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ABSTRACT. We prove a constant term conjecture of Robbins and Zeilberger (J. Com-
bin. Theory Ser. A 66 (1994), 17-27), by translating the problem into a determinant
evaluation problem and evaluating the determinant. This determinant generalizes the
determinant that gives the number of all totally symmetric self-complementary plane
partitions contained in a (2n) X (2n) X (2n) box and that was used by Andrews (J. Com-
bin. Theory Ser. A 66 (1994), 28-39) and Andrews and Burge (Pacific J. Math. 158
(1993), 1-14) to compute this number explicitly. The evaluation of the generalized
determinant is independent of Andrews and Burge’s computations, and therefore in
particular constitutes a new solution to this famous enumeration problem. We also
evaluate a related determinant, thus generalizing another determinant identity of An-
drews and Burge (loc. cit.). By translating some of our determinant identities into
constant term identities, we obtain several new constant term identities.

1. Introduction. I started work on this paper originally hoping to find a proof of
the following conjecture of Robbins and Zeilberger [16, Conjecture C’=B’] (caution:
in the quotient defining B’ it should read (m + 1+ 2j) instead of (m + 1+ j)), which
we state in an equivalent form.
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Conjecture. Let x and n be nonnegative integers. Then

cT <H0<i<j<n—1(1 — 2i/25) H?:_OI(l + zi_l)ﬁn_i_l)
n—1
H0§i<j§n—1(1 —2z2) [ [i=o (1 = 2:)

n—1 ) (n—2)/2
[ gy T1 Qu+2i+1)1(2i)!  ifnis even (1.1a)
i=0 i=0
— n—1 (3u+3i4+1)! (n—1)/2 . . . '
22 ] et ! [T (2x+2i)!(2i —1)! ifn is odd. (1.1b)

0

Here, CT(Expr) means the constant term in Expr, i.e., the coefficient of 2928 ... 20

in Expr.

I thought this might be a rather boring task since in the case x = 0 there existed
already a proof of the Conjecture (see [16]). This proof consists of translating the
constant term on the left-hand side of (1.1) into a sum of minors of a particular matrix
(by aresult [16, Corollary D=C] of Zeilberger), which is known to equal the number of
totally symmetric self-complementary plane partitions contained in a (2n) x (2n)x (2n)
box (by a result of Doran [4, Theorem 4.1 4+ Proof 2 of Theorem 5.1]). The number
of these plane partitions had been calculated by Andrews [1] by transforming the sum
of minors into a single determinant (using a result of Stembridge [15, Theorem 3.1,
Theorem 8.3]) and evaluating the determinant. Since Zeilberger shows in [16, Lemma
D’=C’| that the translation of the constant term in (1.1) into a sum of minors of
some matrix works for generic x, and since Stembridge’s result [15, Theorem 3.1]
still applies to obtain a single determinant (see (2.2)), my idea was to evaluate this
determinant by routinely extending Andrews’s proof of the totally symmetric self-
complementary plane partitions conjecture, or the alternative proofs by Andrews and
Burge [2]. However, it became clear rather quickly that this is not possible (at least
not routinely). In fact, the aforementioned proofs take advantage of a few remarkable
coincidences, which break down if x is nonzero. Therefore I had to devise new methods
and tools to solve the determinant problem in this more general case where x # 0.

In the course of the work on the problem, the subject became more and more
exciting as I came across an increasing number of interesting determinants that could
be evaluated, thus generalizing several determinant identities of Andrews and Burge
[2], which appeared in connection with the enumeration of totally symmetric self-
complementary plane partitions. In the end, I had found a proof of the Conjecture,
but also many more interesting results. In this paper, I describe this proof and all
further results.

The proof of the Conjecture will be organized as follows. In Theorem 1, item (3) in
Section 1 it is proved that the constant term in (1.1) equals the positive square root of
a certain determinant, actually of one determinant, namely (2.2a), if n is even, and of
another determinant, namely (2.2b), if n is odd. In addition, Theorem 1 provides two
more equivalent interpretations of the constant term, in particular a combinatorial
interpretation in terms of shifted plane partitions, which reduces to totally symmetric
self-complementary plane partitions for x = 0.
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The main idea that we will use to evaluate the determinants in Theorem 1 will be
to generalize them by introducing a further parameter, y, see (3.1) and (4.1). The
generalized determinants reduce to the determinants of Theorem 1 when y = z. Many
of our arguments do not work without this generalization. In Section 3 we study the
two-parameter family (3.1) of determinants that contains (2.2a) as special case. If
y = x + m, with m a fixed integer, Theorem 2 makes it possible to evaluate the
resulting determinants. This is done for a few cases in Corollary 3, including the case
y = x (see (3.69)) that we are particularly interested in. Similarly, in Section 4 we
study the two-parameter family (4.1) of determinants that contains (2.2b) as special
case. Also here, if y = x + m, with m a fixed integer, Proposition 5 makes it possible
to evaluate the resulting determinants. This is done for two cases in Corollary 6,
including the case y = z (see (4.42)) that we are particularly interested in. This
concludes the proof of the Conjecture, which thus becomes a theorem. It is restated
as such in Theorem 11. However, even more is possible for this second family of
determinants. In Theorem 8, we succeed in evaluating the determinants (4.1) for
independent x and y, taking advantage of all previous results in Section 4.

There is another interesting determinant identity, which is related to the afore-
mentioned determinant identities. This is the subject of Section 5. It generalizes a
determinant identity of Andrews and Burge [2]. Finally, in Section 6 we translate our
determinant identities of Sections 4 and 5 into constant term identities which seem to
be new. Auxiliary results that are needed in the proofs of our Theorems are collected
in the Appendix.

