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Abstract

Peter Borwein has conjectured that certain polynomials have non-negative
coefficients. In this paper we look at some generalizations of this conjec-
ture and observe how they relate to the study of generating functions
for partitions with prescribed hook differences. A combinatorial proof of
the generating function for partitions with prescribed hook differences is
given.

1 Introduction

In a personal communication to George Andrews in 1990, Peter Borwein made
the following three conjectures. We use the notation

(@q)n = f[(lfaqj)?
§=0
{N] _ @M
M (Gom

Conjecture 1 The polynomials A, (q), Bn(q), and Cy(q) defined by
(@:0°)n(0* @°)n = An(@®) = aBn(¢®) — ¢*Culq?) 1)

have non-negative coefficients.

Conjecture 2 The polynomials A% (q), B (q), and C(q) defined by
(@:0°)a(a*¢%); = 45(¢°) — 4B () — ¢°Cri(d?) (2)

have non-negative coefficients.



THE ELECTRONIC JOURNAL OF COMBINATORICS 3 (2) (1996), #R4 2

Conjecture 3 The polynomials A% (q), Br(q), Cx(q), D (q) and E}(q) defined
by

(@:0°)n (0% @*)n(@®;0°)n (0" %)
= A¢°) —aBi(¢°) - #Ch(¢°) = D (@) = ¢ Ex(¢®)  (3)
have non-negative coefficients.
George Andrews [1] has generalized the first two conjectures:

Conjecture 4 For m > 1, the polynomials AT(m,n,t,q), BY(m,n,t,q), and
Ct(m,n,t,q) defined by

(@:0°)m (6% @°)m(2¢: ¢ )n (207 @)
2n
= Zzt [AT(m7n7t7q3) - qBT(m7 n7t7q3) - q2 CT(m7n7t7q3)] (4)
t=0

have non-negative coefficients.

Dennis Stanton has discovered a generalization of the first conjecture. We can
use the ¢-binomial theorem to expand (k odd, 1 <a < k/2)

(h=1)/2
—a v 1/2 v —av
(@ d)m(@ ¢ = D (D) E (), (5)
v=(1—k)/2
where -
sy +n
F, _ 1) J(k2j+2kv+k—2a)/2 m '
@= > (-1 i (©)

j=—00

Each monomial in qk(”2+”)/ 2-av B, (¢*) involves a power of ¢ for which the ex-
ponent is congruent to —ar modulo k.

Conjecture 5 If a is relatively prime to k and m = n, then the coefficients of
F,(q) are non-negative.

The polynomial F),(¢q) appears to be a special case of the generating function
for partitions “with prescribed hook differences,” [2]. In particular, it is shown
in that paper that if a + 8 < 2K and —K + 3 <n—m < K — a, then

o i +n
G K:iq) =S (=1)/fE@tB)i+K(@=pl/2 | ™
(@, 3,K;4) zj:( Yq m 4 K (7)
is the generating function for partitions inside an m x n rectangle with “hook
difference conditions” specificed by a, 3, and K. The polynomial F},(q) is simply
the special case
k+1 a k—1 a

K=k v+ —— -
, a=V-+ 5 o
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Since we know that this is a generating function, it follows that the coefficients
are non-negative.

The only problem with this analysis is that the hook difference conditions
defined in [2] only make sense for integer values of «, 3, and K. In section 2, we
will examine these hook difference conditions, and in section 3 we will consider
what is involved in extending the definition to non-integer values. We are not
able to show that F,(q) is a generating function. However, it is possible to con-
struct a family of partition generating functions, A, »(q), that are remarkably
close to A,(q) when m = n. Furthermore, it appears that conjecture 5 can be
strengthened to the following.

Conjecture 6 Let o and (8 be positive rational numbers and K an integer
greater than 1 such that oK and BK are integers. If 1 < a4+ < 2K —1
(with strict inequalities when K = 2) and —K + 0 <n—m < K — «, then
G(a, B8, K; q) has non-negative coefficients.

This conjecture is justified heuristically by the arguments of section 3. Sev-
eral special cases have been verified. For K = 2 and m = n, this author has
proven identities that imply the conjecture for « = 1, § = 1/2 and a = 3/2,

B=1[4]:

G122 = 3" m ®)
§=0

G(3/2,1,2;q) = iqﬁ W] 9)
7=0

Mourad Ismail and Dennis Stanton [5] have proven that the conjecture holds if
a+ =K and a—0FB=m-—n+1.

