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Abstract

In this paper, we analyze state transfer in quantum walks by using combina-
torial methods. We generalize perfect state transfer in two-reflection discrete-time
quantum walks to a notion that we call peak state transfer; we define peak state
transfer as the highest state transfer that can be achieved between an initial and a
target state under unitary evolution, even when perfect state transfer is unattain-
able. We give a spectral characterization of peak state transfer that allows us to
fully characterize peak state transfer in the arc-reversal (Grover) walk on various
families of graphs, including strongly regular graphs and incidence graphs of block
designs (assuming that the walk starts at a point of the design). In addition, we
provide many examples of peak state transfer, including an infinite family where
the amount of peak state transfer tends to 1 as the number of vertices grows. We
further demonstrate that peak state transfer properties extend to infinite families of
graphs generated by vertex blow-ups, and we characterize periodicity in the vertex-
face walk on toroidal grids. In our analysis, we make extensive use of the spectral
decomposition of a matrix that is obtained by projecting the transition matrix down
onto a subspace. Though we are motivated by a problem in quantum computing,
we identify several open problems that are purely combinatorial, arising from the
spectral conditions required for peak state transfer in discrete-time quantum walks.
Keywords: algebraic graph theory, graph eigenvalues, combinatorial matrix theory,
block designs, strongly regular graphs, quantum walks
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1 Introduction

In this paper, we analyze discrete-time quantum walks using combinatorial methods.
Although this problem was originally motivated by quantum algorithms, it has since
evolved into a recognized topic in algebraic graph theory; for example, a recent survey on
eigenvalues of Cayley graphs [38] and the dynamic survey on distance-regular graphs [19]
both dedicate sections on perfect state transfer in quantum walks.

A discrete-time quantum walk is represented by a unitary operator that is used to
evolve some initial unit-length vector, or (quantum) state, in discrete time steps. Collo-
quially speaking, given such an initial state, we are interested in how close this unitary
evolution can bring it to another given state. We defer the formal definitions until Section
2.3 and will first illustrate our motivation with Figure 1, which contains an example of
the evolution of a discrete-time quantum walk with some initial state ϕ1.
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Uϕ1 U2ϕ1 U3ϕ1 U4ϕ1

Figure 1: The pictures in the top row show two quantum states; each state ϕi represents a
vector indexed by a set of 96 arcs. Its value is 0 on every arc, except for the 4 red-colored
arcs, on which it has value 0.5. The second row depicts the first four steps of a discrete-
time quantum walk, where red (resp. blue) arcs represent positive (resp. negative) entries
of the corresponding states. The level of opaqueness of each arc reflects the magnitude of
the corresponding entry, making the arc invisible whenever the entry is equal to zero.

Loosely speaking, the main question we wish to ask is, given a starting state ϕ1 and
a target state ϕ2, how close can U tϕ1 come to ϕ2? If there is a time τ such that U τϕ1

is equal to ϕ2 (or some other scalar multiple thereof), we say that there is perfect state
transfer from ϕ1 to ϕ2. This is a well-studied phenomenon in quantum physics, see for
example [36, 48, 44]. However, it is understood that this is a rare phenomenon. Thus,
even if perfect state transfer does not occur, it makes sense to instead ask how close the
walk can come to the state ϕ2. In the example depicted in Figure 1, the state U3ϕ1 is as
close to the state ϕ2 as the walk can get, in the sense that t = 3 and γ = 1 minimize the
quantity

m(t, γ) := ∥U tϕ1 − γϕ2∥. (1.1)

This is an instance of what we call peak state transfer. Broadly speaking, U tϕ1 is prevented
from reaching ϕ2 because m(t, γ) is lower-bounded in terms of spectral properties of U ;
peak state transfer occurs when this lower bound is met with equality. In Section 3, we
will make this definition precise and we will see that perfect state transfer is a special case
of peak state transfer, where the lower bound for m(t, γ) is equal to 0.

Even though peak state transfer is not ‘perfect’, this need not be a problem for quan-
tum computing applications. Many well-known quantum algorithms, such as Grover’s
algorithm and Shor’s algorithm, deal with probabilistic success: these algorithms output
a correct solution with high probability rather than with absolute certainty. This is, for
instance, explained in Nielsen and Chuang’s widely referenced textbook on quantum com-
puting and quantum information [41]. In particular, in Section 7.2.4 of that work, the
authors state ‘The output from a good quantum algorithm is a superposition state which
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gives a useful answer with high probability when measured.’ The notion of peak state
transfer therefore sits well within this context: since perfect state transfer has potential
applications as a subroutine for quantum algorithms [3, 10, 9, 32], the same can be said of
peak state transfer, provided that the output state is sufficiently close to the target state.

The graph-theoretic properties behind perfect state transfer in continuous-time quan-
tum walks1 have been well-studied, see e.g. [8, 16, 23]. Perfect state transfer has also
been studied in discrete-time walks. There are multiple models of discrete-time quantum
walks; here we focus on walks where the unitary operator is a product of two reflections,
which we will call two-reflection walks; we defer the formal definition until Section 2.1
and note for now that two examples of two-reflection walks are the arc-reversal walk and
the vertex-face walk. Perfect state transfer was characterized for the arc-reversal walk
by Zhan [49] for regular graphs and for graphs by Kubota and Yoshino [35]. In a previ-
ous paper [29], the authors built the mathematical foundations for studying perfect state
transfer in vertex-face walks.

If perfect state transfer does not occur, but instead for every ϵ > 0 there exist t and γ
such that m(t, γ) < ϵ, we say that there is pretty good state transfer from ϕ1 to ϕ2. For
discrete-time walks, this notion has been studied by Chan and Zhan [7], though it is more
well-studied in continuous-time walks, in particular on path graphs [24, 47, 1, 18, 2, 6].
Both pretty good state transfer and peak state transfer are generalizations of perfect state
transfer. Colloquially speaking, with pretty good state transfer, the walk comes arbitrarily
close to some γϕ2, but there is no good handle on the time that it takes for the walk to
reach γϕ2 within a given distance; the characterizations of pretty good state transfer (for
both discrete-time and continuous-time) rely on Kronecker’s theorem, the proof of which
is non-constructive. This in contrast to perfect state transfer, where the times at which it
occurs can be deduced from the characterization given by Kubota and Yoshino [35]. As
is the case with perfect state transfer, if one can show that there is peak state transfer
between a pair of vertices, it is easy to determine the times at which it occurs. One could
say that peak state transfer is a relaxation of perfect state transfer on the amount of
state transfer (in the sense that we do not require m(t, γ) to attain the value 0), whereas
pretty good state transfer is a relaxation on the time of state transfer (in the sense that
we cannot (easily) deduce the times at which the amount of state transfer is high).

In this paper, we define and give a characterization of peak state transfer (Theorem
3.5). We do this by using ideas from the continuous-time case to study a matrix that
is obtained from U by projecting it down onto the state space. This matrix, that we
call the projected transition matrix, was studied before in the context of perfect state
transfer in [34] for arc-reversal walks and separately in [29] for vertex-face walks (the
definitions of which are given in Section 2.2). The characterization of peak state transfer
includes a characterization of perfect state transfer and differs from the result in [35] only
in that a condition called ‘strong cospectrality’ need not be met. It is also formulated
more generally for all two-reflection walks and the formulation is time-independent: we

1For a continuous-time quantum walk, the transition matrix U(t) (which replaces U t in the discrete
case) depends continuously on t: typically, U(t) = exp(itA) where A is the adjacency matrix of a
graph.
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characterize whether or not peak state transfer occurs between distinct states, and in
the case that it does, we provide expressions for the times at which it occurs. We also
characterize when there is ‘peak state transfer’ from a state to itself, which turns out to
be equivalent to the walk being periodic at that state. Like in the case of peak state
transfer, this characterization is time-independent.

In the remaining sections of this paper, we will use these characterizations as tools in
order to classify peak state transfer in the arc-reversal walk on complete graphs, cycles,
strongly regular graphs and incidence graphs of block designs (for walks starting in a point
of the design). We also show that every instance of peak state transfer in the arc-reversal
walk can be extended to an infinite family of graphs that admit peak state transfer, by
blowing up the vertices of the graph. Additionally, we provide a family of graphs on which
the arc-reversal walk has the property that the minimum of m(t, γ) tends to zero as the
number of vertices grows, without actually reaching it.

Moreover, we classify periodicity in the vertex-face walks on grids embedded in the
torus (answering a question that was left open in [29]) and we give an infinite family of
toroidal grids that admit peak state transfer (but no perfect state transfer).

The organization of this paper is as follows. In Section 2, we set up definitions and
notation for two-reflection walks, and give the definitions of two commonly studied two-
reflection walks: the arc-reversal walk and the vertex-face walk. In Section 3, we give the
characterizations of peak state transfer (Theorem 3.5) and periodicity (Theorem 3.7). In
Section 4, we classify peak state transfer in the arc-reversal walks on complete graphs and
cycles (Lemmas 4.2 and 4.1), and we show how peak state transfer is preserved when we
blow up the vertices of a graph (Lemma 4.3). In Section 5, we discuss more examples of
peak state transfer in arc-reversal walks: in particular, we classify peak state transfer in
strongly regular graphs (Theorem 5.2) and in the point-block incidence graphs of block
designs (Theorem 5.5). In Section 6, we classify periodicity in vertex-face walks on toroidal
grids (Theorem 6.1), and we give an infinite family of grids for which the vertex-face walk
admits peak state transfer (Theorem 6.7). In Section 7, we discuss future directions of
research and we describe several purely combinatorial open problems that have arisen
from our study of quantum walks.

2 Preliminaries

In Section 2.1, we will give preliminary definitions regarding two-reflection walks. In
a setting which is common to the vertex-face walk and the arc-reversal walk, studying
state transfer is equivalent to studying the projected transition matrix, which we define
in Section 2.2. We will give the definitions for the arc-reversal and vertex-face walks in
Section 2.3, together with their corresponding projected transition matrices. In Section
2.4 we discuss properties and notation regarding an important mathematical tool in the
study of state transfer: the spectral decomposition of a matrix. Finally in Section 2.5 we
provide a useful lemma that is a simplified version of a result of Conway and Jones [13],
which we will need in order to work with equations involving cosines of rational multiples
of π.
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2.1 Two-reflection walks

Let A be some finite set. The transition matrix U ∈ CA×A of a two-reflection walk is a
product of two reflections: it has the form

U = (2P − I)(2Q− I),

where P and Q are orthogonal projections onto some subspaces of CA. In the corre-
sponding discrete-time quantum walk, if v is the initial state, we let the state evolve by
repeatedly multiplying it with U , so that U tv is the state of the walk at time t ∈ Z⩾0. In
this general setting, implementing the transition matrix U is as easy as it is to implement
measurements in the subspaces that P and Q project onto (see [31, Claim 3.16]), which
makes the two-reflection walk an important model to study. One of the early works in
which a two-reflection walk is studied is that of Szegedy [45]. In their work, a specific
two-reflection walk (which Szegedy calls a ‘bipartite walk’) is constructed as follows. Let
X and Y be finite sets and suppose that for each y ∈ Y we have a probability vector
py ∈ [0, 1]X and for each x ∈ X a probability vector qx ∈ [0, 1]Y . Then define for each
y ∈ Y and x ∈ X the vectors

ψy =
∑
x∈X

√
py(x) ex,y and ϕx =

∑
y∈Y

√
qx(y) ex,y,

where ex,y denotes the standard basis vector corresponding to the element (x, y) ∈ X×Y .
The corresponding walk is now defined by taking A = X × Y and letting P and Q be
the orthogonal projectors onto the subspaces of CA spanned by the sets {ψy}y∈Y and
{ϕx}x∈X respectively. Note that each of these is a set of pairwise orthonormal vectors. If
X = Y and px(y) = qx(y) for all x, y ∈ X, then the matrix {py(x)}x,y∈X is the transition
matrix of a discrete-time Markov chain. In other words, this process can be used to turn
a Markov chain into a quantum walk [45].

In the most general setting of two-reflection walks, we do not construct the sets
{ψy}y∈Y and {ϕx}x∈X from probability vectors, but we let each of them be an arbitrary
set of pairwise orthonormal vectors, so that P and Q are arbitrary orthogonal projections
in CA×A. Throughout this paper, we letM ∈ CA×Y denote the matrix that has the states
ψy as its columns, that is, Mey = ψy for all y ∈ Y . Then we can write P =MM∗, where
M∗ denotes the Hermitian transpose of M . Similarly, define N ∈ CA×X by Nex = ϕx for
all x ∈ X, so that Q = NN∗. Note also that M∗M = IY and N∗N = IX .

We are particularly interested in the scenario where the initial state is ϕx for some
x ∈ X and U tϕx is close to a scalar multiple of ϕx′ for x′ ∈ X. Loosely speaking, this
can be thought of as transfer of the state from ϕx to ϕx′ . In the following section, we will
introduce the main tool for studying this process.

2.2 Projected transition matrices and state transfer

We will follow [29] and define the titular matrices of this section. We project each power
U t of U down onto the column space of N as follows: for t ∈ Z⩾0, define

Bt = N∗U tN.
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The matrix Bt is Hermitian: this follows from the fact that (2Q − I)N = N , which can
be applied on both sides to find:

Bt = N∗U tN = N∗(2Q− I)U t−1(2P − I)N = N∗(U t)∗N = B∗
t .

Specifically, we will call B := B1 = N∗UN the projected transition matrix of the two-
reflection walk. We remark that B can be written in terms of the discriminant matrix
D := N∗M of U (following the nomenclature of [45]) as follows:

B = N∗(2P − I)N = 2N∗MM∗N −N∗N = 2DD∗ − I.

In particular, the eigenvalues of B can be obtained from the singular values of D. In [29]
(as well as in [34] for the specific case of the arc-reversal walk) it is shown that, for every
t ⩾ 1, the matrix Bt can be written as a polynomial of B; more precisely,

Bt = Tt(B),

where Tt is the t-th Chebyshev polynomial of the first kind.
For u, v ∈ X, consider the quantity

m(t, γ) := ∥U tϕu − γϕv∥

for each time t ⩾ 0 and each unimodular γ ∈ C. If u ̸= v and there exist t and γ such
that m(t, γ) = 0, then U tϕu = γϕv and we say that there is perfect state transfer from
ϕu to ϕv at time t. Equivalently, there is perfect state transfer from ϕu to ϕv at time t if
Bt(v, u) = γ for some t and γ. (See [29]; Note that ϕ∗

vU
tϕu = Bt(v, u).)

Even if such t and γ do not exist, we can consider the value

m = inf
t∈Z>0

inf
γ:|γ|=1

m(t, γ)

If m = 0 we say that there is pretty good state transfer from ϕu to ϕv. (Equivalently,
since the unit circle is compact, there is pretty good state transfer from ϕu to ϕv if there
exists a unimodular γ ∈ C such that inft∈Z>0 m(t, γ) = 0.) We can also give a lower bound
on the value of m and determine whether there exists a time t for which this lower bound
can be attained. Using that ϕu = Neu, we see that

m(t, γ)2 = (U tNeu − γNev)
∗(U tNeu − γNev)

= 2− γe∗uN∗(U t)∗Nev − γe∗vN∗U tNeu

= 2− 2ℜ(γBt(u, v)),

where the second equality holds because both U tNeu and γNev have norm 1 and the third
equality holds becauseBt = N∗U tN is Hermitian. This means that lower boundingm(t, γ)
is equivalent to upper bounding ℜ(γBt(u, v)) which is in turn equivalent to upper bound-
ing |Bt(u, v)|, because ℜ(γBt(u, v)) is maximal precisely when γBt(u, v) = |Bt(u, v)|. In
Lemma 3.1, we give an upper bound for supt |Bt(u, v)| and we characterize when it is
tight. This will lead us to the definition of peak state transfer.
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If U tϕu = γϕu for some t and γ (or equivalently, if Bt(u, u) = γ) then the walk is
periodic at ϕu and the period is the smallest t for which this occurs. Alternatively, we
say that the walk is t-periodic at ϕu. If the periodicity happens with the same period t at
ϕu for every u ∈ X, we say that the walk itself is t-periodic. In this case, Bt is a diagonal
matrix. For example, for the graph in Figure 2, the arc-reversal walk (to be defined in
Section 2.3) is periodic at vertex u, but not at the other vertices.

u v

Figure 2: The arc-reversal walk on this 7-vertex graph is 12-periodic at the vertex u an
not periodic at any other vertex. For the vertices u and v, the value of m(t, γ) is lower
bounded by 2−

√
3 ≈ 0.267949, a bound that is reached for t = 6 and γ = 1. It turns out

that this is an instance of peak state transfer, the definition of which is given in Section
3.

Remark 2.1. These definitions are set up in such a way that it is natural to consider
the projected transition matrix B; we are only interested in state transfer between those
states that form a basis for the subspace that Q projects onto, and the (v, u)-entry of Bt

represents the inner product of ϕv with U
tϕu. In all of the examples in this paper, the set

A is the set of arcs of a graph and X is the set of vertices. The matrix N is always the
so-called ‘normalized arc-vertex incidence matrix’ of that graph, as we define in Section
2.3. For this reason, we will also usually speak of ‘state transfer from u to v’ rather than
‘state transfer from ϕu to ϕv’, even in the general case of a two-reflection walk where there
is no underlying graph.

