . . . , 36} ∪ {69, . . . , 129} which are divisible by 3.

If the parameter rcr(k, m) does not exist, then it could be either way, a threshold
or over-threshold. Let us look at some examples. For k + 1 ⩽ m ⩽ 2k − 1, k ⩾ 2, by
Theorem 2(c) with ℓ = 2 and r = 0, we get ηk,m(n) = 1, the same Dirac exponent as for
m = 2k and m = 2k + 1. Similarly, for k = 7, m = 20, Theorem 2(c) with ℓ = 3 and r = 0
yields η7,20 = 3/2. In turn, for k = 3, m = 17, by Theorem 2(a) with ℓ = 6 and r = 0,
we get η3,17 ⩾ 1/3. However, Proposition 5, with ℓ = 5 and r = 2, yields a better bound
η̄3,17 ⩾ 5/13. Note that f3,17(5) = 13/5, which turns out to be the correct over-exponent
(cf. Proposition 8).

3 General 0-statement

In this section, we prove the right-hand side inequality in Theorem 6. To better understand
this proof, we recall the proofs of Theorems 2(b) and 4(b) from, respectively, [1] and [2].
In doing so, we will be relying on some elementary facts about the random graph G(n, p).

Part (c) below was stated without proof in [1, Fact 2.1] with reference to [7, Remark
3.7]. For completeness, we provide a short proof here. A graph with L vertices and M
edges will be called an (L, M)-graph. For a graph F , let XF count the number of copies of
F in G(n, p). In particular, set Xs := XKs .

Fact 13.

(a) Let L and M be two positive integers. If p = o(n−L/M), then a.a.s. G(n, p) contains
no (L, M)-graph as a subgraph.

(b) Let s ⩾ 3. If p = o(n−2/s), then a.a.s. G(n, p) contains o(n) copies of Ks.

(c) Let s ⩾ 3. For every ε > 0 there exists c > 0 such that if p ⩽ cn−2/s, then
a.a.s. G(n, p) contains at most εn copies of Ks.

Proof. (a) For every graph F with L vertices and M edges, by Markov’s inequality,

P(XF > 0) ⩽ EXF = O(nLpM) = o(1).

(b) Set ω := 1/(pn2/s). By the assumption on p, we have ω → ∞ and, by Markov’s
inequality,

P(Xs ⩾ n/ω) ⩽ ωEXs/n = O
(

ω1−(s
2)
)

= o(1).
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(c) By monotonicity, we assume that p = cn−2/s, and let c = (ε/2)1/(s
2). We have

EXs ∼ c(s
2)n = (ε/2)n, while summing over all pairs of edge-intersecting copies of Ks in

Kn, and noticing that EXs = o(EXt) for all 2 ⩽ t ⩽ s − 1, we get

V arXs = O

(
s∑

t=2
n2s−tp2(s

2)−(t
2)
)

= O

(
s∑

t=2

(EXs)2

EXt

)
= O (EXs) = O(n).

Thus, by Chebyshev’s inequality,

P
(
|Xs − EXs| ⩾ n2/3

)
⩽

V arXs

n4/3 = o(1).

Next, we describe a generic construction behind all 0-statements concerning powers of
Hamiltonian cycles.

Construction. For integers k ⩾ 1 and n ⩾ k + 1, n divisible by k + 1, and for
any ε < 1/(k + 1), let G(k)

ε =: Gε be an n-vertex graph obtained from the complete,
balanced (k + 1)-partite graph on n vertices with partition U1 ∪ · · · ∪ Uk+1 as follows. For
each i = 1, . . . , k + 1 fix a subset Wi ⊂ Ui of size |Wi| = ⌈εn⌉ and insert an unbalanced
bipartite complete graph between Wi and Ui ∖ Wi. Clearly, δ(Gε) ⩾

(
k

k+1 + ε
)

n. For
future references, set W = W1 ∪ · · · ∪ Wk+1.

Let us first see how this construction yields the 0-statement in Theorem 2(b).

Proof of Theorem 2(b). Fix ε = 1/(2m(k + 3)) and let c0 = c0(ℓ, ε) be the constant from
Fact 13(c). Let p ⩽ c0n

−2/ℓ and suppose that Gε ∪ G(n, p) contains a Hamiltonian m-
cycle C. Since m ⩾ (k + 1)(ℓ − 1), by the pigeonhole principle, every clique Km+1 in C,
disjoint from W , must induce a clique Kℓ in G(n, p). There are at least⌊

n

m + 1

⌋
− |W | ⩾ n

2m
− (k + 1)εn = 2εn

such cliques. Hence,

P(Gε ∪ G(n, p) ∈ HAMm
n ) ⩽ P(G(n, p) contains at least 2εn cliques Kℓ)

and, by Fact 13(c), the latter probability is o(1). Thus, η = 2/ℓ satisfies Definition 1(ii).

To prove Theorem 4(b) we need to state a crucial lemma [2, Lemma 2.2]. Recall the
definition of ℓm from Section 1.1.

Lemma 14. Let m ⩾ 2 and let P be an m-path with V (P ) = A ∪ B, A ∩ B = ∅. Then,

|E(P [A])| + |E(P [B])| ⩾ f(ℓm)|V (P )| − 2m2.

Remark 15. The original assumption in [2, Lemma 2.2] forbidding copies of Km+1 inside
P [A] ∪ P [B] was redundant.
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Proof of Theorem 4(b). Fix µ > 0 and choose ε to be small enough compared to µ. For
k = 1, the graph Gε consists of just two sets, U1 and U2. Let p = n−1/f(ℓm)−µ. Suppose
that Gε ∪ G(n, p) contains a Hamiltonian m-cycle C and remove all vertices of W . What
remains of C is a collection of at most 2εn m-paths, among which there must be one of
length at least (n − 2εn)/(2εn) > 1/(3ε). Let P be a sub-m-path of this m-path of length
exactly L := ⌈1/(3ε)⌉. Then, by Lemma 14 with A = V (P ) ∩ U1 and B = V (P ) ∩ U2, we
conclude that a spanning subgraph of P with M := f(ℓm)L − 2m2 edges is contained in
G(n, p). Hence,

P(Gε ∪ G(n, p) ∈ HAMm
n ) ⩽ P(G(n, p) contains an (L, M)-subgraph).

However, setting f := f(ℓm), one can easily check that

1
f

+ µ >
L

fL − 2m2 , equivalently, L >
2m2

f 2µ
+ 2m2

f
,

for ε sufficiently small. Consequently, p = o(n−L/M) and, by Fact 13(a),

P(G(n, p) contains an (L, M)-subgraph) = o(1).

Thus, η = 1/f(ℓm) satisfies Definition 3(ii).

