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1 Introduction

In a classic paper, I. Schur [6] introduced a class of symmetric functions, now called Schur Q-
functions, in order to determine the irreducible spin (projective) characters of symmetric groups.
In the case of the ordinary characters of symmetric groups, going back to the early work of D.
E. Littlewood and A. R. Richardson [3], the corresponding Schur functions have been used to
give useful combinatorial formulae for determining explicit values for these characters (see for
example [2]). Our aim in this paper is to obtain combinatorial formulae for the spin characters.
We see that as always in the spin case, the formulae are considerably more complicated with a
number of new interesting phenomena arising.

2 Notation and Preliminaries

2.1 Compositions and partitions
If ¢ is a positive integer, then A = (A1,...,\,,) is a composition of £ if \;(i = 1,...,m) are
positive integers such that

i =1

m
i=1

If, in addition
AM>A>000, >0

then A is a partition of £; X is called a strict partition if
A > > L A, > 0.

When necessary, we write £() for m, the length of X and |A| for £, the weight of . Let P(¢) denote
the set of partitions of £, SP () the set of strict partitions of £ and O(¢) the set of partitions where
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all the parts \; are odd. Also, we write A \ {\;} for the partition {A1,..., Ai 1, Niv1,--, A}y
that is, with the ¢th part deleted with an obvious extension to the deletion of more parts.

Partitions are also denoted as A = (1"™2™2...), indicating that the part ¢ is repeated m;
times.

If A e P(0), let

that is, U(A) is the set of sub-partitions of \. For r < £, let
UA,r) ={neUN)|une Pr)},

u(N) = |[UN)|, u(A,7) = [U(X,7)|. Then, clearly U(A, £) = {\} and u(\) < 2™ and u(\) = 2/
if and only if A € SP(?).

Definition 2.1 A separation of A € P({) corresponding to the composition w = (wy, we, . .., wy)
of £ is a k-set of partitions (A, A ... A®)) such that \) € P(w;) (i =1,...,k).

A complete set of separations (A, ... A*)) of X\ corresponding to the composition w =
(wy,...,w) can be obtained by the following algorithm.

A c UM wy), AP e UM AD wy), ..., AW c U\ AV, AEDY )

where

UN) DUMAN) DU\ AP, AD) o UM\ AD, .. A0)) =,

In this way, we form a tree of partitions of 0, wy, ..., w, and corresponding to each branch of the
tree is a separation of A. For example, the separation of the partition A = (173?5) corresponding
to the composition w = (7, 5,6) is represented by the following tree.
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2.2 Hall-Littlewood Symmetric Functions

Let x = {x1,xa,...,2,} be a set of £ independent indeterminates and ¢ an independent param-
eter. If @ = (aq, g, ..., ap) € Z5, write e® := 2{* ... x)* and

bx,t)= [ M

1<i<j<¢ Ti = Lj

If X is a partition with £(A\) =m < ¢, put \; =0 for i = m+ 1,...,¢. Then the Hall-Littlewood
symmetric functions Py(x;t) are defined by

Py(x;t) = ()7 D w(et(x;t)), (2.1)

wE Sy

where Sy is the symmetric group acting on x,

T

() = [Tvn, (), ve(t) =1 —)" [[(1—#)

i>0 i=1
and n; := n;(A) is the multiplicity of 7 in A. Alternatively, as shown by Macdonald [4]

P(x;t) = > w(e(x;t)), (2.2)

'U)GSZ/S?

where S} is the subgroup of w € S, such that Awii) = Ai (I <4 <€), and the summation is
taken over left coset representatives of S} in Sy. In fact, S} = [1i>0 Sn,- We are going to be
more concerned with another version of the Hall-Littlewood symmetric functions, namely

Qx(x;t) := by(t)Pr(x;1), (2.3)

where by (t) := [T,>1 [1j2, (1 — #/). In particular, we put gx(x;t) = Q(x;t) and note that from
(2.1) we have

ar(x;t) = (1—1) meﬁi(x;t)v (2.4)

where "

T; — tx;

Bi(x;t) = .
]1:[1 Li = &
it

(i=1,2,...,0).