Many of the two-reflection walks that are discussed in the literature — including
Szegedy’s walk, the arc-reversal walk, and vertex-face walk — involve only real-valued
matrices. Thus, for simplicity and readability, throughout this text, we will assume that
all states ϕx and ψy are real, so that all matrices involved are real as well. We will make
some comments about the complex analogues of our statements in Section 7.

2.3 Examples of two-reflection walks

In addition to Szegedy’s walk, which was discussed in Section 2.1, various examples of
two-reflection walks can be found in [27] and [28], two of which we will highlight in this
section: the arc-reversal walk and the vertex-face walk. These two walks will constitute
essentially all of the examples given in this paper. For both of these walks, the state space
is indexed by the arcs of a graph.

The arc-reversal walk (also called Grover walk) is defined as follows. Let G = (V,E)
be a graph and let A be the set of arcs of G; i.e. the set of all ordered pairs of vertices
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(u, v) for which uv is an edge of E. If a := (u, v) is an arc of G, we say that u is the tail
of a and v is the head of a. Now let N ∈ CA×V be the normalized arc-vertex incidence
matrix of G, that is

N(a, v) =

{
1√
d(v)

if v is the tail of a;

0 otherwise,

where d(v) denotes the degree of the vertex v. The transition matrix for the arc-reversal
walk is given by

U = R(2NNT − I),

where R is the arc-reversal matrix of G: if ←−a = (v, u) denotes the arc opposite to arc
a = (u, v), then

R(a, b) =

{
1 if b = ←−a ;
0 otherwise.

Clearly, R is a reflection and we can write R = (2MMT − I), where M ∈ CA×E is the
normalized arc-edge incidence matrix: for an arc a ∈ A and an edge e = uv ∈ E we have

M(a, e) =

{
1√
2

if a ∈ {(u, v), (v, u)};
0 otherwise.

The projected transition matrix of the arc-reversal walk is the normalized adjacency
matrix of G and it is given by

B = NTRN = D
−1/2
G AD

−1/2
G ,

where A and DG denote the adjacency matrix and degree matrix of G respectively. In
particular, if G is d-regular, we have that B = 1

d
A. The normalized adjacency matrix

appears in other contexts, such as random walks [43]. If we subtract it from the identity
matrix we obtain the normalized Laplacian matrix of the graph [11].

The vertex-face walk is a two-reflection walk takes place on a graph embedding. It
was defined in [50] and a detailed description and further properties are given in [29]. We
will give an intuitive description here. In a topological sense, a map is a 2-cell embedding
of a graph in an orientable surface, the latter of which can be viewed as a sphere with a
certain number of handles attached to it (this number is the genus of the surface). The
embedding being 2-cell means that the faces of the embedding, which are the disjoint
regions obtained upon removal of the embedding from the surface, are homeomorphic to
open disks. We can denote the map as a triple (V,E, F ) of its vertices, edges and faces
respectively. We can assign to every edge of the map a pair of arcs that lie on opposite
sides of that edge and that point in opposite directions. Since the embedding is orientable,
this can be done in such a way that, after picking an orientation, the arcs lying inside
each face form a clockwise walk around the edges of that face. See Figure 3. As will be
the case for all examples in this paper, the matrix N corresponding to the first reflection
of the two-reflection walk on the map is again the normalized arc-vertex incidence matrix.
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v f2

f1

Figure 3: This embedding of the complete graph K4 in the torus (genus 1) has two faces
f1 and f2. (The pairs of opposite sides of the square are identified to form the torus.)
The corresponding clockwise walks in black and gray have lengths 4 and 8 respectively
so that d(f1) = 4 and d(f2) = 8. Since v appears on the clockwise walk of f2 twice, the
(v, f1)-entry of NTM is 1/

√
12 and the (v, f2)-entry is 1/

√
6.

For the matrix M corresponding to the second reflection, we take the normalized arc-face
incidence matrix:

M(a, f) =

{
1√
d(f)

if a lies inside f ;

0 otherwise,

where d(f) is the face degree of f , which is equal to the number of arcs that lie inside
f . The discriminant matrix for the walk is the normalized vertex-face incidence matrix
NTM : its (v, f)-entry is equal to α√

d(v)d(f)
, where α denotes the number of times that

v appears on the clockwise walk corresponding to f . The value of this α can be greater
than 1, see the example in Figure 3. As mentioned in Section 2.2, the projected transition
matrix of any two-reflection walk can be written in terms of the discriminant matrix, so
we have B = 2NTMMTN − I.

The first row of pictures in Figure 4 depicts the arc-reversal walk starting in a vertex
of the complete graph K4. The second row shows a similar evolution for the vertex-face
walk in the unique planar embedding of K4. In the third row, we see the vertex-face walk
on an embedding of K4 in the torus. The respective projected transition matrices are
given by

1

3


0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

 , 1

9


−3 4 4 4
4 −3 1 4
4 4 −3 4
4 4 4 −3

 and
1

2


−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

 .
The third walk is 2-periodic at every vertex.

Another example of a vertex-face walk was depicted in Figure 1. The map in that
figure is an embedding of the Cartesian product of the cycle graphs C4 and C6. It is called
the ‘toroidal (4, 6)-grid’; toroidal grids are discussed in detail in Section 6.
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v

v

v

Figure 4: Pictured are the first few steps of three different two-reflection walks on the arcs
of K4; the arc-reversal walk (in row 1), the vertex-face walk on K4 embedded in the plane
(in row 2) and the vertex-face walk on K4 embedded in the torus with a faces of size 4
and 8 (in row 3). For each walk, we initialize the system at the out-going arcs at vertex
v and the picture depict the amplitudes at times 0, 1, . . . , 4. Like in Figure 9, red (resp.
blue) arcs represent positive (resp. negative) entries of the corresponding states and the
magnitudes are reflected by the opaqueness.
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The definitions for arc-reversal walks and vertex-face walks can be extended to (em-
beddings of) multigraphs. Conventionally, the degree of a loop is considered to be 2, in
order to keep the property that the vertex degrees sum to twice the number of edges.
Thus, every loop on a vertex v contributes two arcs with v as their tail vertex.

2.4 Spectral decomposition

A tool that is used extensively in this paper is the spectral decomposition of a matrix (in
our case usually the projected transition matrix). The spectral decomposition has many
applications in the area of algebraic combinatorics, see e.g. [25]. In this subsection, we
discuss the notation and nomenclature with respect to the spectral decomposition that
we will use throughout this text.

Given a square matrix B, we let ev(B) denote its set of eigenvalues. Its spectrum σ(B)
is the multiset that contains each eigenvalue with its corresponding algebraic multiplicity.
If B is Hermitian, then ev(B) ⊂ R and its eigenspaces are pairwise orthogonal. This
means that B can be written in the form

B =
∑

θ∈ev(B)

θEθ, (2.1)

where all eigenvalues θ are real-valued and where Eθ denotes the orthogonal projection
onto the θ-eigenspace; that is, E∗

θ = Eθ and

EθEρ =

{
Eθ if θ = ρ;

0 otherwise.

for all θ, ρ ∈ ev(B). This implies that, indeed, BEθ = θEθ. Finally, we have that∑
θ∈ev(B)

Eθ = I.

The expression in (2.1) is called the spectral decomposition of B, and we will call the Eθ

the spectral idempotents of B. As an example, we give the spectral decomposition of the
adjacency matrix ACn of the cycle graph Cn. We denote the rows and columns of ACn by
the elements of {0, . . . , n− 1}, so that we can define

ACn(i, j) =

{
1 if i− j = ±1 (mod n);

0 otherwise.

We will state its spectral decomposition below, without proof, since it is standard and
easily derivable from the eigenvectors; see for instance [20].

Lemma 2.2. The spectral decomposition of ACn is given by

ACn =

⌊n/2⌋∑
k=0

2 cos

(
2πk

n

)
Fn,k,
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where each spectral idempotent Fn,k is defined by

Fn,k(j, ℓ) =


1
n

if k = 0;
1
n
· (−1)j+ℓ if k = n

2
;

2
n
cos
(

2πk(j−ℓ)
n

)
otherwise.

(2.2)

The rank of Fn,k is 1 for k ∈ {0, n
2
} and 2 for all other k.

We will make use of this lemma in Section 4 and in Section 6.
Suppose that the rows and columns of B are indexed by some set X. We define the

mutual eigenvalue support of a pair of elements x, y ∈ X by Λ(x, y) = Λ1(x, y)∪Λ−1(x, y),
where

Λ1(x, y) = {θ ∈ ev(B) | Eθ(x, y) > 0} and Λ−1(x, y) = {θ ∈ ev(B) | Eθ(x, y) < 0}

are respectively called the positive mutual eigenvalue support and the negative mutual
eigenvalue support of x and y. By the positive semi-definiteness of the Eθ, we have that
Λ(x, x) = Λ1(x, x). The set Λ(x, x) is simply called the eigenvalue support of x, and we
will often denote it by Λ(x) instead. For x, y ∈ X, we say that x is strongly cospectral to
y if and only if for all θ ∈ ev(B),

Eθex = ±Eθey.

The notions of eigenvalue support and strong cospectrality are closely related to perfect
state transfer and periodicity; see for instance [22, 26, 49].

We have summarized the notation regarding spectral properties that we will use
throughout this paper in the table below.

ev(B) set of distinct eigenvalues of B
σ(B) spectrum of B
Eθ spectral idempotent for eigenvalue θ ∈ ev(B)
Λ(x, y) mutual eigenvalue support of x and y
Λ±1(x, y) positive/negative mutual eigenvalue support of x and y
Λ(x) eigenvalue support of x

2.5 Sums of cosines

In Section 3, we will see that for peak state transfer to occur between a pair of states,
the eigenvalues in their mutual eigenvalue support are required to be cosines of rational
multiples of π. In various examples in Sections 4, 5 and 6, we need an answer to the
following question: given a set of numbers that can be written as cosines of rational
multiples of π, when is a linear combination of them itself rational? The following lemma
is a special case of a theorem from [13] that characterizes all rational solutions to the
equation

a cos(2πα) + b cos(2πβ) + c cos(2πγ) + d cos(2πδ) = e.

For the scope of this paper, we only need to know what happens when c = d = 0, i.e.,
when there are at most two cosines. It turns out that the solutions are very restricted:
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Lemma 2.3 ([13], Theorem 7). Let θ, ϕ ∈ [0, π/2] be rational multiples of π. The following
are true:

(i) cos(θ) is rational if and only if θ ∈ {0, π
3
, π
2
};

(ii) Assume that cos(θ) and cos(ϕ) are both irrational and that there exist rational num-
bers p and q such that

p cos(θ) + q cos(ϕ) =: r

is rational. If θ ̸= ϕ, then

(p, θ) = (2r, π/5) and (q, ϕ) = (−2r, 2π/5)

or vice versa (i.e. the roles of p (resp. θ) and q (resp. ϕ) can be reversed). If θ = ϕ,
then p = −q and r = 0.

3 Peak state transfer

A foundational tool for working with continuous-time quantum walks, which is summa-
rized in [15, Section 7.1], is a sequence of inequalities that has led to necessary conditions
for perfect state transfer and that has motivated the definition of strongly cospectral
vertices, in the study of continuous-time quantum walks. In this section, we bring this
powerful tool to the discrete-time setting.

A continuous-time quantum walk on a graph G has the transition matrix U(t) = eitA,
where A denotes the adjacency matrix of G and where t can take on nonnegative real
value. For vertices u, v of G, the value |U(t)u,v| can be bounded by the quantity 1 by
following a sequence of three inequalities. By itself, this bound is trivial, since U(t) is
unitary, but each of the three inequalities is an equality if and only if a specific condition
holds. If all inequalities are equalities then |U(t)u,v| = 1 and there is perfect state transfer
from u to v in the continuous-time walk. A similar sequence of inequalities appears in [7]
for discrete-time walks in the context of pretty good state transfer.

We will now follow a similar argument for the discrete-time two-reflection walks, using
the projected transition matrix B instead. In the following lemma, Tn denotes the n-th
Chebyshev polynomial of the first kind. These polynomials are recursively defined by
setting T0(x) = 1 and T1(x) = x, and then

Tn+1(x) = 2xTn(x)− Tn−1(x)

for all x ∈ R. Alternatively, Tn is the unique function that satisfies the expression

Tn(cosϕ) = cos(nϕ) (3.1)

for all ϕ ∈ [0, π].
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Lemma 3.1. Let B ∈ RX×X be the projected transition matrix of a two-reflection walk
and let the spectral decomposition of B be given by B =

∑
θ θEθ. Let u, v ∈ X and let

Λ := Λ(u, v) denote the mutual eigenvalue support of u and v. We have that, for any time
t,

|Bt(u, v)| ⩽
∑
θ

|Eθ(u, v)|.

Equality holds if and only if
Tt(θ) = ±1 ∀θ ∈ Λ

and the sign of Tt(θ)Eθ(u, v) is the same for every θ ∈ Λ. Further,∑
θ

|Eθ(u, v)| ⩽ 1

and equality holds if and only if u and v are strongly cospectral with respect to B.

Proof. For any time t, we have

|Bt(u, v)| =

∣∣∣∣∣∑
θ

Tt(θ)Eθ(u, v)

∣∣∣∣∣
⩽
∑
θ

|Tt(θ)Eθ(u, v)| (3.2)

=
∑
θ

|Tt(θ)| · |Eθ(u, v)|

⩽
∑
θ

|Eθ(u, v)|, (3.3)

where the inequality (3.2) is due to the triangle inequality and (3.3) holds because the
extrema of Tt(x) are {−1, 1} for x ∈ [−1, 1]. (Indeed, all eigenvalues of B lie inside [−1, 1]:
for any unit-length vector v ∈ RX×X , we have

∥Bv∥ = ∥NTUNv∥ ⩽ ∥UNv∥ = 1, (3.4)

since N has orthonormal columns.) Moreover, |Bt(u, v)| =
∑

θ |Eθ(u, v)| if and only if
both (3.2) and (3.3) are equalities; the latter holds precisely when Tt(θ) = ±1 for all
θ ∈ Λ, the former is true when Tt(θ)Eθ(u, v) has the same sign for every θ ∈ Λ.

Finally, by applying Cauchy-Schwarz twice, we see that∑
θ

|Eθ(u, v)| =
∑
θ

|(Eθeu)
T (Eθev)|

⩽
∑
θ

∥Eθeu∥∥Eθev∥ (3.5)

⩽

√∑
θ

∥Eθeu∥2
√∑

θ

∥Eθev∥2

=
√
∥eu∥2

√
∥ev∥2

= 1,
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where the second to last equality follows from Pythagoras’ theorem. Moreover, if∑
θ |Eθ(u, v)| = 1, then both of the inequalities above are equalities. In particular, con-

sidering the inequality (3.5), this implies that Eθeu and Eθev are linearly dependent for
every eigenvalue θ, i.e., there exist αθ ∈ R such that

Eθev = αθEθeu.

Hence in this case,

1 =
∑
θ

∥Eθeu∥∥Eθev∥ =
∑
θ

|αθ| · ∥Eθeu∥2 ⩽
∑
θ

∥Eθeu∥2 = 1,

which implies for each θ that either |αθ| = 1 or Eθeu = Eθev = 0. In other words, u and
v are strongly cospectral with respect to B. Conversely, if u and v are strongly cospectral
with respect to B, then we can substitute Eθev = ±Eθeu and see that∑

θ

|Eθ(u, v)| =
∑
θ

|(Eθeu)
T (Eθeu)| =

∑
θ

∥Eθeu∥2 = 1.

In Lemma 3.1 above, we see that the maximal absolute value of the (u, v)-entry of Bt

never exceeds the sum of the absolute values of the (u, v)-entries of the spectral idempo-
tents Eθ. If this value is attained for some integer τ > 0, i.e. if

|Bτ (u, v)| =
∑
θ

|Eθ(u, v)|

for distinct indices u and v, we say that there is peak state transfer from u to v at time
τ . We note that if we allow u = v, then |Bτ (u, u)| =

∑
θ |Eθ(u, u)| occurs if and only if

|Bτ (u, u)| = 1 since each Eθ(u, u) is nonnegative and they sum to 1. Hence ‘peak state
transfer’ from vertex to itself only occurs in the form of periodicity.

Remark 3.2. There is a trivial case of peak state transfer that occurs when Eθ(u, v) = 0
for all θ, i.e., when the mutual eigenvalue support of u and v is empty. When this
happens, Lemma 3.1 implies that Bt(u, v) = 0 for all t, a property that we will call
zero state transfer. In fact, the reverse implication also holds: we prove in Lemma A.1
in Appendix A that the (u, v)-entry of each Eθ is necessarily zero if there is zero state
transfer. As an example, zero state transfer occurs in the arc-reversal walk precisely
between vertices in distinct connected components of the underlying graph. Although
we are usually interested in cases with high state transfer, we will expand on this a bit
further in Appendix A. Otherwise, this is a case of peak state transfer that we would like
to disregard. As such, we will not consider zero state transfer as an instance of peak state
transfer throughout this paper, unless mentioned otherwise.

In the theorem below, we will characterize peak state transfer in two-reflection walks,
as well as perfect state transfer, which is a special case of peak state transfer. For this,
we also need a result about the extrema of Tt, which are, for instance, given in [42]:

Lemma 3.3. Let x ∈ [−1, 1] and n > 0 be some positive integer. The following are true:
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(i) Tn(x) = 1 if and only if x = cos 2kπ
n

for some integer 0 ⩽ k ⩽ n
2
;

(ii) Tn(x) = −1 if and only if x = cos (2k+1)π
n

for some integer 0 ⩽ k ⩽ n−1
2
.