For the proof of the right-hand side inequality in Theorem 6 all we need is an analog
of Lemma 14 with |E(P [A])| + |E(P [B])| replaced by ∑k+1

i=1 |E(P [Vj])|, where V (P ) =
V1 ∪ · · · ∪ Vk+1, and with f(ℓk,m) replaced by f(λk,m). A slightly weaker lower bound has
been already established by an analytical method in [3, Section 4]. Indeed, the function
f(k, m, L) defined therein, with L := |V (P )| (in [3] the authors use n for L), equals∑k+1

i=1 |E(P [Vj])|, and it was proved in [3, Theorem 4.1] that

f(k, m, L) ⩾
(

m
√

k2 + 1 − mk − 1
2

)
L + O(m).

Note that the coefficient at L is, for large m, just a bit smaller than, but, in fact,
asymptotically (as m → ∞) equal to f(λk,m) (cf. (1)).

We will prove the desired lower bound by purely combinatorial means. However,
instead of bounding the quantity ∑k+1

i=1 |E(P [Vj])|, we are going to bound the number of
edges spanned by a single, suitably selected, subset of V (P ). It turns out that this will be
sufficient to deduce the right-hand side inequality in Theorem 6.

Lemma 16. For k ⩾ 2 and m ⩾ k + 1 if P is an m-path and V0 ⊂ V (P ) satisfies
|V0| ⩾ |V (P )|/(k + 1), then

|E(P [V0])| ⩾ f(λk,m)|V0| − m(m + 1).

It was already shown in Section 2.1 how the left-hand side inequality in Theorem 6
follows from Proposition 5. We conclude this section by completing the proof of Theorem 6,
assuming Lemma 16 holds. It relies on Lemma 16 in a similar way Theorem 4(b) does on
Lemma 14. The proof of Lemma 16 is deferred to the next section.
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Proof of Theorem 6, the right-hand side inequality. Fix µ > 0 and choose ε to be small
enough compared to µ. Let p = n−1/f(λk,m)−µ. Suppose that G(k)

ε ∪ G(n, p) contains
a Hamiltonian m-cycle C and remove all vertices of W . What remains of C is a collection
of at most (k + 1)εn m-paths, among which there must be one of length at least (n − (k +
1)εn)/((k + 1)εn) > 1/((k + 2)ε). Let P be a sub-m-path of this m-path of length exactly
L := ⌈1/((k + 2)ε)⌉ and let j ∈ [k + 1] be such that |V (P ) ∩ Uj| ⩾ L/(k + 1). Then, by
Lemma 16 with V0 = V (P ) ∩ Uj, we infer that |E(P [V0])| ⩾ f(λk,m)L0 − m(m + 1) with
L0 = |V0|. It follows that a subgraph of L0 vertices and M0 := f(λk,m)L0 − m(m + 1)
edges is contained in G(n, p), so

P(Gε ∪ G(n, p) ∈ HAMm
n ) ⩽ P(G(n, p) contains an (L0, M0)-subgraph).

However, setting f := f(λk,m) and observing that L0 ⩾ 1/((k + 2)(k + 1)ε), we have

1
f

+ µ >
L0

fL0 − m(m + 1) ,

for ε sufficiently small. Consequently, p = o(n−L0/M0) and, by Fact 13(a),

P(G(n, p) contains an (L0, M0)-subgraph) = o(1).

Thus, η = 1/f(λk,m) satisfies Definition 3(ii).

4 Algorithm REWIRE and proof of Lemma 16

For the proof of Lemma 16, we will first modify the path P by changing the order of its
vertices suitably. To this end, we will construct an algorithm REWIRE (its pseudocode
can be found later in this section) and show some properties of its output (Lemma 17
below).

For an m-path P , let
−−−→
V (P ) be a linear ordering of the vertices in V (P ) in which P

traverses them - there are two such orders and we pick one arbitrarily. Given P and a subset
V0 ⊂ V (P ), let us define a sequence of nonempty segments of

−−−→
V (P ) as follows. Assume

−−−→
V (P ) = (v1, . . . , vL), where L = |V (P )|. For each i ∈ [L], let bi = 0 if vi ∈ V0 and bi = 1
otherwise. Let us define two sequences of segments in

−−−→
V (P ): S1, S2, . . . , Sq – corresponding

to the 0-runs of the binary sequence (b1, . . . , bL) and T0, T1, T2, . . . , Tq – corresponding to
the 1-runs, both listed in the order they appear in

−−−→
V (P ). If b1 = 0 (bL = 0), we artificially

define T0 = ∅ (Tq = ∅), although sets T0 and Tq are irrelevant for counting the edges of
P [V0]. In particular, for all i, Si ⊂ V0 and Ti ∩ V0 = ∅. Thus, we obtain a partition of
−−−→
V (P ) into segments, namely

−−−→
V (P ) = T0 ∪ S1 ∪ T1 ∪ S2 ∪ T2 ∪ · · · ∪ Sq ∪ Tq. We will call

such a partition V0-based. See Figure 2 for an example.
Algorithm REWIRE keeps changing the order of vertices in P to achieve constraints

on the sizes |Si| and |Ti|, i ∈ [q], as formulated in the next lemma, while not letting the
number of edges in P [V0] grow.
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S1

T1

S2

T2

S3

b1=0 b2=0 b8=0 b11=0 b12=0b3=1 b4=1 b5=1 b6=1 b7=1 b9=1 b10=1

V0

V (P )∖V0

Figure 2: A 3-path on 12 vertices and a V0-based partition with V0 = {1, 2, 8, 11, 12} (the
sets T0 = ∅ and Tq = ∅ not shown). The thick edges show the order in which the 3-path
traverses through the vertex set.

Lemma 17. Given an m-path P and a subset V0 ⊂ V (P ), algorithm REWIRE outputs
a modified path P ′ with V (P ′) = V (P ), |E(P ′[V0])| ⩽ |E(P [V0])|, and a V0-based partition
−−−→
V (P ′) = T0 ∪ S1 ∪ T1 ∪ · · · ∪ Sq ∪ Tq such that, setting xi = |Si| and yi = |Ti|, i ∈ [q], we
have

(i) 1 ⩽ xi ⩽ m for i ∈ [q],

(ii) 0 ⩽ yi ⩽ m for i ∈ [q − 1],

(iii) xi + yi ⩾ m for i ∈ [q − 1],

(iv) yi + xi+1 ⩾ m for i ∈ [q − 2].

Note that condition (i) above guarantees that each segment Si induces in P ′[V0] a clique
of size

(
xi

2

)
, while conditions (ii)–(iv), combined, guarantee that each pair (Si, Si+1),

i ∈ [q − 2], induces in P ′[V0] a bridge of size exactly
(

m+1−yi

2

)
(cf. Definition 9(a)).

Before proving Lemma 17 we show how it implies Lemma 16.