Since a first version of this article was written, g-analogues of two of the determi-
nant evaluations in this article, Theorems 8 and 10, were found in [9]. No g-analogues
are known for the results in Section 3. Also, it is still open whether the g-analogues of
[9] have any combinatorial meaning. Another interesting development is that Amde-
berhan (private communication) observed that Dodgson’s determinant formula (see
[18, 17]) can be used to give a short inductive proof of the determinant evaluation
in Theorem 10 (and also of its g-analogue in [9]), and could also be used to give an
inductive proof of the determinant evaluation in Theorem 8 (and its g-analogue in [9])
provided one is able to prove a certain identity featuring three double summations.

2. Transformation of the Conjecture into a determinant evaluation prob-
lem. In Theorem 1 below we show that the constant term in (1.1) equals the positive
square root of some determinant, one if n is even, another if n is odd. Also, we pro-
vide a combinatorial interpretation of the constant term in terms of shifted plane
partitions. Recall that a shifted plane partition of shape (A1, Ag,..., \;) is an array
7 of integers of the form

T1,1 T1,2  TL,3 et T,
T2,2 T23 «veerinniiann T2, X0

Trr oo Tpr X,
such that the rows and columns are weakly decreasing. Curiously enough, we need
this combinatorial interpretation to know that we have to choose the positive root
once the determinant is evaluated.
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Theorem 1. Let x and n be nonnegative integers. The constant term in (1.1) equals

(1) the sum of all n x n minors of the n X (2n — 1) matrix

((57)) , (2.1
J =V Jo<i<n—1, 0<j<2n+z—2

(2) the number of shifted plane partitions of shape (x +n — 1,z 4+n—2,...,1),
with entries between 0 and n, where the entries in row i are at least n — i,
1=1,2,...,n—1,

(3) the positive square root of

det ( > (2wti+j)> ifn is even,  (2.2a)

0<i,j<n—1 \ p42i—j<r<z+2j—i

% (2z4i+j+1)! (3r+3i+4)(3z+35+4)(35=30)\ ¢
2 Ogif}egtn_2 ( j(x+2i—j+2)! (m+2j—z‘iz)! ’ > if n is odd, (2.2b)

if the sums in (2.2a) are interpreted by

B
> Expr(r) A<B

B r=A+1
Z Expr(r) = 0 A=DB (2.3)
r=A+1 A
— >, Expr(r) A>B.
r=B+1

Proof. ad (1). This was proved by Zeilberger [16, Lemma D’=C’]. (Note that we
have performed a shift of the indices 7, j in comparison with Zeilberger’s notation.)

ad (2). Fix a minor of the matrix (2.1),

T +1
ogig%tn—l (()\j — @))

say. By the main theorem of nonintersecting lattice paths [6, Cor. 2; 15, Theorem 1.2]
(see Proposition A1) this determinant has an interpretation in terms of nonintersect-
ing lattice paths. By a lattice path we mean a lattice path in the plane consisting
of unit horizontal and vertical steps in the positive direction. Furthermore, recall
that a family of paths is called nonintersecting if no two paths of the family have
a point in common. Now, the above determinant equals the number of all families
(Po, Py1,...,P,_1) of nonintersecting lattice paths, where P; runs from (—2i,%) to
(x—XAiyA\i),i=0,1,....,n—1. Anexample withz =2, n =5, A\; =1, Ay = 3, A\3 =4,
Ay =7, A5 = 9 is displayed in Figure 1.a. (Ignore P_; for the moment.)

Hence, we see that the sum of all minors of the matrix (2.1) equals the number
of all families (Py, P, ..., P,—1) of nonintersecting lattice paths, where P; runs from
(—2i,1) to some point on the antidiagonal line x1 +x2 = x (1 denoting the horizontal
coordinate, x5 denoting the vertical coordinate), i = 0,1,...,n — 1. Next, given such
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r1+x2 =2 2

a. nonintersecting lattice paths \
\

5 5 5 5 4 4

4 3 3 3 3

3 3 3 2

3 1 1

1 1

0

d. shifted plane partition
c. filling of the regions

Figure 1

a family (Py, P, ..., P,—1) of nonintersecting lattice paths, we shift P; by the vector
(4,—1i),i=0,1,...,n—1. Thus a family (P], P{, ..., P/ _;) of lattice paths is obtained,

n—1
where P/ runs from (—4,0) to some point on the line z; + 2 = z, see Figure 1.b.
The new paths may touch each other, but they cannot cross each other. Therefore,
the paths Pj, P/, ..., P/_, cut the triangle that is bordered by the xi-axes, the line
r1 + ro = x, the vertical line z;1 = —n 4 1 into exactly n + 1 regions. We fill these
regions with integers as is exemplified in Figure 1.c. To be more precise, the region to

the right of P is filled with 0’s, the region between Pj and Pj is filled with 1’s, ...,



THE ELECTRONIC JOURNAL OF COMBINATORICS 4 (1997), #R27 6

the region between P, _, and P, _, is filled with (n — 1)’s, and the region to the left
of P! _, is filled with n’s. Finally, we forget about the paths and reflect the array of
integers just obtained in an antidiagonal line, see Figure 1.d. Clearly, a shifted plane
partition of shape (z+n—1,z+n—2,...,1) is obtained. Moreover, it has the desired
property that the entries in row ¢ are at least n — 4, ¢ = 1,2,...,n — 1. It is easy to
see that each step can be reversed, which completes the proof of (2).

ad (3). It was proved just before that the constant term in (1.1) equals the number
of all families (Py, P, ..., P,—1) of nonintersecting lattice paths, where P; runs from
(—2i,4) to some point on the antidiagonal line x1 + x93 =z,i=0,1,...,n— 1.

Now, let first n be even. By a theorem of Stembridge [15, Theorem 3.1] (see
Proposition A2, with A; = (—2i,4), i =0,1,...,n — 1, I = (the lattice points on the
line z1 + z2 = x)), the number of such families of nonintersecting lattice paths equals
the Pfaffian

Pf (Q(, 7)), (2.4)

0<i<j<n—1

where Q(1,7) is the number of all pairs (P;, P;) of nonintersecting lattice paths, P;
running from (—27,7) to some point on the line z; + 2 = x, and P; running from
(=24, j) to some point on the line x1 + z2 = x.