Macdonald [4] has given the following useful recurrence relation for the Q(x;1).

¢
Qx(x;t) = (1—1) ng\lﬁi(x; D3 (x\ {z:}:1). (2.5)

i=1
We are, in particular, interested in the case corresponding to t = —1, as these are the so-called

Schur @-functions which were introduced by I. Schur [6] to deal with the spin characters of
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symmetric groups. In this case, we have

. 2! ifA € SP(¢)
(i) If X € P(¢), then by(—1) = { 0 otherwise,
2N Py (x; —1) if A € SP({) (2.6)

0 otherwise,

(i) Qn(x; —1) = {

(iil) qr(x; —1) =255, 288i(x; —1) (k=1,2,...).

From now on, unless otherwise stated, we assume that A € SP({). Furthermore, in order to sim-
plify the notation, we write @ (x) for Q(x, —1), gx(x) for gr(x, —1), Bk(x) for Fr(x, —1), 0,(x)
for 0,(x, —1), etc.

I. Schur [6] defines Q-functions by a recursive formula and then determines a closed formula
similar to (2.2) above. We reverse the process and show that the @) (x) as defined above satisfy
certain properties, including the recurrence properties used in I. Schur’s definition.

A= (N\,..., ) € SP({), then from (2.2) and (2.6)(ii), we have

Qx(x) =2™ Z w(e’\ﬁg(x)), (2.7)
wESy/Se—m
where Sy_,, is the subgroup of S, which fixes z,,,1,...,2, and the summation is over all left

coset representatives of Sy,_,, in S,. Thus, we have

_ gm _qpymme o (X))

which is the form of the @-function obtained by 1. Schur.
We now proceed to show that the recurrence relations used to define Schur’s Q-functions

are satisfied. In order to do this, we need the following which was indeed proved by I. Schur [6,
p.226).

m

Hm(X) = ;(—1)i92(l’1, (L’i)gm_g(X\ {(L’l, (L’z}) if m is even (29)
and .
Om(x) = Z(—l)i_19m_1(x\ {z;})if  misodd. (2.10)

Theorem 2.2 Let A= (\y,..., ) € SP({). Then

(Z) Q(T,S) (X) = QT(X)QS(X) +2 Zf:l(_l)s%—i-i(x)%—i(x)'

(i1) If m is even

Qx(x) =D (—1)'Qr ) (X)Qx\arny (X).

=2

(1ii) If m is odd
Qa(x) = D (=1)"qn, () Q,\ pry (%)

i=1
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Proof (i) From (2.5) we have
Quro (%) = Xy 7 Bi(x)gs(x \ {w:})
= S Bi(x) (Tho, 238 (x) 22
= Y 2 5i(x) (S 800 (1 - 725))

from which we deduce that

Q) = 4:(x)g.(x) =23} (%) (Z 73,00 — ) . (211)

=1 Z; +x;
A similar calculation, but now writing =—* = —1 + —L - gives
i i
Q(T—i—l,s—l) (X) = —C]r+1(X)Qs 1 + QZIET 157, (Z 9585; a: T ) . (2-12)
] 7

Now, adding (2.11) and (2.12), we have
Qr+1,5-1)(X) = ¢ (%)¢5(X) = ¢r41(X)¢s-1(X) — Qr5)(X)-
A similar calculation to the above shows that
Qur1)(X) = ¢ (X)q1(x) = 2¢r41(x)

and the proof is now completed by induction on s.
(ii) If m is even, by substituting (2.9) in (2.8), we obtain

_ om m(m—1)/2 eAZ’; (_1)i92(ml7mi)9m72(x\{mlvmi})
Q) =27 Syesys,, (~1)min D/ (Sl s