Remark 3.4. Given the expression for Tn as given in equation (3.1), the properties in
Lemma 3.3 are trivial. From an alternative viewpoint, note that, as is pointed out in [50],
each eigenvalue of B = 2DD∗ − I can be written in the form θ = cos(ϕ), where ϕ is such
that eiϕ is an eigenvalue of the transition matrix U . Hence Tn(θ) = 1 if and only if eiϕ is
an n-th root of unity, and Tn(θ) = −1 if and only if n is even and eiϕ is an (n/2)-th root
of unity. In Theorem 3.5, we give a characterization of peak state transfer that does not
(explicitly) mention the Chebyshev polynomials.

The following theorem is very similar to characterizations of perfect state transfer
that were given by [49, Theorem 5.3] for the arc-reversal walk on regular graphs and [35,
Theorem 6.5] for the arc-reversal walk in general. Our theorem is different in the sense
that it is stated for two-reflection walks in general and that it also characterizes peak state
transfer, which does not require strong cospectrality. Moreover, we do not characterize
peak/perfect state transfer at a specific time. Rather, in our statement of the theorem,
we characterize whether it occurs, and specify the times at which the transfer occurs. The
theorem is in part a reformulation of Lemma 3.1. Its proof seems rather long; it requires
careful bookkeeping, with some elementary number theory, to determine the first time of
peak state transfer. Note that the assumption of Λ being non-empty implies that zero
state transfer from u to v does not occur.

Theorem 3.5. Let B ∈ RX×X be the projected transition matrix of a two-reflection walk
and let the spectral decomposition of B be given by B =

∑
θ θEθ. Let u, v ∈ X be distinct,

and let Λ = Λ1 ∪ Λ−1, where

Λ1 = {θ | Eθ(u, v) > 0} and Λ−1 = {θ | Eθ(u, v) < 0}

denote the respective postive and negative mutual eigenvalue support of u and v, and
assume that Λ ̸= ∅. There is peak state transfer from u to v at some time if and only if
the following hold:

(i) Each θ ∈ Λ is a cosine of a rational multiple of π: it can be uniquely written as

θ = cos
p(θ)π

q(θ)
,

where p(θ) ⩾ 0 and q(θ) > 0 are integers such that p(θ) ⩽ q(θ) and gcd(p(θ), q(θ)) =
1.

(ii) Let τ = lcm{q(θ) | θ ∈ Λ}. For some choice of γ ∈ {−1, 1}, and all θ ∈ Λ:

(a) θ ∈ Λγ if and only if the integer τ · p(θ)
q(θ)

is even;

(b) θ ∈ Λ−γ if and only if the integer τ · p(θ)
q(θ)

is odd.
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If there is peak state transfer, it occurs precisely at all times that are odd multiples of τ .
This is perfect state transfer if and only if, in addition to (i) and (ii), u and v are strongly
cospectral with respect B.

Proof. Note first of all that Λ1 and Λ−1 are both non-empty: since u and v are distinct,
we have that ∑

θ

Eθ(u, v) = 0

and because at least one of Λ±1 is non-empty, the other is non-empty as well.
Assume that there is peak state transfer from u to v at some time, say t. By Lemma

3.1, this implies that Tt(θ) = ±1 for each θ ∈ Λ, and hence by Lemma 3.3:

(i’) Each θ ∈ Λ is a cosine of a rational multiple of π in the following way:

θ = cos
s(θ)π

t
,

where s(θ) is some integer that satisfies 0 ⩽ s(θ) ⩽ t.

More specifically, Lemma 3.1 tells us that the sign of Tt(θ)Eθ(u, v) is the same across all
θ ∈ Λ. The value

γ :=
Tt(θ)Eθ(u, v)

|Eθ(u, v)|
∈ {−1, 1}

is hence independent of the choice of θ ∈ Λ. By Lemma 3.3, the parity of s(θ) depends on
the sign of Tt(θ) = ±1, which in turn depends on γ and the sign of Eθ(u, v) and therefore
we also have:

(ii’) Each θ ∈ Λ is a cosine of a rational multiple of π in the following way:

θ = cos
s(θ)π

t
,

where s(θ) is some integer that satisfies 0 ⩽ s(θ) ⩽ t.

We will use the conditions (i’) and (ii’) to prove that conditions (i) and (ii) hold. For each
θ ∈ Λ, let

p(θ)

q(θ)
=
s(θ)

t

be the reduced form of that nonnegative fraction, with integers p(θ) and q(θ) that satisfy
the conditions as in (i) in the statement of the theorem. To prove that (ii) holds, we will
write

τ := lcm{q(θ) | θ ∈ Λ},

and show that this value satisfies the conditions (a) and (b). We have for all θ ∈ Λ that

t

τ
·
(
τ · p(θ)

q(θ)

)
= t · p(θ)

q(θ)
= s(θ). (3.6)
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Note that τ must divide t since every q(θ) divides t by definition. If θ ∈ Λ−γ, then s(θ) is

odd by (b’), so that the integers t
τ
and τ · p(θ)

q(θ)
are both odd and (b) holds. In particular,

since Λ−γ is always non-empty, t
τ
is always odd. Hence for θ ∈ Λγ, since s(θ) is even by

(a’), we conclude from (3.6) that τ · p(θ)
q(θ)

is even, so that (a) holds as well.

Conversely, the conditions (i’) and (ii’) imply that there is peak state transfer from
u to v at time t. Indeed, by (i) we have that Tt(θ) = ±1 for all θ ∈ Λ and the sign of
Tt(θ)Eθ(u, v) is γ for all θ by (ii’) and Lemma 3.3. Hence the other direction follows if we
show that (i) and (ii) imply (i’) and (ii’) for some t. So suppose that (i) and (ii) hold for
certain p(θ), q(θ) and γ and that τ is again the least common multiple of the q(θ). Then
we can write for all θ ∈ Λ:

θ = cos
p(θ)π

q(θ)
= cos

s(θ)π

τ
,

where

s(θ) := τ · p(θ)
q(θ)

is

{
even if θ ∈ Λγ;

odd if θ ∈ Λ−γ,

so that (i’) and (ii’) hold for t = τ , and there is peak state transfer at time τ .
As for the times at which peak state transfer occurs, if τ is as given above, then the

peak state transfer occurs at any odd multiple (2k + 1)τ of τ , since

θ = cos
(2k + 1)s(θ)π

(2k + 1)τ

and since (2k + 1)s(θ) has the same parity as s(θ) for all θ ∈ Λ. We will now rule out
that peak state transfer does not occur at any other time. If it were to occur at a time
that is an even multiple of τ , say 2kτ , consider some θ ∈ Λ−γ. We find by (i’) that

cos
s(θ)π

τ
= θ = cos

r(θ)π

2kτ
,

where 0 ⩽ r(θ) ⩽ 2kτ is an odd integer. However, by the restrictions on s(θ) and r(θ),
we must have that r(θ) = 2ks(θ), which contradicts r(θ) being odd. We conclude that
there is no peak state transfer at any time that is an even multiple of τ . Similarly if
there is peak state transfer at some time t that is not a multiple of τ , then there is some
θ ∈ Λ for which q(θ) does not divide t. On the other hand, by (i’), there is some integer
0 ⩽ r(θ) ⩽ t such that

cos
p(θ)π

q(θ)
= θ = cos

r(θ)π

t
.

Like in the previous case, this implies that r(θ) = t · p(θ)
q(θ)

, which is not an integer (as

gcd(p(θ), q(θ)) = 1), leading to another contradiction.
Finally, the peak state transfer is perfect state transfer if and only if the second

inequality in Lemma 3.1 holds as well, i.e., if and only if u and v are strongly cospectral
with respect to B.
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Remark 3.6. The value of γ in Theorem 3.5 above determines the sign of the entryBτ (u, v),
since γ is the sign of Tτ (θ)Eθ(u, v) for every θ:

Bτ (u, v) =
∑
θ

Tτ (θ)Eθ(u, v) =
∑
θ

γ|Eθ(u, v)| = γ
∑
θ

|Eθ(u, v)|.

For arc-reversal walks on a connected graph G, the projected transition matrix B =
D

−1/2
G AD

−1/2
G is nonnegative and irreducible. (Recall that DG denotes the diagonal degree

matrix of G.) It always has D
1/2
G 1 as an eigenvector for its Perron-Frobenius eigenvalue

1. Therefore, the 1-eigenspace is one-dimensional, so that 1 is in the positive mutual
eigenvalue support of all pairs u ̸= v. As 1 = cos 0

1
, we must have γ = 1 for all instances

of peak state transfer in arc-reversal walks on connected graphs. This answers a question
left open in [35]: the authors mention that they do not know of perfect state transfer
occurring in non-regular graphs with γ = −1. With our remark we have argued that
such examples do not exist: the γ in their characterization of perfect state transfer in
arc-reversal walks [35, Theorem 6.5] can be replaced by the value 1.

The characterization of peak state transfer from u to v in Theorem 3.5 gives us that
it is determined by the eigenvalues and the (u, v)-entries of the spectral idempotents. In
particular, the status of peak state transfer will be the same for two discrete-time quantum
walks whose projected transition matrices are cospectral and where the (u, v)-entries of
the spectral idempotents are equal. We discuss a specific instance of this behavior for
arc-reversal walks on distance-regular graphs in Remark 5.3.

In the next result, we give a precise characterization of periodicity in two-reflection
walks, which is similar to Theorem 3.5, except that we take x = y instead. Since we
consider diagonal elements of the spectral idempotents, the negative mutual eigenvalue
support is empty and the conditions can be simplified.

Theorem 3.7. Let B ∈ RX×X be the projected transition matrix of a two-reflection walk
and let the spectral decomposition of B be given by B =

∑
θ θEθ. Let u ∈ X and let

Λ = {θ | Eθ(u, u) ̸= 0} be the eigenvalue support of u. There is periodicity at u if and
only if each θ ∈ Λ is a cosine of a rational multiple of π:

θ = cos
p(θ)π

q(θ)
, (3.7)

where p(θ) ⩾ 0 and q(θ) > 0 are integers such that p(θ) ⩽ q(θ) and gcd(p(θ), q(θ)) = 1.

If this is the case, let τ = lcm{q(θ) | θ ∈ Λ}. The period is τ if τ · p(θ)
q(θ)

has the same parity
for all θ ∈ Λ. Otherwise, the period is 2τ .

Proof. Note first of all that since the Eθ are positive semidefinite and sum to the identity
matrix, we have that ∑

θ

|Eθ(u, u)| =
∑
θ

Eθ(u, u) = 1.

In addition,
Λ = Λ1 = {θ | Eθ(u, u) > 0},
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so that for some time t, by Lemma 3.1, we have that |Bt(u, u)| = 1 if and only if Tt(θ) = 1
for all θ ∈ Λ or Tt(θ) = −1 for all θ ∈ Λ. So by Lemma 3.3, if there is periodicity, every
eigenvalue θ ∈ Λ can be written as cosine of a rational multiple of π.

Now assume that every θ ∈ Λ can be written in the form (3.7) and let τ be the least
common multiple of all q(θ) over θ ∈ Λ. By construction, τ is the first time at which

Tτ (θ) = ±1 for all θ ∈ Λ. The sign of each Tτ (θ) depends on the parity of τ · p(θ)
q(θ)

. If the
sign is the same for all θ ∈ Λ, then there is periodicity with period τ . If not, then from
the properties of Chebyshev polynomials, we know that

T2τ (θ) = 2Tτ (θ)
2 − 1 = 1

for all θ ∈ Λ, so that periodicity happens with period 2τ .

Remark 3.8. In Theorem 3.7, if τ · p(θ)
q(θ)

is odd for every θ ∈ Λ, then there is periodicity

at time τ and Bτ (u, u) = −1. For some models of two-reflection walks, this type of
periodicity cannot occur at all: as is shown in [28] and [29], in both the arc-reversal
walk and the vertex-face walk, periodicity can only occur with Bτ (u, u) = 1. (The same
argument as in Remark 3.6 can also be followed in order to see this.) Hence for such
walks, the statement of Theorem 3.7 can be slightly simplified: in part (ii), the value

τ · p(θ)
q(θ)

is always even. So we can write every θ ∈ Λ as a cosine of a rational multiple of
π, in the following form:

θ = cos
2r(θ)π

s(θ)
,

where r(θ) ⩾ 0 and s(θ) > 0 are integers such that r(θ) ⩽ 1
2
s(θ) and gcd(r(θ), s(θ)) = 1,

and the period is always τ = lcm{s(θ) | θ ∈ Λ}.
We note that our characterization of peak state transfer only requires as input the

spectral decomposition of the projected transition matrix B; the time of peak state trans-
fer is determined by the eigenvalues. We have reduced the problem to determining if some
given numbers are equal to cosines of rational multiples of π, combined with some parity
conditions on the entries of the spectral idempotents. While the former task could be
difficult computationally, we will show, in Section 6, that it is possible to apply our the-
orems from this section, using results from algebraic number theory. If the characteristic
polynomial of B has rational coefficients, then we note that Λ = Λ1 ∪Λ−1 is closed under
taking algebraic conjugates. If Λ contains only cosines of rational multiples of π, then we
can partition Λ into sets of algebraic conjugates. The minimal polynomials would have
to divide the Chebyshev polynomial of the first kind. This is a way to detect when the
rational multiples of π occur with exact precision.

4 Arc-reversal walks and lexicographic products

In this section we consider only arc-reversal walks: for this specific type of two-reflection
walk, we classify peak state transfer in the complete graphs and cycle graphs. We then
show that from every graph G that admits peak state transfer, we can obtain a larger
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graph that also admits peak state transfer by blowing up all vertices of G (or equivalently,
by taking the lexicographic product of G with the empty graph Km).

In the following lemma, we classify peak state transfer (and periodicity) in the complete
graphs Kn. As usual, we work with the spectral decomposition of the projected transition
matrix

B =
∑

θ∈ev(B)

θEθ,

where for the arc-reversal walk, B is the normalized adjacency matrix of G, as described
in Section 2. As was also defined in Section 2, we let Λ(u, v) denote mutual eigenvalue
support of vertices u and v; recall that this set has a positive and a negative part.

Lemma 4.1. Let n ⩾ 2. The arc-reversal walk on the complete graph Kn does not admit
peak state transfer for n > 2 and there is no periodicity at any vertex for n > 3. The
graph K2 admits perfect state transfer at time 1 and is 2-periodic everywhere. The graph
K3 is 3-periodic everywhere.

Proof. If A is the adjacency matrix of Kn, the eigenvalues of its projected transition
matrix B = 1

n−1
A are given by 1 and − 1

n−1
, and the corresponding spectral idempotents

are
1

n
Jn and I − 1

n
Jn

respectively. For vertices u, v of Kn, this means that Λ(u, v) = {1,− 1
n−1
}. By Lemma

2.3, the eigenvalue − 1
n−1

is only a cosine of a rational multiple of π if n ∈ {2, 3}. Hence
for all other values of n, there is no perfect state transfer and no periodicity. For n = 2,

B =

[
0 1
1 0

]
,

so there is peak state transfer at time 1 and periodicity at both vertices at time 2. For
n = 3, we write the eigenvalues 1 and −1

2
as rational multiples of cosines, in the form

specified in Theorem 3.5 and Theorem 3.7:

1 = cos
0 · π
1

and − 1

2
= cos

2π

3
.

We then take τ = lcm{1, 3} = 3. Since τ · 0 and τ · 2
3
are both even, there is periodicity

everywhere with period 3 by Theorem 3.7. However, for distinct vertices u and v of K3,
we have that Λ1(u, v) = {1} and Λ−1(u, v) = {−1

2
}. So condition (ii) of Theorem 3.5 is

false and there is no peak state transfer at any time.

Next, we discuss cycle graphs. Unlike the complete graphs, the cycle graphs do admit
peak state transfer that is not perfect state transfer. In Lemma 2.2, we gave the spectral
decomposition of the adjacency matrix of the cycle graph Cn. As is the case in that
lemma, we will denote the vertices of Cn by the elements of {0, . . . , n− 1}, where vertices
i and j are adjacent if and only if i− j = ±1 (mod n). In the following lemma, we give a
full characterization of peak state transfer in cycles; we note that periodicity and perfect
state transfer in cycles has been determined in earlier work (see [48]).

the electronic journal of combinatorics 33(4) (2026), #P4.4 22



Lemma 4.2. Consider the arc-reversal walk on Cn and let i be any vertex. The walk is
n-periodic at vertex i. If n = 2m, there is perfect state transfer from vertex i to vertex
i + m (mod n) at time m. If n = 4ℓ, there is peak state transfer from i to vertices
i± ℓ (mod n) at time ℓ. There is no peak state transfer between any of the other pairs of
vertices of Cn.