Experimentally, it appears that the bounds on n — m are sharp. For ex-
ample, A,(q) = G(5/3,4/3,3;q) with m = n. The conjecture states that
G(5/3,4/3,3; q) has non-negative coefficients when |[n —m| < 1:
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G(5/3,4/3,3;q)

14+q+¢?

14+q+2¢> + ¢ +¢*

14+ q+2¢% +2¢3 +2¢* +¢°
14+q+2¢> +2¢3 +3¢* +¢° + ¢° — ¢° — ¢*°

149+ +¢—¢*

l+g+2¢2 +2¢3 +¢* +¢° + ¢°

14+q+2¢> +3¢3 +2¢* +2¢° +3¢° +2¢" + ¢ + ¢°

1+q+2¢° +3¢° +3¢" +3¢° +4¢° +3¢" +3¢° +2¢° + ¢'° + ¢**
14+q+2¢* +3¢% + 3¢* +4¢° +5¢° + 4¢" + 4¢® + 3¢° + 2¢'° — ¢**

AT S LA

1+q+2¢*+2¢° +2¢* +¢® + ¢ - ¢°

3 14q+2¢°+3¢° +3¢" +2¢° +4¢° + 3¢" + 3¢° + 2¢° + ¢"* + ¢"*
+q12

4 14q+2¢>+3¢> +4¢* +3¢° +5¢° +5¢" + 6¢° + 5¢° + 5¢'° + 3¢
+4q12 +3q13 +2q14 +q15 +q16

5 14q+42¢%+3¢% +4¢* +4¢° +6¢° + 647 + 8¢5 + 7¢° + 8¢*° + 6¢**
+6q12 +5q13 +5q14 +3q15 +3q16 +q17 +q18 +q20

6 14+q+2¢>+3¢°+4¢* +4¢° +7¢% + 7¢" + 9¢° + 9¢° + 10g'0 + 8¢'!

+9q12 + 6q13 + 6q14 +4q15 + 3q16 _ q19 _ 2q20 _ 2q21 _ 2q22 _ 2q23

7q24 _ q25 _ q26

w N3
TR W N W~ 3

=~
[\

I wish to acknowledge Dennis Stanton’s contribution to this paper in the
form of many fruitful discussions.

2 Partitions with prescribed hook differences

Given a partition A whose ith largest part is \;, we define A to be the ith largest
part in the conjugate partition (A, is the number of parts that are greater than
or equal to 7). We say that ) fits inside an m xn rectangle if m > A} and n > A;.
If (i,7) € A (equivalently, if A; > j), then we define the hook difference at
position (4, j) to be A; — A’. The diagonal 4 is the set of all positions (i, j) € A
for which i — j = §. The following proposition is a special case of theorem 1 in

[2].

Proposition 1 If — K+ 3 < n—-—m < K — «a where a, (8, and K are posi-
tive integers, a + 3 < 2K, then G(a, 8, K;q) as defined in equation (7) is the
generating function for partitions inside an m x n rectangle for which the hook
differences on diagonal o — 1 are less than or equal to K — o — 1 and the hook
differences on diagonal 1 — (3 are greater than or equal to f+ 1 — K.
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The proof of this proposition given in [2] relies on recurrences and does not
lend itself to non-integer values of o or 3. However, as we shall demonstrate,
there is a combinatorial proof of this proposition that uses the approach of [3].
It is this proof that appears to be amenable to generalization.

Proof: We shall use the Frobenius representation of a partition,

. ay, az, ..., Qi
/\<b17 b27 AR bt>7
where a; = A\; — 1, b; = A, — i, and ¢ is the largest integer for which A\, > ¢t. We
note that a; > as > -+ > a; > 0, by > by > -+ > b, > 0, and the number

being partitioned is t + > (a; + b;). We want to show that G(a, 8, K; q) is the
generating function for partitions whose Frobenius representation satisfies

ar <n, by <m
a; — bi—a—i—l S K — 2Oé7 bl — Qj—p3+1 S K — 2ﬂ7 for all 7. (10)

We shall say that a partition has an (a, (3, K) positive oscillation of
length j, j > 1, if we can find a sequence i; < i < --- < 4; for which

ai;, —biy—ag1 > K —2q,
bi, — aiy—pr1 > K — 20,

{ ai; — b, —ay1 > K —2a, jodd, (11)

b, —ai;—pg+1 > K —208, jeven.

