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Abstract

A graph is called edge-primitive if its full automorphism group acts primitively
on its edge set. In this paper, we give a complete classification of all types of finite
edge-primitive 2-arc-transitive Cayley graphs and bi-Cayley graphs.
Mathematics Subject Classifications: 05C25, 05C45

1 Introduction

All graphs considered in this paper are assumed to be finite, simple, connected and undi-
rected. An edge-transitive graph is called edge-primitive if some (and hence every) edge-
stabilizer, the subgroup of the full automorphism group which fixes a given edge, is a
maximal subgroup of the automorphism group.

The interest for edge-primitive graphs arises partially from the fact that many (almost)
simple groups may be represented as the automorphism groups of edge-primitive graphs.
For example, the sporadic Higman-Sims group HS is a group of automorphisms of a rank
3 graph (i.e., HS acts on the vertex set as a transitive permutation group of rank 3)
with order 100 and valency 22, which is in fact an edge-primitive and 2-arc-transitive
graph with full automorphism group HS.C,. Many famous graphs are edge-primitive,
for example, the Heawood graph, the Tutte-Coxeter graph and the Higman-Sims graph.
It is well-known that edge-transitive graphs are either bipartite or vertex-transitive, and
so are edge-primitive graphs. As a subclass of the edge-transitive graphs, edge-primitive
graphs posses more restrictions on their symmetries and automorphism groups. By [8], a
connected G-edge-primitive graph is either G-arc-transitive or a star graph, provided that
it is not a cycle. Moreover, appealing to the O’Nan-Scott Theorem for (quasi)primitive
groups, Giudici and Li investigated the structural properties of edge-primitive graphs,
particularly, on their automorphism groups, in [8].
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An (Autl', s)-arc-transitive graph I' (simply called an s-arc-transitive graph) means
that the full automorphism graph Autl' acts transitively on all s-arcs. As for s-arc-
transitive graphs, Li, etc. [15] studied s-arc-transitive graphs with s > 2, and gave a
characterization of the actions of vertex-transitive normal subgroups. Finite 2-transitive
permutation groups are classified, as a consequence of the classification of finite simple
groups, and Li, etc. gave the structural information of their point stabilizers.

Lu [25] proved that a finite edge-primitive 2-arc-transitive graph has almost simple
automorphism group if it is neither a cycle nor a complete bipartite graph. Furthermore,
Lu also presented two examples of such graphs, which are 3-arc-transitive and have faithful
vertex-stabilizers. With these results, we are curious to find a classification of edge-
primitive and 2-arc-transitive Cayley graphs and bi-Cayley graphs, where the (bi-)Cayley
graph means its full automorphism group contains a subgroup acting regularly (resp.
semiregularly and having two same orbits) on its vertex set.

In this paper, we aim to determine all the Cayley graphs and bi-Cayley graphs under
the assumption that they are edge-primitive and 2-arc-transitive. The main result of this
paper is stated as follows.

Theorem 1. Let I' be an edge-primitive 2-arc-transitive Cayley graph or bi-Cayley graph
with valency no less than three. Then I' is isomorphic to either a complete graph K,, for
n = 5, the Higman-Sims graph, a complete bipartite graph K,,,, for m > 3 integer, the
Heawood graph, the point-line non-incidence graph, or a graph given in Examples 14-18.

2 Preliminaries

For the group-theoretic terminology not defined here we refer the reader to [5, 32]. For
two groups N and F', denoted by N.F' an arbitrary extension of N by F. For convenience,
we denote by [n] an (unspecified) group of order n.

Let I be a graph. The vertex set, edge set and full automorphism group of I' will
be denoted by VI, ET' and Autl', respectively. For v € VT, the set I'(v) = {u €
V|{u,v} € ET} is called the neighborhood of v in I', while |I'(v)| is called the valency
of v. Note that the group Autl’ has a natural action on the edge set ET". The graph I'
is called edge-transitive if ET' is not empty and for each pair of edges there exists some
g € Autl’ mapping one of the two edges to another. Similarly, we may define vertex-
transitive, arc-transitive and s-arc-transitive graphs. For a non-negative integer s, an
(s +1)-tuple (ap, aq, -+, ay) of vertices is called an s-arc if {a;_1,0;} € ET for 1 <i<'s
and a;_1 # ;1 for 1 < i < s —1. The graph T' is called (G, s)-arc-transitive if I' has
at least one s-arc, and G < Autl’ is transitive on both of VI' and the set of s-arcs of I'.
Note that an (G, 0)-arc-transitive graph is just a G-vertex-transitive graph. In particular,
an (Autl', s)-arc-transitive graph I" will be simply called an s-arc-transitive graph.

A graph I is said to be a cover of a graph ¥, if there exists a surjection ¢ : VI' — VX
which preserves adjacency and is a bijection from the neighbors of v to the neighbors of
v® for each vertex v of I'. Suppose that I is a (G, s)-arc-transitive graph with s > 2, and
G has a normal subgroup N which has at least three orbits on the vertex set VI'. Then
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N induces a graph I'yy, where VI'y is the set of N-orbits on VI' and ETy is the set of
N-orbits on ET, called the normal quotient of I' induced by N. In this context, we call
I' a normal cover of 'y, and call I' a proper normal cover of I'y if in addition N # 1.

Let I' be a connected G-arc-transitive graph and ¥ a G-invariant partition of VI'. We
define the quotient graph I's, to be the graph with vertex set ¥ such that U/ W € ¥ are
adjacent if and only if I" has an edge {u,v} with « € U and v € W. It implies that 'y is
arc-transitive. Further, if for an arc (U, W) of I'y, there is only one arc (u,v) of I' with
u € U and v € W, then I is called a spread of I'y,. Let N <G and ¥ be an orbit of N.
Then I'y; is called the normal quotient of I' denoted by I'y, and further, a spread of 'y
is called a normal cover of I'y.

Let GG be a finite group. For a subset S of GG such that S does not contain the identity
1of Gand S =871 :={s7!s € S}, the Cayley graph I' = Cay(G, S) of G with respect
to S is the graph with vertex set VI' = G and edge set ET' = {{g,sg}|g € G,s € S}. Let
X = Autl', and X, be the point-stabilizer of o € G. It is familiar to us that X = GrX,,
where the group Gr = {py|lg € G} of right translations p, : z — zg is a subgroup of the
full automorphism group Autl’ and acts regularly on VI'. Without causing confusion, we
also identify G with Gg. Given a group H and a subset S of H, the bi-Cayley graph
over H with respect to S, denoted by BiCay(H, S), is defined as the bipartite graph with
vertex set H x {0,1} and edge set {{(h,0),(sh,1)} | h € H,s € S}.

Let T be a connected graph, a € VI', G < Autl’ and {«, 5} € ET. The point-
stabilizer of «, the edge-stabilizer of {c, 5} and the arc-stabilizer of («, 3) are denoted by
Ga, Giapy and Gap respectively. Denote by GL the permutation group induced by G,
on I'(c) and GY! the kernel of G, acting on I'(«).

Assume that G is 2-arc-transitive on I'. Then Ga® is a 2-transitive group. In par-
ticular, the socle soc(Gg(a)) is either a nonabelian simple group or an elementary abelian
group of prime power order. Note that the arc-stabilizer G,z acts transitively on I'(5)\{a}

with kernel G/[BH. Since G[O}] is normal in G,g, we have
(GI)'D G = Gos /G (1)
Let G% =GN Gg}. Writing G, in group extensions, we have
Go = GIL(GIHT® gL, 2)

The next lemma is straightforward (see, for example, [21, Lemma 2.1]).

Lemma 2. Let ' be a k-valent (X,2)-arc-transitive graph with X < Aut(I') and let
o € VT. If X, is almost simple, then X, = X4,

The next result on 2-arc-transitive graphs is formulated from [28, 31, 30].

Lemma 3. Let I be a connected graph of valency k > 3f and G be a 2-arc-transitive group
of I'. Assume that Ggg # 1 for {a, 8} € ET'. Then G;]ﬁ 1S a p-group for some prime p,

Gg(a) is a p-local, PSLy(p?) < GR@, k = ’%, and either d > 3 or one of the following
holds:
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(1) G, = [p*] : (C..PGLy(p")).0, where ¢ = (;j';f—__ll) and O has order a divisor of

(2) p=2 and G, = [2%7] : GLy(27).C., where e is a divisor of f;
(3) p=3 and G, = [3%] : GLy(37).C., where e is a divisor of f;
In particular, Gy, is solvable if and only if (k,d,p’) = (3,2,2) or (4,2,3).

Let H be a subgroup of a finite group G such that H is core-free, that is NgeqHY = 1.
For x € G\ H, the coset graph Cos(G, H, H{x, ="'} H) is defined on [G : H], the set of right
cosets of H in G, such that Hg, and Hg, are adjacent whenever gog;* € H{z,2z '} H. In
the case where HrH = Hz 'H, we denote this coset graph by Cos(G, H, ). Note that
G may be viewed as a subgroup of AutCos(G, H, H{x,z '} H), where G acts on [G : H]
by right multiplication. In particular, Cos(G, H, x) is a Cayley graph whenever H = 1.

Further, we have the following result (see [19, Lemma 3.2] for example).

Lemma 4. Let I" be a graph with ET' # @ and G < Autl'. If T is G-arc-transitive, then
for {u,v} € ET and x € G with (u,v)*” = (v,u), we have I' = Cos(G, Gy, z); moreover,
such an x may be chosen as a 2-element in Ng(Guw) \ Nag(Gy) and (x,G,) = G.

For the exact factorization, we have the following result.

Lemma 5. [2, Thoerem 3] Let G be an almost simple group with socle Gy and G = HK
such that H is solvable, K is core-free and H N K = 1. Then one of the following holds:

(i) Go = A,,, H is transitive on {1,--- ,n} and K = A,y or S,_1.

(ii) Go = Ay, n=p® is a prime power, H < AT'Ly(p®) is 2-homogeneous on {1,--- ,n}
and An,Q < K < Sn72 X SQ.

(111) Go == PSLn(q), HnN GO < C{”:)ld . Cn and C](D”—l)f . SLn_1<Q) S] KN GO with
d=(n,q—1).

(iv) Go = PSpy,,(q) with q even, m > 3, HNGqy < C;"f : Cym_1.Cy and KNGy = Q5,,(q)-

(v) (G,H, K) is one of the cases listed in [2, Table 4.

For edge-primitive 2-arc-transitive graph, we have the following result which is critical
for this paper.

Lemma 6. /8, Lemma 3.5] Let I' be an edge-primitive 2-arc-transitive graph. Then I' is
either vertex-quasiprimitive or vertex-biquasiprimitive.

Remark 7. By examining the proof process of the above lemma, we get that I" is vertex-
quasiprimitive if it is not a bipartite graph.

