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Abstract
m
For some positive integer m, a real polynomial P(z) = . apz® with a; >
k=0
0 is called log-concave (resp. ultra log-concave) if ai > ag_1ax+1 (vesp. aj >
(1 + %) (1 + ﬁ) - ag—1ap4+q) for all 1 <k < m — 1. If P(x) has only real roots,
then it is called real-rooted. It is well-known that the conditions of log-concavity,
ultra log-concavity and real-rootedness are ever-stronger.
For a graph GG, a dependent set is a set of vertices which is not independent,
i.e., the set of vertices whose induced subgraph contains at least one edge. The

dependence polynomial of G is defined as D(G,x) := 3. dp(G)x*, where dy(G)
k>0
is the number of dependent sets of size k in GG. Horrocks proved that D(G,z) is

log-concave for every graph G [J. Combin. Theory, Ser. B, 84 (2002) 180-185]. In
the present paper, we prove that, for a graph G, D(G, z) is ultra log-concave if G is
(K2 U2K)-free or contains an independent set of size |V (G)| —2, and give the char-
acterization of graphs whose dependence polynomials are real-rooted. Finally, we
focus more attention to the problems of log-concavity about independence systems
and pose several conjectures closely related the famous Mason’s Conjecture.

Mathematics Subject Classifications: 05C31, 05E45, 05B35

1 Introduction

Throughout this paper, except where stated otherwise, all graphs we consider are undi-
rected, finite and simple.

Let G be a graph with vertex set V(G) and edge set E(G). An independent set of
G is a subset of V(G) whose induced subgraph in G contains no edges. Let ix(G) be
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the number of independent sets of size k£ in G. In particular, io(G) = 1. The generating
polynomial of {ix(G)},
I(G,x) = ix(G)at,
k>0
is called the independence polynomial of G [13].

If a subset of V(@) is not independent, we call it a dependent set, i.e., a dependent set
is a subset of V' (G) whose induced subgraph in G contains at least one edge. Let di(G) be
the number of dependent sets of size &k in G. In particular, dy(G) = di(G) = 0. Similarly,
the generating polynomial of {dx(G)},

x) = Z dp (G,

k=0

is called the dependence polynomial of G.

More generally, a graph polynomial is a graph invariant with values in a polynomial
ring, usually a subring of real polynomial ring R[z]. Like independence polynomials and
dependence polynomials, many of graph polynomials are the generating polynomials for
the sequences of numbers of subsets of vertex or edge set with some given properties. A
graph property A is defined as a family of graphs closed under isomorphism. Let G be
a graph. For S C V(G), G[S] denotes the subgraph induced by S. Let A be a graph
property and a(G) the number of induced subgraphs of order k of G which are in A.
The graph polynomial associated with the graph GG and the graph property A, denoted by

V(G
PA(G,x), is defined as: P4(G,x) := > o5l = | (Z”ak(G)xk. Correspondingly,
SCV(G),G[S]eA k=0
when A consists of all graphs with no edges, P4(G, x) is the independence polynomial of
G; when A consists of all graphs containing at least one edge, P4(G, x) is the dependence
polynomial of G. The two more examples are: when A consists of all complete graphs,
PA(G, ) is the clique polynomial of G [14]; when A consists of all forests, P4(G, x) is the
acyclic polynomial of G [5].

Let G be a graph and A a graph property. The complement of A, denoted by A, is
the graph property satisfying that G € A <= G ¢ A. About the graph polynomials
associated with the graph properties A and A, we have

Proposition 1. For any graph G and graph property A, Pa(G,z) 4+ Pz(G,x) = (x +

PIV@N.
Proof. For any integer 0 < k < [V/(G)], denote Ax(G) := {S C V(G) : G[S] € A, |S| =
k} (resp. Ap(G) = {5 C V(G) G[S ] € A S| = k}) and ar(G) = |A(G)| (resp.
ar(G) = |Ax(G)]). Since Ax(G) and Ai(G) are disjoint, ax(G) + &k(G)|V:(G)||Ak(G) U
A(G)| = {S C V(G) : |S| = k}| ( ) Combined with P4(G,z) = > ap(G)a*
V(&) V(G)] |V(Gk| "

and P3(G,z) = kz—:() ar(G)a*, Pa(G,x) + P4i(G,x) = kz—:o ar(G)x® + kz:o ay(G)ak =
V@)l R R

3 (IV(kG)I)xk =(z+ 1)\V(G)\_ O

k=0
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We call the graph property A hereditary if it is closed under taking induced subgraphs,
i.e., for any graphs G, H, if G € A and H is an induced subgraph of G, then H € A.
In contrast, replacing the condition ‘H is an induced subgraph of G’ by ‘G is an induced
subgraph of H’, we say that A is co-hereditary. It is obvious that A is co-hereditary if
and only if A is hereditary.

For example, if A is the graph property of containing at least one edge, then A is the
graph property of containing no edges. We can see that A is co-hereditary and A is hered-
itary. Moreover, by Proposition 1 and the definitions of dependence and independence
polynomials, for any graph G, D(G,z) + I(G,z) = (z + 1)V,

Now, we introduce the concepts of unimodality, log-concavity, real-rootedness, and so
on. Let {ax}}", be a sequence with real numbers. We define:

e Unimodality: There exists an integer k£ (0 < k < m) satisfying that ag < a1 <
K A Z Agg1 Z 0 2 Oy

e Logarithmically concavity (or log-concavity for short): aj > aj_jaxy; for
1<k<m—-1.

e Ordered log-concavity: a; > (1 + %) ag—1ax+1 for 1 < k < m — 1 (equivalent to

the log-concavity of the sequence {klag}i’,).

e Ultra log-concavity: ai > (1+ 1) (1 + =) ax—1ay41 for 1 <k <m — 1 (equiv-
alent to the log-concavity of the sequence {ak / (T]:) }Z;O).

e Real-rootedness: The polynomial > a,z* has all real roots.
k=0

For the non-negative sequences, it is easy to see that these conditions become ever-stronger
starting from the second one (see [6]). Moreover, adding the condition of having no
internal zeros (that is, for any 0 < ¢ < j < k < m, a;,a, > 0 = a; > 0), the log-
concavity implies the unimodality. A polynomial is called unimodal (resp. log-concave,
ordered log-concave, ultra log-concave) if the sequence of its coefficients is unimodal (resp.
log-concave, ordered log-concave, ultra log-concave).