In order to compute the number Q(7, 7) for fixed 7,7, 0 <i < j <n — 1, we follow
Stembridge’s computation in the proof of Theorem 8.3 in [15]. We define by; to be the
number of all pairs (P;, P;) of intersecting lattice paths, where P; runs from (—2i,1)
to (x — k, k), and where P; runs from (—2j,j) to (z —[,1). Since the total number of
lattice paths from (—2i,1) to x1 +x5 = x is 271, it follows that 2227 —Q(i, j) is the
number of pairs of intersecting lattice paths from (—2i,4) and (-2, 7) to x1 + x4 = z.
Hence,

2204 _ Q(i,5) = Z bri = Z by, + Z bik,
ol

k<l k>l

the last equality being a consequence of the fact that bx; = by, which is proved by
the standard path switching argument (find the first meeting point and interchange
terminal portions of the paths from thereon, see the proofs of [6, Cor. 2; 15, Theo-
rem 1.2]). When k <[, every path from (—2i,4) to (z —[,[) must intersect every path
from (—2j,7) to (x — k, k), so we have by = (x+l) ("zf;) Thus,

l—1

obidd . T +1 z+7
22 ++j—Q(7/,]): Z <l+_z)( k])
0<k<I<z+2i—j J
T +1 T+
o (e

0<k<I<z+2i—j

Now we replace [ by x 4+ 2t — j — [ in the first sum and k£ by x + 2¢ — j — k in the
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second sum. This leads to

ot . r+u\[(z+]
22++j_Q(Zﬂj): Z (l )( kj>
kH<z+2i—j
T+ T+
S (l+j—i)(k+2j—2i)'

k4-1>z+2i—j

For fixed values of r = k£ + [ both sums can be simplified further by the Vandermonde
sum (see e.g. [7, sec. 5.1, (5.27)]), so

" o 20 +1+ 7 2r+1+7
22w+z+J —
QG j) = Y < r ) 2. (r+3j—3i>’

r<x+2i—j r>x+2i—j

and finally, after replacement of r by 2z+i+j—r in the first sum, and by 2z+4i—2j—r
in the second sum,

Qi ) = 2245 _ Z <2:13+Ti+j)_ Z (2x+:+j>

r>x+2j—1 r<z+42i—j

_ Z (23; +7“i + j). (2.5)

r+2i—j<r<z+2j—1

As is well-known, the square of a Pfaffian equals the determinant of the correspond-
ing skew-symmetric matrix (see e.g. [15, Prop. 2.2]). The quantity Q(i,j), as given
by (2.5), has the property Q(i,7) = —Q(j,7), due to our interpretation (2.3) of limits
of sums. Hence, the square of the Pfaffian in (2.4) equals deto<i<j<n—1 (Q(i,j)),
which in view of (2.5) is exactly (2.2a). That the Pfaffian itself is the positive square
root of the determinant is due to the combinatorial interpretation in item (2) of the
Theorem. Thus, item (3) is established for even n.

Now let n be odd. Still, by the proof of (2), the constant term in (1.1) equals the
number of all families (Py, P1,..., P,—1) of nonintersecting lattice paths, where P,
runs from (—2i,4) to some point on the antidiagonal line z1+x2 = x,i=0,1,...,n—1.
However, to apply Theorem 3.1 of [15] again we have to add a “dummy path” P_; of
length 0, running from (2z, —z) to (2z, —x), say (cf. the Remark after Theorem 3.1
in [15]; however, we order all paths after the dummy path). See Figure 1.a for the
location of P_;. We infer that the constant term in (1.1) equals

PE(QG.7)). (2.6)

—1<i<j<n—1

where Q(,7) is the number of all pairs (P;, P;) of nonintersecting lattice paths, P;
running from (—2i,4) to the line z; + x5 = x if ¢ > 0, P_; running from (2z, —z) to
x1+x2 = x (hence, to (2z, —z)), and P; running from (—2j, j) to the line z1 + x5 = =.
Ifo<i<j<n-—1,then Q(i,j) = Zm+2i—j<r§x+2j—i (%tfﬂ) according to the
computation that led to (2.5). Moreover, we have Q(—1,j) = 2% since a pair
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(P_1, P;) is nonintersecting for any path P; running from (—2j,j) to z1 + 22 = x.
The latter fact is due to the location of P_q, see Figure 1.a. Therefore, the square of
the Pfaffian in (2.6) equals

0 : z+J 1=—1
1<de£ B R e . (2.7)
_1<ij<n— o i
geti i 2 (U) )iso
Do zH2i—g<r<z+2j—i
J=-1 j=0
We subtract 2 times the (j — 1)-st column from the j-th column, j =n —1,n —
2,...,2, in this order, and we subtract 2 times the (i — 1)-st row from the i-th row,

i=n—1,n—2,...,2. Thus, by simple algebra, the determinant in (2.7) is turned
into

0 9 O e 0 i=—1
9 * K s ee s et ees et etse s aeens * 1=0
det A | v |-
—1<i4,j<n—1 Lo o Qi+ -1 (3x+3i+1)(3z+3541)(35—34) i>1
SRR G20l o2 ] Z
0 i
Jj=-1 7=0 Jj>1

(2.8)

By expanding this determinant along the top row, and the resulting determinant along
the left-most column, we arrive at (2.2b), upon rescaling row and column indices.