A partition has an (o, 8, K) negative oscillation of length j, j > 1, if we
can find a sequence 41 < ip < --- < i; for which

bi1 — Qg1 > K — 2ﬁ7
iy —bijy—ar1 > K —2a,

{ Qi; — bij—a+1 > K — 2a, J even,

b;. — al-]._5+1 > K — 2ﬂ, j odd. (12)

vj

Lemma 1 Ifa, 8, and K are positive integers with a+0 < 2K and if —K+3 <
n—m < K — «, then the generating function for partitions inside an m X n
rectangle with an («, 8, K) positive oscillation of length j is

. K (o i a— m-+n
s =g [ M)y
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By conjugating the partition (interchanging the as and bs in the Frobenius
representation), this lemma implies that the generating function for partitions
inside an m X n rectangle with an («, 8, K) negative oscillation of length j is

— (i) — ilK(a4B)—K(a=p)/2 | T
Froxlia)=a A (14)
Lemma 1 thus implies that
m-+n > : . _ .
Glongus) = | 2| + W [5G + Fin)] 09
j=1

Proposition 1 is an immediate consequence of equation (15): [mn':"] is the gen-
erating function for all partitions that sit inside an m x n box, and if such a
partition has a positive or negative oscillation and if j is the length of the longest
such oscillation, then the alternating sum will count it with a total weight of

-2 {%J +2 {%J + (~1)7 = —1.

Proof of lemma 1: Let A be a partition into at most m + Kj parts, each part
less than or equal to n — Kj. If i is greater than the number of parts in A, then
we define \; = 0. We let ¢ be the largest integer (> 0) such that

A2rj/2]a+2lj/2)p+t = T, (16)

and then define sequences a1, ...,a, and by,...,b,, p = [j/2la+ [j/2]5 +1,
as follows. If j is even, then

/\i+jK*Z‘, 1Si§0&,
Xivarsg+ (—2)K +a+ (8 —1, a+1<i<2a+ 0,
Xit2ats) + (T —HDE +2(a+8) —i, 20+ F+1 <4< 30420,
a; = .
Aitjlatp)2 +ila+ B)/2 -1,
jla+p)/2=B+1<i<jla+3)/2+t,
(17)
Aatit+ (G —1)K+a—1, 1<i<a+p,
/\2a+ﬁ+l+(.]73)K+2a+ﬁiz7 0&+ﬁ+1§’&§2(0¢+ﬁ)7
Asat2p+i + (G —B)K +3a+28—14, 2(a+B)+1<i<3(a+p),
b =

/\j£a+ﬁ)/2—ﬁ+z‘ + K +jla+B)/2-8—1i,
G -D(a+p)+1<i<jla+p)/2,
N jtatpye —Jla+B)/2 -1,
jla+B8)/2+1<i<jla+pB)/2+t.
(18)
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We note that

. Jla+p)+t t
LA+t (@+b) = D A+ DN — tila+h)+1
i i=1 i=1

%[K(aw)j + K(a — )]

= Y n+ %[K(a+ﬁ)j+K(a*5)]-

i>1

(19)
If j is odd then,
N +iK —1, 1<i<a,

Aivarg+ (—2)K +a+ 8 —1, a+1<i<2a+ 0,

G = ) AGonaraye + K+ G- Dia+B)/2—i,
G-D(a+p)/2-B+1<i<a+(j—1)(a+8)/2,
Nica—(-Datgy2 —@— U —D(a+5)/2 -1,
a+(G-Da+p)/2+1<i<a+(—-1)(a+3)/2+t,
(20)

Aavit+ (G —1DK +a—i, 1<i<a+8,
/\2a+ﬁ+l+(j*3)K+2Oé+ﬁ*’L7 0&+ﬁ+1§’&§2(0¢+ﬁ)7
Aat(G—1)(a+p)/2+i T o+ (= Do+ 8)/2 1,
G-D+p)/2+1<i<(j—1D(a+p)/2+a+t.
Here we have that
i1 [+t (G-1)8+t t
a+J—2 (@+B) +t+> (ait+b) = > A+ DN
% =1 =1
—t{+Da+(G-1)8+1
+ LK (a+B)j + K(a - B)]
= YA + LK@+ + K(a- )
i>1
(22)