Let G be a graph and A a graph property. Recently, Makowsky and Rakita [19]
obtained the following results about P4(G,x):

1. If A is co-hereditary, P4(G, ) is unimodal for almost every graph G' € G(n,p) for
every edge probability p € (0, 1).

2. If A is hereditary with a graph G € A which is neither a clique nor an edgeless
graph, then P4(G,z) is real-rooted if and only if G € A.

It is a natural problem what we can say about the log-concavity or the real-rootedness
of P4(G,x) when A is co-hereditary. In this paper, we consider this problem on de-
pendence polynomials. As mentioned above, dependence polynomials and independence
polynomials are complementary, but for the problem of unimodality, log-concavity or
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real-rootedness, the independence polynomials are more difficult than the dependence
polynomials. The independence polynomials are not necessarily log-concave or unimodal
[2]. Even for bipartite graphs [7] and well-covered graphs [21], there are examples that
the independence polynomials are not unimodal. More recently, the examples of trees
with non-log-concave independence polynomials were constructed [17, 18]. For the real-
rootedness, only very few independence polynomials of graph classes can be proved having
only real roots, like claw-free graphs [12]. In contrast, for dependence polynomials, Hor-
rocks [15] showed that D(G,x) is log-concave for every graph G. However, the stronger
properties of dependence polynomials, like ordered log-concavity, ultra log-concavity and
real-rootedness, have never been studied.

If G contains no edges, there are no dependent sets in G, i.e., D(G,z) = 0. Thus, we
only consider the graphs which contains at least one edge in what follows.

We denote the complete graph, the complete bipartite graph, the path and the cycle by
K,, Ky, P, and C,,, respectively. In particular, K , is called a star. Let G and H be two
disjoint graphs. The union GUH is the graph with the vertex set V(GUH) = V(G)UV (H)
and the edge set E(GU H) = E(G)U E(H). For a graph G and n € IN*, nG denotes
the disjoint union of n copies of G. For a graph H, a graph G is called H-free if no
induced subgraphs of G are isomorphic to H. About the ultra log-concavity of dependence
polynomials, we have

Theorem 2. Let G be a graph of order n containing at least one edge. If G is a KoU2K, -
free graph or has an independent set of size n—2, then the dependence polynomial D(G, x)
18 ultra log-concave.

Remark 3. The complement of Ky U 2K, is K4 — e, which is called a diamond, so the
K5 U 2K, -free graphs are equivalent to the complements of the diamond-free graphs.

Let G, G5 be the two graphs illustrated in Fig. 1. We give the characterization of
graphs with real-rooted dependence polynomials as follows:

Theorem 4. Let G be a graph of order n which contains at least one edge. The dependence
polynomial D(G, x) is real-rooted if and only if G € {KyU(n—2)Ky, PsU(n—3)Ky, K3U
(n—B)Kl, 2K2U(TL-4)K1, P4U(TL—4)K1, C’4U(n—4)K1, G1U(n—4)K1, GQU(TL—5)K1}

@)
O

Figure 1: G; and G,.
For the graphs without isolated vertices, we have the following corollary:
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Corollary 5. Let G be a graph without isolated vertices. The dependence polynomial
D(G, x) is real-rooted if and only if G € {Kj, P5, K3,2K5, Py, Cy, Gy, G2}.

The paper is organized as follows. We will prove Theorem 2 in Section 2 and Theorem
4 in Section 3. Finally, in Section 4, we conclude the paper and give some discussion on
the log-concave problems of independence systems, which generalize Mason’s Conjecture.

2 Proof of Theorem 2

Let G be a graph of order n. For S C V(G), let’s denote G — § := G[V(G) \ S]. S
is called a co-dependent set of G if V(G) \ S is a dependent set of G. The number of
co-dependent sets of size k in G is denoted by di(G). It is obvious that di(G) = d,_(G)
and d,,(G) = d,_1(G) = 0. By the definition of ultra log-concavity, D(G, z) is ultra log-
concave if and only if the sequence {dj(G)}?_, is ultra log-concave. Thus, we consider
the co-dependent sets of GG in what follows. We will write Jk(G) as dj, shortly without
causing confusion.

Let D(G) (D without causing confusion) be the family of co-dependent sets in G. We
can see that (V(G),D) is an independence system (or a simplicial compler in a view of
geometry), i.e., for any S,T C V(G), if S C T and T € D, then S € D. And further,
co-dependent sets satisfy the following property:

Observation 6. Let S be a co-dependent set of a graph G and T a subset of V(G) \ S.
T is a co-dependent set of G — S if and only if SUT is a co-dependent set of G.

The main idea of the proof of Theorem 2 is analogous to that presented in [3]. Define
the bivariate function:

n—2
faly.z) =Y dy" "2,
k=0

Let 0, (resp. 0., 0,,, etc.) denote the partial derivative operator that maps a multi-
variate polynomial to its partial derivative with respect to y (resp. z, z;, etc.). Denote
the quadratic form

agfkflafflfc;
(k—1)!
(n—Fk+1)! - (n—k—1kk+1) -

= T'dk,lyz + (TL — k)‘kdkyz + 5 dk+122 (1)

a(y, 2) =

forl<k<n-3.

For a function f € R|zy, 29, - - - , 25|, the Hessian matriz (or shortly, Hessian), denoted
by V2f, is an n x n symmetric matrix whose (i,7)-th entry is (V*f);; := 9.,0.,f. In
particular, if f is a quadratic form, then its matrix representation is f = 3z' V2 fz, where
z:= (21,22, "+ ,2,). Now, we prove the following lemma.