Thus the proof of Theorem 1 is complete. O

Remark. Mills, Robbins and Rumsey [10, Theorem 1 + last paragraph of p. 281]
showed that shifted plane partitions of shape (n—1,n—2,...,1), where the entries in
row ¢ are at least n —¢ and at most n, ¢t = 1,2,...,n — 1, are in bijection with totally
symmetric self-complementary plane partitions contained in a (2n) x (2n) x (2n) box.
Hence, by item (2) of Theorem 1, the number (1.1) generalizes the number of these
plane partitions, to which it reduces for x = 0.

The idea that is used in the translation of item (1) into item (2) of Theorem 1 is
due to Doran [4, Proof of Theorem 4.1], who did this translation for x = 0. However,
our presentation is modelled after Stembridge’s presentation of Doran’s idea in [15,
Proof of Theorem 8.3].

3. A two-parameter family of determinants. The goal of this section is to eval-
uate the determinant in (2.2a). We shall even consider the generalized determinant

r+y+i+j
D(x,y;n) = det ) 3.1
(z,y;m) 0<i,j<n—1 (x+2ij<zv"§y+2ji < T )) (3.1)

for integral x and y, which reduces to (2.2a) when y = . In fact, many of our argu-
ments essentially require this generalization and would not work without it. Recall
that the sums in (3.1) have to be interpreted according to (2.3).
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The main result of this section, Theorem 2 below, allows to evaluate D(x,y;n)
when the difference m = y — x is fixed. It is done explicitly for a number of cases
in the subsequent Corollary 3, including the case m = 0 which gives the evaluation
of (2.2a) that we are particularly interested in. For the sake of brevity, Theorem 2
is formulated only for y > = (i.e., for m > 0). The corresponding result for y < x is
easily obtained by taking advantage of the fact

D(IL’,y;TL) = (_l)nD(wa; 7’1,), (32)

which results from transposing the matrix in (3.1) and using (2.3).

Theorem 2. Let x,m,n be nonnegative integers with m < n. Then, with the usual
notation (a); :=a(a+1)---(a+k—1), k > 1, (a)g := 1, of shifted factorials, there
holds

20 +m+i+J
s ge (X ()

rz+2i—j<r<z4+m+42j5—1

_”11[1 (22 +m + ) (3z +m + 20 + 2); (32 + 2m + 2i + 2);
B Py (x + 2i)! (z + m + 21)!
In/2) -1

[T @z+2[m/2]1+2i+1)-Pi(z;m,n), (3.3)

y (22 +m)! _
(@ + [m/2])! (z + m)!

where Py(x;m,n) is a polynomial in x of degree < |m/2|. If n is odd and m is even,
the polynomial Py(x;m,n) is divisible by (2x + m + n). For fixed m, the polynomial
Py (x;m, n) can be computed explicitly by specializing x to — |(m +n)/2|+t—1/2,t =
0,1,...,|m/2], in the identity (3.67). This makes sense since for these specializations
the determinant in (3.67) reduces to a determinant of size at most 2t + 1, as is
elaborated in Step 6 of the proof, and since a polynomial of degree < |m/2]| is
uniquely determined by its values at |m/2| + 1 distinct points.

Proof. The proof is divided into several steps. Our strategy is to transform D(z,z +
m;n) into a multiple of another determinant, namely Dg(z,x +m;n), by (3.6), (3.8)
and (3.10), which is a polynomial in z, then identify as many factors of the new
determinant as possible (as a polynomial in x), and finally find a bound for the
degree of the remaining polynomial factor.

For big parts of the proof we shall write y for z +m. We feel that this makes things
more transparent.

Step 1. FEquivalent expressions for D(x,y;n). First, in the definition (3.1) of
D(z,y;n) we subtract 2 times the (j — 1)-st column from the j-th column, j =
n—1,n—2,...,1, in this order, and we subtract 2 times the (i — 1)-st row from the
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i-throw, 1 =n—1,n—2,...,1. By simple algebra we get

D(z,y;n)
oty (z+y+4)! (w+2y+3j+1) _
— det ................................... . .................................................
0<i,j<n—1l  (z4y+i)! 2z+y+3i+1) : (z+y+it+j—1)! (y—2+35j—3i)
(x4240)! (y—i+1)! Do (22— +D)! (y+25—i+1)! i>1
: x (2z+y+3i+1)(z+2y+35+1) -
j=0 j>1 (3.4)
On the other hand, if in the definition (3.1) of D(x,y;n) we subtract 1/2 times the
(7 + 1)-st column from the j-th column, j = 0,1...,n — 2, in this order, and if we

subtract 1/2 times the (i + 1)-st row from the i-th row, i = 0,1,...,n — 2, we get

D(z,y;n)
1 (z4y+it+i+1)! (y—z+35—37) ) )
1 (@r2i—j+2) (y+2j—i+2)! : 1 ($+y+l+”)!'(2x+y+3z+4)' i<n—9
C o 2(zr2i— T(yt2n—i—2)! =
= det X (2z+y+3i+4) (z4+2y+3j+4) (e+2i—n+3)! (y+2n—i-2) .
0<i,j<n—1

_ 1 (@t+yt+i+n)! (a42y+35+4) 3 oy+2n-2) i
2 (z+2n—7=2)! (y+2j—n+3)! * 14 1<r<ytn—1 o

j<n—2 j=n—1 (3.5)

Step 2. An equivalent statement of the Theorem. We consider the expression (3.4).
We take as many common factors out of the i-th row, © = 0,1,...,n — 1, as possible,
such that the entries become polynomials in « and y. To be precise, we take

(x4+y+i)! Qe +y+3i+1)
(+20)! (y+2n—i—1)!
out of the i-th row, i =1,2,...,n — 1, and we take
(x+y)!
L(z +y)/2]! (y + 2n — 2)!
out of the 0-th row. Furthermore, we take (z + 2y + 3j + 1) out of the j-th column,
7=1,2,...,n—1. This gives

D(z,y;n)

B (z +y)! ’ﬁ(x+y+z‘)!(2a:+y+3z‘+1)(x+2y+3z‘+1)
@ +y)/2) (2 -2) 1 (z+2i)! (y+2n—i—1)!