= Zﬁ2(_1)i (22 ZwGS@/Szfz —w (G(ALM)%%))

m—2 m—2)(m—3)/2 (eMNALADG,, o (x\ 21,24 })
(2 Swesi/siomia(—1) " w( I5= B ))
FE

=2its(— 1)iQ(>‘17>\i)(X)QA\{AL)\Z'}(X)
The proof of (iii) is similar, but using (2.10). O

Macdonald [4, p.109] has shown that the inductive formula (2.5) can be used to extend the
definition of the Schur @Q-functions to any Q,(x), where u = (p1,...,ux) € ZF, for any k.
Furthermore, Theorem 2.1(i) has been used to reduce such a @), (x) to a linear combination of
QA (x) such that A € SP({) (see also Morris [5]). The reduction rules are as follows.



THE ELECTRONIC JOURNAL OF COMBINATORICS 3 (2) (1996), #R20 6

Theorem 2.3 (i) Q. ,s.)(X) = — — Q. sp..)(X) with Q(_ .. 4.)(x) =0.
(“) Q...,r,—r,...) (X) =0, Q(#lww#ifly—?"ﬂ"y#iqu ~~~~~ #n)(x) = 2(_1)TQ(#17~~~7#1717M+1 ~~~~~ ﬂn)(x);
in particular Qs (X) = —Qs)(X), 1T # s and Q. (x) =2(—-1)".

A consequence of (i) is that if A = (Ay,...,\y) € SP(), then

@ (%) = €(0)Qx, 1 Aomy) (2.13)

for all o € S,,,, where €(0) is the sign of the permutation o.

3 Further Results on Schur ()-functions

.From now on, it will be essential that it is clear on what sets our symmetric groups act, thus
the notation will be modified. We denote by S,, the symmetric group which acts on the set
m={1,2,...,m} and Sy, the symmetric group which acts on m\ k= {k+1,...,m}. Also,
we need to determine certain explicit left coset representations of certain groups. These are
given by the following.

Lemma 3.1 Fork=2,...,m, put wy = (2k) € S, and for k =1,2,....m, put u, = (1k) €
Sm. Then

(i) {wplk =2,...,m} is a set of left coset representatives of Spya i Sm\1.-
(ii) {uplk =1,...,m} is a set of left coset representatives of Spn1 i Sp.
We can now use the following lemma to give an alternative form for the @, (x).

Lemma 3.2 If A= (\,...,\,) € SP({), then

QA(X) = Z E(n)Q(AL)\n(Q))(X)Q(An(g) ..... )\n(m))(x) (314)
NE€Sm\1/Sm\2
if m s even, and
QX)) = DY €M) Qn,mhyimy) (X) (3.15)
NESm/Sm\1

if m s odd.

Proof If n € Sy1, then by Lemma 3.1(i) we have n = w1y, where wy, = (2k), vy, € Sp\2 for
some 2 < k <m, and so n =

3 ...k ... s ... m 2 3 ...k ... s ... m
(Qk)<n(3) oon(k) oo n(2) .. n(m)>:<k n3) ... nk) ... 2 ... n(m))
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where 7(2) = k and 7(s) = 2. Hence, if m is even

NESm\1/Sm\2
Ui 3 k s m
:E(’“’”(’“))E<n<k> a3 @) () n(m)>QM><X>Q< o) ()

with Ay in the & position in Q... xs,...\n) (X), Where we have used (2.13). Now, by using Theorem
2.3(i) repeatedly, we have that the right hand side of the above reduces to

D (=D Q00 ()@ (e (X) = Qx (%)
k=2
by Theorem 2.2(ii). A similar argument can be used to prove (ii). O

Lemma 3.3 Ifm is even and A € SP({), then

1
Qr(x) = — Z E(U)Q(,\U(l),,\o(g))(X)Q(/\U(g) ..... ,\U(m))(x)

m UGSm/Sm\z

Proof If m is even, then from (2.13), Theorem 2.2(ii) and Lemma 3.2, we have
QA(%) = o Yoesn/sp COQ00 1m0 (X)
= Yoesm/Smn €(0) Zila(— 1) Q0ns 1) A () Q00 2y o)\ 1 R 1)} (K)
= o Y oesm/Sm €(0) Znes s /Sma Q000 Az Q0 Aanim) (X)

= % Zaesﬂ/sm\g E(U)Q(Ao(l)vAo’(Q))(X)Q(AO’(ZS) ~~~~~ Ao(n))(x)‘

We can now use this result as the basis for an inductive proof of the following.