Proof. Throughout this proof, we may assume without loss of generality that i = 0.
If A is the adjacency matrix of the n-cycle, then its projected transition matrix with
respect to the arc-reversal walk is given by B = A/2. By Lemma 2.2, we know that the
eigenvalues of B are cos 2πk

n
for k = 0, . . . , ⌊n/2⌋, with corresponding spectral idempotents

Fn,0, . . . , Fn,⌊n/2⌋ as defined in (2.2). The eigenvalue support Λ(u, u) of vertex 0 is the
whole spectrum of B. By Theorem 3.7, since every eigenvalue of B is a cosine of a
rational multiple of π, there is periodicity at 0; by Remark 3.8, because cos 2·1·π

n
is in the

eigenvalue support, the period must be n.
Now assume that n = 2m. For every k, we have

Fn,k(0,m) =


1
n

if k = 0;

(−1)m 1
n

if k = m;
1
m
cos kπ otherwise.

That is, Fn,k(0,m) > 0 for all even k and Fn,k(0,m) < 0 for all odd k. In particular, the
mutual eigenvalue support of 0 and m is the whole spectrum of B. Since n is even, the
eigenvalues can be written in the form

cos
k · π
m

, k ∈
{
0, . . . ,

⌊n
2

⌋}
By Theorem 3.5, considering the case k = 1 for the equation above shows that if there is
peak state transfer from 0 to m, it must occur for the first time at time m. (Indeed, the
least common multiple in condition (ii) of the theorem can only be m.) Further, for all k
we have

m · 2k
n

= k,

so that both conditions (i) and (ii) of Theorem 3.5(ii) are satisfied and there is peak state
transfer. This peak state transfer is perfect state transfer, because 0 and m are strongly
cospectral with respect to B. Indeed, we have for all vertices x:

Fn,0(x,m) =
1

n
= Fn,0(x, 0) and Fn,m(x,m) =

1

n
· (−1)x+m = (−1)m · Fn,m(x, 0)

and for all k /∈ {0,m}:

Fn,k(x,m) =
1

m
cos

πk(x−m)

m
=

1

m
cos

(
πkx

m
− πk

)
= (−1)k · Fn,k(x, 0).
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Next, assume that n = 4ℓ. Without loss of generality, it suffices to show that there is
peak state transfer from vertex 0 to vertex ℓ. This time, we have for all k:

Fn,k(0, ℓ) =


1
n

if k = 0;

(−1)ℓ 1
n

if k ∈ {0, 2ℓ};
1
2ℓ
cos kπ

2
otherwise.

(4.1)

That is, the mutual eigenvalue support of 0 and ℓ consists of all eigenvalues cos 2πk
n

for
which k is even. More specifically, Fn,k(0, ℓ) > 0 if k ≡ 0 (mod 4) and Fn,k(0, ℓ) < 0 if
k ≡ 2 (mod 4). Now every eigenvalue in the mutual eigenvalue support can be written in
the form

cos
(k/2) · π

ℓ
,

so that if peak state transfer occurs from 0 to ℓ, it must occur for the first time at time
ℓ. Finally, we find that

ℓ · 2k
n

=
k

2
,

so that the parity of this integer depends on k (mod 4); once more, we can see that
conditions (i) and (ii) of 3.5 are both satisfied.

Finally, consider for any n > 2 the pair of vertices 0 and x ∈ {0, . . . , n− 1} such that
x /∈ {0, n/4, n/2, 3n/4}. Then

Fn,1(0, x) =
2

n
cos

2πx

n
̸= 0

so that cos 2π
n

is in the mutual eigenvalue support of 0 and x. Let

t =

{
n if n is odd;
n
2

if n is even.

Since t is the smallest integer that makes t · 2k
n
integer for all k, we know by Theorem 3.5

that if there is peak state transfer from vertex 0 to vertex x, it must occur for the first
time at time t. However, there is periodicity at vertex 0 at time t = n if n is odd (meaning
that Bt(0, 0) = 1) and there is perfect state transfer from vertex 0 to vertex n/2 at time
t = n/2 if n is even (meaning that Bt(0, n/2) = 1). In either case, since the rows of the
matrix Bt have norm at most 1 (this is because of (3.4) and symmetry of Bt), it must be
that Bt(0, x) = 0, whereas∑

k

|Fn,k(0, x)| ⩾ |Fn,1(0, x)| > 0 = Bt(0, x),

which means that there is no peak state transfer. We conclude that there is no peak state
transfer from 0 to x at any time.

the electronic journal of combinatorics 33(4) (2026), #P4.4 24



Using Theorem 3.5 to prove Lemma 4.2 somewhat obscures the simple structure of the
arc-reversal walk on Cn. In fact, it is not difficult to show that the transition matrix U
acts as a permutation on the 2n-arcs of the cycle, cyclically permuting each of the two sets
of arcs that point in the same direction. With this perspective, it is easy to see that there
is periodicity at time n and perfect state transfer at time n/2 between pairs of opposite
vertices if the cycle is even. This also implies that Bt(0, t) = 1/2 for all t /∈ {0, n/2}.
Hence, in order to show that there is peak state transfer from 0 to ℓ = n/4 at time ℓ, it
suffices to show that the absolute sum of all Fn,k(0, ℓ) as given in (4.1) is equal to 1/2.
Note that ‘peak state transfer’ does not mean that there is ‘more’ state transfer from
vertex 0 to vertex ℓ than to other vertices; rather the upper bound

∑
k |Fk,n(0, x)| is lower

for x = ℓ than for other x, and that bound can be attained.
Consider the arc-reversal walk on some graph G and let m > 1 be an integer. We can

construct a new graph that is a blow-up of G: it has vertex set

V (G)× {1, . . . ,m}

and (u, a) ∼ (v, b) if and only if u ∼ v. In words, every vertex in G becomes a coclique of
size m in the blow-up graph and there is a copy of Km,m between two of those cocliques
if there is an edge in G between the corresponding vertices in the original graph. Alter-
natively, this blow-up graph is the lexicographic product of G with the empty graph Km

on m vertices. We will denote this graph by G[Km], notation that is also used in e.g. [25].
The adjacency matrix of G[Km] is given by

AG ⊗ Jm,

so that the projected transition matrix (which is the normalized adjacency matrix) of
G[Km] is

B′ :=
1

m
B ⊗ Jm,

with B the projected transition matrix of G. The eigenvalues of B′ are the products of
the eigenvalues of B with 0 and 1. This means that ev(B′) = ev(B) ∪ {0}. The spectral
decomposition of B′ is given by

B′ = 0 · F0 +
∑

θ∈ev(B)\{0}

θFθ,

where

Fθ := Eθ ⊗
1

m
Jm (4.2)

for θ ̸= 0 and the idempotent F0 for the eigenvalue 0 is

F0 :=

{
I ⊗ (I − 1

m
Jm) + E0 ⊗ 1

m
Jm if 0 ∈ ev(B);

I ⊗ (I − 1
m
Jm) otherwise.

(4.3)

This leads to the following lemma.
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Lemma 4.3. Consider the arc-reversal walk on some graph G. Let u, v be distinct vertices
of G, let m > 1 be an integer and let a, b ∈ {1, . . . ,m}. Then there is peak state transfer
from u to v at time t in G if and only if there is peak state transfer from (u, a) to (v, b)
at time t in G[Km].

Proof. It suffices to show that B and B′ as described above have identical positive and
negative eigenvalue supports. Let θ be any eigenvalue of the projected transition matrix
B of G. By equations (4.2) and (4.3), we have that

Fθ((u, a), (v, b)) =
1

m
Eθ(u, v)

(also if θ = 0, since u ̸= v) so that θ is in the positive (resp. negative) eigenvalue support
of (u, a) and (v, b) with respect to B′ if and only if it is in the positive (resp. negative)
eigenvalue support of u and v with respect to B.

Now assume that 0 is not an eigenvalue of the original projected transition matrix B,
then since u ̸= v, we have F0((u, a), (v, b)) = 0 by (4.3), so that 0 is not in the mutual
eigenvalue support of (u, a) and (v, b). This completes the proof.

In the following lemma, we show that periodicity in G can also lead to peak state
transfer in the blow-up G[Km] of G. The proof is straightforward, but rather long, once
more because of the careful bookkeeping that is necessary. Therefore, we have moved its
proof into Appendix B.

Lemma 4.4. Assume that the arc-reversal walk on some connected graph G with at least
two vertices is τ -periodic at some vertex u. Moreover, let m > 1 be an integer and let
a, b ∈ {1, . . . ,m} be distinct. Write τ ′ = lcm{τ, 4}. The following are true:

(i) There is periodicity at (u, a) with period τ ′ in the arc-reversal walk on G[Km].

(ii) There is peak state transfer from (u, a) to (u, b) at time τ ′/2 in the arc-reversal walk
on G[Km] if and only if one of the following holds:

(a) τ is not divisible by 4;

(b) τ ≡ 4 mod 8 and the integer τ · r(θ)
s(θ)

is even for all eigenvalues θ ∈ Λ(u, u) \ {0}
of the projected transition matrix B, where r(θ) and s(θ) are as in Remark 3.8.

Conversely, if there is periodicity at (u, a) or peak state transfer from (u, a) to (u, b) in
G[Km], there must be periodicity at u in G.

A consequence of Lemmas 4.3 and 4.4 is that if there is no peak state transfer or
periodicity in G, then there is no peak state transfer or periodicity in the blow-up graph
G[Km] either. Since the only complete graphs for which the arc-reversal walk admits
perfect state transfer or periodicity are K2 and K3, we can conclude the following about
complete multipartite graphs with parts of equal size:
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Corollary 4.5. Let G be a complete multipartite graph with r ⩾ 2 parts of size m. If G
admits periodicity or peak state transfer, then r = 2 or r = 3.

Note that the part of this result about periodicity was already known [30], and a similar
statement for the case of perfect state transfer was also known [34]. We will make use of
this corollary when we classify peak state transfer in strongly regular graphs in Section
5.1.

5 More examples of peak state transfer in arc-reversal walks

In this section, we classify peak state transfer in arc-reversal walks on strongly regular
graphs (Section 5.1) and partly in block designs (Section 5.2). We also give a family of
graphs for which the amount of peak state transfer (that is, the value of

∑
θ |Eθ(u, v)|)

tends to 1 (Section 5.3). Finally, we briefly discuss peak state transfer in other examples
that arise from certain incidence structures (Section 5.4).

For most of our examples, we do not compute the value of
∑

θ |Eθ(u, v)|. The sym-
metric nature of our examples makes it so that this amount is usually quite low: since
the columns of Bt have norm at most 1, if there is peak state transfer from a vertex u to
m > 0 other vertices at time t with equal amounts, then this amount is at most 1/

√
m.

That does not mean that the amount of peak state transfer is always low, as we will see
in the infinite family where this quantity tends to 1. The graph that we saw in Figure 2
provides another small example: its arc-reversal walk admits peak state transfer from u
to v with B6(u, v) =

1
2

√
3 ≈ 0.866025.

5.1 Strongly regular graphs

A strongly regular graph X with parameter set (n, k, a, c) is a k-regular graph on n
vertices that is neither complete nor empty, and where every pair of adjacent vertices has
a common neighbors and every pair of non-adjacent vertices has c common neighbors. IfX
is connected and c ̸= 0, then X has diameter 2. We refer to [25] for the basic properties of
strongly regular graphs, some of which we will repeat here, in order to establish notation.

For a strongly regular graph X, the adjacency matrix A(X) has three eigenvalues,
k ⩾ θ > τ , where the first inequality is strict if and only if X is connected. (Note: in this
section on strongly regular graphs, we let θ denote the specific ‘middle’ eigenvalue of a
strongly regular graph and we use λ to denote an arbitrary eigenvalue.)

We will make use of the following lemma that characterizes disconnected strongly
regular graphs.

Lemma 5.1 ([25], Lemma 10.1.1). Let X be a strongly regular graph. The following
conditions are equivalent.

(i) X is disconnected;

(ii) c = 0;
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(iii) a = k − 1;

(iv) X is isomorphic to the disjoint union of r copies of Kk+1 for some r > 1.

The complement X of a strongly regular graph X is also strongly regular, with pa-
rameter set (n, k, a, c), where

k = n− k − 1, a = n− 2− 2k + c and c = n− 2k + a (5.1)

and with eigenvalues
n− k − 1 ⩾ −1− τ > −1− θ. (5.2)

If X and its complement X are both connected, we say that the strongly regular graph
is primitive, otherwise it is imprimitive. If X is disconnected, then Lemma 5.1 applies
and X is isomorphic to the complete multipartite graph with n

n−k
parts of size n− k. A

conference graph is a strongly regular graph for which the multiplicities of θ and τ are
equal; these are the only strongly regular graphs of which the eigenvalues are potentially
non-integral (see for instance [25, Lemma 10.3.3]). In the following theorem, we give a
classification of peak state transfer in strongly regular graphs.

Theorem 5.2. Suppose that X is a strongly regular graph on n vertices. Peak state
transfer occurs in X if and only if X is isomorphic to one of the following:

(a) the disjoint union of n
2
copies of K2;

(b) the complete bipartite graph Kn
2
,n
2
; or

(c) the complete tripartite graph Kn
3
,n
3
,n
3
.

Proof. Assume first that X is imprimitive. If X is disconnected, it is isomorphic to the
disjoint union of r copies of Kk+1 for some r > 1 by Lemma 5.1. There is zero state
transfer between distinct connected components of X, and within each component, there
is peak state transfer if and only if the complete graph Kk+1 admits peak state transfer.
By Lemma 4.1, the only complete graph that admits peak state transfer is K2, so that
this is case (a).

If X is disconnected, then X is isomorphic to the complete multipartite graph with
r := n

n−k
parts of size n − k. By Corollary 4.5, such a multipartite graph admits peak

state transfer if and only if it is bipartite or tripartite, so that gives either case (b) or case
(c).

It remains is to show that if X is primitive, it does not admit peak state transfer.
Since X is primitive, its eigenvalues satisfy

k > θ > 0 > τ > k − n, (5.3)

by standard argumentation that can be found in [25]. We also have that θ and τ satisfy
the following equations:

θ + τ = a− c and θτ = c− k (5.4)
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We denote the multiplicities of the eigenvalues k, θ and τ by mk = 1, mθ and mτ

respectively. The distance matrices A0, A1, A2 of X (where Ai(u, v) = 1 if the distance
from u to v is i and 0 otherwise) can be written as

A0 = I, A1 = A(X) and A2 = J − I − A(X)

where A(X) is the adjacency matrix. The spectral idempotents can be written as linear
combinations of the Aj:

Eλ =
1

n

2∑
j=0

qλ(j)Aj,

where the qλ ∈ R{0,1,2} are given by

qk =

11
1

 , qθ =

 mθ
n−k+τ
θ−τ
τ−k
θ−τ

 and qτ =

 mτ
k−n−θ
θ−τ
k−θ
θ−τ

 .
Since X is k-regular, the projected transition matrix of the arc-reversal walk on X is given
by B = 1

k
A(X) and it has eigenvalues 1 > θ

k
> τ

k
, with the same respective idempotents

Ek, Eθ and Eτ .
By (5.3), and since θ ⩾ 0, all entries of the qλ are non-zero, which then implies that

all entries of each idempotent Eλ are non-zero. We conclude that the mutual eigenvalue
support Λ = {λ : Eλ(u, v) ̸= 0} is equal to {1, θ

k
, τ
k
} for all pairs of vertices u, v. In

particular if there is peak state transfer in the primitive strongly regular graph X, then
θ
k
and τ

k
must be cosines of rational multiples of π.

We proceed by assuming first that X is not a conference graph. For a non-conference-
graph, the eigenvalues θ and τ are integer, so that θ

k
and τ

k
are rational. In light of Lemma

2.3, as well as the restrictions on θ and τ that we have already mentioned, if peak state
transfer occurs, θ must be equal to k

2
and τ is either −k

2
or −k. If τ = −k

2
, it must be

that a = c and c − k = −k2

4
(from (5.4)). This can only hold if k = 2 ± 2

√
1− c, i.e., if

c = 1 and k = 2, or c = 0 and k = 4. In the former case, a = c = 1 = k − 1, so that in
both cases, X would be disconnected (Lemma 5.1), but we assumed that it is not. On
the other hand, if τ = −k, then k− c = k2

2
, so that k = 1±

√
1− 2c, i.e., c = 0 and k = 2,

which again contradicts the imprimitivity of X.
Finally, assume that X is a conference graph. By [25], n must be congruent to 1

mod 4, and k = n−1
2

and c = n−1
4
. Since 0 < θ < k and −k < τ < 0, let ϕ, θ ∈ (0, π

2
) be

such that cos(ϕ) = θ
k
and cos(ψ) = − τ

k
. Assume that there is peak state transfer: then

both ϕ and ψ are rational multiples of π. It follows that

cos(ϕ) cos(ψ) =
k − c
k2

=
1

n− 1
,

or equivalently

cos(ϕ− ψ) + cos(ϕ+ ψ) =
2

n− 1
.
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Note that ϕ− ψ ∈ (−π
2
, π
2
) and ϕ+ ψ ∈ (0, π), so there exist rational multiples α ∈ [0, π

2
)

and β ∈ (0, π
2
] of π such that

cos(α) + γ cos(β) =
2

n− 1
(5.5)

for some γ = ±1. Either cos(α) and cos(β) are both rational, or they are both irrational.
In the latter case, by Lemma 2.3(ii), n must be equal to 5. The only primitive strongly
regular graph on 5 vertices is the 5-cycle, which does not admit peak state transfer by
Lemma 4.2. If cos(α) and cos(β) are both rational on the other hand, we must have
cos(α) ∈ {1

2
, 1} and cos(β) ∈ {0, 1

2
}. Plugging in all possible values in (5.5)

2

n− 1
∈
{
0, 1

2
, 1, 3

2

}
so that the only possible integer values for n are 3 and 5. Once more, that leaves only
the 5-cycle as a primitive strongly regular graph. We conclude that peak state transfer
does not occur in conference graphs.