Recall that a Cayley graph of finite group H is called a solvable graph if H is solvable.
The following lemma is about solvable graphs.
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Table 1: (G, S,TI)

row | G S Ga Gap s | T n k
1 Ss 5:4 Dy 2? 3 | Petersen 10 |3
2 S6 32 : Dg AGL4(5) 4 2 36 |5
3 PLL2(9) | 3?:Dg 2x AGL1(5) | 2x 4 2 | same as row 2 36 5
4 PSLo(11) | 11:5 Ay 3 2 55 4
5 PGLy(11) | 11:5 Sa Sa 2 | same as row 4 55 4
6 | PSLy(23) | 23:11 S4 Ss 2 253 | 4
7 PSL(19) | 19:9 As Dio 2 57 6
8 PSL2(59) | 59 :29 As Dio 2 1711 | 6
9 PSU;3(5) |5.7:8 A Ag 3 | Hoffman-Singleton | 50 7
10 | Py(5) 5072:8 | Sy Se 3 | Hoffman-Singleton | 50 | 7
11 | HS 5172 :8.2 | My PSL3(4) | 2 | Higman-Sims 100 |22
12 | HS .2 524 Mgy .2 PXL3(4) | 2 | Higman-Sims 100 | 22

Lemma 8. [17, Corollary 1.5] A connected non-bipartite 2-arc-transitive solvable Cayley
graph of valency at least three is a normal cover of

(1) a complete graph, or
(2) a normal Cayley graph of C¢, or
(3) a (G, s)-arc-transitive graph I" where G < Autl' and either

(3.1) G =PSL, (pf) -O is almost simple with O < Ca,—1)XCy and p prime, G, = pl
Gag, Gap s a transitive subgroup of I'Ly (pf) , G has a vertex-transitive subgroup
S=D oy - O, and s =2; or

2p)(p7+1)

(3.2) G has a vertez-transitive solvable subgroup S such that (G,S,T') is described in
Table 1.

For edge-primitive 2-arc-transitive graphs, we have the following useful result.

Lemma 9. /25, Theorem 1.1] Let T be an edge-primitive d-reqular graph for some integer
d > 3. If T is 2-arc-transitive, then either ' is a complete bipartite graph, or Autl' is
almost simple.

Weiss [29] determined all edge-primitive cubic graphs. This result can also be found
from [10, Page 492].

Lemma 10. Let " be an edge-primitive cubic graph. Then I is isomorphic to the complete
bi-partite graph Ks 3, or the Heawood graph of order 14, or the Biggs-Smith cubic distance-
transitive graph of order 102 or the Tutte-Cozeter graph of order 30 (also known as Tutte’s
8-cage or the Levi graph).

To complete the paper, we also need the following result.
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Lemma 11. Let n > 2 be a given positive integer, and k, m be positive integers such that
n =k + m. Then the value of k! - m! is minimal if and only if |k —m| < 1.

Proof. Without loss of generality, we assume that & > m
Firstly, suppose that n = 2t + 1 is odd with ¢ > 1 an integer. Let K =t + 1 + a and
m =1t — a for a > 0 integer. Then we have that

El-m! (t+1+a)-(t—a) (t+2)(t+3)---(t+a)(t+1+a)
-+ (t+ 1) ¢! T tt—1)(t—a+2)(t—a+1)
_t+2 643 _ita t¥lia
t  t—1 t—a+2 t—a-+1 ’

and the equation holds if and only if a = 0 with £ —m = 1, as desired.
Next, assume that n = 2¢ is even. Let £k =t 4 a and m =t — a for an integer a > 0.
Then we have that

El-m! (t+a)-(t—a) (@E+1){E+2)--(t—14+a)(t+a)
@W B (t)2 Tt —1) - (t—at+2)(t—a+1)
b+l 42 t—1+a _tta _
ot t—1 t—a+2 t—a+17~ "7
and the equation holds if and only if a = 0 with £k —m = 0, as desired. O

The next lemma is about the order of the maximal subgroups of S,, and A,,.

Lemma 12. Let X & S, or A, and G a mazimal subgroup of X for a positive integer
n>=5. Then |G| >n |X“

Proof. Note that the maximal subgroups of S,, or A,, are listed in [22, Theorem|. Assume
that n = 5. Note that the maximal subgroup of X = S5 is isomorphic to Sy, Cs : C4 or
Cy x Sz, and the maximal subgroup of X = Aj is isomorphic to A4, Dyg or Sz (see [5,
page 2| for example). Then |G| > 2 -5 whenever X = S5 and |G| > 5 whenever X = A;,
and so Lemma 12 holds in this case.

Now we suppose that n > 6 in the following proof. Note that G is a maximal subgroup
of X. Assume that G is the type (a) of [22, Theorem], i.e., G = (S; x S,,,) N X for
n=*kr+mandk #m. If m=1or k =1, since m # k, then (X,G) = (S,,S,-1)
or (A,,A,_1). Since n > 6, one yields that n —1 > 5 and (n — 1)! > 3(n — 1). On
the other hand, since 3n —3 —2n = n — 3 > 3 > 0, one yields that (n — 1)! > 2n and

|G| = (n — 1)!||SX|| > 2n||S)i|| = n“f", and hence the Lemma 12 holds in this case. Now

suppose that £ > 2 and m > 2. Then |G| = k! - m‘||SX‘| as G (S;.C X S;) N X. Suppose
that n is odd. Then n =2t + 1 for t > 1 an integer and t > 3 as n > 6. Accordmg to the
Lemma 11, one yields that k! - m! > (t + 1)! - t! > 4t + 2 = 2n, ie., |G| > n|A - Assume
that n is even. Then n = 2t for ¢t > 1 an integer and t > 3 as n > 6. According to the

Lemma 11, one ylelds that k! -m! > (¢))? > 4t = 2n, ie., |G| > nlA—||. To sum up, we

have |G| > nIA - and so the Lemma 12 holds.

Suppose that G is the type (b) of [22, Theorem], i.e., G = (SgS,;,)NX for n = mk with
k> 2and m > 2. Then [Sp2S,.| = [Se|™ - |Sm| = (B)™-m! = (m—1)!(k—1)1(kK)™ ! -mk.
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Since n > 6, one yields that |G| =[Sk US| ‘|SX‘ > 2mk \lsX‘| n% and so Lemma 12 holds
in this case. Assume that G is the type (c¢) of [22, Theorem], i.e., G = AGL4(p) N X,
where AGL,4(p) = Cd GLq4(p), n = p? for d some positive integer and p some prime. Since
n > 6, p’ > 6 and ]GLd( )| > 2. Then |AGL4(p)| = p? - |GLa(p)| > 2n. It follows that
|G| = |[AGL4(p)| |‘X| > n“AX“ and so the Lemma 12 holds in this case. Suppose that G is the
type (d) of [22, Theorem], the so-called diagonal case, that is, G = (T"™.(Out(T") xS,,))NX
where T is a nonabelian simple group, m > 2 is an integer and n = |T|[™"!. Then
|G| = |T™.(Out(T") x S )||‘X| > |T|m|‘S)i| |T| - |T|m*1‘|§i‘| > 2n||SX|‘ n% and so the
Lemma 12 holds in this case. Assume that G is the type (e) of [22, Theorem], i.e.,
G = (Sg1Sm) N X, where n = k™, k > 2 and m > 5 are integers. Then [Sg 1 S,,| =
ISk|™[Sr| = (ED)™ - m! = m!((k — 1))™ - k™. Since n > 6 and n = k™, it is easy to get
that |G| = [Sk 1 Sy ‘|X‘ =ml((k —1DHm™ k™ ‘|SX‘| > 2n||SX|| = n“fl‘ and hence the Lemma
12 holds in this case.

Assume that G is the type (f) of [22, Theorem], the so-called almost simple case, i.e.,
T < G < Aut(T), with T being a nonabelian simple group, 7" # A,, and G acts primitively
on the set Q@ = {1,2,--- ,n}. Let v € Q. Deriving from the assumption that G is an
almost simple primitive permutation group on €2, we yield that G, is a maximal subgroup
of G and |G| = |G4|n. If |G,| =2, then TN G, < Cy. For T NG, = Cy, one yields that
G =T and T, = C, is a maximal subgroup of 7', a contradiction occurs as 4 ‘ |T'|. Now

that TN G, =1 and T is regular on ) contradicting the result of [23, Theorem|. Hence,
|G| >2and |G| =|Gy|n>2n>n K“ Therefore Lemma 12 holds. O
The next lemma is about the subgroup structure of Out(L) where L is a finite non-

abelian simple group, which can be found from the [6, Lemma 5].

Lemma 13. Let L be a finite non-abelian simple group with Out(L) # 1. If H is a proper
subgroup of Out(L), M is a maximal subgroup of H, then either |H : M| is a prime, or
L =PQZ(q), where q is odd and |H : M| = 4.

3 Examples

In this section, some examples of edge-primitive 2-arc-transitive Cayley graphs or bi-
Cayley graphs are given.

Example 14. Let a,b,c,d,e, f, g, h,i,t € Sos defined as follows:

(1,2)(3,5)(4,6)(7,10)(8,9)(11, 15)(12, 16) (13, 18)(14, 20) (17, 22)(19, 24) (21, 23)(25, 26),
(1,3)(2,4,7,11)(5,8,12,17)(6, 9, 13, 19)(10, 14)(15, 21, 25, 22)(16, 20) (18, 23)(24, 26),
(1,11, 20)(2, 23, 13)(3, 14, 8)(5, 19, 18)(7, 24, 15) (12, 22, 26),
(3,25,15)(4,9,10)(5, 11, 26)(6, 7, 8)(12, 20, 19) (14, 16, 24),
(1,22)(3,25)(4, 10) (5, 26)(6, 14)(7, 24)(8, 16)(19, 20),

(1,10, 18,9)(2, 13)(3, 15, 24, 14)(4, 22)(5, 20, 11, 19)(7, 16, 8, 25) (12, 26) (17, 23),

(1,22,18)(3, 14, 8)(5, 11, 26)(6, 25, 16)(7, 15, 24) (12, 19, 20),
(1,20,22,12)(2,23)(3, 8, 15, 24) (4, 5)(6, 14, 16, 7)(9, 26, 10, 11)(13, 17)(18, 19),

SR 0 A0 R
L T T T T

(1,5)(3,8)(7,24)(11, 18)(13, 23)(16, 25)(19, 20)(22, 26), and
(1,3)(2,12)(4, 17)(5, 7)(6, 21)(8, 11)(9, 25)(10, 16) (13, 22) (14, 20) (15, 19) (18, 24) (23, 26).

Let G = (a,b), H = {(c¢,d,e, f,g,h,i) and ' = Cos(G, H,t). With the help of Magma, we
have G = PSL3(3) : Cy, H = C2:2S,, (H,t) = G and |H : H'N H| = 9. Furthermore, we
have that A = Aut(T') 2 G, A, = H =2 C3: 2Sy, Aus = 2S, and Ng(Gap) =2 254 : Oy for
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p € I'(a). Further, we also can get H = A, is a subgroup of soc(A) = PSL3(3), and so
|[VI'| = |A: H| =2|soc(A) : H| and soc(A) has exactly two orbits on VI'. It follows that
I is a bipartite graph with A™ = soc(A4) = PSL3(3) with k = |H : H' N H| = 9. Noting
that Ag g = 25, : Cy is a maximal subgroup of A = PSL3(3) : C, (see [5, Page 13] for
example), one yields that T' is edge-primitive. On the other hand, due to A, = C3 : 2S,
and A,z = 2S4, by [3, Table 7.4], A, is 2-transitive on I'(a) (|JI'(«)] = 9) and so I' is
2-arc-transitive. Simple verifications show that A" has a regular subgroup B = C;3 such
that AT = BH and BN H =1 (confirmed by Magma), we observe that I" is a bi-Cayley
graph over B = Cy3.