Theorem 3.4 (i) If m = 2y is even, then

1
2144}

QA(X) = Z E(O-)Q(Ao'(l)vAo'(Q))(X)Q(Ao’(3)7>‘o’(4))(x) s Q()‘o(mfl)vAo'(m))(X)

o€ESm

(ii) If m = 2u + 1 is odd, then

(x Z q>\o(1) Q(AU(2)7>‘0(3))(X)Q(Ao’(él))‘o'(s))(x) ce Q(Ao(m71)7>‘o(m))(x)

O'GSm

2/‘”'



THE ELECTRONIC JOURNAL OF COMBINATORICS 3 (2) (1996), #R20 8

Proof (i) The proof is by induction on m. If m = 1, then clearly

1
Q(Ah)\z)(x) -5 Z E(U)Q(Ao(m)\o(z))(x)'

2 oc€S2

If m > 1, then by Lemma 3.3 and the inductive assumption, we have

Qr(x) = i 2 0€ S/ S E(U)Q(Aou)%o(z)) (X)m 2 pES(m\o(@) E(p)Q(AmsMpo@)) (x)

t Q(Apo'(mfl%)‘po'(m) (X)

= 2%[(11' desﬂ/sﬂ\z E(O-)Q(Ao'(l)7>‘o'(2)) (X) ZOJGSﬂ\Q E(U’)Q)\O_/(3),>\O_/(4)) (X)
cc QA(O”(mflon'/(m))(X)
= 2+#' 2 0€Sm E(U)Q(AU(DJ\U(Q))(X)Q(Ao(3)7A0(4))(X) e Q(Ao(m71)7>‘o’(m))(x)7

as required. The proof of (ii) is similar. O

The above result can be interpreted in terms of wreath products of certain groups; in fact, the
hyperoctahedral group.
If A= (A1,...,A\n) where m = 2u is even, let

M= {{A 2 s A A At

and if o € 5,,, let

o(M) = {{Xo1), Ao}, {Ac3)s Ao o - - - s {Aa(m—1): Aoy -

If H= {0 € S,|o(M) = M}, then H is a subgroup of S,, of order 2#u!. In fact, if 7 =
(12)(34)...(m — 1,m) € S,,, then H is the centralizer Cs, () of 7 in S,,, which implies that
H = 5515, (see [2,p.135]), the wreath product of Sy by S,,, which is the hyperoctahedral group
or the Weyl group of type B,,. Thus, the above results can be rewritten as

Theorem 3.5 Form > 1, we have
(1) if m =2u is even

Qr(x) = Z E(O-)Q(Ao'(l)7>‘o'(2))(x) e Q(Ao(m71)7>‘o(m))(x)

c€Sm\S21S,,
(i) if m =2+ 1 is odd

Qx(x) = Z E(U)qu(l)Q(Ao—(Q)v)‘o’(Zi))(X) cee Q(Ao’(mfl)vAo’(m))(X)

c€Sm\S21S,
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4 Application to the Spin Characters of Symmetric
Groups

As was mentioned earlier, Schur Q-functions were first introduced by Schur [6] in his work
on the spin (projective) characters of symmetric groups (see also [1]). He showed that the
irreducible spin characters of Sy were parameterised by strict partition A € SP(¢), but that this
correspondence is not one-to-one. In fact, if we say that A is even (odd) if £ —¢(\) is even (odd),
there is one irreducible self-associate spin character ¢* corresponding to A € SP(n) if A is even
and two irreducible associate spin characters ¢* and ¢* if X is odd. The connection with Schur
Q-functions is given by