Proof of Lemma 16. Let P and V0 be as in the assumptions of the lemma. Setting
L := |V (P )| and L0 := |V0|, we have

kL0 ⩾ L − L0. (7)

After applying algorithm REWIRE to the pair (P, V0), we obtain a new path P ′ with
|E(P [V0])| ⩾ |E(P ′[V0])| and a V0-bounded partition

−−−→
V (P ′) satisfying conditions (i)–(iv)

of Lemma 17. Condition (iv) does not say anything about i = q − 1, so we do not know if
there is a full m-bridge between sets Sq−1 and Sq. To accommodate this deficiency, set
e(Sq−1, Sq) for the number of edges in P with one endpoint in Sq−1 and the other in Sq

and notice that
0 ⩽

(
m + 1 − yq−1

2

)
− e(Sq−1, Sq) ⩽

(
m + 1

2

)
. (8)

There is also an issue with condition (ii). Since we do not have control over how large
yq might be, we subdivide it into terms equal to m plus some remainder, that is, we write
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yq = y′
q + · · · + y′

q′ , where y′
q = · · · = y′

q′−1 = m and y′
q′ ⩽ m (when yq ⩽ m, we just have

q′ = q, so nothing changes), and drop the primes over the y’s, for convenience. Then(
m+1−yi

2

)
= 0 for i = q, . . . , q′ − 1, while(

m + 1 − yq′

2

)
⩽

(
m + 1

2

)
. (9)

To equalize the number of terms in both sums below, we also, quite artificially, set xi := 0
for all q + 1 ⩽ i ⩽ q′.

Applying Jensen’s inequality to the convex function φ(z) = z(z−1)
2 twice, with zi = xi

and zi = m + 1 − yi, i ∈ [q′], we get
q′∑

i=1

(
xi

2

)
⩾ q′

(
L0/q′

2

)
and

q′∑
i=1

(
m + 1 − yi

2

)
⩾ q′

(
m + 1 − (L − L0)/q′

2

)
. (10)

Using (7)–(10) and recalling from Section 1.2 the definition of function f := fk,m with
minimum at λ := λk,m, we infer that

|E(P [V0])| ⩾ |E(P ′[V0])| ⩾
q∑

i=1

(
xi

2

)
+

q−2∑
i=1

(
m + 1 − yi

2

)
+ e(Sq−1, Sq)

(8),(9)
⩾

q′∑
i=1

(
xi

2

)
+

q′∑
i=1

(
m + 1 − yi

2

)
− m(m + 1)

(10)
⩾ q′

(
L0/q′

2

)
+ q′

(
m + 1 − (L − L0)/q′

2

)
− m(m + 1)

(7)
⩾ q′

(
L0/q′

2

)
+ q′

(
m + 1 − kL0/q′

2

)
− m(m + 1)

= f(L0/q′)L0 − m(m + 1) ⩾ f(λ)L0 − m(m + 1).

It remains to describe the algorithm REWIRE, and prove Lemma 17. In what follows,
by a slight abuse of notation we will treat segments as both sets and sequences of vertices,
depending on the context.

As mentioned earlier, to achieve its goal, REWIRE keeps changing the order of vertices
in P . It proceeds by incremental, local changes, from left to right, never going back to
what has been already handled. Every change of the order of vertices results in a new
V0-based partition into sets Si and Ti. In each step, a new partition is obtained from the
previous one by just a single shift of some part of segment Si or Ti to, resp., Si+1 or Ti+1,
or vice versa. We found it more transparent to describe these steps directly in terms of
such shifts.

For this purpose REWIRE uses operations SHIFT_RIGHT(A, B, h) and
SHIFT_LEFT(A, B, h), where A and B are two segments of the vertex set

−−−→
V (P ), A

to the left of B, which are separated by some segment C, and h is a positive integer. Given
h, let A1, A2, B1, B2 be such that A = A1A2 and B = B1B2, with |A2| = min{h, |A|} and
|B1| = min{h, |B|}.
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Si−1

Ti−1

Si

Ti

Si+1

S ′
i

S ′
i+1

V0

V (P )∖V0

Figure 3: Illustration to step (1) of algorithm REWIRE. Operation
SHIFT_RIGHT(Si, Si+1, 2) moves the last two vertices of Si (red) to Si+1. Some
of the original edges (dashed red) inside Si disappear. Instead, at least as many new edges
(red) are added.

SHIFT_RIGHT(A, B, h) changes the order of vertices ACB to A1CA2B and resets
A = A∖A2 and B = B ∪ A2, while SHIFT_LEFT(A, B, h) changes the order of ABC to
AB1CB2 and resets A = A∪B1 and B = B∖B1. In other words, SHIFT_RIGHT(A, B, h)
moves the last min{h, |A|} vertices of A to the front of B, while SHIFT_LEFT(A, B, h)
moves the first min{h, |B|} vertices of B to the end of A.

The four steps of the outer loop of the algorithm correspond to the four conditions
(i)–(iv) in Lemma 17. We illustrate them by Figures 3–6. In all these figures, the thick
black line indicates the order

−−−→
V (P ′), while the original order is always from left to right.

Finally, note that throughout the iterations the number of sets in the partition may both
decrease or increase.

Proof of Lemma 17. First, observe that the algorithm comes to a stop eventually. Indeed,
in each iteration of the outer “while” loop, the internal loop (2)–(3)–(2) can be performed
only finitely many times, since each time the value of xi +yi increases until it exceeds m, or
q decreases until i reaches q. For loops (3)–(3) and (4)–(4), the situation is analogous.
Second, the algorithm outputs a sequence (T0, S1, . . . , Sq, Tq) which satisfies conditions
(i)–(iv) corresponding to steps (1)–(4).

To complete the proof, we now argue that in each step of the algorithm, with respect
to the edges spanned by vertices in V0, the number of edges destroyed is at least as large
as the number of edges created, and so, ultimately, |E(P ′[V0])| ⩽ |E(P [V0])|.

Step (1): It suffices to compare how many edges are lost/gained by moving the last
vertex v of Si to the front of Si+1. Before the shift, v had m neighbors in Si (because
xi > m) and some number z of neighbors to the right. If yi ⩾ m, then z = 0 and after the
shift v has no neighbors to the left and at most m neighbors to the right, so the balance is
non-positive. If yi < m, then z ⩽ m − yi and after the shift, v has m − yi neighbors to the
left and at most z + yi neighbors to the right, thus again, the balance is non-positive (see
Figure 3).

Step (2): Note that after the shift the segment Si+1 is at distance exactly m + 1 from
the segment Si, hence there are no edges going to the left from Si+1, and the distance
between Si+1 and Si+2 (if there is such a segment) increases, so we can only lose edges
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Algorithm 1: REWIRE
Input: A pair (P, V0), where P is an m-path on vertex set V (P ) and V0 ⊂ V (P ); let

−−−→
V (P ) = T0 ∪ S1 ∪ T1 ∪ · · · ∪ Sq ∪ Tq, where T0 and Tq might be empty, be the
V0-based partition of V (P ).