The «; and f; are non-negative integers because of the choice of ¢. Since
A <n-—jK and n —m < K — «, we have that

a; = /\1+ij1 < n, (23)
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bl = /\a+1+(j*1)K+Oé* 1< m. (24)

Furthermore, if we take i, = «, i = a + 0, i3 = 2a + 5, iy = 20 + 20,

. 1j = [j/2]a+ |j/2] 3, then these sequences satisfy the inequalities in (11)
that characterize a partition with an («, 8, K) positive oscillation of length j.
The only reason why these sequences might not represent a partition with an
(a, B, K) positive oscillation of length j is that we might have

bitatp)/2 < Djtatp)/2+1

when j is even or

Aat(j-1)(a+B)/2 = Qat(j—1)(a+B)/2+1

when 7 is odd.

2.1 Combinatorial proof of equivalence: first direction

We now perform a shifting operation that is done, successively, for each integer
value of r from j down through 1. Initially, we take i;41 to be oo, i, = [r/2]a+
|r/2]B for j > r > 1. Our objective is to define a bijection between the pairs
of sequences given above and the pairs of sequences that give the Frobenius
representation for partitions inside an m x n rectangle with an («, 8, K) positive
oscillation of length j.

If r is even:

bir — Q4. —B+1, (25)
= max{v|i <v <ir41 —, by —ay_pgy1 > T}, (26)
y(v) = max{b; —a;_pgi1 —7|v<i<k} (27)

If the set that defines k is empty, then we do no shifting for this value of r.
Otherwise, for i, < v < Kk, we set

b, «— b,—~({), (28)
ay_g —— ay_g+y{), (29)

and then reset the value of i, to k.
If r is odd:

= a;, —bj_at1, (30)
= max{v|i, <v <ir41—0, @y —by_at1 > T} (31)
y(v) = max{a; —bi_qy1 — 7|V <i <k} (32)
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If the set that defines k is empty, then we do no shifting for this value of r.
Otherwise, for i, < v < K, we set

ay, <— Gy — 7(1/)7 (33)
by—a — by_o+ ’Y(V)7 (34)

and then reset the value of i, to k.

We claim that this shifting procedure yields a pair of sequences that give
the Frobenius representation for a partition inside an m x n rectangle with an
(a, B, K) positive oscillation of length j.

If j is even, then after doing the shift for r = j, the new value of b;(4+3)/2
is strictly larger than the new value of b;(4 g)/2+41- To see this, we observe that
the value of bj,43)/2 does not change, and if the old value of bj(4yg)/241 18
greater than or equal to the old value of b4+ )2, then

Y+ B)/241) = bj(a+p) /241 — Gj(ats)/2—p+2 — (Dj(atB)/2 — aj(a+ﬁ)/2—BJEl))7
35

so that the new value of bj(q44)/2+1 equals

biats)/2+1 — Y@+ B8)/2+1) < bjats)/2 T Cjat+s)/2—8+2 — Cj(atB)/2—B+1
< bjats)/2- (36)

The function v is weakly decreasing, and so the new values of a,_g are still
strictly decreasing. We do need to verify that

by =) > by —y(v +1).

This will be true if v(v) = y(v + 1). If these values of v are not equal, then by
definition:

Yv) = b, —ay_p41 — T, Y +1) > bypr —ay_pr2—T (37)
It follows that
by —y(V) = ap_py1+7T > ay_pra+7 > by —y(¥+1). (38)

We note that after the shift for r = j, the value of a;(443)/2—3 might be less
than or equal to the new value of a;(n+4)/2—p+1 Which will be bounded by

Uj(atp)/2—p+1 <N —Jja—(j —2)f - K. (39)

After the next shift, for » = j — 1, the new value of a;(,+3)/2—g Will be strictly
greater than the new value of a;j(q+4)/2—g+1-

The same argument holds mutatis mutandis if j is odd and for each successive
value of 7. If r is even, then the new value of af, 210+ |r/2)3—p+1 is bounded by

Q[r/2)at|r/2]8—F+1 < /\/1 —ra—(r=2)—(G-r+1)K. (40)
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If r is odd, then the new value of by, /2104 |r/2|3—a+1 18 bounded by
b|—7‘/2‘\0£+L7‘/2J,3—04+1 < /\/1 - (7' — 1)0& — (’f' — 1)ﬁ — (] —r+ 1)K (41)

We observe that the value of a4 is left unchanged and so is strictly less than
n, and that the final value of b; (after the shift that corresponds to r = 1) is
strictly less than A} — jK < m.