(x+y+1); (@—3+2) (y—=)/2)+5-1
X (y+25+1)2n—2j—2

(z+y+i+1);—1 (z+2i—5+2);5-1 i>1

—(y—i+2)2n—2 : o o
: X (y+2j—i+2)2n—2j—2 (y—x+35—31)

j=0 ji>1 (3.6)
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where S(z,y;n) is given by

[(y—=)/2]
S(:c, Y n) = Z (‘r +r+ 1)|_(y—m)/2j—r (y — T+ 1)2n+r—2
r=1
[(y—z)/2]-1
+ Z (:c +r+ 1)L(y*$)/2J*T (y -7+ 1)2n+7«_2. (3.7)
r=0

For convenience, let us denote the determinant in (3.6) by D4(z,y;n). In fact,
there are more factors that can be taken out of D 4(x,y;n) under the restriction that
the entries of the determinant continue to be polynomials. To this end, we multiply
the i-th row of Da(x,y;n) by (y +2n —i);—1, i = 1,2,...,n — 1, divide the j-th
column by (y + 25 + 1)2,—2j-2, j = 1,2,...,n — 1, and divide the 0-th column by
(y + 1)2,—2. This leads to

n—1 n—1
1 1
+2n —1);_ , . - Da(z,y;n
il:[l v o gl:[l (Y +27+Dan—2j—2 (Y+1)2n—2 Almyin)
T(x,y) (@+y+1); (@=3+2) | (y—=)/2) 451 i1=0
— <de<t N . ................ ................. ,
Ot —(y—i+2);—1 ¢ (@hytidl)j (22i=7+2); - 1>1
: X (y+2j—i4+2);—1 (y—x+35—31)
j=0 j>1 (3.8)
where T'(x,y) is given by
L(y—=)/2]
T(I,y) = Z (ac—i—r—f— 1)L(y—x)/2j—r (y—T—|— 1)7«
r=1
[(y—=)/2]-1
+ Z (.T +r+ 1)L(y—x)/2j—7“ (y —r+ 1)7”7 (39)
r=0

or, if we denote the determinant in (3.8) by Dg(x,y;n),

n—1
Da(z,y;n) = (y + 1)2n—2 H(y +2i 4+ 1)p—i—1- Dp(z,y;n). (3.10)
i=1

A combination of (3.3), (3.8), and (3.10) then implies that Theorem 2 is equivalent
to the statement:

With Dp(x,y;n) the determinant in (3.8), there holds
n—1

Dp(z,y;n) = ((2m+y—|—2i—|—2)if1(m+2y+2i—|—2)i,1)
1

i

[n/2]—1
X H 2x+2[(y—x)/2] +2i+1)- Pi(x;y —x,n), (3.11)
i=0
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where Py (x;y — x,n) satisfies the properties that are stated in Theorem 2.

Recall that y = x + m, where m is a fixed nonnegative integer. In the subsequent
steps of the proof we are going to establish that (3.11) does not hold only for integral
x, but holds as a polynomial identity in x. In order to accomplish this, we show in
Step 3 that the first product on the right-hand side of (3.11) is a factor of Dp(z,y;n),
then we show in Step 4 that the second product on the right-hand side of (3.11) is a
factor of Dp(x,y;n), and finally we show in Step 5 that the degree of Dg(xz,y;n) is
at most 2(";) +|n/2]+ | (y — z)/2], which implies that the degree of P;(z;y —z,n)
is at most [(y —x)/2] = |m/2]. Once this is done, the proof of Theorem 2 will be
complete (except for the statement about P (z;y—x,n) for odd n and even m, which
is proved in Step 4, and the algorithm for computing P; (x;y — z,n) explicitly, which
is described in Step 6).

Step 3. H;:ll ((2z+y+2i+2);—1 (x+2y+2i+2);_1) is a factor of Dp(z,y;n). Here
we consider the auxiliary determinant Dp(z,y,#;n), which arises from Dp(z,y;n)
(the determinant in (3.8)) by replacing each occurence of y by g, except for the entries
in the 0-th row, where we only partially replace y by ¥,

Dg(2,y,4;n)

0<i,j<n—1 o D (a4 gtit1) o (e 42i—5+2)5 1
: X (G+2j—i+2)i—1 (Y—x+35—34%)

=0 ji>1 (3.12)

with T'(x,y) given by (3.9). Clearly, Dp(z,y,#;n) is a polynomial in = and ¥ (recall
that y = x + m) which agrees with Dg(x,y;n) when § = y. We are going to prove
that

Dp(x,y,5;n H (2w +G+2i+2)i 1 (& 425+ 2i+2); 1) - Pa(w,y,5;n), (3.13)

where Py (z,y,y;n ) is a polynomial in x and y. Obviously, when we set § = y, this
implies that [], ((2x +y+2i+2);1 (x+2y+2i+2);_1) is a factor of Dp(z,y;n),
as desired.

To prove (3.13), we first consider just one half of this product, H?:_ll 2z +y+2i+
2);—1. Let us concentrate on a typical factor 2z +y+2i+1+1),1 <i<n-—1,
1 <1 < 7. We claim that for each such factor there is a linear combination of the
rows that vanishes if the factor vanishes. More precisely, we claim that for any 4,1
with 1 <i<n—1,1 <[ < there holds

L(z%/% (20 —3s+ 1) (i =25+ 14+ 1)y (x+25+1)9i_os

— (i —s) (s =) (—x—20i—1+5)i_s

- (row s of Dg(z,y, —2x —2i — 1 — 1;n)) = (row i of Dg(x,y, —2x — 2i — [ — 1;n)).
(3.14)
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To see this, we have to check