1 ) e _
Qa(x) = Y 22Ty, (x) (4.16)
Te0(¢)

where z; = [[;>1¢™m;!, where m; is the multiplicity of 7 in the partition 7 = (1™13™3...),
Pr(X) = p1(X)™ps(x)™ ... (pi(x) = Sh_, 7)), ¢ is the value of the character ¢* at the class 7
and
|0 ifl—£(N)is even

() = { 1 if £ — ¢()) is odd.
This formula gives the value of (* on the classes 7 € O(¢) only; however, if A is even (} = 0 if
m € P(0)\ O(f) and if X is odd ¢} = ¢ = ¢ if 7 € O(0), while if 7 & O((), ¢} # 0 only if
7 = X and then (3 is given explicitly by

Q= (—1)(‘“”“)\/—A1A2 = aZey (4.17)

and (" = —(3. Thus, formula (4.16) gives all the information required. In addition, we require
¢ = 95 (t(0)~1-¢) (4.18)
where
. 1 if ¢is odd
] 0 if £iseven
and
q(x) = Z 26(”)2;1p7r(x). (4.19)
Te0(0)

Both results are originally due to Schur [6]; in fact (4.19) is (4.16) for the particular case A = (¢)
using the value given by (4.18) for the character ¢\,

Our intention now is to give a recursive formula for the calculation of the ¢} based on the
preceding work on Schur Q-functions.

We shall assume from now on that 7 = (1™3™s...) € O(f). Let {x', 7%, ..., 7™} be a
separation of 7; then we note that

Zn _ Yr
ZplZp2 ... Zym Yr1lYr2 ... Ypm

: (4.20)

where y. = [1;51 m;! (recall that z; = ;5 i™'m;!).
We first give an explicit formula for ((r, s) (r > s), that is for two part partitions. We prove
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Theorem 4.1 If\ = (r,s) € SP({) (r >s), m € O((), then

r,s Lg(r)—2—¢ -1, — : j - -
(o) = 23(m =274y { o Un s 23 (1) ( > yr—:jys—lj) } :
( T j=1 )

7rr77rs): (7rr+j77rsfj

where the sums are taken over all separations (m,,j,ms_;) of ™ corresponding to the composition
(partition) (r + j,s — j) and e = 0(1) if £ is even (odd).

Proof For the partition (r,s) € SP(¢), (4.16) becomes

Q(r,s)(x) _ Z 2%(6(7r)+2+e)z;1 7(rr,s)pW(X)7 (421)
Te0(0)

where € = 0(1) if ¢ is even (odd). Now, by substituting (4.19) and (4.21) in Theorem 2.2(i), we
obtain

Z 2%(€(W)+2+6)Z;1<7(FT’s)p7r(X):( Z Z;T12€(7rr)pm(x)> ( Z 2;5125(7rs)p7r5(x)>

TeO(X) mr€O(r) Ts€0(3)

+2 Z(_ 1).7 ( Z Z;T1+j 2((7rr+j)p7rT+j (X))
7=1

T4 €0(r+7)

= Y 5z 2p(x) 42y (-1) > Lzl 2 (x),
(77 )=7€O(0) =1 (T sy )=EO(0)

where the sums are taken over all separations (7,1, m,_;) of 7 corresponding to the composition
(r+j,s —j). Now, by comparing the coefficients of p,(x) on both sides of this equation and
using (4.19), we obtain the required result. O

Thus, the calculation of () for 7 € O(¢), is reduced to a calculation involving the separation
of partitions and is given in combinatorial terms.
Example: We calculate C((fé‘?). The separations of (1°3) corresponding to the composition

(6. 3), (7, 2), (8, 1) and (9) are ({(1°), (3)}, {(173), (11)}), {(13), (1*)}, {(1°3), (1)} and
{(1°3), 0} respectively. Thus

Xty =20 (5 + ) +2 (o + - )
=4.