2.2 Combinatorial proof of equivalence: other direction

To see that we do, in fact, have a bijection we note that we can uniquely
reconstruct the values of 7, k, and ~(v) for each shift as r runs from 1 back up
to j. We first choose the sequence i; < iy < --- < i; maximally. That is to say,
we find the largest integer i; for which b;, —a;, g1 > K — 20 (if j is even) or
ai; —bi;—at1 > K —2a (if j is odd), and then after each i, is chosen, we choose
the largest possible value for i,_;. To reverse the shifting process, we perform
the following operation for each r from 1 through j.

If r is even:

™ = max{b, —a,_g1 | (@ +B)/2<v<i}, (42)
£ = min{v|r(a+06)/2<v <ip, by —ay_py1 =7}, (43)
vy (v) = min{r" — (b — aj—p+1) | r(a+ 0)/2 <i<v}. (44)

For r(a+ B3)/2 < v < k*, we set

b, «—— b, +v"(v), (45)
ay—p —— a_g—7"(v) (46)
If r is odd:
™ = max{a, —by_as1 | [r/2]a+ |r/2]8 <v <i}, (47)
£ = min{v|[r/2la+ [r/2]f <v <i,, ay —by_qs1 =T}, (48)
V) = minfr = (= bias1) | [r/2la+ [r/2B<i<v).  (49)

For [r/2]a+ |r/2]8 < v < k*, we set

ay — ay + 7*(1/)7 (50)
by_a — bu_oa—7"(v). (51)

It is left to the reader to verify that this does uniquely reverse the shifting
done in section 2.1. To prove that we have a bijection between pairs of se-
quences generated by f:; 5.5 (Ji @) and partitions inside an m x n rectangle with
an (o, 8, K) positive oscillation of lenth j, we need to verify that if we start with



THE ELECTRONIC JOURNAL OF COMBINATORICS 3 (2) (1996), #R4 11

an arbitrary partition, we get a pair of sequences generated by f(j 5, x(75q). The
only condition on these sequences that is not straightforward to verify is that
they are strictly decreasing with the possible exception that if j is even then
we might have bja48)/241 = bjatp)/2 and if j is odd then we might have
arj/2)a+15/28+1 2 Oj/2)a+15/2]8-

We observe that in applying the shift given above for r = 1, the new value
for a, might be less than or equal to the new value for a,y1. If j = 1, there is
no problem. If j is larger than 1, then on the r = 2 shift we replace an41 with

Aat1 < Aat1 — (T" = batp + Aat1) = bayp—T7".

We note that if the new value of a1 is greater than or equal to the new value
of an, then the value of b; after the r = 1 shift is strictly less than its original
value. This implies that after the » = 1 shift we have a, — b1 > K — 2a. We
combine this observation with the following inequalities:

by —boyg > a+pB-1, (52)
o> K -2, (53)
2K > a+8, (54)
to see that
botp — T < aq. (55)

The new value of a,4+1 after the r = 2 shift is strictly less than a,. This
argument continues to hold for each r < j so that after all of the shifting we
have at most one pair of consecutive elements in the sequences for which we do
not have strict decrease.

Q.E.D.

3 Prescribed Hook Differences with non-integer
parameters

We want to define a prescribed hook difference condition when « and § are not
integers. While there does not seem to be hope for doing this in general, the
particular case

K+1 a K-1 a
OL—Z/+T*?, ﬁ—*l/+—+— (56)

does hold promise. In particular, let

a=a—a/K, B=pF+a/K, (57)



THE ELECTRONIC JOURNAL OF COMBINATORICS 3 (2) (1996), #R4 12

where @ and 3 are positive integers and a is a positive integer less than or equal
to min{@, 5}. Let {@;} and {b;} be the pair of sequences generated by

. i[K(a+B)j+K (a3 m+n
£t (i) = PEEPEEB2 [ ]

m+ Kj
as given in equations (17-18) and (20-21). We now define
1, ifa—a+1<(i mod a+p) <@
a;, = a; — and i < [j/2](@+5) — 73, (58)
0, otherwise,
1, ifa+f—a+1<(i mod a+p8)<a+p,
bi = b - and i < |j/2)(@+ ), (59)
0, otherwise,
where (i mod @+ ) is the least positive residue of i modulo (@+ = a + 3).