Example 15. Let a,b,c,d, e, f,t; and t5 be eight permutations in Soo defined as follows:

(1,2)(3,5)(4, 6)(7, 11)(8, 12)(9, 13)(10, 14) (15, 19) (16, 20) (17, 21) (18, 22),

(2,3,4)(5,7,8)(6,9,10)(12, 15, 16)(14, 17, 18)(19, 22, 21),

(1,9)(2,11)(3, 15)(4, 18)(5, 8)(7, 19)(10, 20)(16, 17),

(1,20, 6)(3,17,12)(4, 14, 16)(5, 8, 19)(7, 22, 21)(11, 15, 18),

(1,6)(3,11)(4, 17)(7,9)(8, 20)(10, 22)(13, 18)(14, 15),

(2,4,16)(3, 15, 12)(5, 8, 21)(6, 20, 10)(7, 22, 19)(11, 17, 18),
(1,17)(2,9)(3, 20)(4, 22)(5, 18) (6, 12)(7, 14)(8, 15)(10, 13) (11, 19)(16, 21), and
(1,2)(3,8)(4,20) (5, 15)(6, 12)(7, 17) (9, 11)(10, 18) (13, 22) (14, 21) (16, 19).

R 0 Q0 O QR

[

Let G = (a,b), H = (¢,d), K = (e, f) and I'y = Cos(G, H,t,), I'y = Cos(G, H,t3). With
the help of Magma, we yield that G = PSLy(11) : Co, H = Aj;, soc(G) = K = PSLy(11),
(H,t1) =G and |H: H* N H| =5, and (H,t3) = G and |H : H2 N H| = 6.

At first, we can also get that A = Aut(I'y) = G, Ay = A5, Aog = Ay and A p =
A,p: Cy =2 Sy, where o, f € VI and 8 € I'y (). Noting that Sy is a maximal subgroup of
PSLy(11) : Cy (see [5, Page 7] for example), one concludes that I'; is edge-primitive. Since
A, = Aj is 2-transitive on I'y1(«) (|T'1(«)| = 5), one deduces that I'y is 2-arc-transitive.
On the other hand, computation by the Magma shows that A has a subgroup B = Do
which acts regular on VI'y with A = BH and BN H = 1, we can obtain that I'y is a
Cayley graph over B. Checking the list of the maximal subgroups of K = PSLy(11) (see
[5, Page 7] for example), we deduce that K has exactly two orbits on VI'y = [G : H] and
so I'1 is a bipartite graph of valency 5.

In the meantime, we also have A = Aut(I'y) = G, A, = A5, Aqp = Dyg and A5 =
A,p @ Cy = Dy, where o, 5 € VI'y and f € T'y(«r). Noticing that Dyy is a maximal
subgroup of PSLy(11) : Cq (see [5, Page 7] for example), I's is edge-primitive. Since
A, = Aj is 2-transitive on I'y(a) (|T'a(r)| = 6), one yields that I'y is 2-arc-transitive. On
the other hand, A has a regular subgroup B = Dy, such that A = BH and BN H =1,
we obtain that 'y is a Cayley graph over B. The subgroups structure of PSLy(11) (see
[5, Page 7] for example) shows that K is not transitive on VT'y as |VI'y| = 22, one yields
that I'y is bipartite of valency 6. ]

Example 16. Let a,b, ¢, d,t be five permutations in Sz defined as follows:

w

,17,23,5,21,13,6, 14, 19, 27, 20, 12, 28, 10, 16, 30, 15, 26, 22, 29, 9, 8, 25, 24, 4, 11, 7, 18),

,8,2)(3, 12, 20)(4, 23, 24)(5, 16, 21)(6, 7, 26) (9, 14, 25)(10, 18, 27)(11, 15, 19)(13, 30, 17)(22, 29, 28),
,8,22)(2,21,17)(3, 16, 10)(4, 9, 30)(5, 29, 12)(6, 11, 15)(7, 14, 23) (13, 28, 24)(18, 20, 26)(19, 25, 27),
,26)(3, 14)(4, 18)(5, 15)(6, 20)(7, 30)(8, 25)(9, 19)(10, 21)(11, 13)(12, 27)(16, 29)(17, 24)(23, 28), and
,25)(2, 7)(3, 27) (4, 20) (5, 15) (6, 28)(8, 24)(9, 12)(10, 17) (11, 18)(13, 23) (14, 29)(16, 19)(21, 26)(22, 30).

S+ Q0 oQ
LT (O
N NSNS~
= e e

Let G = (a,b), H = (¢,d) and I' = Cos(G, H,t). With the help of Magma, we have
G = PSLy(29).Cy, H =2 A5, (H,t) = G and |H : H' N H| = 5, in particular, H <
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soc(G) = PSLy(29). Furthermore, we have that A = Aut(l') = G, A, = A5, Ayp = Ay
and Ng(Gapg) = Sy for o, € VI and € I'(a). Since H < soc(A), we obtain that
|VI'| = |G : H| = 2|soc(A) : H| and soc(A) has exactly two orbits on VI'. It follows that
I" is a bipartite graph with At = soc(A) = PSLy(29). Noticing that |H : H' N H| = 5,
one yields that the valency of I' is 5. However, A, 3 = S, is a maximal subgroup of
A = PSLy(29) : Cq leading to that I' is edge-primitive. Derived from A, = Aj is 2-
transitive on I'(«) (5 points), one yields that I' is 2-arc-transitive. Again by Magma,
one deduces that A has a regular subgroup B = Cyg : C; such that soc(A) = BA, and
BN A,=1andso I is a bi-Cayley graph over B = Cyg : Cs. m

Example 17. Let a, b, ¢, d,t be five permutations in Sgy defined as follows:

a = (3,32, 54,24,48,41, 16, 57, 5, 43, 10, 55, 46, 29, 23, 11, 26, 18, 51, 14, 30, 44, 28, 7, 27, 13, 38, 42, 59, 4, 21,
25, 50, 36, 56, 35, 19, 33, 49, 12, 45, 37, 52, 40, 34, 17, 8, 53, 20, 58, 6, 47, 22, 15, 39, 9, 31, 60),
b= (1, 60,2)(3,31,59)(4, 20, 57) (5, 42, 58) (6, 46, 28) (7, 26, 17)(8, 52, 39)(9, 30, 43)(10, 54, 23) (11, 25, 49)(12, 44, 27)
(13,37, 51)(14, 29, 22)(15, 38, 41)(16, 56, 34) (18, 50, 35)(19, 32, 53)(21, 24, 47)(33, 48, 40)(36, 55, 45),
c = (1, 18)(2, 36)(3, 7)(4, 24) (5, 17)(6, 42)(8, 12)(9, 33) (10, 58) (11, 51) (13, 39)(14, 57) (15, 29)(16, 19)(20, 27) (21, 37)
(22, 31)(23, 34) (25, 40) (26, 28) (30, 43)(32, 45) (35, 50) (38, 54) (41, 52) (44, 53) (46, 60) (47, 49) (48, 55) (56, 59),
d = (1,46,12)(2,58,51)(3, 5,40)(4, 19, 31)(6, 20, 36)(7, 33, 18)(8, 42, 26)(9, 45, 49)(10, 30, 34)(11, 53, 37)
(13, 43,59)(14, 16, 39) (15, 48, 60) (17, 28, 21)(22, 32, 50)(23, 24, 52)(25, 38, 35)(27, 55, 56)(29, 47, 57) (41, 54, 44),
t = (1,38)(2,35)(3, 49)(4, 52) (6, 30)(7, 24)(8, 11)(9, 12)(10, 40) (13, 56)(14, 50) (16, 28)(17, 31)(18, 45)(19, 42)(20, 27)
(21, 22)(23, 48) (25, 43)(26, 41) (29, 33)(32, 57) (34, 44) (36, 46) (37, 55) (39, 54) (47, 51)(53, 60) (58, 59).
Let G = (a,b), H = (¢,d) and I' = Cos(G, H,t). With the help of Magma, we have
G = PSLy(59).Cy, H = As, (H,t) = G and |H : H' N H| = 5. Furthermore, we have
A= Aut(l') =2 G, Ay = A5, Agg = Ay and Apapy = Asp 0 Co = Sy As S, is a
maximal subgroup of PSL(59).Cy, one yields that T' is edge-primitive. Since A, = Aj
is 2-transitive on I'(a) (|I'(e)] = 5), I' is 2-arc-transitive. Note that A has a regular
subgroup B = Csg : Csg such that A = BH and BN H = 1. Then I' is a Cayley graph
over B. Moreover, the fact that K is not transitive on 59 x 58 = 3422 points leads to

that K has exact two orbits on V1" and hence I' is a bipartite graph of valency 5. [

Example 18. Let a,b, ¢, d,t be five permutations in Sgo defined as follows:

a=(1,4,11,20)(2,3)(5,6)(7, 8, 17, 30, 47, 49, 28, 14)(9, 10)(12, 13, 25, 42, 58, 53, 54, 29) (15, 16)(18, 19, 35, 36, 26, 27, 44, 60)
(21, 22)(23, 24, 39, 57)(31, 32) (33, 34, 40, 41, 48, 55, 56, 59) (37, 38, 50, 43) (45, 46, 51, 52) (61, 62),
b= (1,2)(3,5)(4,7)(6,9)(8, 12)(10, 14)(11, 15)(13, 18)(16, 21)(17, 23) (19, 26)(20, 28) (22, 29) (24, 31)(25, 33)(27, 35)(30, 37)
(32,40) (34, 43)(36, 45) (38, 41)(39, 47) (42, 51)(44, 53) (46, 55) (48, 58) (49, 54) (50, 56) (52, 59) (57, 61)(60, 62),
e = (1,28)(2,49)(3,54)(4,19)(5, 20)(6, 45)(10, 11)(12, 17) (14, 21)(15, 43) (16, 59)(20, 61) (23, 56)(24, 26) (27, 30)(31, 53)
(32, 58) (33, 42)(34, 62) (35, 41)(36, 46) (37, 47) (38, 48) (44, 51),
d = (1,47, 62,44)(2, 27)(3,12, 51, 55)(4, 13, 60, 5) (6, 26, 50, 28)(7, 59) (8, 43) (9, 33, 48, 31)(10, 25, 57, 41)(11, 32)(14, 30, 52, 46)
(15, 36,53,20)(17, 18)(21, 56)(22, 24)(29, 39) (34, 58) (35, 54)(38, 61)(40, 49),
t = (1,4)(2,7)(3,14)(5, 6)(8,11)(9, 10)(12, 31)(13, 50) (15, 41)(16, 40) (17, 49) (18, 61) (19, 45)(20, 28)(21, 22)(23, 34)(24, 39)
(25, 53)(26, 36)(27, 35) (29, 32)(30, 47)(33, 55) (37, 38) (42, 58) (43, 54)(44, 46) (48, 57) (51, 52) (56, 59) (60, 62).
Let G = (a,b), H = (¢,d) and I' = Cos(G, H,t). With the help of Magma, we have
G = PSLs(2) : Co, H = CS : (S3 x PSL3(2)), (H,t) = G and |H : H' N H| = 64, in
particular, H is core-free in G and H < soc(G) = PSL5(2). And further, G < Aut(I'),
Go = H, Gog = S3 x PSL3(2) and Gyapy = Gap : C2 = (PSL3(2) x S3) : Cy. Since
H < soc(G), we conclude that |[VT'| = |G : H| = 2|soc(G) : H| and soc(G) has exactly
two orbits on VT, and so I is a bipartite graph with G* = soc(G) = PSL;(2). Noticing
that Ga5y = (PSL3(2) xS3) : Cy is a maximal subgroup of G = PSLs(2) : C; (see [5, Page
70] for example), I" is edge-primitive. Derived from the fact that G, = CS : (S3x PSL3(2))
is 2-transitive on I'(«v) (64 points), one deduces that I' is (G, 2)-arc-transitive. Again by
Magma, G has a regular subgroup B = (C3; : Cs such that G = BH and BN H = 1.