Lemma 7. Let G be a graph of order n containing at least one edge. If G is a Ko U2K;-
free graph or has an independent set of size n — 2, then the determinant of the Hessian
det(V3q) <0 for 1 < k<n-—3.

ot
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Proof. W.l.o.g., denote V(G) = [n] = {1,2,--- ,n}. We define the homogeneous polyno-
mial go € Ry, 21, 22, - - - , 2] as follows:

gG(y7 Zl; 22, PP 72:”) = Z yn_lsl Hzl
SeD 1€S
For S C V(G), denote the differential operator 9° := [] 9.,. Let S be a co-dependent
i€S

set of size k — 1 in G. Denote V(G)\ S = {l1,ly,--- ,ln_g41}. We consider ¢ :=
85*'“*1859@, which is a quadratic form in variables y, z;,, z1,, - , 21, _,,,- Let D;(G) denote
the family of the co-dependent sets of size ¢ in G. By Observation 6, S’ D S5 and S e
Di(G) (resp. S’ € Dy41(G)) if and only if "\ S € D1(G —S) (resp. S'\ S € Dy(G —9)).
Then

qlf(y’ zll’ 2127 T Zlnfk#»l) = agikilaSgG
_ (n—k+ 1), |
- T 5 Y-+ (n — k) Z Yz

{i}eD1(G-9)

+(n—Fk—1)! Z 2i%;

{i.71€D2(G-5)
where Zg = (Y, 21, 215, , 21, p0a)'- Let @ = (a1,a2, - ,an_ps1)" be a (0,1)-vector

where a; = 1if {I;} € D;(G—S) and a; =0 otherwise, B = (b;;) an (n—k+1)x (n—k+1)
symmetric (0, 1)-matrix where b;; = 1if {l;,1;} € D2(G — S) and b;; = 0 otherwise. Then

B [

Combined with (1) and (2), we can obtain:

Qk(y72): Z qg(yvz727"' 7Z>' <3>

SeDy_1

Substituting 2z, = 2,2, = 2z, -+ , 4, _,,, = # into (2), we can obtain:

0 (Y, 2,2, ,2) =

n—=k)(n—-—k+1 n—k a;
(n—k— 1)![ 2 ( ) ) ) 1<i<nz—k+l y (4)
2 Y (n—Fk) > a; > bij z |
1<i<n—k+1 1<i,j<n—k+1
n—k)n—-k+1) (n—k) > «
Denote the 2 x 2 matrix = 1Sisn—k+1 . Com-
Qs (n—k) > > by

1<i<n—k+1 1<i,j<n—k+1
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bined with (3), (4) and the fact that g;(y,2) = 3 - [y 2]V?q { 'Z }, we obtain:
V2qk = (n —k— 1)' Z Qs. (5)

For S € D;_,(G), let’s consider the subgraph G — S. Since S is a co-dependent set of
G, G — S must contain at least one edge. We call a vertex i in V(G) \ S a co-dependent
verter in G — S if {i} € Dy(G — S), and a pair of vertices {i,j} a co-dependent pair if
{i,j} € Dy(G—S). By the definitions, 5. a; is the number of co-dependent vertices

1<i<n—k+1
in G — S and > b;; is twice of the number of co-dependent pairs in G — S. If a
1<i,j<n—k+1
vertex ¢ € V(G) \ S is not a co-dependent vertex in G — S, we call i a co-independent
verter in G — S. The definition of co-independent pairs is similar.
Claim. The number of co-independent vertices in G — S is at most 2.

By contradiction, w.l.o.g., assume that [;, [ and [3 are three co-independent ver-
tices in G — S. By the definition, all of {ls,l3,ls, -+, lp_ss1}, {l1,03, 45+ ,lu_gi1} and
{li, 12,1y, -+ ,ln—k+1} are independent sets in G — S. This deduces that G — S contains
no edges, a contradiction.

Now, we distinguish cases to discuss Qg.

Case 1. There are two co-independent vertices in G — S.

W.lo.g., assume that [ and I, are co-independent vertices. Then {la, 3,14, -+ , L, x11}
and {ly,l3,ly, -+ ,lp_41} are independent sets and further G — S = Ky U (n — k — 1)Ky,
which only [; and [, are adjacent. In this case, oo ai=n—k-—1, > bij =

2- ("3 ) =(n—k—=1)(n—k—2). So s 1< j<n—k+1
QS:{(n—k‘)(n—k‘le) (n—k)(n —k—1) }
(n—k)n—k-1) (n—k-1)n—-k-2) |

For convenience, we denote

R e B s B A

Case 2. There is exactly one co-independent vertex in G — S.
In this case, G — S = K; ,U(n—k—p)K; (p>2)and >, a;=n—k Wlog,

1<i<n—k+1
assume [; is the center of K .

Subcase 2.1. p = 2.
Assume [y, [3 are the leaves of the K 5. In this subcase, the co-independent pairs of
G — S are {lg,lg} and {lhlz} (2 < 1 < n—=k -+ 1) ThUS,

3 bij:2<(n_§+1)—(n—k:)—1):(n—k)(n—k—l)—Q.

1<i,j<n—k+1
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So
[ n=k)(n—k+1) (n —k)?
QS—{ (n— k)2 (n—k)(n—k—l)—Q]

Let’s denote

e R A Gy e ol |

Subcase 2.2. 3<p<n—k.
In this subcase, the co-independent pairs are {l;,;} (2 < ¢ < n— k + 1). Thus,
). S

L2 =2 () = (= k) = (= R(n = k= 1) So
_ [ n=k)(n—k+1) (n— k)?
QS_{ (n—k)? (n—k:)(n—k:—l)}'

Let’s denote

Hy = { (n_l({,)fﬁ;)éfﬁ) (n_/(g(;ﬁ)/i—l) 1 = {%j 52 }

Case 3. There are no co-independent vertices in G — S.
In this case, Y. a; =n—k+ 1. Combined with the fact that G — S contains at

1<i<n—k+1

least one edge and G — S 2 Ky U (n — k — 1)K, it contains at most n — k — 2 isolated
vertices. We distinguish three subcases in what follows.

Subcase 3.1. There are n — k — 2 isolated vertices in G — S.