We have subtracted a total of aj from the pair of sequences. We are left with a
pair of sequences generated by

+ (i ilK(atB)j+K(a=p)/2 | VTN
fa,ﬁ,K(]aq) q {m+K] .

To get a pair of sequences generated by f_ 5 1 (J59), we find the sequences
generated by f; o, 1 (43q) and then interchange the as and bs. This means that
we start with the pair of sequences generated by fg’ E’K( J;q) and then add aj
to them by defining

1, f 3+1<(i mod B+a)<B+a

ai = T + and i < [j/2|(3 +a), (60)
0, otherwise,
1, if 1< (i mod B+7a)<a,

bi = b + and i < [j/2]5 + |j/2]@, (61)
0, otherwise.

It is not clear to what partitions these pairs of sequences correspond. The
sequences generated by f:; 5. (J3 q) satisfy a weakened form of the oscillating
condition. If we set i, = [r/2]a + |r/2]3, then

ai, —bj, w1 > K-—2a, J odd, (62)

bi, —a, 5., > K—23, jeven (63)
We also introduce additional inequalities:

Qi —aq > Qj.—qi1, J odd, (64)

iv—a > bi—atl, j even. (65)
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3.1 A, .(¢): arelated partition generating function

If we restrict our attention to the polynomial A, (q) = G(5/3,4/3,3;¢) given in
conjecture 1—see equations (2) and (7)—then we have

K=3, a=1.,a=2 B=1

A family of partitions whose generating function appears to be very closely
related to A, (q) consists of those that fit inside an m x n rectangle and satisfy
the following conditions for all 4 such that A\; > i:

either /\l—/\; > 0 or /\z = /\i+17 (66)
either /\H_l—/\; S —1 or /\z = /\i+1- (67)

These two conditions can be combined into
either /\z = /\i+1 or /\z Z /\; > /\i+1' (68)

If we designate the generating function for these partitions by A, »(¢), then we
have a simple recursion from which they can be computed:

Apn = 0, ifm<0 or n<o0, (69)

Apn = 1, ifmn=0, m>0 n>0 (70)
1

A, = {”Y ] , ifn>0, (71)

Am,n = Am—l,n + Am,n—l - *Am—l’"—l
+ qm+n_1 [Am—l,n—l - Am—l,n—Z + X(m S n)Am—l,m—Q] )

ifm>2, n>1L (72)
We compare A, ,, with A,,:

As(q) = Ass(q) = "' —q® — " +q", (74)
A6(Q) _ A6,6(q) — qll _ q13 _ q15 + q17 + q19 _ q21 _ q23 + qQE)7 (75)

A7(q) = Arz(e) = ¢ =" ="+ ¢ + > +2¢7 — ¢ — 24

2% — P 127 4+ P 40 — P — P+
(76)
It is easily verified by induction that
A () 2x3"7L m=n, )
o B gmin(m.n) =y —p| = 1.

so that in fact
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As n increases, the coefficients of A, (¢) — Ann(g) do increase, but remain
substantially less than the coefficients of either A, (q) or A, »(g). Plots of these
coefficients for n = 8,10,12,15, and 18 are included in the file borwein.ps.
While we do get coefficients on the order of 4000 when n = 18, this is less than
1/500 of the corresponding coefficient in either A, (¢q) or A, .(q).

One interesting pattern does emerge. For 5 < n < 17,

An(q) = Annl(g)
q"(1—q)(1—¢?)

is a symmetric, unimodal, monic polynomial of degree n? — 25 with strictly
positive coefficients. The fact that it is symmetric and monic of degree n? — 25
follows from the fact that both A, ,,(q) and A, (¢) are symmetric polynomials.
There is no apparent reason why it should be unimodal with strictly positive
coefficients.

Pu(q) =
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