“”Z”:/ZJ (2 —3s+10) (i — 25+ 1+ 1)y (2 + 25+ 1)oj_os

(i —s) (s =) (—x—2i—1+58);—s
(20 -2 —1—s+1)sy = (—20—3i—1+1)i_y, (3.15)

s=l

which is (3.14) restricted to the 0-th column, and

“’*z”:m (2 — 354+ 1) (i — 25+ 1+ 1)s_y (z+ 25+ 1)ai_os

(i —s) (s =) (—x—2i—1+5)—s
><(—1’—2’i—l+8)j_1($+28—j+2)j_1
} (=20 — 2 —14+2j —s+1)s1(—32 -2 —[+3j —3s5— 1)

= (—.’B—’i—l)j_l ($+2Z—j+2)3_1 (—2$—3Z—l+2j+1)1_1 (—3.’17—l—|—3j—5?,—1),
(3.16)

s=l

which is (3.14) restricted to the j-th column, 1 < j < n — 1. Equivalently, in terms
of hypergeometric series (cf. the Appendix for the definition of the F-notation), this
means to check

9 (1 —2i— 2] — 2£C)l_1(1 + 21 + x)Qi_Ql
(—2@ — $)i_l

20 1 i1 - .
1-— §+2§,—2§l+ 5,5— §1+ 5,—2Z—I,2Z+2l+2$’1
_§+§,1—Z+l,§+l+§,1+l+§
= (—2.’13 —3i—1 + 1)i—1 (317)

and
(-2 —2i)

2
(—.77 — 27:)2'_[

(=3x —4l+3j—2i—1) (=22 —20+2j —2i+ 1)1
4 21 . 41 21 2l
: t+2—j+5+x,1-2+2
X(x—74+2l4+2)91i_o91_1-akF 3 3 . .3 ’ 3 37
( J )22+,].2l1 65‘%_*_%_]_{_431_}_:57_%_'_%[,

—i il 124,20 -2+ 20+ 22

. ] 3 ] 9
l—i4+0L1 -3 +14+5,5-2+14+%

=(-3r—1+4+3j—-5i—1)(1-3i+2j — 1 —22); 1

X (—i—l—l‘)j_l(2+2i—j+$)j_1 (318)

1

Now, the identity (3.17) holds since the 5Fjy-series in (3.17) can be summed by Corol-
lary A5, and the identity (3.18) holds since the gF5-series in (3.18) can be summed
by Lemma A6.

The product H?:_ll (22 4+ gy + 2i + 2),_1 consists of factors of the form (2z 4 g+ a),
4 < a < 3n—3. Let a be fixed. Then the factor (2o + § + a) occurs in the product
H;:ll (2 + y + 2i + 2);_1 as many times as there are solutions to the equation

a=2+1+1, withl<i<n-—1 1<Il<i. (3.19)
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For each solution (i,!), we subtract the linear combination

L(iiﬂj (2 —3s+1) (i — 25+ 1+ 1)y (x4 25+ 1)oi_os

(i —s) (s =) (—x—2i—1+8);_s
- (row s of Dg(z,y,7;n)) (3.20)

s=l

of rows of Dg(x,y,7;n) from row i of Dg(x,y,7;n). Then, by (3.14), all the entries
in row 4 of the resulting determinant vanish for y = —2x — 2i — [ — 1. Hence, (2x +
g+2i+1+1)=(2x+y+a) is a factor of all the entries in row 7, for each solution
(i,1) of (3.19). By taking these factors out of the determinant we obtain

Dp(z,y,5;n) = (22 + § 4 a)#Eemutions G0 of (G190) . pla) i oy gony - (3.21)

where Dg)(m,y, y;n) is a determinant whose entries are rational functions in x and
g, the denominators containing factors of the form (z + ¢) (which come from the
coefficients in the linear combination (3.20)). Taking the limit x — —c in (3.21) then
reveals that these denominators cancel in the determinant, so that Dg) (z,y,y;n) is
actually a polynomial in z and 3. Thus we have shown that each factor of H?:_ll (22 +
y + 2i + 2);_1 divides Dg(x,y,¥;n) with the right multiplicity, hence the complete
product divides Dg(z,y, 7;n).

The reasoning that H?:_ll(x + 2+ 2i +2),_1 is a factor of Dp(x,y,;n) is similar.
Also here, let us concentrate on a typical factor (z +2y+25+1+1),1 <j<n-—1,
1 <[ < j. This time we claim that for each such factor there is a linear combination
of the columns that vanishes if the factor vanishes. More precisely, we claim that for
any 7,0 with 1 <j <n—1,1 <1 < j there holds

LGG+1)/2] (2j —3s+ l) (] — 92541+ 1)5_1
(J—s) (s —1)!
- (column s of Dp(—2§ —2j — 1 —1,y,7;n))

= (column j of Dp(—25 —2j — 1 —1,y,7;n)). (3.22)

(7 +25+1)25_2s

s=l

This means to check
j+1
L(”Z):m (2 —3s+1) (j — 25+ 1+ 1)y,
(4 —s) (s —1)!
X (=g —2] = 1s (=29 =2 =1 =5+ 1) |(y—a)/2) 151
=(—7—2—1); (=20 = 3j =1+ 1) (y—2)/2)+j—1, (3.23)

(4254 1)g;_2s

s=l1
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which is (3.22) restricted to the 0-th row, and
» '
WD (95 — 35 41) (j— 25 + 1+ 1)s_y
(J—s) (s =)t
X(—g—2j—14+1i)s1(—2g—2]—14+2i—s+1)s_1
X (g+2s—i+2);i—1(B3y+2j+1—3i+3s+1)

= (—g—2j—1+1);_1 (=25 =37 —1+2i+1),_1 (F+2j —i+2)i—1 (3+5j+1—3i+1),
(3.24)

(¥ + 254 1)2;_2s

s=l

which is (3.22) restricted to the i-th row, 1 <i < n — 1. If we plug

(=g —25—-1);
<_g - 2.7 —1 + S)jfs

into (3.23), we see that (3.23) is equivalent to (3.15) (replace = by y and ¢ by j).
Likewise, by plugging

(= —2j—1+s8)i1 (—9—2j —1+1i);1
(—g—2j—1+8)j—s (=y—7—1ia

(=g —2j—l+i)s—1 =

into (3.24), we see that (3.24) is equivalent to (3.16) (replace x by ¢ and interchange
i and j). By arguments that are similar to the ones above, it follows that H?:_ll(x +
21 + 2i + 2);_; divides D (z,y, 7;n).