Remark 5.3. We have used that the spectral idempotents of a strongly regular graph
can be expressed as linear combinations of I, A and J − A − I. Since the eigenvalues
and the coefficients in these expressions for the spectral idempotents only depend on
the parameter set (n, k, a, c), the existence of peak state transfer is also determined by
(n, k, a, c). In other words, if X is a strongly regular graph with parameter set (n, k, a, c)
that admits peak state transfer between some pair of vertices, then any other strongly
regular graph with parameter set (n, k, a, c) also admits peak state transfer between some
pair of vertices.

More generally, the same holds for distance-regular graphs (for definitions, see [4]).
For a distance-regular graph of diameter d, the eigenvalues and entries in the spectral
idempotents are determined by the intersection array {b0, . . . , bd−1 : c1, . . . , cd}. Thus,
the existence of peak state transfer is the same for all distance-regular graphs having the
same intersection array.

5.2 Block designs

A block design (also known as a 2-design or balanced incomplete block design) with
parameters v, b, r, k and λ is an incidence structure on a set P , consisting of v elements
(the points), and a collection B, consisting of b subsets of P of size k (the blocks), such
that each point is in r blocks and each pair of distinct points is in exactly λ blocks. See
e.g. [25] or [12] for more information on block designs. Clearly vr = bk. Moreover, we
will assume that 1 < k < v to omit some trivialities, and then one can show that

v(v − 1)

k(k − 1)
=
b

λ
and

v − 1

k − 1
=
r

λ
(5.6)

so that b and r are completely determined by v, k and λ. Therefore, we will call a block
design with specific parameters a (v, k, λ)-design. Given such a design, let N ∈ {0, 1}v×b
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be the point-block incidence matrix, that is,

N(x, y) =

{
1 if point x is on block y;

0 otherwise.

We will write Jc×d for the c× d all-ones matrix, or simply J if it is clear from the context
what its dimensions are. We have

NNT = λJ + (r − λ)I (5.7)

= rk · 1
v
J + (r − λ) ·

(
I − 1

v
J

)
, (5.8)

where the last expression is the spectral decomposition of NNT . Since r ̸= λ by our
assumptions, the matrix N has full row rank, which implies that v ⩽ b. Note further that
for any positive integer c, we have

NJb×c = rJv×c and NTJv×c = kJb×c. (5.9)

Consider now the matrix

A =

[
0 N
NT 0

]
,

which is the adjacency matrix of the bipartite graph that represents the block design, with
the points in the first part and the blocks in the other. The bipartite graph is biregular,
so that the projected transition matrix with respect to the arc-reversal walk on this graph
is given by

B =
1√
rk
A.

In order to determine whether peak state transfer can occur in the arc-reversal walk
on this bipartite graph, we need the spectral decomposition of A, which is given in the
following lemma. Although this result is well-known and deducible in a straightforward
manner, it is not commonly state in this form, so we have provided a proof in Appendix
B.

Lemma 5.4. Let X be the point-block incidence graph of a block design with parameters
v, b, r, k and λ. If v < b, the eigenvalues of its adjacency matrix A are 0,±

√
r − λ and

±
√
rk and their respective spectral idempotents are

E0 =

[
0 0
0 I − 1

r−λ

(
NTN − λv

b
J
)] ;

E±
√
r−λ =

1

2

[
I − 1

v
J ± 1√

r−λ

(
N − k

v
J
)

± 1√
r−λ

(
N − k

v
J
)

1
r−λ

(
NTN − rk

b
J
)] ; and

E±
√
rk =

1

2

[
1
v
J ± k

v
√
rk
J

± k
v
√
rk
J 1

b
J

]
.

If v = b, then its eigenvalues are ±
√
r − λ and ±

√
rk, with the same spectral idempotents

as above.
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The restrictions on the parameters v, k and λ make it so that E±
√
r−λ(u, v) ̸= 0

whenever u represents a point (and v can correspond to any point or block) in the incidence
graph. This means that peak state transfer from u to another vertex can only occur if

the eigenvalue
√

r−λ
rk

can be written as a cosine of a rational multiple of π. As for peak

state transfer between blocks, the lower-right matrix

1

r − λ

(
NTN − rk

b
J

)
in the expressions for E±

√
r−λ in the lemma above can have entries that are equal to

zero: an off-diagonal entry of NTN represents the number of points that are in both
corresponding distinct blocks, an it is possible for this number to equal rk/b. However,
the matrix NTN depends on more than just the parameters of the block design: it is
possible for one realization of a (v, k, λ)-design to admit peak state transfer between a
pair of blocks whereas another does not. For this reason, our main result of this section
is restricted to peak state transfer involving a point of the design.

Theorem 5.5. Consider the arc-reversal walk on the point-block incidence graph X of a
(v, k, λ)-design. There is peak state transfer starting at a vertex corresponding to a point
if and only if v = 3 and k = 2 or v = 9 and k = 3.

Proof. Assume that there is peak state transfer from vertex x to vertex y at some time,
where x corresponds to a point of the design. To determine the mutual eigenvalue support
of x and y, we consider the spectral idempotents Eµ of the adjacency matrix A of X, as
given in Lemma 5.4. From E0, we can see that the eigenvalue 0 is not in their mutual
eigenvalue support. The top row of blocks of the idempotents E±

√
rk clearly do not contain

a zero, and the same is true for the top row of blocks of the idempotents E±
√
r−λ, since

we are assuming that 1 < k < v. As B = 1√
rk
A has the same spectral idempotents as

A, this means that its eigenvalues ±
√

r−λ
rk

and ±1 are in the mutual eigenvalue support

of x and y. Hence, by Theorem 3.5, they must be cosines of rational multiple of π. This
trivially holds for the eigenvalues ±1. This condition is very restrictive for the eigenvalue√

r−λ
rk

, however: if there exists q ∈ Q such that√
r − λ
rk

= cos(qπ),

then
r − λ
rk

= cos2(qπ) =
1

2
cos(2qπ) +

1

2
.

By Lemma 2.3, since the expression on the right is rational, this can only happen if

r − λ
rk

∈
{
0, 1

4
, 1
2
, 3
4
, 1
}
.
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We are assuming that λ < r, so this eigenvalue cannot be 0. Moreover,

r − λ
rk

=
1

k
− λ

rk
<

1

k
⩽

1

2
,

since we also assume that k > 1. This implies that r−λ
rk

= 1
4
is the only solution, and that

the eigenvalues of B are −1,−1
2
, 0, 1

2
and 1. Using (5.6), we can rewrite

4(r − λ) = rk ⇐⇒ 4λ

(
v − 1

k − 1
− 1

)
=
v − 1

k − 1
· λk

⇐⇒ 4(v − 1)− 4(k − 1) = (v − 1)k

⇐⇒ v =
3k

4− k

Then k < 4 and we already ruled out k = 1, so there are two cases: k = 2, which implies
v = 3, and k = 3, which implies v = 9.

Conversely, assume that either of the cases in the statement of the theorem holds, so
we have a (3, 2, λ)-design or a (9, 3, λ)-design. The following eigenvalues are in the mutual
eigenvalue support of x and y:

−1 = cos
1 · π
1
, −1

2
= cos

2 · π
3
,

1

2
= cos

1 · π
3
, 1 = cos

0 · π
1

By Theorem 3.5, if there is peak state transfer between x and y, it must occur for the first
time at time 3. Since the value of γ in Theorem 3.5(ii) is 1, there is peak state transfer
if and only if −1

2
and 1 are in the positive mutual eigenvalue support of x and y and −1

and 1
2
are in the negative eigenvalue support. Indeed, if y is a block that x is not incident

to, we can see from Lemma 5.4 that 1 is in their positive mutual eigenvalue support −1
is in their negative mutual eigenvalue support. Further, since N(x, y) = 0 we have that
E√

r−λ(x, y) < 0 and E−
√
r−λ(x, y) > 0, so that the eigenvalues 1

2
and −1

2
are respectively

in the positive and negative mutual eigenvalue supports of x and y. This completes the
proof.

Since the number of blocks of a (3, 2, 1)-design is 3, the only possible design is, up to
permutations of points and blocks, given by the incidence matrix

N =

0 1 1
1 0 1
1 1 0

 .
Note that the corresponding point-block incidence matrix corresponds to the 6-cycle, for
which the occurrence of peak state transfer was alternatively shown in Lemma 4.2. The
unique realisation of a (9, 3, 1)-design is provided in [12] and we give a visualization of it
in Figure 5.

Other (3, 2, λ)- and (9, 3, λ)-designs can be obtained from these by taking multiple
copies of all blocks. However, not every such design arises in this way: for instance, there
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Figure 5: A depiction of the affine plane of order 3, the unique realisation of a (9, 3, 1)-
design. Each block is indicated by a line segment that passes through its 3 incident points.
In the corresponding point-block incidence graph, there is peak state transfer from the
blue point to the red blocks at time 3, i.e. to all blocks that the blue point is not incident
to.

are 36 non-isomorphic (9, 3, 2)-designs [12]. As an example, consider the (9, 3, 2)-design
formed by the following 3-subsets of {1, . . . , 9} as blocks, taken from [12]:

{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {1, 5, 6}, {1, 5, 7}, {1, 6, 8}, {1, 7, 9}, {1, 8, 9},
{2, 3, 4}, {2, 5, 6}, {2, 5, 7}, {2, 6, 8}, {2, 7, 9}, {2, 8, 9}, {3, 5, 8}, {3, 5, 9},
{3, 6, 7}, {3, 6, 9}, {3, 7, 8}, {4, 5, 8}, {4, 5, 9}, {4, 6, 7}, {4, 6, 9}, {4, 7, 8}.

Indeed, we can see that b = 24 (the amount of blocks) and r = 8 (the amount of times
each number appears in a block) agree with the equations in (5.6). Moreover, every pair
of numbers appears in two blocks, so it is a valid (9, 3, 2)-design.

5.3 Infinite family of graphs with peak state transfer tending to 1

We will now give an example of an infinite family of graphs for which the amount of peak
state transfer tends to 1, meaning that the quantity in (1.1) tends to 0 as the number of
vertices grows.

Consider the following family of graphs, obtained by blowing up the vertices x and y
of the path graph P5 as depicted in Figure 6. There are n copies of x and m copies of y,
resulting in a graph on n +m + 3 vertices, which we will denote by Gn,m. Its adjacency
matrix is given by

A =


1T
n

1n 1n

1T
n 1T

m

1m 1m

1T
m

 ,
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vxu y w

v

x1

u

y1

w

x2 y2

xn ym

...
...

Figure 6: The path graph P5 and its blown-up counterpart Gn,m. There is peak state
transfer from u to w at time 4 in the arc-reversal walk on Gn,m. If n = m the peak state
transfer is perfect state transfer. For the graphs Gn,n+1, the amount of state transfer
converges to 1 as n→∞.

the first, middle and last columns corresponding to vertices u, v and w respectively and
the blocks of size n and m lying in between corresponding to the xi and yj respectively.
We will show that in the arc-reversal walk on Gn,m, there is peak state transfer from u to
w at time 4 for all choices of n and m. The projected transition matrix is the normalized
adjacency matrix B = D

−1/2
G AD

−1/2
G , where DG is the degree matrix of the graph. By

considering its structure, one can see that B has rank 4. As mentioned in Remark 3.6, it
has the eigenvector

D
1/2
G 1 =

[√
n
√
2 · 1T

n

√
n+m

√
2 · 1T

m

√
m
]T

corresponding to its Perron-Frobenius eigenvalue 1. The vector above has norm 2
√
n+m,

so that the (u,w)-entry of the corresponding spectral idempotent E1 is equal to

E1(u,w) =

√
nm

4(n+m)
.

Since Gn,m is a bipartite graph, the eigenvalues of B are symmetric around 0; there is
also the eigenvector [√

n −
√
2 · 1T

n

√
n+m −

√
2 · 1T

m

√
m
]T

for eigenvalue −1, so that the (u,w)-entry of the corresponding spectral idempotent E−1

is equal to that of E1. The remaining of non-zero eigenvalues is given by ±
√
2/2, with

corresponding eigenvectors[√
m ±

√
m/n · 1T

n 0 ∓
√
n/m · 1T

m −
√
n
]T
,

(each having norm
√

2(n+m)), yielding

E±
√
2/2(u,w) = −

√
nm

2(n+m)
.
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Finally, since
∑

θ∈ev(B)Eθ(u,w) = 0, this means that the idempotent for the remaining

eigenvalue 0 has as its (u,w)-entry:

E0(u,w) =

√
nm

2(n+m)
.

We conclude that the positive and negative mutual eigenvalue supports of u and v are
respectively Λ1 = {−1, 0, 1} and Λ−1 = {−

√
2/2,
√
2/2}. Since the eigenvalues can alter-

natively be expressed as cos kπ
4

for k = 0, . . . , 4, the odd k corresponding precisely to the
eigenvalues in the negative mutual eigenvalue support, there is peak state transfer from
u to w at time 4 by Theorem 3.5. In particular, we have

|B4(u,w)| =
∑

θ∈ev(B)

|Eθ(u,w)| =
2
√
nm

n+m
.

If n = m, this value is equal to 1 and there is perfect state transfer. If we take for instance
m = n+ 1, we obtain the sequence of graphs Gn,n+1 that has peak state transfer with

B4(u,w) =

√
1− 1

(2n+ 1)2
.

Thus, B4(u,w) converges to 1 as n goes to ∞.

5.4 Other sporadic examples

Since for a k-regular graph with adjacency matrix A, the transition matrix for its arc-
reversal walk is given by B = 1

k
A, we have that k-regular graphs with eigenvalues in the

set {−k,−k/2, 0, k/2, k} are straightforward candidates for peak state transfer to occur,
as −1,−1/2, 0, 1/2, and 1 are all cosines of rational multiples of π (and they are in fact the
only rational numbers with this property, by Lemma 2.3(i)). Considering Theorem 3.5,
peak state transfer in such graphs occurs for the first time at time at most 6, as 0 = cos 1·π

2

and 1
2
= cos 1·π

3
. Examples of regular graphs with few eigenvalues are distance-regular

graphs (see [4]). We have already considered the distance-regular graphs of diameter at
most 2; they are the strongly regular graphs that we discussed in Section 5.1. A distance-
regular graph of diameter d has d + 1 distinct eigenvalues, so searching the tables for
distance-regular graphs of diameter 3 and 4 in Chapter 14 of [4] may provide us some
instances of peak state transfer.

Indeed, an example is the Hamming graph H(3, 3) (also defined in [4]), with vertex
set {0, 1, 2}3, where two vertices are adjacent if they differ in exactly one coordinate. It
has diameter 3, with spectrum {−3, 0, 3, 6}. Using SageMath [46] we determined that
this graph of order 27 has peak state transfer from any vertex v to all vertices at distance
2 from v at time 6, and the walk is periodic with period 12.

Interestingly, this graph has a cospectral mate that we found on House of Graphs [14]
(its HoG Id is 1118). In the literature, it is known as the dual Menger graph of the Gray
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configuration; this graph has 27 vertices, one for each line of the configuration, and two
vertices being adjacent if the corresponding lines are incident to a common point. See
[40] for a more detailed description of the configuration. There is peak state transfer from
any vertex v to 12 of the vertices at distance 2 at time 3, and to the 4 remaining vertices
at distance 2 at time 6.

Another example can be found in [4]: the folded 8-cube has 27 = 128 vertices and can
be obtained from the 7-dimensional hypercube by adding an edge between all antipodal
pairs of vertices. It has diameter 4 and its spectrum is {−8,−4, 0, 4, 8}. With Sagemath,
we determined that there is peak state transfer from any vertex v to all vertices at distance
3 from v at time 3 and the walk is periodic with period 6.

Yet another pair of examples is given by two instances of partial geometries with
parameters (5, 5, 2). (See e.g. [12] for information on this type of incidence structure.) The
corresponding graph is the bipartite point-line incidence graph of the partial geometry.
The specific instances can be found in [37] and [33], and have as point set the elements of
the finite field F81 and the line set consists of certain 6-subsets of its elements, where the
incidence relation is given by inclusion. For both instances, when starting at any point
(line) in the point-line incidence graph, there is peak state transfer at time 3 to all lines
(points) at distance 3 in that graph. There is also peak state transfer to 75 points (lines)
at distance 2 and at time 6 to 30 other points, with the walk being periodic with period
12.

6 State transfer in vertex-face walks in grids

In this section, we discuss state transfer in vertex-face walks on toroidal grids. For n,m ⩾
3, the (toroidal) (n,m)-grid is an embedding of Cn□Cm in the torus. We saw an example
of the (4, 6)-grid in Figure 1 in Section 1. The definition can be extended to where n
and m can also take on the values 1 and 2, in which case the embeddings are those of
multigraphs; if n = 2 or m = 2, the corresponding multigraph has doubled edges and if
n = 1 or m = 1 it has loops. A precise description in terms of rotation systems is given,
for instance, in [29]. We denote the vertices of the (n,m)-grid by the elements of the
group V := Zn×Zm. (Alternatively, the (n,m)-grid is an embedding of the Cayley graph
of Zn × Zm with generating set {±(1, 0),±(0, 1)}.)