Then I' is a bi-Cayley graph over B of valency 64. m
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4 Cayley graphs

In this section, we will deal with the edge-primitive 2-arc-transitive Cayley graphs with
valency no less than 3. In the rest of this paper, we will let 010y = O < Cy and ¢ = p/
for some prime p and some positive integer f.

Let I' = Cay(G, S) be an edge-primitive 2-arc-transitive Cayley graph of valency k for
k > 3 an integer. Let o € VI and € I'(«x). Suppose that I' is not a complete bipartite
graph. Then according to Lemma 9, A is almost simple. If ' is a bipartite graph, then it
is easy to deduce that I" is a bi-Cayley graph of G*, which will be dealt with in the next
section. Now we assume that I' satisfies the following condition in this section.

Condition 4.1. T' = Cay(G, S) is a non-bipartite edge-primitive 2-arc-transitive Cayley
graph of valency k for £ > 3 an integer, its full automorphism group A = Autl is almost
simple and T" = soc(A) is a nonabelian simple group.

Lemma 19. Let T be a graph satisfied Condition 4.1. If G is solvable, then I' is isomorphic
to either a complete graph K,, or the Higman-Sims graph, where n > 5.

Proof. Note that I' = Cay(G,S) is a connected non-bipartite 2-arc-transitive solvable
Cayley graph (G is solvable) of valency at least 3 and A acts primitively on ET' and
quasiprimitively on VI'. Noting that G acts regularly on VI', we deduce that G is core-
free in A. Further, by Lemma 8, we can get all the candidates of I'. So in what follows,
we divide the proof into four cases.

Firstly, suppose that Lemma 8.(1) holds, that is " is a complete graph denoted by
K,. Then A= S, for n > 5 as A is almost simple, and hence the first part of this lemma
holds.

Secondly, suppose that Lemma 8.(2) holds, that is T" is a normal Cayley graph of C4.
Then A = C¢: A,, contradicts to the assumption that A is almost simple.

Thirdly, suppose that Lemma 8.(3.1) holds. Note if " is (H, 2)-arc-transitive, then it
also is (4, 2)-arc-transitive, where H < A. Then A = PSLy(p/).0 is almost simple with
O < Cpp-1) x Cy and p prime, A, = Cg : Anp, Aap is a transitive subgroup of 'Ly (pf)
and G = Dy pypr41)-O- Then the valency k = p/ and the exact factorization H = GH,
shows that |A,| = |A|/|G| and |Aus| = |Aul|/k = ’% contradicting to that A,z is a
transitive subgroup of I'L; (pf).

Finally, suppose that Lemma 8.(3.2) holds. Then (A, G, A, Aug, I') is described in
Table 1. Note that the edge primitiveness leads to that Ay, g = Asp 1 Cs is a maximal
subgroup of A. Since |A| = |G||A.|, we can deduce that A = HS.Cy and I is the Higman-
Sims graph. Hence the Lemma 19 holds. O

Lemma 20. If T satisfies the Condition 4.1 and G is insolvable, then A, is not solvable.

Proof. Assume on the contrary that A, is solvable. Then Ay, gy = Ayp : Cg is solvable,
too. Noting that A acts primitively on the edges of I, one deduces that Ay, gy is a solvable
maximal subgroup of A. Followed from [18, Theorem 1.1 (ii)], one yields that there exists
a normal subgroup of A denoted by L, which is minimal such that L, 3y = L N A, gy is
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a maximal subgroup of L for T' = soc(A) = soc(L), and (L, Lis gy) is given in [18, Tables
14-20]. Note that A, has a 2-transitive permutation representation of degree k and we
can get the structure of (A,, Anp) from [4, Tables 7.3 and 7.4]. In particular, both of L,
and T, are transitive on I'(«) as T, < L, < A, and T, < A,

Followed from Lemma 6 and Remark 7, one yields that A is quasiprimitive on VT
Noting that G is regular on VI', we deduce that G is a core-free subgroup of A. On
the other hand, since A is almost simple, A = GA, is an exact factorization and A, is
solvable, one can get all the candidates of (A4, G, A,) in Lemma 5. So in what follows, we
divide the proof into the following five cases and exclude them one by one.

(I). Assume that Lemma 5.(7) holds. Note that 7" = soc(A) = A,,, G = A,,_; or S,_1,
and A, is a transitive subgroup of A on {1,2,--- n} of order n. Since G is insolvable,
we get n > 6. If n = 6, then (A,G) S {(A67A5), (AG.CQ,A5), (AG.CQ,S5), (AG.C%,Ag)),
(A6.C3,S5)}. Derived from |A,| = |A : G|, one yields that |A,| = 6, 12 or 24, which
implies that |Ag gy| = 2|A4a|/k < 16 for £ > 3. But derived from [18, Table 14], one
concludes that this case does not occur, a contradiction. Now we assume that n > 7.
Then A = A, or S, and (A,G) € {(An,An-1), (SuyAn_1), (Sn,Sn-1)}. It leads to
|Aal = |A: G| =n or 2n, and so |A(ag| = 2|Aal/k < % for k > 3. Also by [18, Table
14], one concludes that this case does not occur, a contradiction again.

(IT). Assume that Lemma 5.(i7) holds. Note that T' = soc(A) = A,, n = p* is
a prime power, A, < AI'Li(p®) = Cf : Cpa_y is 2-homogeneous on {1,2,--- ,n} and
Ap o 4G <8, xSy, Then Cf = O,(4,) and k = p®. Since A, is a 2-transitive group
of degree p?, one deduces that p* - (p* — 1) ‘ |Aa| and A, = C7 : Cpa_y, in particular,
G = {A,—2, A2 X Sy, S;—2, Sp—2 X So}. Since G is insolvable, one deduces n > 7. It
leads to that A =2 A, or S, and so (A4,G) € {(A,, An—2), (Sn, An_2 X S2), (Sn,Sn—2)} as
|A: G| = |Au| = n(n — 1). Tt follows that [Ag, 5| = 2|Aa|/k < 227D for k > 3. Detail
checking the [18, Table 14|, one concludes that it is impossible and so this case does not
occur.

(III). Assume that Lemma 5.(i77) holds. In this case, T' = soc(A) = PSL,(q), T, =
A, NT < C(q”;l . Cpoand OV 2 SL, 1(q) SGNT with d = (n,q— 1) and ¢ = p/.

q—1)d
Since |Liagy| = 1|Lal, 1., k = 2|La]/|L{a/3}| for k > 3, we get that k = |La|/|Lag| =
|Tw|/|Twps is a factor of the integer |C(qn71 : |/|Ta5| as T,p < T, < C e : Cp. Let
q—1)d (¢g—1)d

7 be the transpose-inverse automorphism, o a field automorphism and § the diagonal
automorphism. In particular, (1) = (d7) = C,. Next, we deal with (L, L, ) into the
following four cases which has been given in [18, Table 16].

Firstly, suppose that (L, Lis,) is given in the line 1 of [18, Table 16]. In this case,
L =T = PSLy(q) and Liagy = Tiap = >~ Ay, Sy, C Cq 1 0T DQ(qil), where d = (2,q—1).
Since T' = PSLy(q) is simple, we get ¢ > 5. Note that T <Cpy G Cq+1 Cq. At

(¢g—1)d
first, since A4 has none subgroup with index 2, we can exclude the case where T{a,g} > A,

If Tiapy = Sy, then Ay = T3 < T, < Cgq1y/q © Co. But by the subgroup structure of
A4, one yields that it is impossible. If T{q g = CJ : Cozr, then k = |To|/|Top| < |Cozr -

Col/|Twp| = qjg is not an integer and this case is excluded. If Tty = Da@rn, then
d

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.28 11



Tos| = @ and k = |T, |/|Tas| < 2, contradicting to the assumption that & > 3.
Finally, assume that Ty, = Dz(q y. Then |T,5| = qu) and 3 < k = |T,|/|Tug| <

Casar = Col/|Tap| = 2 q+ . So q_+1 —3 >0 and 2_;‘5 > 0. Since 22174&) is an integer and

-1 1
q = 5, it follows that g =5 and so qq%ll) 3. Then (q,k) = (5,3) and so T, = S3. In

particular, T' = PSLy(5) = Ay and T, 5 = Dy = C3, a contradiction occurs as C3 is not
isomorphic to any maximal subgroup of As.

Secondly, suppose that (L, L, g}) is given in lines 2-6 of [18, Table 16]. Suppose further
that the pair (L, L, gy) is given in the line 2 of [18, Table 16], that is L = PGLy(p) and
Liap =S4 for p=£11,£19 (mod 40), Dys or Dyg with p = 7, or Dy for p = 11. Then
pis odd and L = T.Cy = PSLy(p).Cy for T = PSLy(p). If L gy =S4, then Tio 5 = Ay
has no subgroup of index 2, a contradiction. Assume that Ly, g = Dip or Dyg with
p =" Then A = L =2 PGLy(7) and A, = L, = T,.Co < (C4 : C3).Cy, which implies
|La| | 16. If Lia gy = D1g, then |Lqg| = 6 can not divide |L,|, a contradiction. Further, if

Loy = Dig, then |Log| = 8 and k = ‘L—“| < |L16 = = 2, contradicting with the assumption
k > 3. Suppose that L,g = Doy with p = 11. Then A = L = PGLy(11), T = PSLy(11),

< (Cg : Cy).Cy and |Lyp| = 10, which implies |Lqog| 1 |Lal|, a contradiction. Hence this
case does not occur. Next, by the complete similar methods with above cases, we can
exclude the lines 3-6 of [18, Table 16].

Next, suppose that (L, L{q, ) is given in the line 7 of [18, Table 16]. Then L =T =
PSL3(q) and Lo = Tiap = [ ]Sg with ¢ # 2,4, C2 : Qg with p = ¢ = 4,7

3,4—1)
(mod 9), C2 : Qg : C3 withp =¢ =1 (mod 9) or C2 : Qg : S3 with ¢ = 3. Remind
T, <C 5, :Cs Thus, T, | | qq_ = ¢* + ¢+ 1 is odd, which implies that |T,g]
@ DGa-1

is odd. Since |Tos| = [Tiap|/2, we can exclude the cases where Ly, 5 € {C3 : Qs,
C3:Qs:Cs, C3:Qs:Sa}. I T{ag} [(3q 1)] Sy with q # 2,4, then |[Ths| = 212 and

(3,q—1)
k= |T,|/|Tas| is a factor of 755 Consequently, & is not an integer, a contradiction.