In this subcase, G — S = K3 U (n — k — 2)K;. W.lLo.g., assume that [, 15, (3 induce
the K3. Then the co-independent pairs of G — S are {l1,l2}, {l1,l3} and {ls,l3} and

Soby=2- (" =3)=n-k)(n—-k+1)—6. So

2
1<i,j<n—k+1

Qs — (mn—k)(n—k+1) (m—k(n-k+1)
STl n—Kmn—-k+1) n—kKn-k+1)—6 |

Subcase 3.2. There are n — k — 3 isolated vertices in G — S.

In this subcase, G — S = G*U (n—k — 3) Ky, where G* is a graph of order 4 containing
no isolated vertices and not a star. Since G* is a graph of order 4, the number of co-
independent pairs G — S is equal to the one of edges in the complement of G*, i.e.,
|E(G*)]. We can see that |E(G*)| € {0,1,2,3,4} (see Fig. 2), then oo by =

1<i,j<n—k+1
(n—k)n—k+1)=8, (n—k)(n—k+1)—6,(n—k)(n—k+1)—4, (n—k)(n—k+1)—2
or (n—k)(n—Fk+1). Thus,

Q _[(n—k‘)(n—k‘—l—l) (n—k)(n—k+1) }
ST =k —k+1) (n—k)n—k+1)—8 ]’

(n—k)n—k+1) (nm—Fkn—-k+1)
{(n—k’)(n—k’%—l) (n—k:)(n—k’—i—l)—(i}’
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n—k)(n—k+1) (m—k(n—-k+1)
[(n—k)(n—k—i—l) (n—k)(n—k—i—l)—él}’

{(n—k)(n—k—i—l) (n—k)(n—k+1) ]

(n—k)n—k+1) (n—k)(n—k+1)—2

. [(n—k)(n—k—i—l) (n—k)(n—k—i—l)]
mn—k)(n—k+1) (n—k)n—Fk+1) |’

PEE

(a (¢)
(d) (e) (f)

Figure 2: All graphs of order 4 containing no isolated vertices and not a star: (a) contains
4 co-independent pairs, (b) contains 3 co-independent pairs, (c¢) and (d) contain 2 co-
independent pairs, (e) contains 1 co-independent pair and (f) contains no co-independent
pairs.

Subcase 3.3. There are at most n — k — 4 isolated vertices in G — S.
If G — S contains no co-independent pairs,

Qs = m—k)(n—k+1) (n—k)(n—Fk+1)
STl n—kKn-k+1) n—kKm-k+1) |

Now, we assume G — S contains a co-independent pair. W.lo.g., let {l1,ls} be a co-
independent pair. Since G — S contains no co-independent vertices, Ng_g(l1) N {l3, 14, -,
ln—ks1} # 0 and Ng_s(lo) N {l3, 14, lu_gs1} # 0, where Ng_g(l;) is the neighbor-
hood of [; in G — S. Since there are at most n — k — 4 isolated vertices in G — S,
|(No—s(l1) U Ng—s(la)) N {ls,la, -+ s ln—gs1}| = 3. I [No—s(ly) N {ls, lay -+ s ln—pr1 )| =2
and |Ng_s(lo) N {l3,ls, -+ ,ln—k+1}| = 2, then {ly,l5} is the unique co-independent pair
in G — S (see Fig. 3) and further >, by =(n—k)(n—Fk+1)—2 Otherwise,

1<i,j<n—k+1
w.l.o.g., assume [y has exactly one neighbor I3 in {l3,l4, - ,l,—p41} in G — S. On this
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assumption, /; must have two neighbors other than I3 in {l3,ly, -+ ,l,_rs1}. We can
see that the co-independent pairs in G — S are {ly,lo} and {l1,l3} (see Fig. 4), then
> bjj=(n—k)(n—k+1)—4. So, in this subcase,

1<i,j<n—k+1

Q _[(n—k)(n—k—l—l) (n—k)(n—k—l—l)}
STl n—Kn-k+1) n—kn-k+1) |’

(n—k)n—k+1) (n—Fk)(n—-k+1)
{(n—k)(n—k—i—l) (n—k:)(n—/{:—i—l)—2]

. (mn—k)(n—k+1) (m—kn-k+1)
{(n—k)(n—k—i—l) (n—k)(n—k—i—l)—ll]'

Figure 3: The case that |[Ng_s(l1) N {l3,ls,  + ,ln—ks+1}| = 2 and |Ng_s(l2) N {l3, 14, -,
ln—k+1}] = 2: dashed edge represent that [y, 1, are adjacent or not.

Figure 4: The case that [y has exactly one neighbor I3 in {l3,l4, -+ , 1,41} dashed edge
represent that [y, [y are adjacent or not.

Let’s denote

H:_(n—k)(n—k‘~|—1) (n—k)(n—k+1) | :_a4 B4

Tl -k —k+1) —k)n—k+1) =8| | B |’
H:_(n—k)(n—k—i-l) (n—Fk)n—k+1) _.:_045 Bs |
> (n—k)n—k+1) (n—=k)n—k+1)=6 ] " | B5 7 |’
go_|(=kn-k+1) (-kn-k+1) | _[as B |
0 (n—=k)n—-k+1) (n—k)n—-k+1)—4]" | Bs % |’
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_ | (n=k)n—k+1) (n—k)(n—k+1) | _|ar B
H7_{(n—k)(n—k+1) (n—k)(n—k+1)—2]’_{ﬂ7 77}
and
| n=k)n—k+1) (n—k)n—k+1)| | as pBs
HS_{(n—k:)(n—k—i—l) (n—k)(n—k—l—l)}'_[ﬁs 78}'

Now, it has been proved that, for any co-dependent set .S € Dy_1(G), the matrix Qg =
H; for some i € {1,2,---,8}. Denote t; := [{S € Dy_1(G)|Qs = H;}| (i =1,2,---,8).
By (5), we obtain:

8 8
Yooty Y Bits
i=1 i=1

8 8 (6)
; Bit; ; Vit

det (V2q) = ((n — k — 1)!)? det (Z tiHi) =((n—k—1)"?