In Section 6.1, we classify periodicity as well as perfect state transfer of the vertex-face
walk on toroidal grids. In Section 6.2, we show that every (4, n)-grid admits peak state
transfer for every n ⩾ 1.

6.1 Classification of periodicity

The authors have shown in a previous paper [29] that the (1,m)- and (2,m)-grids admit
perfect state transfer and periodicity. Here, we will complete the classification of toroidal
grids on which the vertex-face walk admits periodicity. The main result of this section is
the following theorem:
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Thm 6.1Lem 6.4

Lem 6.3

Rem 6.2

Prop 6.5

Lem 6.6

Thm 3.7

Lem 2.2

Lem 2.3

Thm 3.5

Figure 7: Organization of the building blocks for the proof of Theorem 6.1.

Theorem 6.1. The vertex-face walk on the toroidal (n,m)-grid is periodic if and only if
min{n,m} ⩽ 2 or n = m = 4.

Since the automorphism group of the (n,m)-grid (as a graph embedding) acts tran-
sitively on its vertex set, periodicity at one vertex implies periodicity at every vertex:
see [29, Theorem 5.4]. Moreover, by [29, Theorem 5.2], since the number of faces of the
(n,m)-grid is equal to the number of vertices, periodicity at every vertex at time τ is
equivalent to the transition matrix U having the property that U τ = I. We will simply
say that the vertex-face walk on a toroidal grid is ‘periodic’ if these (equivalent) properties
occur. Note also that perfect state transfer from vertex u to vertex v at time τ implies
periodicity at u and v at time 2τ , since perfect state transfer is symmetric. This means
that if periodicity does not occur, perfect state transfer does not occur either.

We will use the remainder of this subsection to prove the theorem above. In Figure
7, we have provided a diagram that shows how the results in this section are related to
each other, culminating in the proof of Theorem 6.1. In the results on the left side of the
diagram, we use the characteristic polynomial of the transition matrix U in order to rule
out periodicity from occuring in (n,m)-grids whenever nm is not divisible by 8. In the
results on the right side of the figure, we then argue that if some grid admits periodicity,
and if n or m is divisible by 4, then it must be the case that n = m = 4. This part of the
argument relies on our characterization of periodicity in two-reflection walks (Theorem
3.7). We also make use of Lemma 2.3 in order to solve equations involving cosines of
rational multiples of π.

For n ⩾ 1, let ζ be a primitive n-th root of unity. The n-th cyclotomic polynomial
Φn, defined by

Φn(x) =
∏

k∈[n]: gcd(k,n)=1

(
x− ζk

)
,

is irreducible over Q. As such, Φn is the minimal polynomial of ζ over Q. Moreover,
all coefficients of Φn are integer. See [21], in particular Section 13.6. We observe the
following, where ϕ(A, x) denotes the characteristic polynomial of a matrix A.

Remark 6.2. If A is an n × n matrix, with rational entries, such that Aτ = I for some
integer τ ⩾ 0, then all eigenvalues of A are roots of unity, and the characteristic polynomial
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ϕ(A, x) of A factors into cyclotomic polynomials over Q. This means in particular that
all coefficients of ϕ(A, x) are integer.

Since the transition matrix U of the vertex-face walk on the (n,m)-grid has rational
entries, we can use Remark 6.2 to check if periodicity can occur: if ϕ(U, x) has a coefficient
that is non-integer, then the grid is not periodic. We will use this approach to rule out
most of the toroidal (n,m)-grids from being periodic.

For U , which is a 4nm× 4nm matrix, we can write

ϕ(U, x) =
4nm∑
i=0

cix
i =

4nm∏
j=1

(x− λj),

i.e. the ci are the coefficients of ϕ(U, x), and the λj are the eigenvalues of U (with multi-
plicity). It is clear that c4nm = 1 and c4nm−1 = −

∑
j λj = − tr(U). Moreover,

c4nm−2 =
∑
j<k

λjλk =
1

2

(
4nm∑
j,k=1

λjλk −
4nm∑
j=1

λ2j

)
=

tr(U)2 − tr(U2)

2
. (6.1)

To compute the coefficients c4nm−1 and c4nm−2, we need to determine the traces of U
and U2. For n,m ⩾ 3, the facial boundary walks of the (n,m)-grid are cycles in the graph
(we say that the embedding is circular; note that this is not the case if n = 1 or 2). With
the expression for the trace of the transition matrix U of the vertex-face walk, as given
in [50, Lemma 2.3], we find that

tr(U) =
2|V ||F |
|E|

− 2|V | − 2|F |+ |A| = nm− 4nm+ 4nm = nm. (6.2)

This means that the coefficient c4nm−1 is integer for all n,m. We will now compute the
value for c4nm−2, which turns out to be non-integer if nm is not divisible by 8.

For n,m ⩾ 3, let C ∈ {0, 1}V×F be the vertex-face incidence matrix of the vertex-face
walk on the (n,m)-grid, where

C(v, f) =

{
1 if v is on the boundary of f ;

0 otherwise.
(6.3)

Equivalently, C = 4D, where D = NTM is the discriminant matrix of the vertex-face
walk. We make use of the vertex-face incidence matrix to determine the trace of U2:

Lemma 6.3. For n,m ⩾ 3, if U is the transition matrix of the toroidal (n,m)-grid, then

tr(U2) =
9nm

4
.

Proof. By writing U2 in terms of the orthogonal projections P and Q we find

U2 = (2P − I)(2Q− I)(2P − I)(2Q− I)
= 16PQPQ− 8PQP − 8QPQ− 4PQ+ 4QP + I,
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where the identities P 2 = P and Q2 = Q were used to reduce the expression. By the
cyclic property of the trace,

tr(PQP ) = tr(PQ) = tr(QP ) = tr(QPQ),

so that
tr(U2) = 16 tr(PQPQ)− 16 tr(PQ) + 4nm, (6.4)

as tr(I) = 4nm. We then plug in P = MMT and Q = NNT and we apply the cyclic
trace property once more to find

tr(PQ) = tr(MMTNNT ) = tr(NTMMTN) = tr(DDT )

and similarly
tr(PQPQ) = tr(DDTDDT ).

We can put these values into (6.4) to obtain

tr(U2) = 16 tr(DDTDDT )− 16 tr(DDT ) + 4nm

=
1

16
tr(CCTCCT )− tr(CCT ) + 4nm, (6.5)

where for the second equality, we used the fact that D = 1
4
C, where C is the vertex-face

incidence matrix of the toroidal (n,m)-grid. What remains is to determine the traces of
CCT and CCTCCT .

Since C is a binary matrix, we can see from (6.3) that

(CCT )(u, v) =
∑
f∈F

C(u, f)C(v, f) = #{f ∈ F : both u and v are incident to f}.

From Figure 8 we deduce that for all u, v ∈ V :

(CCT )(u, v) =


4 if u = v;

2 if uv ∈ E;
1 if u and v lie on diagonally opposite corners of a face;

0 otherwise.

In particular, each row of CCT contains exactly one 4 (which is on the diagonal), four
2’s and four 1’s. Since the (n,m)-grid has nm vertices, we find that tr(CCT ) = 4nm.
Finally, every diagonal (u, u)-entry of CCTCCT is equal to∑

v∈V

((CCT )(u, v))2 = 1 · 42 + 4 · 22 + 4 · 12 = 36,

so that tr(CCTCCT ) = 36nm. When we substitute these values for the traces of CCT

and CCTCCT in (6.5), we finally obtain

tr(U2) =
9nm

4
− 4nm+ 4nm =

9nm

4
.
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u

Figure 8: In the toroidal (n,m)-grid, if n,m ⩾ 3, every vertex u is incident to four
disctinct faces, and has four neighbours (in red) that each share exactly two faces with u,
and 4 vertices at distance 2 (in blue) that each share 1 face with u.

This completes the first part of our classification of periodicity:

Lemma 6.4. For n,m ⩾ 3, if the vertex-face walk on the toroidal (n,m)-grid is periodic,
then nm is divisible by 8.

Proof. By (6.1), (6.2) and Lemma 6.3, the coefficient for x4nm−2 in the characteristic
polynomial of U is equal to

tr(U)2 − tr(U2)

2
=

1

2

(
(nm)2 − 9nm

4

)
=

1

8
nm(4nm− 9).

If the (n,m)-grid is periodic, this coefficient must be integer by Remark 6.2. Since 4nm−9
is odd, this happens if and only if nm is divisible by 8.

In other words, if nm is not divisible by 8, then the (n,m)-grid is not periodic.
Now, using the sequence of matrices

Bt = NTU tN, t ∈ Z⩾0,

we will prove that if the (n,m)-grid is periodic, n,m ⩾ 3 and n or m is divisible by 4, then
n = m = 4. In order to do so, we will apply Theorem 3.7. We first need to determine the
eigenvalues of the projected transition matrix B = B1. Recall from Section 2 that B can
be written in terms of the discriminant matrix D, and hence in terms of the vertex-face
incidence matrix C:

B = 2DDT − I =
1

8
CCT − I. (6.6)

By [29, Lemma 6.2], the vertices and faces of the toroidal (n,m)-grid can be arranged in
such a way that we can write

C = (Sn + In)⊗ (Sm + Im),
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where Sk denotes the k × k permutation matrix that sends the standard basis vector
ei ∈ Ck to ei to ei−1 (with the index modulo k). We then find that

CCT = (Sn + ST
n + 2In)⊗ (Sm + ST

m + 2Im)

= (ACn + 2In)⊗ (ACm + 2Im), (6.7)

where ACn denotes the adjacency matrix of the n-cycle graph. We provided the spectral
decomposition of ACn , including the definition of the spectral idempotents Fn,k, in Lemma
2.2, which we will retain here.

From (6.6), (6.7) and Lemma 2.2, it follows that the spectrum of B is given by

σ(B) = {λk,ℓ | 0 ⩽ k ⩽ n− 1 and 0 ⩽ ℓ ⩽ m− 1},

where

λk,ℓ :=
1

2

(
cos

2πk

n
+ 1

)(
cos

2πℓ

m
+ 1

)
− 1. (6.8)

Note that σ(B) is the multiset in which each eigenvalue of B occurs with its corresponding
multiplicity. The spectral decomposition of B will have the form

∑
θ∈ev(B) θEθ, where,

considering (6.7), each Eθ is written in terms of ACn and ACm :

Eθ =
∑
k,ℓ

λk,ℓ=θ

Fn,k ⊗ Fm,ℓ.

Here, the Fn,k and Fm,ℓ are as defined in (2.2). Note that the diagonal elements of these
matrices are always strictly positive so that the diagonal entries of the Eθ are also strictly
positive. Hence the eigenvalue support of each vertex (i, j) of the grid is the set of all
eigenvalues ev(B). For periodicity to occur in the toroidal grid, every eigenvalue of B
must be a cosine of some rational multiple of π: considering Remark 3.8 the toroidal
(n,m)-grid is periodic if and only if for all k and ℓ there exists some sk,ℓ ∈ Q such that

cos(2πsk,ℓ) =
1

2

(
cos

2πk

n
+ 1

)(
cos

2πℓ

m
+ 1

)
− 1 (6.9)

We can use this to argue directly that the (4, 4)-grid is periodic:

Proposition 6.5. The vertex-face walk on the toroidal (4, 4)-grid is 12-periodic and it
does not admit perfect state transfer at any time.

Though both the periodicity and the absence of perfect state transfer in the proposition
above can be verified with a straightforward computer proof, we have provided a written
proof in Appendix B as it is enlightening for how Theorem 3.5 and Theorem 3.7 (or rather
Remark 3.8) can be applied. Table 1 also summarizes the proof for the periodicity at time
12.

Next, we will show that if n or m is divisible by 4 (and n,m ⩾ 3), the (4, 4)-grid is
the only toroidal (n,m)-grid that admits periodicity.
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(k, ℓ) 1
2

(
cos πk

2
+ 1
) (

cos πℓ
2
+ 1
)
− 1 sk,ℓ (pk,ℓ, qk,ℓ)

(0, 0) 1 0 (0, 1)
(0, 1) 0 1

4
(1, 2)

(0, 2) −1 1
2

(1, 1)
(1, 1) −1

2
1
3

(2, 3)

Table 1: For some pairs k, ℓ ∈ {0, 1, 2, 3}, we give the values of the right-hand side of
(6.9) and the corresponding solutions sk,ℓ in the case of n = m = 4. These four pairs
provide all distinct eigenvalues of the projected transition matrix of the (4, 4)-grid. Every
solution sk,ℓ is rational, so there is periodicity. The values for pk,ℓ and qk,ℓ given in the
last column can be used to show that condition (ii) of Theorem 3.5 does not hold.

Lemma 6.6. For n,m ⩾ 3, if the vertex-face walk on the toroidal (n,m)-grid is periodic
and either n or m is divisible by 4, then n = m = 4.

Proof. Assume without loss of generality that n is divisible by 4, and pick k = n/4 and
ℓ = 1. Then cos 2πk

n
= 0 and (6.9) can be reduced to the following equation:

cos
2π

m
− 2 cos(2πs) = 1 (6.10)

with s := sk,ℓ. Since we assume that the toroidal (n,m)-grid is periodic, this equation
has a rational solution s by Theorem 3.7. We claim that in that case, both cos 2π

m
and

cos(2πs) have to be rational.
Given that the claim is true, it follows from Lemma 2.3 that m ∈ {3, 4, 6}. If m ∈

{3, 6}, then cos 2π
m

= ±1
2
so that

cos(2πs) ∈ {−1
4
,−3

4
}

but then s is irrational, which gives a contradiction. So it must be that m = 4, and we
can deduce that also n = 4 by symmetry (as m is now divisible by 4), completing the
proof.

What remains is to prove the claim: assume that both cosines in (6.10) are irrational.
We can apply the reflections θ 7→ −θ and θ 7→ π− θ to the angles in equation (6.10), and
add some minus signs if necessary to transform the equation into the form

± cosα± 2 cos β = 1, (6.11)

where α, β ∈ (0, π/2) (and also α, β ̸= π/3 since both cosines remain irrational). By
Lemma 2.3(ii), the equation (6.11) cannot hold because the right-hand side equals 1 and
the coefficient for cos(α) is ±1 rather than ±2. We conclude that the cosines in (6.10)
cannot both be irrational, and if one of them is rational, they must both be rational,
proving the claim.

With this, we have completed our characterization of periodicity in toroidal (n,m)-
grids:
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Proof of Theorem 6.1. By [29] and Proposition 6.5, the toroidal (n,m)-grid is periodic if
min{n,m} ⩽ 2 or n = m = 4. Conversely, if the toroidal (n,m)-grid is periodic and
n,m ⩾ 3, then nm is divisible by 8 by Lemma 6.4, so either n or m must be divisible by
4, and n = m = 4 by Lemma 6.6.

6.2 Infinite family of examples of peak state transfer

In this section, we show that there is peak state transfer in the vertex-face walk on the
(4, n)-toroidal grids. We already gave an example of such a grid in Figure 1. Its behavior
is rigorously treated in the following theorem. Although the proof is quite technical and
requires a lot of bookkeeping, it does not use any particularly new ideas. We have therefore
moved the proof into Appendix B.

Theorem 6.7. For n ⩾ 1, the (4, n)-toroidal grid admits peak state transfer. Specifically,
for all (i, j) ∈ Z4 × Zn:

(a) if n is an odd integer, there is peak state transfer from vertex (i, j) to vertices (i±1, j)
at time n;

(b) if n = 2m for some m, there is peak state transfer from vertex (i, j) to vertices
(i± 1, j +m) at time m;

(c) if n = 4k for some k, there is peak state transfer from vertex (i, j) to vertices (i ±
1, j ± k) at time k;

Note that the times specified in each of the cases are the first time of peak state
transfer occurring; they take on the role of the τ from the statement of Theorem 3.5.

In Figure 9, we have depicted all instances of peak state transfer in the (4, n)-grids.
Note that if n is divisible by 4, both cases (b) and (c) of Theorem 6.7 apply and there is
peak state transfer to two distinct pairs of vertices at distinct times. The example of the
(4, 6)-grid in Figure 1 falls in case (b), so that there is peak state transfer at time 3.

7 Conclusion

In this paper, we have defined peak state transfer and given a spectral characterization
of this phenomenon. Though the characterization is time-independent, it can be highly
nontrivial to verify whether the conditions hold for some infinite family of graphs. This
gives rise to many open problems; some are about discrete-time quantum walks and some
are purely combinatorial related with the spectral property needed for Theorem 3.5. In the
remainder of this section, we will discuss further directions on state transfer in quantum
walks and on combinatorial open problems that arose from this study.

7.1 Future directions

The main tool of this paper is to make use of the projected transition matrix and a future
direction is to develop tools, in a more general setting, including a broader definition of
strong cospectrality for Hermitian matrices.
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Figure 9: Depicted are all the cases of peak state transfer as specified in Theorem 6.7. The
(4, 5)-grid (top-left) admits peak state transfer from the blue vertex to the red vertices
at time 5 (case (a)). The (4, 6)-grid (top-right) admits peak state transfer from the blue
vertex to the red vertices at time 3 (case (b)). The (4, 8)-grid admits peak state transfer
from the blue vertex to the red vertices at time 2 and to the green vertices at time 4
(cases (b) and (c)).