Finally, suppose that (L L{aﬂ}) is given in lines 8-29 of [18, Table 16]. Suppose
further that (L, L{ap;) is given in the lines 10 or 11 of [18, Table 16], that is either
L = PSLy(q).(o7) and Lia gy = [¢°] : [(¢ —1)?/(3,q — 1)].Cy with ¢ = p*/ and o(0) = 2,
or L = PGLs(q).(t) and Liag = [¢*] : [(¢ — 1)%/(3,¢ — 1)].S3 with 3|(¢ — 1). Then
T = PSL3(q) and T, < C ., :Cs. Noting o(c) = o(7) = o(o7) = 2, one yields that

(¢—1)(3,¢—1)
3 2
Lol = 2ITa| < Saaky. However, |Las| = |Lagy /2 > G055 > 80705 > |Lal,
a contradiction. By the complete similar methods with above two cases, we can exclude
the lines 8, 9, 12-29 of [18, Table 16].

(IV). Assume that Lemma 5.(iv) holds. In this case, T = PSp,,(q), T. < CJ'/
Cym_1.Cp and GNT = Q5,,(q), where ¢ = 27 for some positive integer f and m > 3. Then
(L, L{a,py) is given in [18, Table 17], which implies L = PSpy(2) and Lya, 5 = Cs.[2°] : S3.
Since Out(PSpg(2)) = 1, we have A = L = T = PSpg(2). However, L, =T, < C3 : C;.Cs
leads to that |L,| < 168 < 2304 = |L,g|, contradicting the fact that L.s < L,. Hence
this case is excluded.

(V). Assume that Lemma 5.(v) holds. Note that (A, A,, G) is one of the cases listed
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in [2, Table 4]. On the other hand, the edge-primitive graphs with soluble edge-stabilizers
are determined in [9, 10, 11, 18, 29]. By comparing the above results, we can con-
clude that all the candidates of (A, A,) are isomorphic to (PSLy(11).0,Cy; : (Cs x Oy)),
(PSL2(23).0,Ca3 : (C13 x O)) or (PSL2(59).0,Csg : (Cog x O)) with graphs being iso-
morphic to Kz, Koy or Kgo respectively. However, Aut(Kiz) = Sio, Aut(Kag) = Soy and
Aut(Kgg) = Seo, a contradiction. O

Lemma 21. Assume that I' satisfies the Condition 4.1. If G is insolvable, then I' is
1somorphic to the complete graph K, for n > 60.

Proof. Since both of G and A, are insolvable, the result of [16, Theorem 1.2] shows that
the triples (A, G, A,) are given in [16, Table 1]. Detail checking [16, Table 1.1], combining
with [4, Tables 7.3 and 7.4], we can get all the candidates for the triples (A, G, A,).

Suppose that the line 1 of [16, Table 1.1} holds, that is A = A,.O and {4,,G} =
{[n].O01,A,,_1.05}. Since both of A, and G are insolvable, one yields that n > 60. Assume
that A, = A, _1.0;. Then Aqg = A, _2.05 and Agy 5y = (A, 5.0;) : Cy. Since Ay gy is
a maximal subgroup of A, by the maximal subgroups structure of A (see [22, Theorem]
for example), (A4, Aa, Aoy, Aap) = (An, Ap_1,85-2,An—2) and G = [n]. It is clear that
I' =2 K, the complete graph of order n and hence the first part of Lemma 21 holds. Now
assume that A, = [n].O;. Then G =2 A,_1.0,. Since [Apap| = % < |Aa| € 2n as
k > 3, by Lemma 12, one yields that A 2 S, as Ay, is a maximal subgroup of A.
Therefore, A = A,,, A, = [n] and G = A,,_;. It follows that [Ag g| = @ < |Aal < n
and by Lemma 12, Ay, g is not a maximal subgroup of A, a contradiction. Hence the
line 1 of [16, Table 1.1] does not occur.

Assume that A =2 A, 1.0 and A, = PSLy(q).(Cia,g-1) X O1) or Ay_5.05, just as the line
2 of [16, Table 1.1]. For the former, by [4, Table 7.4], Aqs = (C] : C_g-1 ).(C(g,9-1) X O1)

(2,9—-1)
and Ag, g = ((CIJ; : C%).(C(qu_l) x O1)) : Cy is solvable. Combing with the [11,
Theorem 1.1] and [7, Theorem 1], we yield that this case does not occur. Suppose that
Ay = Ay 5.0, Since A, is insolvable, ¢ —2 > 5 and ¢ > 7. If ¢ < 10, then checking by
Magma, one can get the following results.

q |k | A Afapy

715 | A.O; (A2.05): Gy

7 16 | DOy (D19.0,) : Cy

8 6 A5.02 (A5.0g).02

9 (7 | A0 (A5.0).C

9 |15 | PSLy(7).0 (PSLy(7).0).Cy

108 | A0, (45.0,).C

10 |15 | (C2: PSL4(2)).05 | ((C2: PSLy(2)).04).Cs

Checking the list of the maximal subgroups of A,y or S,11 (see [5] for the list), we yield
that Ag.p = is not a maximal subgroup of A in those cases, a contradiction. Now that
¢q—229. Then k =¢—2and A,z = A,—3.0, (see [4, Table 7.4] for example). It follows
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that A, 5 = (Ag—3.07) : Gy is insolvable. However, the maximal subgroups structure of
A (see [22, Theorem] for example) shows that A, g is not a maximal subgroup of A, a
contradiction. By a complete similarly method with above case, we can exclude the line
3 of [16, Table 1.1].

Suppose that A = A15.0 and A, = M;y or A;.O, just as the line 7 of [16, Table 1.1].
Then A = Ay, or Sq2. Followed from [4, Table 7.4], (A, Aag) is isomorphic to (Mja, My;)
whenever k = 12, (A7.0, A¢.O) whenever k = 7 or (A7.0,PSLy(7).0) whenever k = 15.
However, the maximal subgroups structure of A (see [5, Page 91] for example) shows that
Aga,py = Aap 1 Cg is not a maximal subgroup of A, a contradiction. By a complete similar
methods with above case, we can exclude the lines 4, 5, 6, 22 and 23 of [16, Table 1.1].

Assume that A = A3481.0 and Aa = C%g : (SL2(5> X ng) or A3479.0, jUSt as the line
11 of [16, Table 1.1]. Followed from [4, Tables 7.3 and 7.4], (A, Aup) is isomorphic to
(CZ, : (SLy(5) x Cr), SLy(5) x C7) whenever k = 292 or (Agzg.O, Agzs.O) whenever k = 839.
However, by the maximal subgroups structure of A which is given in [22, Theorem], we
deduce that Ay, ) is not a maximal subgroup of A, a contradiction. Similarly, we can
exclude the lines 8, 9 and 10 of [16, Table 1.1].

Assume that A = SL4(4).(Cy x O) and A, = (SL2(16).C4) x Oy or SL3(4).(Cy x Os),
just as the line 12 of the [16, Table 1.1]. If A, = SL3(4).(C2x Os), then detail checking the
[4, Tables 7.3 and 7.4], one yields that AN is an almost simple group with SOC(AE(Q)) =
PSL3(4). Further, combining with the formulas (1) and (2) and the Lemma 3, one yields
that A, has no 2-transitive permutation representation, contradicting with the assumption
that T is 2-arc-transitive. Now that A, = (SLy(16).C4) x O;. By Lemma 2, A, = AL g
an almost simple group with soc(A,) = SLy(16). Followed from [4, Table 7.4], k = 17 and
Aus = ((C3 : Cy5).Cy) x O;. However, by the maximal subgroups structure of A which
is given in [1, Tables 8.8 and 8.9], we deduce that A, g3 = Aap : Cy is not a maximal
subgroup of A, a contradiction. By the complete similar methods with above case, we
can exclude the lines 13, 14, 15, 16, 17, 18, 19, 20 and 21 of [16, Table 1.1].

Finally, we complete the proof of Lemma 21. O

5 Bi-Cayley graphs

In this section, we will deal with the edge-primitive 2-arc-transitive bi-Cayley graphs over
group G with valency at least 3. Let I be a symmetric bi-Cayley graph over a finite group
G with two parts Ay and A, and A = Autl'. Set A" is the stabilizer of A on A; and A,,
and {«, 8} € ET. Then AT = GAY is an exactly factorization. Now we always assume
that I' satisfies the following condition in this section:

Condition 5.1. Let I' = BiCay (G, S) be an edge-primitive 2-arc-transitive bi-Cayley graph
over group G of valency k for k > 3 integer and A = Autl'. Assume that A is almost
simple and 7" = soc(A) is a nonabelian simple group.

Under the above condition, the following properties are useful.

Lemma 22. Let T' satisfy Condition 5.1. Then A™ is also almost simple with soc(A1) =
soc(A), and in particular, G is core-free in A™.
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Proof. Clearly, A" is almost simple. Let T' = soc(A). Suppose that T' £ A*. Then the
normality of 7" and A™ leads to TN AT QT and so TN AT = 1. Thus, A =T x A" shows
that T = Cy as |A : AT| = 2, a contradiction has arisen. Hence, T' < A* and so the first
part of Lemma 22 holds.

Note that I' is an edge-primitive 2-arc-transitive bipartite graph. By Lemma 6, we can
conclude that I' is vertex-biquasiprimitive, that is A™ acts quasiprimitively on A; and As.
Since G is regular on A; and Ay, we deduce that either G<UA™ or G is a core-free subgroup
of AT. Assume that G 9 A". Since AT is almost simple with 7' = soc(A™) = soc(A),
one can conclude that 7' = G' < A and so the graph I' is a normal bi-Cayley graph.
Consequently, A" = G : A, and A, < AT/G < Out(T). Followed from the fact that A,
is 2-transitive on I'(«) with |I'(a)| = k > 3, one yields that A,z is maximal in A, and T'
is a simple group of Lie type with k(k — 1) | |Out(7)|. Employing the result of Lemma
13, either |A, : Aup| is prime, or T = PQ () for ¢ odd and |A, : A.s| = 4. For the
latter, one deduces that I' is an edge-primitive tetravalent graph. By checking the list of
edge-primitive tetravalent graphs (see [9, Theorem 1.1] for the list), we can rule out this
case easily. Now we consider the case where k = |A, : Ayp| is prime.

Suppose that £ = 3. Then I' is a cubic edge-primitive graph, which is one of the
graphs listed in Lemma 10. If I" is isomorphic to the complete bipartite graph Ks 3, then
A = S50 Cy, contrary to that A is almost simple. If I' is isomorphic to the Heawood
graph of order 14, then A = PGLy(7) (see [14, Proposition 1] for example), and so
AT =G =T = PSLy(7) and A, = 1 contradicting with the fact that I" is 2-arc-transitive.
If T" is isomorphic to the Biggs-Smith cubic distance transitive graph of order 102, then
A = PSLy(17) contradicting to A = AT.Cy. If T is isomorphic to the Tutte-Coxeter graph
of order 30, then A = PT'Ly(9) and the assumption that PSLy(9) = T = G AT < A leads
to that AT = PSLy(9).Cy and so A, < Cs, a contradiction arisen as |A,| = |A]/30 = 48.