8 8
Z Bit;

a;t;
The determinant | ‘g = is a quadratic form in t1,ts,- - ,tg. Let’s denote its

Yo Biti D> vt
i=1 i=1

matrix representation:

8 8
doaiti Y Bit;
i=1 i=1

8 8
> Biti ot
i=1 i=1

where t = (1,12, t3, 4, 5, tg, t7,1s) T, A is an 8 x 8 symmetric matrix and A;; = 3(ayy; +
a;vi — 20;8;) for 1 < 4,7 < 8. For convenience, we denote r :=n —k+ 1. r > 4 since
k < n — 3. By the calculation, we obtain:

=t At, (7)

[ —2(r—2) —2(r—1) —(r—2) =3r =2r —r 0 r
—2(r—1) —=Br—1) —(2r—1) —=br —4r —=3r —2r —r
—(r—2) —2r—-1) —(r—-1) —4r —=3r —2r —r 0

—3r —or —4r —8r —=Tr —6r —=5r —4r

A=(@r-1- —2r —4r —3r —Tr —6r —br —4r —3r |’ (8)
—r —3r —2r —6r —br —4r —-3r —2r
0 —2r —r —5r —4r —-3r —2r -—r
r —r 0 —4r —3r —2r -—r 0

If G is KoU2K-free, for any co-dependent set S of size k—1, G—S5 2% KoU(n—k—1)K;,
that is, t; = 0. If G has an independent set of size n — 2, for any co-dependent set S of
size k — 1, G — S has an independent set of size n — k — 1. Then G — S must contain
co-independent pairs. It deduces that tg = 0.

Since ¢; > 0 for all 1 < ¢ < 8, combined with (6), (7) and (8), we can see that
det(V?q,) < 0if t; = 0 or tg = 0. This completes the proof. O

Now, we prove Theorem 2.
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Proof of Theorem 2. By (1),

) | (n—k+ 1)!6_21{71 (n — k)kdy -
det(Vigr) = ‘ (n—Kk)kdy  (n—k—1)k(k+1)dp

= k2 ((n—k))° ((1 + %) <1 + ﬁ) di—1dpy1 — d,%) .

By Lemma 7, if G is K,U2K-free or has an independent set of size n—2, det(V3q;,) < 0
for 1 < k < n-—3, that is, (1 + %) (1 + ﬁ) Jk,ldkﬂ—di < 0forl <k <n—3. Combined
with d, = d,_; = 0, we obtain that {d}}?_, is ultra log-concave. Thus, D(G,z) is ultra
log-concave. O]

3 Proof of Theorem 4

Before the proof of Theorem 4, we will introduce some lemmas and terminology in what
follows. Firstly, we have the following lemma:

Lemma 8. For any graph G and m € N, D(GUmK;,z) = (z+ 1)"D(G, z).

Proof. Assume that |V(G)| = n. It is known that I(GUmK,,z) = (I(Ky,2))"I(G,z) =
(x + 1)™I(G,z) (see [13]). Then, by Proposition 1, D(G U mK;,z) = (z + 1) —
I(GUmK,z) = (x+ )™ — (e + 1)"I(G,x) = (x + 1)"[(z + 1)" — I(G,2)] = (x +

)" D(G,x). O
m m—1

Let P(z) = " apa® be a polynomial. P'(x) := > (k+1)ags12* denotes the derivative
k=0 k=0

of P(x). It is known that

Proposition 9 (Folklore). Let P(z) be a real polynomial with degree at least 2. If P(x)
is real-rooted, so is P'(x).

The following proposition will be useful in our proof.

Lemma 10. Let P(z) = > apa® be a real polynomial with ap > 0 for 1 < k < m. If
k=0
there exists an integer j for 1 < j < m — 1 such that a;_1 = a; = ajy1 > 0, then P(x) is

not real-rooted.

Proof. Case 1. ay > 0.
In this case, if there exists an integer j such that a;_1 = a; = aj1; > 0for 1 < j <

m — 1, then
2 1 2 1
aj; < |1+ 3 a; = 1+ ; Aj—1Qj41-

That is, P(x) is not ordered log-concave, so it is not real-rooted.
Case 2. aq¢p < 0.
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In this case, if there exists an integer j such that a;_1 = a; = a;41 > 0, then 2 <
j < m — 1. By contradiction assume P(z) is real-rooted. Then P’(x) is real-rooted by
Proposition 9. The coefficient sequence of P'(z), {(k + 1)axs1}i—y , is a non-negative
sequence. Let’s consider the coefficients of the terms z7, 27~! and 2772 of P'(x). We
obtain

1 : . . :
(1 + ]_—1> (7 +Dajer - (= Daj1 = j(G + Daj > (jay)*.
Thus, P’(x) is not ordered log-concave, a contradiction with real-rootedness of P'(z). O

Now, we introduce a necessary and sufficient condition of real-rootedness of real poly-
nomials: Sturm’s Theorem. Firstly, we give the definition of Sturm sequence:

Definition 11. [4, 10, 19] Let P(z) be a real polynomial with degree at least 1 and
positive leading coefficient. The polynomial sequence

Py(x), Pi(x),- -, Py(x)
is called a Sturm sequence of P(x) if it satisfies
1. Py(x):= P(x),
2. P(z):= P'(x),
3. P(z) = —Ri_9;-1(x) for i > 2, where
Pia(x) = Qi(x) Pi1(7) + Ri—g;i-1(z)

and the degree of R; o, 1(x) is less than P;_y(x), i.e., R;—2,;-1(x) is the remainder
of the division of P;_5(z) by P,_1(x), and

4. Py(z) is the polynomial with the smallest possible non-negative degree such that
Py(z) # 0.

Sturm’s Theorem is shown in what follows:

Lemma 12 (Sturm’s Theorem). [4, 10, 19] Let P(x) be a real polynomial with degree at
least 1 and positive leading coefficient. Let Py(x), Pi(x), -, P(x) be Sturm sequence of
P(z), where the degree of Pi(x) is d; for 0 <1i < k. P(x) is real-rooted if and only if P;(x)
has a positive leading coefficient for 0 <i <k and d; —d; 1 =1 for 0 <i <k —1.