More general star states

A point of consideration, also mentioned in [29], is that, in the case of the arc-reversal
walk or vertex-face walk, it may be desirable to use a more general definition. In a more
general setting, perfect state transfer could be said to occur from vertex u to vertex v at
time τ if the vector U τNeu is supported only on the arcs that are incident to the vertex
v, but not necessarily equal to the uniform superposition Nev. As shown in [28] and [29],
these definitions are equivalent if u and v have the same degree. If u and v have different
degrees, however, this alternative form of perfect state transfer can occur, as illustrated
in Figure 10. While the projected transition matrix cannot be easily leveraged in this
setting, an interesting direction of research would be to develop tools for the more general
setting.

Complex peak state transfer and a more general notion of strong cospectrality

In this paper, we have only discussed peak state transfer for real-valued two-reflection
walks. There is a more general setting in which U and B have complex-valued entries. It
is possible to formulate complex analogues to the results in Section 3. If U has complex-
valued entries, then its projected transition matrix B is Hermitian, as are all other Bt =
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Figure 10: On the left and in the middle the arc-reversal walk on the path P3 at times
0 and 1, starting in the leaf u, and on the right the state Nev. Even though the state
at time 1 is supported only on the arcs incident to the vertex v, there is no perfect state
transfer at time 1 because UNev is not parallel to Nev.

N∗U tN . As in Lemma 3.1, if B has spectral decomposition B =
∑

θ θEθ, then

|Bt(u, v)| ⩽
∑
θ

|Eθ(u, v)| ⩽ 1.

In the Hermitian setting, the conditions for these inequalities to be equalities are similar,
but slightly different. The first inequality is an equality if and only if there exists a γ ∈ C
with |γ| = 1 such that for all θ in the mutual eigenvalue support of u and v:

Tt(θ)Eθ(u, v) = γ|Eθ(u, v)|.

In this case, Eθ(u, v) is a real multiple of γ for every such θ. Therefore, even though the
entries of the spectral idempotents are not necessarily real-valued, we can still split the
mutual eigenvalue support into a ‘positive’ and a ‘negative’ part, once we have verified
that such a γ exists:

Λ±γ(u, v) := {θ ∈ ev(B) | Eθ(u, v)/|Eθ(u, v)| = ±γ}.

Further, the second inequality becomes an equality if and only if for all θ there exists
an αθ ∈ C with |αθ| = 1 such that

Eθev = αθEθeu.

This gives motivation to extend the notion of ‘strong cospectrality’ to all Hermitian ma-
trices, using this characterization as a definition. If the first and second equality both
hold then αθ = γ for all θ ∈ Λγ(u, v) and αθ = −γ for all θ ∈ Λ−γ(u, v). Note that in the
case of periodicity at u at time t, the complex unit number γ bust be real-valued, since
Bt is Hermitian. That is, periodicity occurs if and only if Bt(u, u) = γ = ±1.

7.2 Combinatorial open problems

Our problem of studying state transfer arises in quantum computing, but it has led to
several purely combinatorial problems, which provides a rich source of new challenges for
combinatorialists. We will present some of them below.
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Maximizing entries in MG =
∑

θ |Eθ|

In an upcoming work [17], the authors, along with G. Coutinho, define peak state transfer
for continuous-time quantum walks and give a characterization analogous to Theorem 3.5.
In both the continuous-time setting and the discrete-time arc-reversal walk on regular
graphs, we are interested in the entries of matrix

MG =
∑

θ∈ev(A)

|Eθ|

where A is either the adjacency or the normalized adjacency matrix of G, with spectral
decomposition A =

∑
θ θEθ. The u, v entry of this matrix governs how much state transfer

can occur, as seen in the definition of peak state transfer. If there is perfect or pretty
good state transfer between u and v, thenMG(u, v) = 1. It is interesting to maximize this
quantity, even when it is not equal to 1, amongst graphs on n vertices. More concretely,
we can ask

Open Problem 7.1. What is the value of:

max{MG(u, v) |MG(u, v) < 1, G ∈ Gn, u, v ∈ V (G)}

where Gn can be taken to be all graphs on n vertices? We can take the maximum with
respect to the adjacency matrix, when bounding peak state transfer for continuous-time
walks, or the normalized adjacency matrix, when bounding peak state transfer for the arc
reversal walk.

For example, on 3 vertices, the entries of M which are not equal to 1 is maximized by
that of P3, for u, v adjacent, which is 1√

2
≈ 0.707107.

Graphs with special eigenvalues

Let G be a graph and let A be the normalized adjacency matrix of G. The eigenvalue
condition in (i) of Theorem 3.5 will hold if all eigenvalues of A are contained in {±1,±1

2
, 0}.

This leads us to the following problem:

Open Problem 7.2. Determine all graphs which have normalized adjacency matrices
with all eigenvalues contained in the set {±1,±1

2
, 0}.

In particular, if G is k-regular, we can rephrase this as a question about the adjacency
matrix.

Open Problem 7.3. Determine all k-regular graphs which have adjacency matrices
with all eigenvalues contained in the set {±k,±k

2
, 0}. Determine all bipartite, biregular

graphs with degrees r, k such that the adjacency matrix has all eigenvalues contained in

{±
√
rk,±

√
rk
2
, 0}.
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In the course of determining peak state transfer in the arc-reversal walk, we have
already determined this for strongly regular graphs (Section 5.1) and bipartite, biregular
graphs constructed as point-block incidence graphs of a block design (Section 5.2). We
also gave several examples of distance-regular graphs in Section 5.4, but the classification
of intersection arrays of distance-regular graph admitting peak state transfer is left as an
open problem.

We note that peak state transfer could still occur for some pair of vertices, even if not
all eigenvalues of the normalized adjacency matrix are contained in {±1,±1

2
, 0}; this is

the topic of the next subsection.

Mutual eigenvalue support

In Section 3, we defined the mutual eigenvalue support Λ(u, v) of two vertices u, v. Given
a projected transition matrix B, with spectral decomposition B =

∑
θ θEθ, and u, v ∈ X,

where X indexes the rows and columns of B, we note that the eigenvalue condition in (i)
of Theorem 3.5 applies only for θ ∈ Λ(u, v). This leads to the following question:

Open Problem 7.4. What are combinatorial (or algebraic) conditions on graphs G with
pairs of vertices u, v, such that some spectral idempotent of its normalized adjacency
matrix has Eθ(u, v) = 0?

We note that this occurs if u, v are in different connected components. Since Eθ is
positive semidefinite, if the (u, u) diagonal entry is equal to 0, then the u-th row and u-th
column are both 0. In an imprimitive distance-regular graph, some spectral idempotent(s)
are block-diagonal; having a block-diagonal spectral idempotent is equivalent to being
imprimitive, see [39]. For graphs in association schemes, this is equivalent to asking when
the Q-matrix has a 0 entry and determining when this occurs will aid in classifying peak
state transfer in distance-regular graphs.
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A Zero state transfer

As defined in Section 3, for the transition matrix U = (2MMT − I)(2NNT − I) of a
two-reflection walk, let Bt = NTU tN for all t ∈ Z⩾0 and write

B := B1 =
∑

θ∈ev(B)

θEθ

for the spectral decomposition of the projected transition matrix. As mentioned earlier
in Remark 3.2, if Eθ(u, v) = 0 for all θ ∈ Λ(u, v), then Bt(u, v) = 0 for all t; this is called
zero state transfer. Here we give a short proof of the equivalence of these two conditions.

Lemma A.1. There is zero state transfer from u to v if and only if Eθ(u, v) = 0 for all
θ ∈ Λ(u, v).

Proof. It suffices to prove the forward implication. Every idempotent Eθ can be written
as a polynomial in B: we can write Eθ = pθ(B), where

pθ(x) =
∏

ρ∈ev(B)\{θ}

x− ρ
θ − ρ

.
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Moreover, every pθ can in turn be written as a linear combination of Chebyshev polyno-
mials, so that every Eθ is a linear combination of the Bt = Tt(B). Hence if Bt(u, v) = 0
for all t, then Eθ(u, v) = 0 for all θ as well.

In the arc-reversal walk, zero state transfer occurs between all pairs of vertices in
different components of the underlying graph. We will now argue that it cannot occur
between vertices that are in the same connected component of the graph, by proving a
slightly more general statement for a certain class of two-reflection walks.

An n × n matrix M over any field is called reducible if there exists a non-trivial
partition S ∪ T of its index set such that

M(i, j) = 0 for all (i, j) ∈ S × T . (A.1)

(Equivalently, M is reducible if there is a permutation matrix P such that PMP T is
block upper-triangular (with more than one block), in particular block diagonal if M is
symmetric.) If no such partition exists, we say that M is irreducible. If M is irreducible
and nonnegative (i.e. all its entries are nonnegative), it satisfies the necessary conditions
for applying the Perron-Frobenius theorem (see [5]).

This leads to the following proposition, the proof of which is given below.

Proposition A.2. Let B be the projected transition matrix of a two-reflection walk and
assume that there exist pairwise distinct real values aθ such that

A :=
∑

θ∈ev(B)

aθEθ

is a nonnegative matrix, where the Eθ are the spectral idempotents of B. Then zero state
transfer occurs in the two-reflection walk if and only if B is reducible.

Proof. Assume that such a nonnegative matrix A exists. Note that, as mentioned in
the proof of Lemma A.1, every Eθ is a polynomial in B, so that if B is reducible with
X = S ∪ T a nontrivial partition of the index set as in (A.1), then Eθ(u, v) = 0 for all θ
and all (u, v) ∈ S×T , i.e., there is zero state transfer between all such u and v. Conversely
if B is irreducible, then A is also irreducible, since it has the same spectral idempotents.
Because A is nonnegative, the Perron-Frobenius theorem applies: the largest eigenvalue of
A (in absolute value) has multiplicity 1, and the corresponding rank-1 spectral idempotent
is a positive matrix. Every entry of this idempotent is non-zero, so that there is no zero
state transfer between any pair of indices.

The projected transition matrix of the arc-reversal walk is itself nonnegative, which
makes it a two-reflection walk to which the proposition applies. Indeed, zero state transfer
occurs precisely between all pairs of vertices in distinct connected components of the
underlying graph, since the adjacency matrix is reducible if the graph is disconnected.

Similarly, for the vertex-face walk we have that

DDT =
1

2
(B + I) =

∑
θ

1

2
(θ + 1)Eθ
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is nonnegative, so the proposition also applies there. Each entry of DDT is denoted by
a pair of vertices and since D is the normalized vertex-face incidence matrix, that entry
is non-zero if and only if the corresponding vertices share a face of the embedding. The
connected nature of the underlying surface makes it so that for every pair of vertices u
and v, there is a sequence u = v0, v1, . . . , vk = v such that the (vi−1, vi)-entry of DDT is
non-zero for every i = 1, . . . , k. In other words, DDT (as well as B) is also irreducible
and zero state transfer does not occur in any vertex-face walk.

It is possible for zero state transfer to occur even if B is irreducible, but in such case,
no linear combination

∑
θ aθEθ (with distinct aθ) can be nonnegative. As an example,

consider the following two-reflection walk, which can be considered as a ‘signed’ arc-
reversal walk on the 4-cycle. Let

U = (2LLT − I)(2NNT − I),

where

N =
1√
2



1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1


and L =

1√
2



1 0 0 0
0 0 0 1
0 1 0 0
−1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
0 0 1 0.


This is similar to the arc-reversal walk on C4, except that one of the arcs has been given
a negative ‘sign’. See Figure 11. The associated projected transition matrix is given by

B = NT (2LLT − I)N =
1

2


0 −1 0 1
−1 0 1 0
0 1 0 1
1 0 1 0


Its spectral idempotents are

Eθ =
1

4


2

√
2 0 −

√
2√

2 2 −
√
2 0

0 −
√
2 2 −

√
2

−
√
2 0 −

√
2 2

 and Eρ =
1

4


2 −

√
2 0

√
2

−
√
2 2

√
2 0

0
√
2 2

√
2√

2 0
√
2 2

 ,
corresponding to eigenvalues θ = −1

2

√
2 and ρ = 1

2

√
2. We can see that there is zero state

transfer between the pairs v1, v3 and v2, v4, even though B is irreducible.

B Omitted proofs

In this appendix, we will provide omitted proofs of some results in the text, in order of
appearance.
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Figure 11: The ‘signed’ arc-reversal walk has zero state transfer between the antipodal
pairs of vertices, even though the underlying graph is connected.

The proof of Lemma 4.4 is provided below. The lemma states that if the arc-reversal
walk on some connected graph G is τ -periodic at some vertex u, then the blow-up graph
G[Km] is τ

′-periodic at every vertex (u, a) for a = 1, . . . ,m, where τ ′ = lcm{τ, 4}. More-
over, is (u, b) is a vertex that is distinct from (u, a), then there is peak state transfer from
(u, a) to (u, b) at time τ ′/2 if and only if one of the following is true:

(a) τ is not divisible by 4;

(b) τ ≡ 4 mod 8 and the integer τ · r(θ)
s(θ)

is even for all eigenvalues θ ∈ Λ(u, u) \ {0} of
the projected transition matrix of B, where r(θ) and s(θ) are as in Remark 3.8.

Conversely, if there is periodicity at (u, a) or peak state transfer from (u, a) to (u, b) in
G[Km], there must be periodicity at u in G.

Proof of Lemma 4.4. We will need to consider the eigenvalue supports of several vertices
and we will use the following notation for the mutual eigenvalue supports of the projected
transition matrices B and B′ of G and G[Km] respectively:

Λ := Λ(u, u) ⊂ ev(B)

Ω := Λ((u, a), (u, a)) ⊂ ev(B′)

Θ±1 := Λ±1((u, a), (u, b)) ⊂ ev(B′)

In order to apply Theorems 3.5 and 3.7 to B′, we need to determine Ω, Θ1 and Θ−1. By
equation (4.2) we have that

Fθ((u, a), (u, b)) =
1

m
Eθ(u, u)

{
> 0 if θ ∈ Λ;

= 0 otherwise,

and by equation (4.3)

F0((u, a), (u, b)) =

{
− 1

m
(1− E0(u, u)) if 0 ∈ σ(B);

− 1
m

otherwise.
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In both cases, F0((u, a), (u, b)) < 0, since E0(u, u) = 1 would imply that u is an isolated
vertex of G. Hence

Θ1 = Λ \ {0} and Θ−1 = {0}.
Similarly, by (4.2) and (4.3),

Fθ((u, a), (u, a)) =
1

m
Eθ(u, u) > 0

for all θ ∈ Λ and F0((u, a), (u, a)) > 0, so that

Ω = Λ ∪ {0}

By Remark 3.8, every θ ∈ Λ can be uniquely written as

θ = cos
2r(θ)π

s(θ)

where r(θ) ⩾ 0 and s(θ) > 0 are integers such that r(θ) ⩽ 1
2
s(θ) and gcd(r(θ), s(θ)) = 1;

moreover,
τ = lcm{s(θ) : θ ∈ Λ}.

To see that statement (i) holds, note that since 0 = cos 2·1·π
4
∈ Ω, we have by Remark 3.8

that there is periodicity in G[Km] with period

τ ′ = lcm{τ, 4}.

To prove statement (ii), in order to check for peak state transfer, we rewrite every θ ∈ Λ
in the form

θ = cos
p(θ)π

q(θ)

as in Theorem 3.5(i), where in particular gcd(p(θ), q(θ)) = 1. Then

(p(θ), q(θ)) =

{
(r(θ), s(θ)/2) if s(θ) is even;

(2r(θ), s(θ)) if s(θ) is odd.

Regardless of 0 being an eigenvalue of B in Λ, it is an eigenvalue of B′ in Θ−1 and can
be written as cos 1·π

2
. Hence the first time of peak state transfer from (u, a) to (u, b), if it

occurs, must be

t := lcm({q(θ) : θ ∈ Λ} ∪ {2}) =


2τ if τ ≡ 1 mod 2;

τ if τ ≡ 2 mod 4;

τ/2 if τ ≡ 0 mod 4,

or alternatively, t = τ ′/2. Moreover, for peak state transfer to occur, it is necessary that
t · 1

2
is odd in order for the eigenvalue 0 ∈ Θ−1 to satisfy condition (ii) of Theorem 3.5.

For the ‘if’ part of (ii), we deal with (a) and (b) separately.
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Case (a). If τ is not divisible by 4, then every s(θ) is not divisible by 4, so that every

q(θ) is odd. This implies that 0 /∈ Λ. Moreover, as t is even, t · p(θ)
q(θ)

is even for every

θ ∈ Λ = Θ1. For the remaining eigenvalue 0 ∈ Θ−1, note that t ≡ 2 mod 4 so that t · 1
2
is

odd, as required. We conclude that there is peak state transfer at time τ ′/2 by Theorem
3.5.

Case (b). Here, τ ′ = τ and t ≡ 2 mod 4. Moreover,

t · p(θ)
q(θ)

= t · 2r(θ)
s(θ)

= τ · r(θ)
s(θ)

(B.1)

is even for all θ ∈ Λ \ {0} = Θ1. Since t · 1
2
is again odd, there is peak state transfer at

time τ ′/2 by Theorem 3.5.
For the ‘only if’ part of (ii), assume that (a) and (b) are both false. Then either

• τ ≡ 0 mod 8, or

• τ ≡ 4 mod 8 and there is some θ ∈ Λ such that τ · r(θ)
s(θ)

is odd.