Output: A path P ′ with V (P ′) = V (P ) such that |E(P ′[V0])| ⩽ |E(P [V0])| and the
V0-based partition

−−−→
V (P ′) = T ′

0 ∪ S′
1 ∪ T ′

1 ∪ · · · ∪ S′
q ∪ T ′

q satisfies conditions
(i)–(iv) of Lemma 17.

/* In the description of the algorithm below we suppress superscripts ′.
*/

i = 1;
while i ⩽ q do

(1) if |Si| > m then
if i = q then

Sq+1 := ∅;
Tq+1 := ∅;
q := q + 1;

SHIFT_RIGHT(Si, Si+1, |Si| − m);
(2) if |Ti| > m and i < q then

SHIFT_RIGHT(Ti, Ti+1, |Ti| − m);
(3) if |Si| + |Ti| < m and i < q then

SHIFT_LEFT(Si, Si+1, m − |Si| − |Ti|);
if Si+1 = ∅ then

Ti = Ti ∪ Ti+1;
for j ⩾ i + 1 do

Sj := Sj+1;
Tj := Tj+1;

q := q − 1;
if |Ti| > m and i < q then

go to (2);
if i < q then

go to (3);

(4) if |Ti| + |Si+1| < m and i < q − 1 then
SHIFT_LEFT(Ti, Ti+1, m − |Ti| − |Si+1|);
if Ti+1 = ∅ then

Si+1 = Si+1 ∪ Si+2;
Ti+1 := Ti+2;
for j ⩾ i + 2 do

Sj := Sj+1;
Tj := Tj+1;

q := q − 1;
go to (4);

i = i + 1;
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Si−1

Ti−1

Si

Ti

Si+1

Ti+1

Si+2

T ′
i T ′

i+1

V0

V (P )∖V0

Figure 4: Illustration to step (2) of algorithm REWIRE. Operation
SHIFT_RIGHT(Ti, Ti+1, 1) moves the last vertex (red) of Ti to Ti+1. Some of
the original bridge-edges (dashed red) between Si+1 and Si+2 disappear, and no new edges
are created.

Si−1

Ti−1

Si

Ti

Si+1

S ′
i S ′

i+1

V0

V (P )∖V0

Figure 5: Illustration to step (3) of algorithm REWIRE. Operation
SHIFT_LEFT(Si, Si+1, 1) moves the first vertex (red) of Si+1 to Si. One of the
original edges (dashed red) in Si+1 disappears and no new edges are added.

(see Figure 4).
Step (3): Let S ⊂ Si+1 be the shifted subsegment. Note that each vertex of S was

originally at distance at most m from each vertex in Si. Hence, before the shift, the pair
(Si, S) induced a complete bipartite graph in P ′. Moreover (for i ⩾ 2), since yi−1 + xi ⩾ m,
after the shift, the subsegment S lies too far away from Si−1 to create any new edges
whatsoever. On the other hand, the distance between S and Si+1∖S increases, so we can
only lose edges (see Figure 5).

Step (4): In this step, only the edges incident to vertices in Si+1 are affected. Note
that each vertex in Si+1 loses exactly t = min(m − yi − xi+1, |Ti+1|) edges going to Si

(since xi + yi ⩾ m), and gains at most t edges going to the right, so the balance is again
non-positive (see Figure 6).

5 Proof of Proposition 8

In this section we prove Proposition 8. In each case, the 1-statement comes from the
general approach shown in Section 2 and the relevant value of the threshold/over-threshold
(depending on the validity of inequality (6)) is given in Table 5 or Table 6. Thus, one only
needs to prove the 0-statement, for which ad hoc arguments, similar to those used earlier
in [1] and [2], will have to be invented.
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Figure 6: Illustration to step (4) of algorithm REWIRE. Operation
SHIFT_LEFT(Ti, Ti+1, 1) moves the first vertex (red) of Ti+1 to Ti. One of the
original bridge-edges (dashed red) between Si and Si+1 disappears and one bridge-edge
(red) between Si+1 and Si+2 is created.

5.1 General outline

All proofs follow essentially the same line, similar, in fact, to that used in Section 3 to
prove Theorems 4(b) and 6 (the right-hand side inequality). For both, k = 2 and k = 3,
in all instances we use the graph G(k)

ε defined in Section 3. Let us recall that G(k)
ε is a

balanced, (k + 1)-partite, complete n-vertex graph on U1 ∪ · · · ∪ Uk+1, with additional
k + 1 unbalanced bipartite complete graphs inserted within each of the partition sets Ui,
between fixed sets Wi ⊂ Ui and their complements Ui∖Wi, where |Wi| = ⌈εn⌉, i ∈ [k + 1].

Given m, p, and k ∈ {2, 3}, let ε = ε(m, k) be such that

ε ⩽
1

(k + 3)(m + 1)2 .

Next, set H = G(k)
ε ∪ G(n, p) and let s be the smallest integer such that P(Xs > εn) =

o(1), where Xs is the number of copies of Ks in G(n, p). The goal is to show that
P(H ∈ HAMm

n , Xs ⩽ εn) = o(1).
Suppose that H contains the m-th power of a Hamilton cycle and fix one such cycle C.

Further, assume that G(n, p) contains at most εn copies of Ks. Next, order the vertices of
H according to the cyclic order determined by C and remove from H all vertices belonging
to W = W1 ∪· · ·∪Wk+1, as well as one vertex from each copy of Ks in G(n, p). Altogether,
we have removed at most (k + 2)εn vertices. What remains is a collection of vertex disjoint
m-paths and the longest of them has at least (n − εn)/((k + 2)εn) > 1/((k + 3)ε) vertices.
We truncate it so that it has precisely

L :=
⌈

1
(k + 3)ε

⌉

vertices and call it P . Note that by the choice of ε we have L ⩾ (m + 1)2. Finally, define
k + 1 vertex-disjoint subgraphs Pt := P [Vt], where Vt = V (P ) ∩ Ut, t ∈ [k + 1]. Observe
that each Pt ⊂ G(n, p) and thus Pt ̸⊃ Ks. Set

F := P1 ∪ · · · ∪ Pk+1
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and M := |E(F )|. The density of F is all what matters. Indeed, in each instance of the
proof we will show that the ratio M/L is large enough, so that, by Fact 13(a),

P(H ∈ HAMm
n , Xs ⩽ εn) ⩽ P(G(n, p) contains an (L, M)-subgraph) = o(1)

and the 0-statement holds (cf. Definition 3).

5.2 Edge suppliers

Here we gather a few simple facts that can be used to provide edges in the graph F defined
in the previous section.