Now that £ > 5. Note that Out(T’) is solvable, so are A, and A, g. According to
[20, Theorem 1.1], we can show that I" is a connected s-transitive graph with s = 2 or
3. We want to show that I' is not isomorphic to a complete graph Ki,; or a complete
bipartite graph Ky, 5. Indeed, if not, then A = S;1; or S; 1 Cy respectively. The latter case
contradicts to the assumption that A is almost simple and so A = Sg,; with T" = Ay,
and A, < C,, a contradiction arisen as I' is 2-arc-transitive. Further, by checking the
classification of edge-primitive graphs of prime valency with solvable edge stabilizers given
in [26, Theorem 1.2], one yields that such I' does not exist. To sum up, G is not normal
in A" and so the Lemma 22 holds. O

Due to the above result, AT is an almost simple group with soc(A*) = soc(A) = T and
AT = GA, is an exact factorization with G being core-free in A™. Then the candidates of
(AT, G, A,) can be get in the [16, Theorem 1.2] (both of A, and G are insolvable) and |2,
Theorem 1.3] (one of A, and G is solvable). On the other hand, we can easily deduce that
Aoy = Aap 1 Co is a maximal subgroup of A = A" : C, with A;FB = A,p and AT = A,.

Lemma 23. If ' satisfies Condition 5.1, then one of G and A, is solvable.

Proof. Assume that both of G and A, are insolvable. By Lemma 22, A" is also almost
simple with 7" = soc(A™) = soc(A), in particular, AT = GA, is an exact factorization
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and G is core-free in AT. Derived from [16, Theorem 1.2], one yields that the triples
(AT, G, A,) are given in [16, Table 1.1]. With a detailed inspection in [16, Table 1.1],
since A, has a 2-transitive permutation representation of degree k and Ay, gy is a maximal
subgroup of A, combining with [4, Tables 7.3 and 7.4], we can get all the candidates for the
triples (A%, G, A,). Since |A : AT| = 2, by the consideration of the outer automorphism
group of A* we can rule out immediately the lines 13-17, 18, 22 and 23 of [16, Table 1.1].
Further, by the proof of Lemma 21, we can deduce that the other lines of [16, Table 1.1]
can be excluded, except for lines 1 and 2.

Suppose that AT =2 A,,.0 and {A,, G} = {[n].01,A,,_1.05}, just as the line 1 of [16,
Table 1.1]. Since both of A, and G are insolvable, one yields that n > 60. Noticing that
A = A" : Cy, one yields that AT =2 A, A¥S, and A, & [n]or A, ;. If A, =2 A, 4, then
Aap = Ay_p and Ay, gy = S,_o. Note that A = S, has no maximal subgroup isomorphic
to S,—2. Thus this case does not occur. Now assume that A, = [n] and G = A,,_;. Since
|Agapy| = 2|Aa|/k < |Aa| = n as k > 3 is an integer, and by referring to Lemma 12, one
yields that Ay, g is not a maximal subgroup of A. Hence this case is excluded.

Assume that AT = A, 1.0 and A, = PSLy(q).(Ca,g-1) X O1) or Ay_2.0,, just as the
line 2 of [16, Table 1.1]. Since both of G and A, are insolvable, one yields that ¢ —2 > 5
and so ¢ > 7 and ¢ + 1 > 8. It follows that (AT, A) = (Ay41,5,41) as A = AT 1 Cy,
in particular, O = Oy = Oy = 1. (I). At first, we suppose that A, = PSLy(q).C(24-1)-
If g =8, then A = Sy and A, = PSLy(8). Derived from [4, Table 7.4] and [5, Page 6],
one yields that k = 9 and A3 = C3 : C; or k = 28 and A, = Diys. Then Ag, 5 =
(C3 : Cy) : Cy or Dig : Cy, respectively. Checking the list of the maximal subgroups of
So (see [, Page 37] for the list), we yield that neither (C3 : C7) : Cy, nor Dyg : Cy is a
maximal subgroup of A (up to isomorphic), a contradiction. Suppose that ¢ = 11, then
A =Sy and A, = PSLy(11) : Cy. Derived from [4, Table 7.4] and [5, Page 7], one yields
that £ = 12 and Aaﬂ = CH : C10~ Then A{aﬁ} = (CH . Clg> : C2 and the list of the
maximal subgroups of A = Sy, (see [5, Page 91] for the list) shows that Ay, g is not a
maximal subgroup of A, a contradiction. Now suppose that ¢ > 7 and ¢ # 8,11. Note
that (A%, A) = (Ag1,5441) and A, = PSLy(q).Ca4-1). Followed from [4, Table 7.4], one
yields that Aag = (C]]; : C%).C(g’q_l) and A{aﬂ} = ((Cg : Cﬁ).C(Q’q_l)> : Cy are
solvable. By [11, Theorem 1.1] and [7, Theorem 1], we yield that this case does not occur.
(II). Assume that A, = A, 5. Note that ¢ —2 > 5. If A,_» = A5 = PSL,(4) = PSLy(5),
then £k = 5 and A.p = Ay, or k = 6 and A,3 = Dy, in particular, ¢ =7 and A = Sg. It
follows that A, gy = Sy or Dyg : Cy. Checking the list of the maximal subgroups of S7 (see
[5, Page 22| for the list), we yield that A has no maximal subgroup isomorphic to Sy or
Dyg : Cy, a contradiction. Assume that A,_o = Ag = PSL3(9). Then k = 6 and A,p = As,
or k=10 and A, = C%: C,, in particular, ¢ = 8 and A = Sq. By the structure of the
subgroups of A (see [5, page 37] for example), we can deduce that Ag, gy = Aap 1 Co is
not a maximal subgroup of A in those cases, a contradiction. Suppose that ¢ —2 = 7.
Then A, = A7 and A = Sjy. Derived from [4, Table 7.4], one yields that either &k = 7
and A,z = Ag, or k = 15 and A,p = PSLy(7). By the structure of the subgroups of
A = Sy (see [5, page 48] for example), we can deduce that Ag, g3 = Aag : Ca is not a
maximal subgroup of A in those cases, a contradiction. Suppose that ¢ — 2 = 8. Then
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A =Sy, and A, = Ag = PSLy(2). It follows that £ = 8 and A.p = A7, or k = 15 and
Anp = C3 0 PSL3(2). By the structure of the subgroups of A = Sy; (see [5, page 75] for
example), we can deduce that Ay, g = Aap : Cy is not a maximal subgroup of A in those
cases, a contradiction. Now that ¢ —2 > 9. Then k = ¢ — 2 and A,3 = A3 (see [4,
Table 7.4] for example) and so A, gy = S,—3 is insolvable. It is clear that Ay, g is not a
maximal subgroup of A = S, a contradiction. O

Lemma 24. If I satisfies Condition 5.1 and G is insolvable, then A, is insolvable.

Proof. Assume that G is insolvable and A, is solvable. Derived from Lemma 22, one
yields that A* is an almost simple group with 7" = soc(A') = soc(A) and G is core-
free in AT. On the other hand, by Lemma 6, one yields that A is biquasiprimitive on
VT. Since AT = GA, is an exact factorization with A, being solvable, one can get all
the candidates of (A", G, A,) in the Lemma 5. However, since A,, Aqs and A, 5 are
solvable, the tuple (A", Ay, Afa,5y) can be get from [11, Theorem 1.1]. Noting that A acts
primitively on the edges of I', one yields that Ay, g} is a solvable maximal subgroup of
A. Followed from [18, Theorem 1.1 (ii)], one yields that there exist a normal subgroup of
A" denoted by L, which is minimal such that L, gy = L N Ay ) is a maximal subgroup
of L for T'= soc(A) = soc(L) and (L, La,}) is given in [18, Tables 14-20]. Note that A,
has a 2-transitive permutation representation of degree k and we can get the structure of
(A, Anp) from [4, Tables 7.3 and 7.4] and formulas (1) and (2), in particular, both of L,
and T, are transitive on I'(«) as T, < L, < A, and T, < A,.

(I). Assume that the part (i) or part (i) of the Lemma 5 holds, that is 7" = A,,.
For part (i), G =2 A,,_; or S,_1, and A, is a transitive subgroup of A on {1,--- ,n} of
order n, and for part (ii), n = p® is a prime power, A, < AT'Ly(p?) = CJ : Cpay is
2-homogeneous on {1,---,n} and A,_» <G < S,,_2 X Sy. Since T'= A,, is a nonabelian
simple group, n > 5. Proved that part (i) occurs. If n = 6, then (A", A) = (Ag, Ag.Cy)
or (Ag.Cy, Ag.C32), and G = Aj or Ss, in particular, A, is a solvable transitive subgroup
of Aon {1,2,3,4,5,6}. Noting that |A,| = |[AT : G|, we deduce that |A,| = 6 or 12.
It follows that |Afas| < 4 or 8 respectively, as |Agap| = 2|Aa|/k for k > 3. By a
detailed inspection on the list of the maximal subgroups of A (see [5, Page 4] for the
list), we can deduce that A has no maximal subgroup with order being not greater than
8 and so this case dose not occur. Now that n # 6. Then (AT, A) = (A,,S,) and
G = A,_1, and so |A,| = [AT : G| = n. Since |Afapy| = 2|Aa|/k for k > 3, one yields
that |Ag, 53| < |Aa| = n contradicting to the result of Lemma 12. Suppose that the part
(49) holds. Then n = p® # 6, and so (A", A) = (A,,S,), in particular, O,(A,) = Cj
and the valency of I" is p®. On the other hand, derived from the 2-transitivity of A,
of degree p®, one deduces that p® - (p* — 1) ‘ |Aa| and A, = Cf ¢ Cpa_y, in particular,
G = A, as |G| =|AT : A,|. However, by [18, Table 14], (A, Afa,5) = (Ap,Cp : Cpv2)
for p # 7,11,17,23, leading to |Aa.g| = % and k = |A, : Aup| = 4, a contradiction
occurs asn =k =p* =4 and T = A, is solvable. Hence these cases do not occur.

(IT). Assume that Lemma 5.(i77) holds, that is T' = soc(A) = PSL,(q), T, = AaNT <
Cgna 2 C, and Cén_l)f :SL,_1(q) <GNT with d = (n,q— 1) and ¢ = p/. Note that the

(g—1)d

tuple (L, L{apy) is given in [18, Table 16} and %\L{aﬁ}] = %\Lal, ie., k = 2|La|/|L{a,py]
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for k > 3. Then k = |La|/|Lag| = |Tu|/|Tap| is a factor of the integer |C ot Chnl/|Tugl
(g—1)d
as T3 < T, < C o1 : C,. Let 7 be the transpose-inverse automorphism, o be a field
(¢g—1)d

automorphism and 6 be the diagonal automorphism.

Suppose that L = PSL3(2), just as the line 5 or 6 of [18, Table 16]. Then L =T and
(A*, A) = (PSL3(2), PSL3(2).Cy) with Tya 5 = C; : C3 or Sy. Note that T,, < C7 : Cs.
Since |Tiapy| = 2|Twag| is even, one deduces that Ty, % C; : Cs. It follows that
|Tos| = %|T{a75}| = 12, contradicting to the assumption that T, < C; : Cs.

For the other lines of [18, Table 16], we can get contradiction by replacing A by A*
in the corresponding proof of the part (II) of Lemma 20.