By using Lemma 12, we obtain the following lemma:

Lemma 13. Let G be a graph of order n and A a graph property. If P4(G,z) is real-
rooted and P4(G, x) # (x+1)", then there exists a subset S of V(G) such that |S| > n—2
and G[S] ¢ A. In particular, if G contains at least one edge and D(G,x) is real-rooted,
then G has an independent set of size n — 2.

THE ELECTRONIC JOURNAL OF COMBINATORICS 33(4) (2026), #P4.9 13



Proof. By contradiction assume that G[S] € A for any S C V(G) where |S| > n —2. By
the definition, the degree of P;(G, ) is at most n—3. Combined with P4(G,z) # (x+1)"
and Proposition 1, P4(G,z) # 0 or (z + 1)". Let Py(z), Pi(x), -, Pe(z) be Sturm
sequence of P4(G,x), where the degree of P;(x) is d; for 0 < i < k. By the definition
of Sturm sequence, Py(z) = Pa(G,z) = (v + 1)" — P4(G,z), Pi(z) == Py(G,z) =
n(z +1)""' — P4(G,x). Since the degree of Pz(G,z) is at most n — 3, the degree of
P(G,x) is at most n —4 and d; = n — 1. Since Pg(G,x) # 0 or (v + 1)", Pa(x) =
L@+ 1)Pi(x) — Py(x) = P4(G,x) — 2(x + 1)PY(G,x) # 0. We can see that dy <n — 3,
then d; — dy > 2, a contradiction with Lemma 12. O

Now, we can prove Theorem 4.

Proof of Theorem 4. Sufficiency. By Lemma 8, we only need to prove the real-rootedness
of the dependence polynomials of Ky, P35, K3, 2K,, P, Cy, Gy and G5. Let’s calculate
them one by one: D(Ky, z) = 2%, D(Ps,z) = 23+ 22 = 2*(x +2); D(K3,x) = 2° +32* =
22(x 4+ 3); D(2Ky, ) = a* + 42 + 222 = 2%(z + 2 — V2)(z + 2 + V2); D(P,,2) =
ot + 423 + 32% = 2%(x + 1)(x + 3); D(Cy,x) = 2t + 423 + 42% = 2%(x + 2)%; D(Gy,x) =
ot 4+ 423 + 42% = 2%(2 + 2)?%; D(Ga, w) = 2° + bt + 82% + 42? = 2%(x + 1)(z + 2)2. They
are all real-rooted.

Necessity. Let G be a graph of order n which contains at least one edge. Assume that
D(G, z) is real-rooted. By Lemma 13, G has an independent set of size n — 2, denoted by
X. Set {u,v} :=V(G)\ X. Let’s denote A := N(u)NX, B:= N(v)NX and C := AUB.

Set a := |A], b :=|B|, ¢ :== |C|. W.Lo.g., we assume a < b. If u,v are not adjacent, we
denote G by Ggp.. Otherwise, we denote it by G:{,b,c (see Fig. 5).

Figure 5: G;:b’c or G dashed edge represent that u,v are adjacent or not.

z). For G € {Gape, G, .}, let dV(Q)

a,b,c

Now, let’s calculate D(Gpe, ) and D(G;

a,b,c’
(resp. df)(G), or dg’)(G)) be the number of dependence sets of size k which contains u

but not v (resp. v but not u, or both u and v). Denote D;(G,z) := > d,(Cl)(G)xk (resp.
k>0

Dy(G,z) = > d,(f)(G)xk, D3(G,z) = > d,(f)(G)xk). Since X is an independent set, a

k>0 k>0
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dependent set of G must contain u or v. Thus, D(G,z) = D1(G,z)+ Ds(G, x)+ D3(G, x).
Now, we calculate Di(G,x), Do(G,z) and D3(G,z). The Product formula of generating
function in what follows will be used.

The Product formula. (see [8], p. 156, Theorem 8.5) Let k£ > 2 be an integer. Let
'y be the number of ways to build a certain structure on an m-element set, a'? the num-
ber of ways to build the second structure on an m-element set, - - -, a'®) the number of ways
to build the k-th structure on an m-element set. Let a,, be the number of ways to separate
an m-element set into the & disjoint subsets Sy, So, -+, Sk (51,52, , Sk are allowed to
be empty), and then to build a structure of the first kind on Sj, a structure of the second
kind on Sy, ---, a structure of the k-th kind on Si. Let P(z), Py(x),- -, Pr(x), P(x)
be the respective generating functions of the sequences {ag)}, {ag)}, s {agf)}, {am}.
Then P(x) = Py(z)Pa(x) -« Py(x).

For G € {Gupe, G;bﬁc}, a dependent set S containing v but not v can be separated
into three disjoint parts: {u}, SN A and SN (X \ A). Firstly, since u must be chosen in
S, the generating function for the sequence of numbers of ways to choose vertices in {u}
is z. Then, to ensure that G[S] contains at least one edge, SN A # (), so the generating

a
function for the sequence of numbers of ways to choose vertices in A is Y (§)z* =

k=1

(x +1)* — 1. Finally, the generating function for the sequence of numbers of ways to
n—a—2

choose vertices in X \ Ais > ("¢ %)2* = (z +1)" 2 By the Product formula,

k=0

Dy(G,z) = z(z+ 1)"*2[(x + 1)* — 1]. Similarly, Do(G, z) = x(x +1)"*72[(z + 1) —1].