In the former case, t is divisible by 4 so that t · 1
2
is even, and there cannot be peak state

transfer. In the latter case, we have that there is some other eigenvalue θ ∈ Λ \ {0} = Θ1

for which t · p(θ)
q(θ)

is odd by (B.1), which then fails to satisfy condition (ii) of Theorem 3.5.
Finally, note that

Λ ⊂ Ω = Θ1 ∪Θ−1

so that if is periodicity at (u, a) or peak state transfer from (u, a) to (u, b) in G[Km], every
eigenvalue θ ∈ Λ can be written as a cosine of a rational multiple of π, and there must be
periodicity by Theorem 3.7.

We will give the proof of Lemma 5.4 below. Recall that, in the lemma statement, the
eigenvalues of the adjacency matrix A of the point-block incidence graph are 0,±

√
r − λ

and ±
√
rk and their respective spectral idempotents are

E0 =

[
0 0
0 I − 1

r−λ

(
NTN − λv

b
J
)] ;

E±
√
r−λ =

1

2

[
I − 1

v
J ± 1√

r−λ

(
N − k

v
J
)

± 1√
r−λ

(
N − k

v
J
)

1
r−λ

(
NTN − rk

b
J
)] ; and

E±
√
rk =

1

2

[
1
v
J ± k

v
√
rk
J

± k
v
√
rk
J 1

b
J

]
.

Proof of Lemma 5.4. This can be verified with a standard (but rather tedious) computa-
tion: one can show that the Eµ are pairwise projections that sum to the identity matrix,
as well as that AEµ = µEµ for every µ. For this, one needs the identities in (5.6), as well
as the expressions in (5.7) and (5.9) to simplify products of the matrices N , NT and J .
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For an alternative proof, since X is bipartite, one can determine first the spectral
decomposition of the squared adjacency matrix

A2 =

[
NNT 0
0 NTN

]
,

using the spectral decomposition of NNT given in (5.8) (note that if F is the spectral
idempotent of NNT for the eigenvalue µ ̸= 0, then 1

µ
NTFN is the spectral idempotent

for µ as an eigenvalue of NTN). These spectral idempotents are the following:

F0 =

[
0 0
0 I − 1

r−λ

(
NTN − λv

b
J
)] ;

Fr−λ =

[
I − 1

v
J 0

0 1
r−λ

(
NTN − rk

b
J
)] ; and

Frk =

[
1
v
J 0
0 1

b
J

]
,

for the eigenvalues 0, r−λ and rk respectively, assuming that v < b. Because X is bipar-
tite, the eigenvalues of A are symmetric (with multiplicity) around 0, so its eigenvalues
must be 0, ±

√
r − λ and

√
rk. Moreover,

F0 = E0;

Fr−λ = E√
r−λ + E−

√
r−λ; and

Frk = E√
rk + E−

√
rk,

which allows one to compute the idempotents Eµ as given in the statement of the lemma

(note that
[
x y

]T
is an eigenvector for µ if and only if

[
x −y

]T
is an eigenvector for

−µ). The same argument works when v = b, except that in that case, the matrix NTN
is non-singular and 0 is not an eigenvalue.

Next, we provide the proof of Proposition 6.5, which states that the vertex-face walk
on the (4, 4)-grid is 12-periodic and that it does not admit perfect state transfer at any
time.

Proof of Proposition 6.5. Considering the equations in (6.9), the walk on the toroidal
(4, 4)-grid is periodic if and only if for every pair of k, ℓ ∈ {0, 1, 2, 3} there exists an
sk,ℓ ∈ Q such that

cos(2πsk,ℓ) =
1

2

(
cos

πk

2
+ 1

)(
cos

πℓ

2
+ 1

)
− 1

Evidently, each of these equations has a unique solution sk,ℓ in the interval [0, 1
2
]; we only

need to make sure that each sk,ℓ is rational. Note that by symmetry

sk,ℓ = sℓ,k = sn−k,ℓ
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and also sk,2 = −1 for every k, so it suffices to consider the four pairs (k, ℓ) that are given
in Table 1. From this table we see that all solutions sk,ℓ are indeed rational. Moreover,
the smallest integer τ for which τsk,ℓ is integer for all (k, ℓ) is 12, so the walk is periodic
with period 12. (I.e. τ is the least common multiple of the denominators in the sk,ℓ
column in the table above.) To verify that there is no perfect state transfer, we write
every eigenvalue cos(2πsk,ℓ) in the form

cos
pk,ℓπ

qk,ℓ
,

where the pairs (pk,ℓ, qk,ℓ) represent the p(θ) and q(θ) that we need to consider to check
the condition (ii) of Theorem 3.5 are also given in Table 1. We take τ = lcm{qk,ℓ | k, ℓ ∈
{0, 1, 2, 3}} = 6. By Lemma 2.2, the spectral idempotents of B are

E1 = F4,0 ⊗ F4,0;

E0 = F4,0 ⊗ F4,1 + F4,1 ⊗ F4,0;

E− 1
2
= F4,1 ⊗ F4,1;

E−1 = I4 ⊗ F4,2 + F4,2 ⊗ I4 − F4,2 ⊗ F4,2.

By symmetry of the grid, it suffices to rule out perfect state transfer from the vertex (0, 0)
to another vertex. Moreover, there is only one candidate vertex to which there could be
perfect state transfer when (0, 0) is the initial vertex, and that is (2, 2). This is because
perfect state transfer is a monogamous relation as shown in [29, Theorem 4.5 (iii)], and
thus, by symmetry, if there is perfect state transfer from (0, 0) to (i, j), there must be
perfect state transfer to (±i,±j). Using the expressions for the idempotents above, as
well as (2.2), we find that

E1((0, 0), (2, 2)) =
1

16
> 0;

E0((0, 0), (2, 2)) = −
2

42
− 2

42
= −1

4
< 0;

E− 1
2
((0, 0), (2, 2)) =

2

4
· 2
4
=

1

4
> 0;

E−1((0, 0), (2, 2)) = 0 + 0− 1

4
· 1
4
= − 1

16
< 0.

We conclude that the positive and negative mutual eigenvalue supports of (0, 0) and (2, 2)
are respectively Λ1 = {−1

2
, 1} and Λ−1 = {−1, 0}. However, since τ · p0,2

q0,2
is even for the

eigenvalue λ0,2 = −1, condition (ii) of Theorem 3.5 is not satisfied and there is no perfect
state transfer from (0, 0) to (2, 2). (Recall that for the vertex-face walk, the γ in Theorem
3.5 is always equal to 1.)

Below, we give the proof of Theorem 6.7, which states that peak state transfer occurs
in the vertex-face walk on (4, n)-grids. The statement specifies three cases, which will be
dealt with separately.

the electronic journal of combinatorics 33(4) (2026), #P4.4 58



Proof of Theorem 6.7. Using equation (6.8), we determine that the projected transition
matrixB for the vertex-face walk on the (4, n)-toroidal grid has eigenvalues of the following
forms:

λ0,ℓ = cos
2πℓ

n
;

λ±1,ℓ =
1

2
cos

2πℓ

n
− 1

2
; and

λ2,ℓ = −1,

where ℓ = 0, . . . , n−1. These forms are not mutually disjoint. For instance, it can happen
that λ0,ℓ = −1 or λ±1,ℓ = −1 (namely if n is even and ℓ = n

2
). It can also happen that

λ0,ℓ = λ±1,r for some ℓ, r. Indeed, suppose that

cos
2πℓ

n
=

1

2
cos

2πr

n
− 1

2
.

Then

2 cos
2πℓ

n
− cos

2πr

n
= −1

By Lemma 2.3(ii), it cannot be that cos 2πℓ
n

and cos 2πr
n

are both irrational, so the equation
above can only hold if both cosines are rational. Hence the following pairs of ℓ, r satisfy
the equation:

ℓ r corresponding eigenvalue
±n

4
0 0

±n
3
±n

4
−1

2
n
2

n
2

−1
Now that we know the overlap in the different forms that the eigenvalues of B can take, we
can determine, using Lemma 2.2, the spectral idempotents of B. If we denote the spectral
idempotent corresponding to eigenvalue λ by Eλ, then B always has the following spectral
idempotents:

E1 =
1

4n
J4n;

Ecos 2πℓ
n

= F4,0 ⊗ Fn,ℓ for all ℓ ∈
{
1, . . . ,

⌊
n− 1

2

⌋} ∖ {n
4
,
n

3

}
; and (B.2)

E 1
2
cos 2πr

n
− 1

2
= F4,1 ⊗ Fn,r for all r ∈

{
1, . . . ,

⌊
n− 1

2

⌋} ∖ {n
4

}
, (B.3)

where Fm,k is defined as in Lemma 2.2. Because of the overlap between eigenvalues that
we have discussed above, we have left out some values of ℓ and r. We also take E1 as a
special case of Ecos 2πℓ

n
(with ℓ = 0); note that J4n denotes the 4n× 4n all-ones matrix.
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The forms of the remaining spectral idempotents depend on n:

E0 = F4,1 ⊗ Fn,0 +

{
F4,0 ⊗ Fn,n

4
if 4 | n;

0 otherwise;

E−1 = F4,2 ⊗ In +

{
F4,0 ⊗ Fn,n

2
+ F4,1 ⊗ Fn,n

2
if 2 | n;

0 otherwise;

and finally, if −1
2
is an eigenvalue of B, it has the spectral idempotent

E− 1
2
=

{
F4,0 ⊗ Fn,n

3
if 3 | n;

0 otherwise;
+

{
F4,1 ⊗ Fn,n

4
if 4 | n;

0 otherwise.

We need these spectral idempotents in order to determine the positive and negative mutual
eigenvalue supports, so that we can verify the conditions in Theorem 3.5. We first make
some observations in order to simplify the analysis. By symmetry of the grid, it suffices to
show that there is peak state transfer from vertex (0, 0) to vertices (1, x), where x takes
on the values 0, n

2
and n

4
for the cases (a), (b) and (c) respectively, as specified in the

statement of the theorem. We find that the ((0, 0), (1, x))-entry of F4,1 ⊗ Fn,r equals

F4,1(0, 1) · Fn,r(0, x) = 0 · Fn,r(0, x) = 0 (B.4)

for any integer r, so that, considering (B.3), we can see that no eigenvalue of the form
1
2
cos 2πr

n
− 1

2
is in the mutual eigenvalue support of (0, 0) and (1, x) and we can disregard

these eigenvalues in the analysis. Equation (B.4) also implies the eigenvalues 0 and −1
2
can

be treated together: their ((0, 0), (1, x))-entries depend only on the matrices F4,0 ⊗ Fn,n
4

(if 4 | n) and F4,0 ⊗ Fn,n
3
(if 3 | n) respectively, so we can treat the relevant entries in

the same way as for the other spectral idempotents in (B.2). We also conclude that every
eigenvalue that is potentially in the mutual eigenvalue support of (0, 0) and (1, x) can be
written as a cosine of a rational multiple of π. For the eigenvalues 1 and −1, we have that

1 = cos
0 · π
1

and − 1 = cos
1 · π
1
.

Since both denominators in the fractions in the cosines are 1, these eigenvalues both
contribute a 1 to the least common multiple τ as defined in Theorem 3.5(ii). For ℓ ∈
{1, . . . ,

⌊
n−1
2

⌋
},

cos
2πℓ

n
= cos

pℓπ

qℓ

where pℓ :=
2ℓ

gcd(n,2ℓ)
and qℓ :=

n
gcd(n,2ℓ)

are the remaining coprime integers that we need to

determine the time of peak state transfer and to verify condition (ii) of Theorem 3.5.
To complete the proof, we will discuss the cases (a), (b) and (c) separately. For each

case, we need to find the positive and negative mutual eigenvalue supports in order to
determine the time of peak state transfer. Note that, as mentioned before, by Remark
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3.6 we can always take γ = 1 in condition (ii) of Theorem 3.5. In case (a), n is an odd
integer and it suffices to show that there is peak state transfer from vertex (0, 0) to vertex
(1, 0). For all ℓ ∈

{
1, . . . , n−1

2

}
,

Ecos 2πℓ
n
((0, 0), (1, 0)) = F4,0(0, 1) · Fn,ℓ(0, 0) =

1

4
· 2
n
cos(0) =

1

2n
> 0,

so that cos 2πℓ
n

is in the positive mutual eigenvalue support of (0, 0) and (1, 0). For each
such ℓ, we have gcd(n, 2ℓ) = gcd(n, ℓ) as n is odd, so that

pℓ =
2ℓ

gcd(n, ℓ)
and qℓ =

n

gcd(n, ℓ)
.

Further, we find that

E−1((0, 0), (1, 0)) = F4,2(0, 1) · In(0, 0) = −
1

4
< 0

so that −1 is in the negative mutual eigenvalue support of (0, 0) and (1, 0). For n ⩾ 3,
we take

τ = lcm

{
qℓ : ℓ = 1, . . . ,

n− 1

2

}
= n

and for n = 1, the value of τ is trivially also τ = 1 = n. For each ℓ ∈ {1, . . . , n−1
2
},

τ · pℓ
qℓ

= n · 2ℓ
n

= 2ℓ

is even, so that condition (ii)(a) of Theorem 3.5 holds for these eigenvalues. For the
eigenvalue −1, we have

τ · 1
1
= n

is odd so that (ii)(b) holds instead. We conclude that there is peak state transfer from
vertex (0, 0) to vertex (1, 0) at time n.

For case (b), where we let n = 2m, we will show that there is peak state transfer from
vertex (0, 0) to vertex (1,m) at time m. As before, 1 is in the positive mutual eigenvalue
support of these vertices and we already know that Theorem 3.5(ii)(a) is satisfied. For
ℓ ∈ {1, . . . ,m− 1}:

Ecos 2πℓ
n
((0, 0), (1,m)) = F4,0(0, 1) · Fn,ℓ(0,m)

=
1

2n
cos

2πℓ(0−m)

n

=
1

2n
cos πℓ

=

{
1
2n
> 0 if ℓ is even;

− 1
2n
< 0 if ℓ is odd.
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Hence cos 2πℓ
n

is in the positive (negative) mutual eigenvalue support of (0, 0) and (1,m)
if ℓ is even (odd). This time, since n = 2m, we can write

pℓ =
ℓ

gcd(m, ℓ)
and qℓ =

m

gcd(m, ℓ)
.

Further, we find that

E−1((0, 0), (1,m)) = F4,2(0, 1) · In(0,m) + F4,0(0, 1) · Fn,m(0,m) + F4,1(0, 1) · Fn,m(0,m)

= 0 +
1

2n
cos πm + 0

=

{
1
2n
> 0 if m is even;

− 1
2n
< 0 if m is odd.

We obtain for n ⩾ 4:
τ = lcm {qℓ : ℓ = 1, . . . ,m− 1} = m

and if n = 2, we trivially have τ = 1 = m as well. For each ℓ ∈ {1, . . . ,m− 1}:

τ · pℓ
qℓ

= m · 2ℓ
n

= ℓ,

which is even if cos 2πℓ
n

is in the positive mutual eigenvalue support and odd if it is in the
negative mutual eigenvalue support, as required. Finally,

τ · 1
1
= m,

which is even if −1 is in the positive mutual eigenvalue support and odd if it is in the
negative eigenvalue support. We conclude that Theorem 3.5(ii) is satisfied and there is
peak state transfer from vertex (0, 0) to vertex (0,m) at time m.

Finally, for case (c), assume that n = 4k; we want to show that there is peak state
transfer from (0, 0) to (1, k). Once more, condition (ii)(a) of Theorem 3.5 is satisfied for
the eigenvalue 1. For ℓ ∈ {1, . . . , 2k − 1}:

Ecos 2πℓ
n
((0, 0), (1, k)) =

1

2n
cos

πℓ

2
=


0 if ℓ is odd;
1
2n
> 0 if ℓ ≡ 0 mod 4;

− 1
2n
< 0 if ℓ ≡ 2 mod 4,

so that cos 2πℓ
n

is in the mutual eigenvalue support of (0, 0) and (1,m) only if ℓ is even
and it is in the positive/negative part depending on if ℓ is divisible by 4. Since n = 4k,
we can write for all ℓ ∈ {2, 4, . . . , 2k − 2}:

pℓ =
ℓ/2

gcd(k, ℓ/2)
and qℓ =

k

gcd(k, ℓ/2)
.
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Furthermore, we have

E−1((0, 0), (1, k)) = F4,2(0, 1) · In(0, k) + F4,0(0, 1) · Fn,2k(0, k) + F4,1(0, 1) · Fn,2k(0, k)

=
1

2n
cos πk

=

{
1
2n
> 0 if k is even;

− 1
2n
< 0 if k is odd.

We obtain for all n ⩾ 4:

τ = lcm {qℓ : ℓ = 2, . . . , 2k − 2} = k.

For each ℓ ∈ {2, 4, . . . , 2k − 2}:

τ · pℓ
qℓ

= k · 2ℓ
n

=
ℓ

2
,

which is even (odd) if cos 2πℓ
n

is in the positive (negative) eigenvalue support of (0, 0) and
(1, k), so that Theorem 3.5(ii) is satisfied for these eigenvalues. Finally,

τ · 1
1
= k

so that Theorem 3.5(ii) is also satisfied for the eigenvalue −1. We conclude that there is
peak state transfer from vertex (0, 0) to vertex (1, k) at time k.
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