Let us begin by noticing that every m + 1 consecutive vertices of P form a clique and
that an h-path on b vertices contains precisely hb −

(
h+1

2

)
edges. Slightly less trivial is the

following fact whose proof is deferred to the Appendix.

Fact 18. Let m ⩾ k(s − 1) + h. For each t ∈ [k + 1], if |Vt| ⩾ h + 1 then Pt contains
a spanning h-path.

By Fact 18 with h = m − k(s − 1), we infer that each component Pt of F contains
a spanning h-path and thus

M ⩾ hL − (k + 1)
(

h + 1
2

)
. (11)

In some cases, this is enough to apply Fact 13(a) and finish the proof. If not, one must
estimate the number of other edges in F .

For t ∈ [k + 1], a Vt-pair is a pair of vertices belonging to Vt. A Vt-pair {u, v} is called
q-far if u and v are separated in the ordering

−−−→
V (P ) by exactly q − 1 vertices of Vt. If,

moreover, {u, v} ∈ E(F ), we call it a q-far edge (of F ). For example, for
−−−→
V (P ) = [10] and

V2 = {2, 3, 5, 7, 9}, the pair of vertices {2, 7} is a 3-far V2-pair, while, if m ⩾ 5, it is also a
3-far edge.

Note that an h-path in Pt contains only i-far edges for 1 ⩽ i ⩽ h. We are about to
formulate two results which may provide i-far edges of F for i > h. For i ⩾ 1, let xi denote
the number of i-far edges of F .

A potential source of such edges lies in segments of m + 1 consecutive vertices of P
which, as was mentioned above, span cliques in P . Our first observation, whose proof is
left to the reader, follows easily by double counting.

Observation 19. If every (m + 1)-segment of
−−−→
V (P ) contains at least z edges of F that

are i-far, then
xi ⩾

z(L − m)
m + 1 − i

. (12)

If this is not enough, we still have one more card in the sleeve (with the proof provided
in Appendix).
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Observation 20. Let m = k(s − 1) + h. Then, for all h < i, j ⩽ s + h − i,

L − xi ⩽ (k + 1)i + i

s + h − i − j
· xj.

In particular,
L − xh+1 ⩽ (k + 1)(h + 1) + h + 1

s − 1 − j
· xj. (13)

5.3 Details

We examine each case separately, first taking care of the ordinary thresholds, followed
by the over-thresholds. Within each group, we order the values of m according to the
increasing complexity of the proofs.

I. Ordinary thresholds for k = 2

In each case, to claim that η is the desired (2, m)-Dirac exponent, one needs to show
that M/L > 1/η. Then, with p = O(n−η), apply Fact 13(a).

m = 11: η2,11 = 2
5

Here, the edges of the spanning h-paths are enough. By Fact 13(c) with s = 5, choose
c = c(ε) so that with p ⩽ cn−2/5, a.a.s. X5 ⩽ εn. Since h = m − 2(s − 1) = 3, using (11)
we have M ⩾ 3L − 18 > 5

2L (recall that L ⩾ (m + 1)2).
m = 16: η2,16 = 2

7

The proof is analogous to the previous one. With s = 7 and h = 4, we get M ⩾
4L − 30 > 7

2L.
m = 13: η2,13 = 1

3

In this case, we need the edges of the spanning h-paths together with some (h + 1)-far
edges. By Fact 13(c) with s = 6, choose c = c(ε) so that with p ⩽ cn−1/3, a.a.s. X6 ⩽ εn.
Since h = 3, using (11) we have at least 3L − 18 edges in the spanning h-paths. Consider
any 14-element segment of F and note that since there is no K6, each such segment is
split with respect to the number of vertices among the three sets V1, V2, V3 essentially in
only one way (ignoring permutations), that is, with composition 14 = 5 + 5 + 4. As such,
it contains two 4-far edges of F . Then, by (12), we have x4 ⩾ L−13

5 and, altogether, we
get the bound M ⩾ 3L − 18 + L−13

5 > 3L.
m = 18: η2,18 = 1

4

We use the same approach as above. It is enough to take s = 8 and h = 4, which
gives us at least 4L − 30 edges in the spanning 4-paths. Next, note that the only possible
decompositions of an 19-element segment are 19 = 7 + 7 + 5 = 7 + 6 + 6. Thus, each
such segment contains at least four 5-far edges and we have x5 ⩾ 2(L−m)

7 . Therefore,
M ⩾ 4L − 30 + 2(L−m)

7 > 4L.
m = 20: η2,20 = 2

9
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Here, apart from the edges of the spanning h-paths, we need some (h + 1)-far and
(h + 2)-far edges. Take s = 9 and h = 4, which again yield at least 4L − 30 edges
in the spanning 4-paths. This time we have three possible compositions of 21, that is
21 = 8 + 8 + 5 = 8 + 7 + 6 = 7 + 7 + 7, and each of them brings exactly six 5-far edges and
at least three 6-far edges of F . Therefore, by (12), x5 ⩾ 3(L−20)

8 and x6 ⩾ L−20
5 , and we

get the bound M ⩾ 4L − 30 + 3(L−20)
8 + L−20

5 > 9
2L.

II. Over-thresholds for k = 2

We now move on to over-thresholds. To use Fact 13(a), we will again show that the ratio
M/L is large enough. However, owing to the −µ term in the exponent in the definition of
the over-threshold, the bounds which we use can be relaxed. In particular, to claim that η̄
is the correct (2, m)-Dirac over-exponent, it is enough to show that M ⩾ L/η̄ − b for some
positive constant b. Indeed, given µ and b, take p(n) ⩽ n−η̄−µ and choose ε > 0, so that
5bε < 1

η̄
− 1

η̄+µ
. Then,

M

L
⩾

1
η̄

− b

L
⩾

1
η̄

− 5bε >
1

η̄ + µ
,

and, by Fact 13(a), we get the 0-statement.
Another difference is that instead of Fact 13(c), it is now sufficient to use Fact 13(b)

to determine s.
m = 8: η̄2,8 = 1

2

In this case, we will only use the edges of the spanning h-paths. With s = 4 and h = 2,
by (11) we have M ⩾ 2L − 9.

m = 10: η̄2,10 = 4
9

Here we need the spanning h-paths together with (h+1)-far edges. Take s = 5 and h = 2.
This brings 2L − 9 edges in the spanning 2-paths. Since the only possible decomposition
of an 11-element segment is 11 = 4 + 4 + 3, we get two 3-far edges in each such segment,
and therefore, by (12), x3 ⩾ L−10

4 . Altogether, we get M ⩾ 2L − 9 + L−10
4 = 9

4L − 111
2 .

m = 12: η̄2,12 = 5
13

This time we will need a more careful analysis, where instead of estimating the numbers
of (h + 1)-far and (h + 2)-far edges separately, we will estimate their total number together.