Now let’s consider D3(G,x). When G = Gy, for every dependent set S containing

both u and v, SN C # () since {u,v} is an independent set and there must exist at least

one vertex in SNC' to ensure that G[S] contains edges. Similar to the analysis of Dy (G, x),

we obtain that Ds(Gope, ) = 2*(z +1)"*[(z + 1) = 1]. When G = G, ., since {u, v}

is a dependent set, the union of {u,v} and every subset of X is also a dependent set.
Thus, Ds(G, ., x) = 2*(z +1)" 2

Then

D(Gape,x) = Di(Gapes®) + D2(Gape, ) + Ds(Gape, )
= 2(z+ )"z + 1) = 1]+ z(z+ D"z + 1) - 1]
+ 2z + 1) P (e + 1)~ 1
r) = Dl(G(J{,b,w x) + Do(Gy, o v) + D3(G )
= 2(z+ )" 2z + 1) = 1]+ z(x+ D"z +1)°" - 1]
+ 2 (z +1)" 2

It is obvious that a polynomial P(x) is real-rooted if and only if P(z—1) is real-rooted.
Let’s consider D(Ggpe,x — 1) and D(G/, ., o — 1). Noting that 0 < a < b < ¢, we have

a,b,c’
D(Ga,b,cyx — ]_) = (ZL’ _ 1)xn—c—2(xc+l + ch o xc—a o C(]C_b — x4+ 1>’
DG, o —1) = (z—1Da" 22" 4 2b — 2 —1).

a,b,c’
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Let’s denote Qy(z) := 2t +2¢ — 27 — 2 —x+1 and Qy(x) := 2T +2b — b7 —1.
Then D(Ggpe,x) is real-rooted if and only if ()(x) is real-rooted; D(szyc,x) is real-
rooted if and only if Q2(z) is real-rooted. Now, we discuss the real-rootedness of @Q;(x)

and Qa(x).

Case 1. The real-rootedness of Q;(z).

We distinguish two subcases: b = ¢ or not.

Subcase 1.1. b =c.

When a = b =c¢, Qi(z) =2 +2¢°—2—1= (z+1)(x¢ —1). Tt is real-rooted if
and only if ¢ < 2. Since G, contains at least one edge, ¢ # 0. When a =b =c¢ =1,
Gape =P3U(n—3)K;. Whena=b=c=2,Gup.=Cy U (n—4)K;.

Whena < b= ¢, Qi(z) = 2T +2°—2°*—z. Since Q1(0) = Q1(1) = 0, we can assume
Q1(x) = z(x—1)Q3(x). Then Q;(x) is real-rooted if and only if either Q3(z) is real-rooted,
or Q3(x) # 0 is a constant function. When a = 0, Q3(z) = 2+ 22 + .- + 2 + 1.
If it is real-rooted, then ¢ = 2 and further G,,. = P; U (n — 3)Ky; if it is a non-
zero constant function, then ¢ = 1 and further G, = Ko U (n — 2)K;. When a > 1,
Qs(r) = a7 42067242063 4 - 4 2pc7 0 g a 2 pema3 b+ 1L TF Q3(x) is a non-
zero constant function, then ¢ = 1 and it contradicts with a < ¢. Now assume that Q3(x)
is real-rooted. By Lemma 10, c—3 < c—a—1,i.e.,a < 2. If c—a—3 > 0, considering the
coefficients of the terms z¢ 471 767972 ¢7¢=3 of Q4(x), we obtain 2 -1 > 1%2. Therefore,
Q@s(z) is not log-concave, a contradiction. Thus, ¢ < a +2. Whena =1, b = ¢ = 2,
Gape ZP,UMN—4)K;. Whena=1,b=c=3, Gap. = G2U(n—5)K;. When a = 2,
b=c=3, Q3(r) = 2* + 2z + 2, which is not real-rooted, a contradiction. When a = 2,
b=c=4, Qs(x) =23 +22>+2x+1 = (x+1)(2* + x + 1), which is not real-rooted, also
a contradiction.

Subcase 1.2. b < c.

In this subcase, since b < ¢ < a+b, it can be deduced that a > 1. We can obtain that
Qi(z) =2t 42— — 2 — x4+ 1 = (v — 1) (¢ + 2271 + 222 + -+ + 2279 +
pemol fogem a2 4 4 o7 — 1), Let’s denote Qu(z) = ¢ + 227 + 22972 + - +
27670 4 el fopemem2 o4 2970 — 1. Since ¢ # 0, Q(w) is real-rooted if and only if
Q4(z) is real-rooted. Assume Q4(z) is real-rooted. Similar to Subcase 1.1, by Lemma 10,
c—2< c—a,ie., a <2 Now, we prove that b < a+1. By contradiction assume b > a+2,
then ¢ —a — 3 > 0 since ¢ > b. The derivative Q(z) = cx® ' +2(c — 1)z“ 2 + - - + 2(c —
a)z Pt (c—a—1)2 2+ (c—a—2)z 3 + .-+ + (¢ — b)x 1. By Proposition 9,
Q'(z) is real-rooted. Considering the coefficients of the terms z¢~¢7!, x¢7¢72 767373 of
Q(z), we obtain 2(c—a)(c—a—2)=2(c—a—-1?-2>(c—a—12?+2> (c—a—1)%
Therefore, Q;(x) is not log-concave, a contradiction. Thus, b < a+1. Whena =1,b =1,
c=2, Gope 22K, U(n—4)K;. Whena=1,b=2,c=3, Qu(x) =23 +22>+x—1. By
analyzing the cubic function, @4(x) has only one real root, a contradiction. When a = 2,
b=2,¢c=3,Q4x) =123+22*+ 2z — 1. Q)(x) = 32® +4x + 2, which is not real-rooted, a
contradiction with Proposition 9. When a =2, b =2, c =4, Q(x) = 2+ 223 +22% -1 =
(x+1)(23+22+2—1). (2®+22+2—1) =322+ 22 + 1 is not real-rooted, neither is
23+ 2%+ x — 1, a contradiction with the real-rootedness of Q4(z). When a = 2, b = 3,
c=4,Quxr) =2+ 223 +22% +x—1. Q)(z) = 423 +62° +4x+1 = (22 +1)(22° + 22+ 1),
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which is not real-rooted, a contradiction with Proposition 9. When a = 2, b = 3, ¢ = 5,
Qi(r) = 2°+ 22+ 22° + 22 — 1 and Q) (x) = 5zt + 823 + 62 + 2z = x(52> + 8z + 61 + 2).
Since 62 < (14 1) (1 + 37) - 2- 8, the polynomial 52% + 822 + 6 + 2 is not real-rooted,
neither is Q(x), a contradiction with Proposition 9.

Case 2. The real-rootedness of Qo(z).

We distinguish two subcases: a =0 or a > 1.