Altogether, this implies that [} ((2z+§+2i+2);_1 (z+27+2i+2);_1) divides
Dpg(z,y,7;n), and so, as we already noted after (3.13), the product H?;ll ((2:13 +y+
2i +2);_1(z 4+ 2y + 2i + 2);_1) divides Dp(z,y;n), as desired.

Step 4. H}Zé2j—1(2x—l—2 [(y — x)/2]+2i+1) is a factor of Dp(x,y;n). We consider
(3.5). In the determinant in (3.5) we take

L+y+it+ 1) (2u+y+3i+4)
2 (x+2i+2) (y+2n—2)

out of the i-th row, i = 0,1,...,n — 2, we take

(x+y+mn)!
(x +2n —2)! (y + 2n — 2)!

out of the (n — 1)-st row, and we take

1 . .
E(y + 25+ 3)on—2j—a (x+ 2y + 35 +4)
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out of the j-th column, j = 0,1,...,n — 2. Then we combine with (3.6) and (3.10)
(recall that Dp(x,y;n) is the determinant in (3.6)), and after cancellation we obtain

2n—2
1 1
Dp(x,y;n) = (—) @ty +Ln
2 Lz +y)/2] + Don—o—|(y—a)/2] W+ 1)2n_2
(e+y+it2); (e+2i—5+3); (ety+it2)n 1 (@+2i-nt+d)n 9
x _den | bEMTERe  h ,
Y2 . i oo
~(etytntl); @Hn =1 U(z,y;n) i=n—1
X(y+2j—n+4)n—1
j<n—2 j=n—1 (3.25)
where
y—zr—1
U(Jf, Y; TL) = (IL’ + Yy +n+ 1)7172 (l‘ +n+ T)nfrfl (y +n— T)r+n71-
r=0

The determinant on the right-hand side of (3.25) has polynomial entries. Note that in
case of the (n—1,n—1)-entry thisisdueton—r—1>n—(y—x—1)—1=n—m >0
(recall that y = = + m), the last inequality being an assumption in the statement of
the Theorem. The product in the numerator of the right-hand side of (3.25) consists
of factors of the form (x+y+a) = (2z+m+a) with integral a. Some of these factors
cancel with the denominator, but all factors of the form (2x + 2b + 1), with integral
b, do not cancel, and so because of (3.25) divide Dg(x,y;n). These factors are

[(m+n)/2]—[m/2] -1
(2 4+2[m/2] +2i+1)
=0

(with m =y — z, of course). Since

|n/2] n odd, m even
+n)/2] - [m/2] — 1 =
[(m +n)/2] = fm/2] { In/2] —1 otherwise,
it follows that HZLZ{)QJ_I(Z:B +2[m/2] +2i+ 1) is a factor of Dp(x,y;n), and if n is
odd and m is even (2z + m + n) is an additional factor of Dg(x,y;n).

Summarizing, so far we have shown that the equation (3.11) holds, where P (z;y —
x,n) = Pi(x;m,n) is some polynomial in z, that has (2o +m + n) as a factor in case
that n is odd and m is even. It remains to show that P;(x;m,n) is a polynomial in
x of degree < |m/2], and to describe how P;(x;m,n) can be computed explicitly.

Step 5. Pi(x;m,n) is a polynomial in x of degree < |m/2]. Here we write z +m
for y everywhere. We shall prove that D4(z,z + m;n) (which is defined to be the
determinant in (3.6)) is a polynomial in z of degree at most 2(%3) + ("5") + [n/2) +
|m/2]. By (3.10) this would imply that Dg(x,z+m;n) is a polynomial in x of degree
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at most 2(",") + |n/2] + |m/2], and so, by (3.11), that Pi(z;m,n) is a polynomial
in x of degree at most |m/2], as desired.

Establishing the claimed degree bound for D4 (x,x + m;n) is the most delicate
part of the proof of the Theorem. We need to consider the generalized determinant

Da(z,2(1),2(2),...,2(n—1);n) = Da(n)

which arises from D4(z,x + m;n) by replacing each occurence of i in row i by an
indeterminate, z(7) say, i = 1,2,...,n — 1,

Da(x,2(1),2(2),...,2(n —1);n)

(2.7}+m+1)3 (337]4»2) lm/2]+j—1

: X(x4+m—+25+1)on_2,_
= det | e itz

0<i,j<n—1 : . N
- (2 1),— 2 —7+2)—
—(z+m—2z(1)+2)2n—2: (Zztm+2(D+1);-1 (2+422(8)—j+2);
: X (z+m+2j—2(i)+2)2n—2j—2 (M+35—32(4))

j=0 j>1 (3.26)

where S(z,x +m;n) is given by (3.7).

This determinant is a polynomial in z, 2(1), 2(2), ..., z(n—1). We shall prove that
the degree in z of this determinant is at most 2(%) + (") + [n/2] + [m/2], which
clearly implies our claim upon setting z(i) =4,i=1,2,...,n — 1.