We now use the expansion of the Schur Q-functions @,(x) in terms of products of Schur Q-
functions corresponding to two-part partitions to give a combinatorial formula for ¢? in the
general case. We use Theorem 3.5 (or Theorem 3.4). We prove

Theorem 4.2 (i) If m = 2p is even and A = (Ay,..., \p) € SP({), m = (1"™3™3...) € O(¥),
I={1,3,5,...,m — 1}, then

SRR RECT I s 1 £ ERECRED (]
( )=n Z Z

o€Sm /S21Sy iel iel
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where for each i € I, ©7 = T(x,y Aorry) € OUAe| + [ Aoirn)), € = 0(1) if [Aoiy| + [Aoiirny| is
even (odd), e = 0(1) if € is even (odd), and the sum is taken over all separations (7, 7§, ..., 75 _4)
of .

(1) If m =2pu+ 1 is odd and A = (A1, ..., A\p) € SP(0), m = (1"™3™3...) € O({),
J=A{2,4,...,m — 1}, then

Q= > o) > Yol o, 1] s
jeJ

o€Sm /S21S, (7r)\0(1) GG _)=T

1

s(—eteay+ e 7€9)) (Aou))H Ao () Aa(i+1)

22 W ZJGJ J Cﬂ—)‘o(l) ij )7
jeJ

where for each j € J, 77 = T, 2001 € OUXeh] + Aoz )y € = 0(1) if [Ao(| + [ Aoz | is
even (odd), €51y = 0(1) if |Ao1y| is odd (even), € = 0(1) if £ is odd (even) and the summation is
over all separations (7T)\U(1), g, my, ..., w2 1) of ™ corresponding to the composition.

Proof We prove (i) only; the proof of (ii) is similar. ;From Theorem 3.5(i) and (4.16) we obtain

l m T € —
Yo 2atmHmta Ay (x)
Te0(¢)

L i lad — (>‘o'i7>‘o'i
— Z E(M)Hzgz(zu(l)h)zﬁl Wg() (“)pwg(X)-

0ESm /S2Sy, iel ©nf

Since, if {7, 7% 73 ... 7™} is a separation of m € O(f), we have {(7) = 21" ("), pa(x) =
[T" pr; (x), and using (4.20) and comparing the coefficients of p,(x) on both sides of the above,
we obtain the desired formula. O

Remark 1: We note that simplifications of the above formula can be obtained in most cases;
that is, in case (i)
2%(_5"‘21'61 ) —1

in the following cases:
(a) if ¢ is even and the parts of A are all even or are all odd,

(b) if £ is odd and all the parts of A except one are even or are odd,

and in case (ii)
2%(e+eo(1)+zj€Je;7) —1

in the following cases

(a) if £ is even and all the parts of A are either even or are odd except A1),

(b) if £ is odd and all the parts of A are either odd or are even except for A,(1).
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Furthermore, in order to apply these formulae, we require to determine left coset represen-
tatives of Sy 015, in Sy, for both m = 2p and 210+ 1. We note that

_ ) 1-3-...om—=1 it m=2pis even,
[Sm‘S“S“]_{ 1-3-...-m ifm=2u+1is odd.

If m = 2p is even, left coset representatives of Sy S, in Sy, are of the form ¢ = z12s ... 21,
where x; = (x;1, x;2) are transpositions determined inductively as follows:

(i) Put Iy ={2,...,m}, then z1; = 2, x5 = ky, k1 € I1.

(ii) Put Iy = I\ {x11, 212}, do = min Iy, then xo; = do, @29 = ky, ko € I unless k; = 2, in
which case xy; = dy + 1.

(iii) Put I, = I, \ {&r—11,%r-12}, d, = min [, then z,y = d,, x,2 = k., k. € I, unless
k._1 = d,_1, in which case z,9 = d,_1 + 1.