(III). Assume that Lemma 5.(7v) holds, that is 7' = soc(A) = PSp,,,(q) with ¢ even
and m > 3, T, = Ao NT < CM : Cpmy.Cpy and GNT = Q,(q). Then g = 2/
for some positive f and the tuple (L, L{, ) is given in [18, Table 17]. Then we have
L = PSp,(q)-(u), PSp,(3), PSp,(4).C4, PSpg(2), PSpg(3) or PSpg(3), where p is a graph
automorphism defined in [18, Remark 10.4]. Note that 2m > 6 and ¢ is even, and one
yields that L = PSpg(2) and L, g = C5.[2°] : S3, just as the line 4 of [18, Table 17].
Then T = L = PSpg(2) and AT = L = T as Out(PSpg(2)) = 1. However, L, < C/
Cygn_1.Cpy = C3 : C7.Cs, and |L,| < 168 < 2304 = |Las| = |Liap|/2, contradicting the
fact that L,s < L,. Hence this case is excluded.

(IV). Suppose that Lemma 5.(v) holds, that is (AT, A,, G) is one of the cases listed in
[2, Table 4]. On the other hand, the edge-primitive graphs with soluble edge-stabilizers
are determined in Lemmas 10, [11, Theorem 1.1}, [9, Theorem 1.1], [10, Theorem 1.1] and
[18, Theorem 1.3]. By comparing the above results, we can conclude that there does not
exist any graph satisfying our condition and so the this case does not occur.

Finally, we complete the proof of Lemma 24. ]

Lemma 25. Assume that I satisfies Condition 5.1. Then I is isomorphic to the Heawood
graph, the point-line non-incidence graph and a graph given in Examples 14-18.

Proof. By Lemma 22 and 24, we have that G is solvable. Moreover, by the Lemma 22,
AT is an almost simple group with soc(A") = soc(A) = T, in particular, AT = GA,
is an exact factorization with G being core-free in A™. Since G is solvable, the triples
(AT,G, A,) can be get from the Lemma 5. Note that AT = A,, A, has a 2-transitive
permutation representation of degree k, Ay, gy is a maximal subgroup of A, A = A" : C,,
k= ’A : Aa5| and A{aﬁ} = Aaﬁ : C2.

(I). Assume that the part (¢) of the Lemma 5 holds, namely, 7' = A,,, H is transitive
on{l,---,n}and K 2 A,y or S,y for {H,K} = {G, A,}. Suppose that n = 5. Then
At 2 Asand A = Ss5. If A, = K, then A, =2 A, as A, < AT = A;. Consequently,
k=4 and (Aag, Aa,py) = (Cs, S3), a contradiction arisen as Ay, gy = S3 is not a maximal
subgroup of A = S5. Assume that A, = H and G = K. Then G = A, and A, =
Cs contradicting the assumption that A, has a 2-transitive permutation representation.
Suppose that n = 6, i.e., T = Ag. Then either (AT, A) = (Ag, As.Cs) with A, = Ag, or
(Ag.Ca, Ag.C3) with A, = A5 or S5. For the former, (A,p,k) = (A4,5) or (Dig,6), and
Afapy = Sy or Cs @ Cy respectively. Followed from the maximal subgroups of A =S¢ (see
[5, Page 4] for example), neither S, nor Cs : C4 can be isomorphic to a maximal subgroup
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of A = Sg, a contradiction. Now that (A%, A) = (A4.Cy, Ag.C3) with A, = A5 or S5. Then
(Aaﬁ,k’) = (A4,5), (D10,6), (84,5) or (C5 : C4,6). It follows that A{a’/g} = S4, D10 : Cg,
Sy 1 Co or (Cs : Cy) : Cy respectively. However, the maximal subgroups structure of
A = Ag.C3 (see [5, Page 4] for example) shows that all above candidates of A, g are not
maximal in A, a contradiction. Assume that n =7, i.e., (AT, A, A,) = (A7,S7, Ag). Then
either k = 6 and (Aag, Afa,51) = (A5, S5), or k = 10 and (Aag, Afa,s) = (CF 1 Cy, (C5
Cy) : Cy). However, the maximal subgroups structure of S; (see [5, Page 10] shows that
all above candidates of Ay, gy are not maximal in A, a contradiction. Suppose that n = 8,
ie., (AT, A, Ay) = (As,Ss, A7). Then either k¥ = 7 and (Aag, A{a, 5}) = (Ag, Sg), or
k =15 and (Aup, A{a, 8}) = (PSLo(7), PSLy(7) : Ca) (see [3, Table 7.4] for example).
Checking the maximal subgroups structure of Sg (see [5, Page 22] for example), we can
deduce that Ay g = PSLy(7) : Cy, k = 15 and (A", A, A,) = (As, Ss, A7), It follows
that |VT| = 2|G| = 16 and I is isomorphic to the complete graph Kjs. Clearly, it
is impossible as by the assumption, I' is a bipartite graph. Assume that n = 9, i.e.,
(AT, A, Ay) = (A, Sy, Ag). Then either k = 8 and (Aag, Afa,py) = (A7,S7), or k =15 and
(A, Afa,py) = (C3 : PSL3(2), (C3 : PSL3(2)) : Cy) (see [3, Table 7.4] and [5, Page 22] for
example). By the maximal subgroups structure of Sg (see [5, Page 37] for example), one
yields that all above candidates of Ay, g are not maximal in A = Sy, a contradiction.
Now suppose that n > 10. Then (A1, A, A,) = (A, Sp, A,—1). Tt follows that k =n — 1
and (Aag, Afa,py) = (An—2,5,—2). It is clear that S,_» is not a maximal subgroup of S,
for n > 10, a contradiction.

(IT). Assume that the part (i7) of Lemma 5 holds, that is T" = A,,, n = p*, H <
AT'L;(p”) is 2-homogeneous on {1,...,n} and A, o<K < S, _oxSs for {G, A} = {H, K},
where p is some prime and a is some positive integer. Since n = p®, one yields that n # 6
and so (A1, A) = (A,,,S,). Assume that n = 5. Then (AT, A) = (A;,Ss). If A, = K, e,
Ay = AL =2 Ajor Sy, and so k = 3 and (Aup, Afas) = (1,Co) or (Cy, C3), respectively.
It clear that neither Cy nor C3 is a maximal subgroup of S5, a contradiction. Now that
G =K and A, = H. Then G = Az or S3 as G < AT & A;. Tt follows that |[A,| = 20
or 10. Due to the 2-transitivity of A, on I'(«), on yields that k = 5 and A, = C; : Cy.
Consequently, A,z = C4 and Ay, 5y = C4 0 Co. Derived from the subgroups construction
of A= S; (see [5, Page 2] for example), one yields that Ay, g is not a maximal subgroup
of A. Now suppose that n = 7. Then k = 5 and (Aa, Aag, Afapy) = (As, A4, Sy),
k = 6 and (Aa,Aaﬁ,A{awg}) = (PSL2<4),D10,C5 : 04), k =5 and (AoquaﬁaA{a,,B}) =
(S5,S4,S4 . Cg) or k = 6 and (AQ,AQB,A{a’g}) = (PGL2(4),C5 . C4,<C5 . C4) . Cg)
The maximal subgroups structure of S; (see [5, Page 10] for example) shows that all
above candidates of A, g are not maximal in A, a contradiction. Assume that n =
8. Then (k?, Aa, Aag, A{a,,B}) = (6, AG, A5, 85), (10, PSL2(9), C% : 04), (6, Sﬁ, S5, S5 : 02)7
(10, PSLQ(Q)CQ,C% : Dg,(C§ : DS) : CQ), (10,PSL2(9)CQ,C§ : Cg,(C§ : Cg) : Cg) or
(10, PSL5(9).Cy, C2 = Qg, (C2 : Qg) : Cy) (see [5, Page 4] for example). Checking the
maximal subgroups structure of Sg (see [5, Page 22| for example), we can deduce that
all above candidates of A, are not maximal in A, a contradiction. Suppose that
n = 9, i.e., (A+,A) = (A97SQ) and Aa = A7 or S7. Then (l{?,Aag,A{a,ﬁ}> = (7, A6,86)7
(15, PSLy(7), PSL3(2) : Cy) or (7,S6,S6 : Cg2) (see [3, Table 7.4] and [5, Page 10] for
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example). By the maximal subgroups structure of Sy (see [5, Page 37] for example), one
yields that all above candidates of Ay, 3 are not maximal in A, a contradiction. Now
suppose that n = p® > 11. Then (A", A, A,) = (A,,S,) and A, = A, 5 or S, 2. Tt
follows that £k =n — 2 and (Aag, Aga,sy) = (An—3,S0-3) or (Sp—3,S,—3 : Ca) respectively.
It is clear that neither S, _3 nor S,,_3 : Cs is a maximal subgroup of S, for n = p® > 11
(see [22, Theorem] for example), a contradiction.

(III). Assume that the part (ii7) of the Lemma 5 holds, that is T = PSL,(¢) and

either GNT < Curoy @ C, and Cl(,n_l)f : SL,-1(q) < T,, or T, < Cn_ny : C, and

(¢g—1)d (g—1)d
Cé"_l)f :SL,—1(q) SGNT, where d = (n,q — 1). For the latter case, since G is solvable,
one yields that SL,_1(¢) is solvable and then either n—1 =1, or (n—1,q) = (2,2) or (2, 3).
It leads to that T' = PSLay(q), PSL3(2) or PSL3(3) respectively. Consequently, T, < C%l ;
Cy, S3 or CZ respectively. On the other hand, since AT = T'A,, AT/T = (TA,)/T =
A J(TNA,) = A,/T, and so A, = T,.0 for 0 =2 AT /T < Out(T). Consequently, A, is
solvable and A, is solvable, so is A, 8. Thus the tuple (A, Ay, Agq,51) can be get from
[11, Theorem 1.1]. Noting that A acts primitively on the edges of ', one deduces that
Aoy is a solvable maximal subgroup of A. Followed from [18, Theorem 1.1 (ii)], one
yields that there exist a normal subgroup of A denoted by L, which is minimal such that
Liapy = LN Afq,py is a maximal subgroup of L for T' = soc(A) = soc(L), and (L, Lia )
is given in [18, Tables 14-20]. Since A, acts 2-transitively on I'(«) and T, < A,, T, is

transitive on I'(«) and k = |T, : Ta5| Due to |Tiap| = 2|Tas| = 2|T" , one concludes that

Ta,5y| is a factor of q+1 , % or E respectively. On the other hand, detail checking the

[18, Table 16] one ylelds that 7" = PSLy(q) and T}, is a maximal subgroup of 7" such
that T = D2<q+1>, Dz<q 1 C Cq 1, Ay or S;. However, non of them has order as a

1
factor of q+ ), 113 or 2, a contradlctlon arisen.