Take s = 6 and h = 2. This gives 2L − 9 edges in the spanning 2-paths. There are
two ways to decompose a 13-element segment: 13 = 5 + 5 + 3 = 5 + 4 + 4. In each case
we get four 3-far edges and at least one 4-far edge, therefore x3 ⩾ 2(L−12)

5 and x4 ⩾ L−12
9 .

Together, M ⩾ 2L − 9 + 2(L−12)
5 + L−12

9 = 223
45L − 15 2

15 , not good enough, since 223
45 < 13

5 .
Fortunately, there is still room for improvement, based on the optimization technique

from [2, proof of Thm. 1.5, m = 9]. Our goal is to minimize the value x3 + x4 by relating
x3 with x4. By (13), we get the bound L − x3 ⩽ 9 + 3x4. Thus, we arrive at the following
system of inequalities x3 ⩾ 2

5L − 24
5

x3 ⩾ L − 3x4 − 9.
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Multiplying the first inequality by 2/3 and the second one by 1/3, and then adding them
together, yields

x3 + x4 ⩾
3
5L − 61

5 .

Thus, we get a sufficiently good lower bound

M ⩾ 2L − 9 + 3
5L − 61

5 = 13
5 L − 151

5 .

m = 15: η̄2,15 = 2
7

We use a similar optimization as in the previous case. Take s = 7 and h = 3, which
yields 3L − 18 edges in the spanning 3-paths. Next, there are two ways to decompose a
16-element segment: 16 = 6 + 5 + 5 = 6 + 6 + 4. For each one, we get four 4-far edges and
thus x4 ⩾ L−15

3 .
Further, by (13), L − x4 ⩽ 12 + 4x5, so the following system of inequalities emerges:x4 ⩾ 1

3L − 5
x4 ⩾ L − 4x5 − 12.

Multiplying the first one by 3/4 and the second one by 1/4, we get

x4 + x5 ⩾
1
2L − 63

4

and, consequently,
M ⩾ 3L − 18 + 1

2L − 63
4 = 7

2L − 243
4 .

m = 17: η̄2,17 = 7
27

Once again we use the same optimization technique, but this time involving (h + 1)-
far, (h + 2)-far and (h + 3)-far edges. Take s = 8 and h = 3 to get 3L − 18 edges
in the spanning 3-paths. Since each 18-element segment can be split in three ways:
18 = 7 + 7 + 4 = 7 + 6 + 5 = 6 + 6 + 6, in each case we get six 4-far edges, which
yields the bound x4 ⩾ 3(L−17)

7 . As for the 5-far and 6-far edges, using again (13), we get
L − x4 ⩽ 12 + 2x5 and L − x4 ⩽ 12 + 4x6. This leads to the following system of inequalities

x4 ⩾ 3
7L − 17

7
x4 ⩾ L − 2x5 − 12
x4 ⩾ L − 4x6 − 12.

Multiplying the above inequalities by 1/4, 1/2 and 1/4, respectively, and then adding
them together gives

x4 + x5 + x6 ⩾
6
7L − 917

28 .
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Therefore,
M ⩾ 3L − 18 + 6

7L − 917
28 = 27

7 L − 917
28 .

III. Ordinary thresholds for k = 3
Similarly to Case I., to claim that η is the desired (3, m)-Dirac exponent, one suffices

to show that M/L > 1/η.
m = 15: η3,15 = 2

5

It is enough to take the spanning h-paths. With s = 5 and h = 3, by (11) we get
M ⩾ 3L − 24 > 5

2L.
m = 18: η3,18 = 1

3

With s = 6 and h = 3, by (11), we get 3L − 24 edges in spanning 3-paths. Moreover,
since 19 = 5 + 5 + 5 + 4, every 19-vertex segment contains at least three 4-far edges and,
by Observation (12) we get x4 ⩾ 3(L−18)

15 . Thus, altogether, M > 3L.
m = 19: η3,19 = 1

3

Since we have just proved that η3,18 = 1
3 , while η3,20 = 1

3 was established in [1], the
result follows by monotonicity: η3,18 ⩾ η3,19 ⩾ η3,20.

IV. Over-thresholds for k = 3
Similarly to Case II., to claim that η̄ is the correct (3, m)-Dirac over-exponent, it is

enough to show that
M ⩾ L/η̄ − b

for some positive constant b.
m = 11: η̄3,11 = 1

2

In this case the spanning h-paths are enough. Taking s = 4 and h = 2, by (11) we get
M ⩾ 2L − 12.

m = 14: η̄3,14 = 4
9

Here we need the spanning h-paths together with (h+1)-far edges. Take s = 5 and h = 2.
This gives 2L − 12 edges in the spanning 2-paths. Since there is only one decomposition
of a 15-element segment, namely 15 = 4 + 4 + 4 + 3, in each such segment we get three
3-far edges. Thus, by (12), we have x3 ⩾ L−14

4 . Hence, M ⩾ 2L − 12 + L−14
4 = 9

4L − 151
2

m = 17: η̄3,17 = 5
13

We will use the optimization connecting the number of (h + 1)- and (h + 2)-far edges.
With s = 6 and h = 2, one gets 2L − 12 edges in the spanning 2-paths. Next, since each
18-element segment can be split either with composition 5 + 5 + 5 + 3 or 5 + 5 + 4 + 4,
this brings six 3-far edges and, by (12), x3 ⩾ 2(L−17)

5 . By (13), we get also the relation
L − x3 ⩽ 12 + 3x4. This leads to a system of inequalitiesx3 ⩾ 2

5L − 17
5

x3 ⩾ L − 3x4 − 12,
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which, after multiplying the first one by 2
3 and the second one by 1

3 , implies that

M ⩾ 2L − 12 + x3 + x4 ⩾ 2L − 12 + 3
5L − 6 4

15 = 13
5 L − 18 4

15 .

6 Open questions

1. We believe that in Theorem 6 it is the lower bound which yields the correct value of
the over-threshold.

Conjecture 21. For all integers k ⩾ 2, there exists a constant mk such that for all
m ⩾ mk,

η̄k,m = 1
f(ℓk,m) .

One way to confirm it would be to strengthen the bound in Lemma 16 accordingly.

Conjecture 22. Fix k ⩾ 2 and m ⩾ k + 1. There exists a positive constant c = c(m)
such that if P is an m-path with the vertex set partition V (P ) = V1 ∪ · · · ∪ Vk+1, then
there exists j ∈ [k + 1] such that

|E(P [Vj])| ⩾ f(ℓk,m)|Vj| − c(m).

One possible line of attack at Conjecture 22 could be to alter the algorithm REWIRE
so that the output partition satisfied yi ⩽ kxi for each i. Then, we would have

q′∑
i=1

(
xi

2

)
+

q′∑
i=1

(
m + 1 − yi

2

)
⩾

q′∑
i=1

xif(xi) ⩾ f(ℓk,m)L0.