Subcase 2.1. a = 0.

In this subcase, Qo(z) = 2”1 — 1. It is real-rooted if and only if b = 0 or 1. When
b=0,Gr, .= KyU(n—2)K. Whenb=1,G;, = P;U(n—3)K,.

Subcase 2.2. a > 1.

In this subcase, Qa(z) = 2™ + 2% — 2% — 1 = (z — 1)(2® + 22> + 222 + - +
2074 4 b7t pgbma=2 oo 4 2+ 1), Let’s denote Qs(z) == 2”4+ 22t + 22072 ... 4
207 b7l o gbma2 4. 4+ 1. Since b = a > 1, Qy(z) is real-rooted if and
only if Q5(z) is real-rooted. Assume Q5(z) is real-rooted. Similarly, we can deduce that
a<2andb—a=0o0r1l. Whena=1,b=1 G = K;U(n-3)K,ifc=1, and

a,b,c
GIb7C§P4U(n—4)K1 if c=2. When a = 1, b:2, G(—;&chlU(n_ll)Kl jfc:27 and
GIQC ~ GoU(n—5)K;if c = 3. Whena =2, b =2, Q5(x) = 2?42z +2, which is not real-

rooted, a contradiction. When a = 2, b = 3, Qs(x) = 23+222+22x+1 = (x+1)(2? +2+1),
which is not real-rooted, a contradiction.
In conclusion, the proof is completed. O

4 Conclusions and future work

In the present paper, we proved that, for a graph G of order n, the dependence polynomial
D(G, z) is ultra log-concave if G is a Ky U 2K, -free graph or has an independent set of
size n — 2. And further, the graphs of order n with real-rooted dependence polynomials
are characterized, which is exactly one of the following eight graphs: K, U (n — 2)Kj,
P3 U (’I’L - 3>K1, Kg U (n - 3)K1, 2K2 U (n — 4)K1, P4 U (TL — 4)K1, 04 U (n - 4)K1,
GiU(n—4)K,, GoU (n —5)Kj.

Combined with the proof of Theorem 2, we obtain that, for a graph G, D(G,x) is
ultra log-concave if and only if det(V?g;) < 0. Observing (6), (7) and (8), we notice that
all the coefficients of the quadratic form (7) is nonpositive except the one of titg. Thus,
if det(V3qx) >0, t; (i = 2,3,---,7) must be much less than ¢; and tg. We believe that
there are no graphs satisfying such condition, so we conjecture:

Conjecture 14. For every graph G, D(G, z) is ultra log-concave.

For the graph polynomials associated with co-hereditary graph properties, Makowsky
and Rakita [19] showed that these polynomials are unimodal for almost all graphs. Mean-
while, they asked: Under what conditions can almost unimodality be improved to uni-
modality or log-concavity?

Let G be a graph with V(G) = [n] and A a co-hereditary graph property. Let Z
denote the family of sets of vertices S satisfying G—S € A, ie.,Z :={S CV(G)|G-S5 €
A}. Since A is co-hereditary, it is easy to see that ([n],Z) is an independence system.
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Let’s denote A, := {H € Alany induced subgraph H' # H of H is not in A}. Assume
max |V (H)| is finite and denote [ := jnax |[V(H)|. We have

Proposition 15. G, A, Z and [ are defined above. Then the independence system ([n],Z)
satisfies the following condition:

For any S,T € T where |T| = |S| +1, there exists x € T'\ S such that SU{x} € Z. (x)

Proof. 1f S C T, since T is an independence set, SU{x} € Z for any = € T'\ S. Otherwise,
|T\S| > 1+1,s0|S| <|SUT|—(I+1) < |V(G)|—(I+1). Since S € Z, by the definition,
G — S € A, that is, there is an induced subgraph of G — S in A,,;,, denoted by H. By
the definition of [, |V(H)| < [. Recall that |T'\ S| > [ + 1, so there must exist a vertex
x €T\ Sand x ¢ V(H). For such x, H is still an induced subgraph of G — (S U {x}), so
Su{z}eZ. O

More abstractly, for [ € IN*, we call an independence system M := ([n],Z) satisfying
(%) an [-matroid. By this definition, we can see that if M is an [;-matroid, M is also an
lo-matroid for all [ > [;. In particular, 1-matroids are commonly referred to as matroids.
For matroids, the following famous conjecture was posed by Mason:

Conjecture 16 (Mason’s Conjecture). [20] Let M be an n-element matroid and i, the
number of independent sets of size k. Then

i) the sequence {i;}7_, is log-concave;

k=0 &
(ii) the sequence {ix}y_, is ordered log-concave;
(iii) the sequence {i}}_, is ultra log-concave.

Adiprasito, Huh, and Katz [1] proved (i) using techniques from Hodge theory and
algebraic geometry in 2018. (ii) was proved by Huh, Schroter and Wang [16] in 2022.
More recently, (iii) was proved by Anari et al. [3], Brandén and Huh [9], and Chan and
Pak [11] in different methods independently. Motivated by the discussions above, our
question is: under what conditions can the analogous version of Mason’s Conjecture hold
true for [-matroids? By Proposition 15, it is a generalization of Makowsky and Rakita’s
question. For the case of [ = 2, we conjecture:

Conjecture 17. Let M be an n-element 2-matroid, i, the number of independent sets
of size k in M. Then

(i) the sequence {ix}}_, is log-concave;
(ii) the sequence {ix}}_, is ordered log-concave;

(iii) the sequence {i}}_, is ultra log-concave.
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Recall D the family of co-dependent sets in a graph G. Then (V(G), D) is a 2-matroid.
Thus, Conjecture 17 is a stronger version of Conjecture 14.

It is remarkable that for 3-matroids, the analogous conjecture is not true. Let’s give
a counterexample:

Example 18. Assume M is a 3-matroid on a 10-element ground set, where 7 :=

{0, {13, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {1, 2}, {1,3}, {2, 3}, {1,2,3}}. We can

see that 4, = 10, 45 = 3 and i3 = 1. i3 < 4113, so the sequence {i;}+°, is not log-concave.
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