For example, the left coset representatives of S5 1S3 in Sg are given as follows

(22) (23) (24) (25) (26)

(44)(45)(46) (44)(45)(46) (33)(35)(36) (33)(34)(36) (33)(34)(36)

that is, {e, (45), (46), (23), (23)(45), (23)(46), (24), (24)(35), (24)(36), (25),
(25)(34), (25)(36), (26), (26)(34), (26)(35)}.

Similarly, if m = 2u+ 1 is odd, the left coset representatives of Sy1.5, in S, are of the form
¢ = ¢1¢, where ¢1 can be any of the m transpositions (1,k) (1 < k < m) and ® is obtained in
exactly the same way as the above but now applied to the set J = {3,4,...,m = 2u+ 1} in
place of I = {2,...,2u}. Thus, for example, the left coset representatives of Sy 1Sy in S5 are
fe, (12), (13), (14), (15)} x {e, (34), (33)} = e, (34), (35), 12), (12)(34), (12)(35), (13), (13)(34),
(13)(33),(14), (14)(34), (14)(35), (15), (15)(34), (15)(35)}.

Example 1: The values of the character ((%432) of S5 are calculated at the classes (12327) and
(3,5,7). In this case, as (A1, A2, A3, Ay) = (6,4, 3,2), the relevant left coset representatives are
e, (23), (24); thus, by Theorem 4.2(i) and Remark 1(i), we have

6432 _ 212! 60,32 212! (63) a2
Cazsen) = S Sem Sz ~ i)

TR RS RIS EES NG
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noting that ((3,7), (123, ¢)) and ((127, ¢), (3%, ¢)) are the only separations of (123?7) correspond-
ing to ((6,4), (3,2)) and ((6,3), (4, 2)) respectively, while there are two separations ((1,7), (132, ¢))
and ((123%), ¢), ((7), ¢) of (123%7) corresponding to ((6,2), (4,3,1)).

Now by means of Theorem 4.1, we find that

(6,4) _ (32 _ (6,3) _ (4,2) _ (6,2) _
C(377) - 0, C(1273) - _17 C(127) - 07 C(32) - 27 C(17) - 07

Thus ws)
43)
m =2

Since the partition (3,5,7) has no separations corresponding to mg € O(9), mg € O(6), we have
(64,3,2)  ~(64) ~(3,2) | (6,2) ~(4,3)
Casn = Senle) T 8e5 S
—0-1-2-(=1) = +2,

Example 2: The values of the character (4321 of S5 are calculated at the classes (12327)
and (3,5,7). In this case, there are terms corresponding to the 15 left coset representatives of
S5 1.5 in S5 listed above. However, since C((f%) = Céf{% = C((féé)) = C((ifg) = 0, then by Theorem
4.2(ii) and Remark 1(ii) and taking the only possible separations of (12327) we obtain

(6,4,3,2)  +(6,2)
C(12327) - C(1232)C

64321 _ 220 ) @3y e | 22 (4) ~(5.2) -(3.1)

Cossen) = S Azl S T 2SS S
220 @) @) 61 243y , 212 (1) -(5.2) -(4.3)

~(=gr Haadanten (o )+ 52 Gatm Sy

Again, by Theorem 4.1, we have C((;l)’g) = —1, C(%l) = —1,{’((75)’2) = 1,{’((;’;)) = —(—1),(’((;%) =2
and C((fé?;)) =2, and by (4.17), we have C((fgg) = 2,{’((;1;) =1,(% =1 and C((ll)) = 1. Thus, we have

Due to the separation process, there are only two terms to be considered for the class (3,5, 7)
and we obtain

(5,4,3,2,1) o (5) ~(4,3) ~(2,1) (3) ~(5,2) ~(4,1)
C(37577) _QC(5)C(7 C _QC(g)C C

21 (e 22 ey =4
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