2. It seems that using our techniques one can compute Dirac thresholds for more small
instances. For k = 2, in the smallest open case, m = 19, a similar strategy to that in
Section 5 fails. Hence, any 0-statement proof would require a more sophisticated approach,
along the proof for m = 12, 15, 17, but probably much harder. Also, one could try to
determine the ordinary thresholds for m ∈ {22, 27, 29, 31, 33, 44, 46}, that is, for all values
of m which were singled out as the remaining likely cases in Proposition 12.

For k = 3, within our reach are ordinary thresholds for m = 22, 23, 26, 29 (just based
on Fact 18) and m = 25, 28, 32, 39 (Fact 18 plus Observation 19). More ambitious seems
to be the task of determining the over-thresholds for m = 21, 24, 27, 30 and the ordinary
threshold for m = 31.

We have not tried larger values of k, but it looks plausible that for some initial values
of m our approach should work for them as well.

3. Another challenging problem is, for a given m and k, to determine the thresholds
for HAMm

n in the case where ε = 0, that is, when the deterministic graph G satisfies only
the assumption δ(G) ⩾ k

k+1n, or, more generally, when δ(G) ⩾ αn for any fixed α > 0. So
far, this problem has been solved only for m = 1 in [4] and for m = 2 in [5].
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A Remaining proofs

Here, we present the proofs of Proposition 12, Facts 24 and 25, as well as Fact 18 and
Observation 20. For convenience, we restate the statements below.

the electronic journal of combinatorics 33(4) (2026), #P4.26 28

https://arxiv.org/abs/2410.23868


Proposition 23. For every k ⩾ 1 and m > k, if rcr ⩾ 5k/2, then f(ℓcr − 1) ⩽ ℓcr/2.
Consequently, if m ⩾ (7k/2)3, then (6) holds. Moreover, for k = 2, (6) holds for all odd
m ⩾ 15, except m = 27, 29, 31, 33, and for all even m ⩾ 24, except m = 44, 46.

Proof. To simplify the notation, within this proof we abbreviate r := rcr and ℓ := ℓcr. We
have m = k(ℓ − 1) + r + k, so setting ℓ′ = ℓ − 1 and r′ = r + k, by the definition of r we get

ℓ′ < r′(r′ + 1) = (r + k)(r + k + 1).

The desired inequality

f(ℓ′) =

(
ℓ′

2

)
+
(

r+k+1
2

)
ℓ′ ⩽ ℓ/2

or, equivalently,
(r + k + 1)(r + k) ⩽ 2ℓ′ (14)

follows, owing to ℓ ⩾ r(r + 1), from inequality

(r + k + 1)(r + k) ⩽ 2 (r(r + 1) − 1) ,

which is equivalent to
r2 + r ⩾ 2rk + k2 + k + 2. (15)

Being a quadratic inequality in r, (15) can be solved precisely, but we are contented
with the observation that it is true for r ⩾ 5k/2. Indeed, for k = 1 it becomes r2 ⩾ r + 4,
which holds for r ⩾ 3. For k ⩾ 2,

r2 = (r − k)2 + 2rk − k2 ⩾
5
4k2 + 2rk

and so the left-hand side of (15) is at least

2kr + 5
4k2 + 5

2k ⩾ 2kr + k2 + k + 2,

as 1
4k2 + 3

2k ⩾ 2.
For the second part of Proposition 12, first note that for m ⩾ (7k/2)3 > (k2 + 1)(k − 1),

the parameter r := rcr exists. We now combine the expression m = kℓ′ + r + k with the
inequality ℓ′ ⩽ (r + k)(r + k + 1) − 1, to obtain the bound

m ⩽ k(r + k)(r + k + 1) + r ⩽ (r + k)3.

Thus, for m ⩾ (7k/2)3, we get r ⩾ 5k/2 and, by the first part of Proposition 12,

f(ℓ∗) ⩽ f(ℓ′) ⩽ ℓ/2.

Finally, let us consider the case k = 2 and two subcases with respect to the parity of m
(since rcr must have the same parity as m). For even m, by (15), rcr ⩾ 6 implies (14).
Thus, by (3), m ⩾ 2 · 6 · 7 + 6 = 90 suffices. For odd m, the bound is even lower: we just
need rcr ⩾ 5 and, consequently, m ⩾ 2 · 5 · 6 + 5 = 65.
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Both of these bounds can be lowered even further by means of monotonicity. Indeed,
we have rcr(2, 48) = 4 and ℓcr(2, 35) = 22, and for these values inequality (14) holds. So it
does for every greater value of ℓcr as long as rcr = 4 (since ℓ appears only on the right-hand
side of (14)), that is, up to m = 88. Similarly, rcr(2, 24) = 2 and ℓcr(2, 24) = 11, so, again,
(14) holds for all even m ∈ {24, . . . , 42}.

For m odd we argue in the same fashion: we have rcr(2, 35) = 3 and ℓcr(2, 35) = 16,
so for these values inequality (14) holds. Consequently, it does for every greater value of
ℓcr as long as rcr = 3, that is, up to m = 63. By the same token, since rcr(2, 15) = 1 and
ℓcr(2, 15) = 7, inequality (14) holds for all m ∈ {15, . . . , 25}.

Fact 24. For m ⩾ 30k3, we have m
k+1 ⩽ ℓk,m < (m − kℓk,m)(m − kℓk,m + 1).

Proof. For the first inequality it suffices to take m ⩾ k2 and show that λk,m ⩾ m+k
k+1 as

then
ℓk,m ⩾ ⌊λk,m⌋ ⩾

⌊
m + k

k + 1

⌋
⩾

m

k + 1 .

Recalling that λk,m =
√

m2+m
k2+1 , the inequality λk,m ⩾ m+k

k+1 is equivalent (after squaring
both sides) to

(m − k2)(k2 + 2km + 1) ⩾ 0,

which holds for m ⩾ k2.
For the second inequality, first note that for k ⩾ 1,

k2 + 1 ⩾ k2 + 1
2 + 1

16k2 =
(

k + 1
4k

)2

and
m2 + m ⩽ m2 + m + 1

4 =
(

m + 1
2

)2
.

Thus,

ℓk,m ⩽ ⌈λk,m⌉ ⩽

⌈
m + 1

2
k + 1

4k

⌉
⩽

m + 1
2

k + 1
4k

+ 1 =: x.

Consequently, ℓk,m < (m−kℓk,m)(m−kℓk,m +1) will follow from x < (m−kx)(m−kx+1),
which after some easy but tedious calculations, is equivalent to

16k6 − 12k4 + (−24m − 12)k3 − 9k2 + (−6m − 3)k + m2 + m − 1 > 0.