Now that GNT < Cuoy : Cpand C Y SL,_1(q) S To. T CY 2 SL,_1(q) is
(¢—1)d

solvable, then either n — 1 =1, or (n —1,¢q) = (2,2) or (2,3), and so T' = PSLy(q) with
Cl QT,, T = PSL3(2) with C3 : SLy(2) < T, or T = PSL(3) with C3 : SLy(3) < T,,. For
the first case, that is T' = PSLy(q) with Cg <T,, due to the [8, Theorem 1.3], we observe
that this case does not occur. Now that 7' = PSL3(2) with C3 : SLy(2) < T,. Then
A = PSL3(2).Cy and AT = T = PSL3(2). By the maximal subgroups of 7' = PSL3(2)
(see [, Page 3| for example), we have A, =T, = S, and either k = 3 and A,3 = Ds, or
k=4 and A,z = S3. Further, we can find that Ay, sy = Dg : Cy or S3 : Cy respectively.
Checking the list of the maximal subgroup of PSL3(2).Cy (see [5, Page 3] for the list), we
can get that & = 3 and A, = Sy with Ay, 3 = Dy and A =2 PSL3(2).C,, in particular,
|[VT'| = |A: A,| = 14. Due to the Lemma 10, I" is the Heawood graph of order 14. Now
we consider the case that T' = PSL3(3) and C32 : SLy(3) < T,. Then A = PSL3(3).Cs
and AT = T. Due to the maximal subgroups of 7" = PSL;(3) (see [5, Page 13] for
example), A, = T, = C%2 : 2A, or C2 : S;. Since A, has 2-transitive permutation
representation, one yields that £ =9 and (Aq, Aag, Afa,py) = (C2:2A4,2A4,2A4: Cy) or
(C2:2A4,254,2S, : Cy). Detail checking the maximal subgroups of A 2 PSL3(3).Cy (see
5, Page 13] for example), we yield that A, = C2: 2S, and |[VT| = |A : A,| = 26. Further,
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under the help of the Magma, we find that I' is isomorphic to a graph of the Example 14.

Now we suppose that C;()"_l)f : SL,,_1(q) is insolvable. Then T, is insolvable, so is A,.
It follows that n — 1 > 3 or n — 1 = 2 with ¢ # 2 or 3. Followed from T, < A, and A,
acts 2-transitive on I'(«), on yields that T, is transitive on I'(«). The irreducibility of the
action of SL,_1(g) on CI" ™7 leads to C"""/ 9 7,. Combing with the formulas (1) and
(2), we can find that C](gnfl)f acts regularly on I'(a) and so k = ¢"' and SL,,_1(q) < T,p.
It is clear that T, acts 2-transitively on I'(«). Due to the [3, Table 7.3], we observe
that SL,_1(q) < Tos < I'L,_1(¢) and so PSL,_;(¢) is a unique insolvable composition
factor of T,z up to isomorphism, so is Ty, = Tup : Cp. Further, we can deduce that
2|SL—1(q)| < |Ttap| < 2[TL,—1(q)|- On the other hand, since A = T.0 and A, is a
maximal subgroup of A, we can deduce that T, 3 =T N Afs can be get from the [13,
Table 3.5.A]. However, since Ti, 5y = Tap : Co and SL,_1(q) < T, one yields that Ty, gy
is not a parabolic subgroup of T'. Checking the subgroups structure of T' = PSL,(q) (see
[13, Table 3.5.A] for the list), we can find that T, g can be get from the [13, Proposition
1.4], that is Tta 5y = [af,,_,/(¢—1,n)].PSL,y_1(q).[b],,_,], where af,, _, and b}, _, are given
in [13, Page 86]. It is clear that I" is isomorphic to the point-line non-incidence graph.

(IV). Assume that the part (iv) of Lemma 5 holds, that is 7" = soc(A) = PSp,,,(q)
with ¢ even and m > 3. Derived from m > 3, one yields that Q3 ,(¢) is insolvable and
then GNT < CF : Cym1.Cyy and T, = €5,,(¢). Note that A, = T,.0 = Q,, (q).0 for
O < Out(T"). Then [3, Table 7.4] shows that €25, ,(¢).O has no 2-transitive permutation
representation and so this case does not occur.

(V). Assume that the part (v) of Lemma 5 holds, that is (A", G, A,) is one of the
cases listed in [2, Table 4]. Since |A : AT| = 2, we can exclude the lines 4, 7, 9, 11, 21,
29, 33, 34, 36, 37 and 40-47.

Suppose that (AT, A,) = (As.O, (A5 x C3).C2.0), just as the line 1 of the [2, Table
4]. Since |A : AT| = 2, one yields that AT = Ag and A & S, in particular, A, = AT =
(A5 x C3).Cq. Followed from [4, Tables 7.4, we have A,p = (A4 x C3).Co with £ =5
or (Dyg x C3).Cy with k& = 6. However, the maximal subgroups structure of A (see [5,
Page 22] for example) shows that A, gy = Aap @ Ca is not a maximal subgroup of A, a
contradiction. By the complete similar method with above case, we can rule out the line
2 of [2, Table 4].

Assume that (A", A,) = (A32.0, (Agg x C3).C2.0), just as the line 5 of the [2, Table
4]. Then AT = Ay and A = S3y. Followed from [4, Tables 7.3 and 7.4], we have A,z =
(Agg x C3).Cy and k = 29. However, the maximal subgroups structure of A = S35 (see
22, Theorem]) shows that A g = Aap : Cy is isomorphic to a subgroup of Sy XSy < Ss3o
contradicting to that Ay, g is a maximal subgroup of A. On the same line with above
case, the lines 3, 6, 8 and 10 of [2, Table 4] are excluded.

Assume that (AT, A,) = (PSLy(11).0, Aj), just as the case 12 of [2, Table 4]. Then
AT =2 PSLy(11) and A = PSLy(11) : Cy. Followed from [4, Table 7.4], we have A,p =
Ay with £ = 5 or Dyg with £ = 6. Note that S; and Dyy are maximal subgroups of
PSLy(11) : Cy (see [5, Page 7] for example). With the help of Magma, we can deduce that
if Aop = Ay, then Ay, = Aap 1 Co = Sy and the graph I' is isomorphic to the graph
given in Example 15, and if A,g = Dy, then Ay, g = Aag 1 C2 = Dyp x Cy = Dy and
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the graph I' is isomorphic to the graph given in Example 15.

Suppose that (A1, A,) = (PSLy(11).0, A4.Os), just as the line 13 of [2, Table 4]. Then
(AT, A) = (PSLy(11), PSLy(11) : Cy) and A, = Ay. The 2-transitivity of A, shows that
k=4 and A,g = Cs and so Ay gy = Aap : Co = S3. It is clear that Sz is not a maximal
subgroup of PSLy(11) : Cq (see [5, Page 7] for example), a contradiction. By the complete
similar method with this case, we can rule out the lines 14, 17 and 18 of [2, Table 4].

Suppose that (AT, A,) = (PSL2(29), As), just as the line 15 of [2, Table 4]. Then
A = PSL,(29) : Cy. Followed from [4, Table 7.4}, one yields that A, = Ay with k =5
or Dyp with & = 6. It follows that Ay, g = Asg : Co = 54 or Doy @ Cy respectively.
Derived from the maximal subgroups structure of A = PSL,(29) : Cs (see [5, Page 20] for
example), one yields that A, gy = S, with £ = 4 and by Magma, we find the graph I' is
given in Example 16.

Assume that (AT, A,) = (PSL2(59).0, Aj), just as the line 16 of [2, Table 4]. Then
AT = PSL,(59) and A = PSLy(59) : Cs. Followed from [4, Table 7.4], we have A, = Ay
with k& = 5 or Dyp with k& = 6. It follows that A5 = Asg : Co = Sy or Dyg : Gy
respectively. With the help of Magma, we deduce that only S, is a maximal subgroup of
PSL(59) : Cy and the graph I' is isomorphic to the graph given in Example 17 in this
case.

Assume that (AT, A,) = (PGL4(3), ((C4 x PSLy(9)) : C3).Cs), just as the line 20 of
2, Table 4]. Then AT = PGL4(3) and A = PGL4(3).Cy = PSL,(3).C3. Followed from [4,
Table 74]7 we have (l{?,Aalg> = (6, ((04 X A5) : CQ)CQ) or (10, ((04 X (Cg . 04)) . CQ)CQ)
However, the maximal subgroups structure of A (see [5, Page 68] for example) shows that
Afapy = Aap + Gy is not a maximal subgroup of A, a contradiction. On the same line
with above case, the lines 22, 25, 26, 27, 28, 30, 31, 32 and 35 of [2, Table 4] are excluded.

Assume that (AT, A,) = (PSL5(2).0,CS : (S3 x PSL3(2))), just as the line 23 of [2,
Table 4]. Then AT = PSL5(2) and A = PSL5(2).C,. Combing with [4, Tables 7.3 and 7.4]
and formulas (1) and (2), we have k = 25 = 64 and A,3 = S3 x PSL3(2), in particular,
Afa gy = (S3x PSL3(2)) : Co. By [5, Page 70], we can deduce that Ag, gy = S3 x PSL3(2) :
Cs is a maximal subgroup of A = PSL;5(2).C,. Further, under the help of Magma, we can
deduce that I' is isomorphic to the graph given in Example 18. By the complete similar
method with this case, we can rule out the lines 19 and 24 of [2, Table 4].

Suppose that (A", A,) = (M12.0,PSLy(11).0), just as the line 38 of [2, Table 4].
Then (AT, A, Ay) = (Mg, Myp @ Cy, PSLy(11)). Followed from [4, Table 7.4], we have
Aap = Cyy : Cs with £ = 12 or A; with k = 11. Then Ag, 5 = Aap : C2 = (C11 : C5) : Gy
or S5 respectively. Derived from the maximal subgroups structure of A = My : Cy (see
[5, Page 33] for example), one yields that A,z = A5 and A5 = Aap @ Cy =2 S5 with
k = 11. However, computation by Magma shows that there dose not exist any 2-element
x in Ng(Guy) \ Ng(G,) such that (z,G,) = G, contradicting to Lemma 4.

Assume that (A1, A,) = (Mjg, My1), just as the line 39 of [2, Table 4]. Then A = My :
Cy and |VT'| = 2|AT : A,| = 24. Followed from [4, Table 7.4], we have A,z = PSLy(11)
with & = 12, or Ayg = My with & = 11. It follows that A, gy = Aap : C2 = PSLy(11) : Cy
or Myq : Cy, respectively. The maximal subgroups of A (see [5, Page 33] for example) shows
that k = 12 and Ay, g = PSLy(11) : C; and the graph I' is isomorphic to the complete
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bipartite graph Kig12. This shows that A = Si51S,, a contradiction to A = M, : Cs.
Finally, we complete the proof of Lemma 25. ]

6 Proof of Theorem 1

Proof. Let ' be an edge-primitive 2-arc-transitive Cayley graph or bi-Cayley graph with
valency no less than three. Let A = Autl’. First, we assume that I' is a non-bipartite
Cayley graph over a finite group G. By Lemma 9, one yields that A is an almost simple
group. Let T = soc(A). By Lemmas 19, 20 and 21, the first half of Theorem 1 holds.
Next, suppose that I' is a bi-Cayley graph over a finite group G. By Lemma 9, we can
get that either I' is a complete bipartite graph K,, ,,,, or A is an almost simple group. For
the former, since the valency of I' is no less than 3, m > 3 and one part of the Theorem 1
holds. Now that A is an almost simple group. Then Lemma 22 shows that A™ is almost
simple with soc(AT) = soc(A4), AT = GA, is an exact factorization and G is core-free
in AT. Further, combing with Lemmas 23, 24 and 25, we can get the last part of the
Theorem 1. O]
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