It is not difficult to see that the latter holds for m ⩾ 30k3, since

16k6 − 12k4︸ ︷︷ ︸
⩾4k6

+ (−24m − 12)k3︸ ︷︷ ︸
=−24mk3−12k3

−9k2︸ ︷︷ ︸
⩾−9k3

+ (−6m − 3)k︸ ︷︷ ︸
⩾−6mk3−3k3

+ m2 + m︸ ︷︷ ︸
30mk3+30k3

−1 ⩾ 4k6 + 6k3 − 1 > 0.

Next, we provide an estimate on the difference between the bounds in Theorem 6.
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Fact 25. For any integer k and m > k we have

1
f(λk,m) − 1

f(ℓk,m) ⩽
128k5

m3 .

Proof. Recall that f := fk,m is a continuous, convex function with a unique global minimum
at λ := λk,m and a minimum over integer domain at ℓ := ℓk,m. Thus,

f(ℓ) ⩽ min{f(λ − 1), f(λ + 1)}.

But,
f(λ − 1) − f(λ) = (k2 + 1)2

−2k2 + 2
√

(k2 + 1)m(m + 1) − 2

f(λ + 1) − f(λ) = (k2 + 1)2

2k2 + 2
√

(k2 + 1)m(m + 1) + 2
,

hence, we have

f(ℓ) − f(λ) ⩽ (k2 + 1)2

2k2 + 2
√

(k2 + 1)m(m + 1) + 2
⩽

(k2 + 1)2

2km
.

Moreover, since clearly k2 + 1 ⩾
(
k + 1

4k

)2
and m2 + m ⩾

(
m + 1

4

)2
, we get

f(λ) =
√

(k2 + 1)(m2 + m) − (2m + 1)k
2 − 1

2

⩾
(

k + 1
4k

)(
m + 1

4

)
− (2m + 1)k

2 − 1
2 = 4m − 4k2 − 8k + 1

16k
.

Now for m ⩾ 6k2,

4m − 4k2 − 8k + 1 = (2m + 2m) − 4k2 − 8k + 1 ⩾ 2m + 12k2 − 4k2 − 8k + 1 ⩾ 2m

and f(λ) ⩾ m/(8k). Hence,

1
f(λ) − 1

f(ℓ) ⩽
f(ℓ) − f(λ)

f(λ)2 ⩽
(k2 + 1)2

2km
· 64k2

m2 = 32k(k2 + 1)2

m3 ⩽
32k(2k2)2

m3 = 128k5

m3 .

Fact 26. Let m ⩾ k(s − 1) + h. For each t ∈ [k + 1], if |Vt| ⩾ h + 1 then Pt contains
a spanning h-path.

Proof. By symmetry it suffices to prove the statement for t = 1 only. Let u1, . . . , uh+1 be
consecutive (in the order established by P ) vertices of P1. We claim that there are at
most k(s − 1) other vertices between u1 and uh+1 which will yield the presence of an edge
between u1 and uh+1, completing the proof.
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Suppose this is not true. Then, by the pigeonhole principle, there are s vertices between
u1 and uh+1, all from the same set Vt, for some t ∈ {2, . . . , k + 1}. Let u1 < v1 < · · · <

vs < uh+1 be an s-tuple of such vertices such that the pair {v1, vs} is separated in
−−−→
V (P )

by the smallest possible number of vertices. Let there be exactly q − 1 vertices between
v1 and vs. Then, to avoid Ks in F , we must have q − 1 ⩾ m. Thus, there are at least
m − (h − 1) ⩾ k(s − 1) + 1 vertices of V2 ∪ · · · ∪ Vk+1 between v1 and vs. Among them,
again by the pigeonhole principle, there are s vertices which all belong to the same subset
Vt′ , for some t′ ∈ {2, . . . , k + 1}. This contradicts the choice of the s-tuple {v1, . . . , vs}, as
the new s-tuple is squeezed between v1 and vs.

Observation 27. Let m = k(s − 1) + h. Then, for all h < i, j ⩽ s + h − i,

L − xi ⩽ (k + 1)i + i

s + h − i − j
· xj.

In particular,
L − xh+1 ⩽ (k + 1)(h + 1) + h + 1

s − 1 − j
· xj. (13)

Proof. For i ⩾ 1 and t ∈ [k + 1], let x
(t)
i be the numbers of i-far edges in Pt. Note that

there are exactly |V1| − i V1-pairs that are i-far, and |V1| − i − xi(V1) of them are not
V1-edges. Let u < v be one such pair, and let x

(t)
j (u, v) be the number of j-far Vt-edges

between u and v. The only reason for u < v not to be an i-far edge is that v − u ⩾ m + 1,
that is, there are at least m vertices of P between u and v. Since we are after a lower
bound on ∑k+1

t=2 x
(t)
j (u, v), we assume that there are exactly m such vertices.

Among these vertices, exactly i − 1 belong to V1, while the remaining vertices are
shared between the other k sets. Since there are no copies of Ks in any Pt, at most s − 1 of
these vertices belong to each set Vt, and so, at least m − (i − 1) − (k − 1)(s − 1) = s + h − i
are in each set. Thus, owing to the upper bound on j,

k+1∑
t=2

x
(t)
j (u, v) ⩾ k (s + h − i − j) .

Let P1 be the set of all i-far V1-pairs that are not edges of F and denote by E ̸=1 the
set of all j-far Vt-edges in F for some t ⩾ 2. Imagine an auxiliary bipartite graph G
between the sets of pairs P1 and E̸=1 where an edge connects (u, v) ∈ P1 with (w, z) ∈ E̸=1
whenever u < w < z < v. Set e := |E(G)| and observe that by the above argument

e ⩾ |PA| · k (s + h − i − j) .

On the other hand, the degree of each vertex (w, z) ∈ E̸=i is at most i. Indeed, consider
all pairs (u, v) connected with (z, w) in G. Their left ends lie to the left of w, while their
right ends to the right of z (we assume w < z here) and each pair is i-far. This implies
that there cannot be more than i of them. (The maximum value of i is achieved by a
configuration consisting of a block of i vertices of V1 followed by at least m − i + 1 vertices
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of ⋃k+1
t=2 Vt, followed by another block of i vertices of V1). Consequently, e ⩽ |E̸=1| · i and,

put together,
|P1| · k (s + h − i − j) ⩽ |E̸=1| · i,

or, equivalently,

|V1| − i − x
(j)
i ⩽

i
∑k+1

t=2 x
(t)
i

k (s + h − i − j) .

By symmetry, we also get

|Vt| − i − x
(t)
i ⩽

i
∑k+1

t′=2 x
(t′)
i

k (s + h − i − j)

for all t = 2, . . . , k + 1. Summing these k + 1 inequalities, we get

L − (k + 1)i − xi ⩽
i

s + h − i − j
· xj,

as required.
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