Let us denote the (i,7)-entry of D4(n) by A(i,7). In the following computation
we write S, for the group of all permutations of {0, 1,...,n—1}. By definition of the

determinant we have

n—1
Da(n) = Y segno [[ A0(). j).
=0

oeS,

and after expanding the determinant along the 0-th row,

Da(n) = 40,00 Y 1:[ A(e(§) + 1,5 +1)

ceSp—1 j=0
n—1 n—2

+ Y (=DAO,0) > sgno [JACG) +1,5+x(G > 0), (3.27)
/=1 0ESn—1 7=0

where x(A)=1 if A is true and x(A)=0 otherwise. Now, by Lemma A10 we know
that for 7,7 > 1 we have

Al f) = > 2y q(j) 2P 2(i)°, (3.28)

p,q=>0
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where oy, 4(j) is a polynomial in j of degree < 2(2n —3 —p —q) + ¢ — 1. It should be
noted that the range of the sum in (3.28) is actually

0<p<2n—4,0<q¢<2n-3, p+q<2n-3. (3.29)

Furthermore, by Lemma A9 we know that for j > 1 we have

A0, ) = Y 2B, (5) P, (3.30)

p=>0

where (,(j) is a polynomial in j of degree < 2(2n + [m/2] —3 — p). Also, for ¢ > 1
let

A(1,0) = —(z+m—2() + 2an—2 = > _ Ypqa’2(i)". (3.31)

p,q=>0

Plugging (3.28) and (3.31) into (3.27), and writing z(4) instead of z(i+1) for notational
convenience, we get

n—2 n—2
Da(n)=A(0,0) Y 2@)arttrazTTa,, GG +1) Y sgno [] 2(a(i)®
P0;---sPn—220 Jj=0 oESn-1 j=0
qo,---sqn—2>0
n—1 n—2
+3-nfa0,e Y 2@ tgreretan, T g G XG> 0)
/=1 POy sPn—2>0 j=1

qu“'a(In—QZO

n—2
X Z sgnJHZ(U(j))qj
§=0

O'Esn_l
( ) n—2
— 5) Do+ +Pn—2 . =(:\GQj
=A@0,00 Y 26 H Oy (G +1) _det (Z(0))
P0;s-+sPn—220 3=0
qO""7qn—220
n—1 n—2
+ Z(_I)ZA«)’E) Z 2(2)—€xp0+~~-+pn_27p07q0 H Qp,.q; (7 +x( = 10))
=1 p07“-7pn—220 ]:1
qo;s--sqn—220
— (NG
X Ogi,(}’egtn_Q(z(z) 7). (3.32)

The determinants in (3.32) vanish whenever ¢;, = ¢;, for some j; # j>. Hence, in
the sequel we may assume that the summation indices qo, q1,...,q,_2 are pairwise
distinct, in both terms on the right-hand side of (3.32). In particular, we may assume
that in the first term the pairs (po, qo), (P1,q1), - - -, (Pn—2,gn—2) are pairwise distinct,
and that in the second term the pairs (p1,¢q1), (p2,q2),- .-, (Pn—2,qn—2) are pairwise
distinct. What we do next is to collect the summands in the inner sums that are
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indexed by the same set of pairs. So, if in addition we plug (3.30) into (3.32), we
obtain

Da(n) = A(0,0) Z o(5) ppot++pn—2
{(p0,q90)s---,(Pn—2,qn—2)}
n—2
X Z O<zcjle<tn 2 Z qT(j) H apﬂ'(ﬂ)’q‘r(J)(J + 1)
TESn -1 Jj=0
n—1
+ > > 2(Barirot iy, 4 Y (=1) By (0
00,9020 {(p1,91),---,(Pn—2,qn—2)} =1
n—2
< Y O<£3tn REORE )T @,y G+ XG> 0)  (3.33)
Tegn 2 j=1

where S,,_5 denotes the group of all permutations of {0,1,...,n — 1} that fix 0.
Clearly, we have

(1)) = 7(i)%
Ogi,(}egtn—2(z(l) ) =sgnrt Ogiglegtn_Q(z(z) ). (3.34)
Moreover, there holds
n—1 n—2
Y DB > senr [ awegy e G+ XG> 0)
=1 7-65’ _2 Jj=1
—1
Y . .
B 61(_1) Pl 1§i,(}%tn—2 (0,7 + X7 2 1))
_ (1 Qp,q,(J) i<n—2
= (-1) 193%tn_1 ( 5(7) i:n—l) , (3.35)

the step from the last line to the next-to-last line being just expansion of the deter-
minant along the bottom row. Using (3.34) and (3.35) in (3.33) then yields

bA(n) = A(O, O) Z Q(Q)xpo-l-m—i-pn,g
{(r0,90)s---,(Pn—2,qn—2)}

(N .
X ogi,(}egtn—z(z(l) )ogi,cgl'egtn—z (Oépi:q:‘ (j + 1))

+ (—1)”71 Z Z 2(§)$p+po+~~+pn_27pqu0

P,20,9020 {(p1,91),--,(Pn—2,qn—2)}

5 (7)) api7Qi(j) i<n—2
% ogigeétn—z(z@) >1§i,cjl'%tn—1 ( Bp(j) i=n—-1)" (3.36)
We treat the two terms on the right-hand side of (3.36) separately. Recall that we

want to prove that the degree in x of D 4(n) is at most 2(%) + (ngl) +[n/2]+ |m/2].
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What regards the first term,

A(0,0) 3 2(3) grot-tpn—

{(pO7q0)7“~7(pn—27qn—2)}

=\ .
X Ogi,(}egtn—Q(z(Z) )Ogif}egtn—Q (apm(h (.] + 1))7 (337)

we shall prove that the degree in z is actually at most 2(%2) + (";') + [(n — 1)/2] +
|m/2]. Equivalently, when disregarding A(0,0) = S(z,x + m;n), whose degree in x
is 2n — 2+ |m/2] (see (3.7)), this means to prove that the degree in = of the sum in
(3.37) is at most 3(",") + |(n — 1)/2].

So we have to examine for which indices pg, ..., pn—2,qo, - - - , ¢n—2 the determinants
in (3.37) do not vanish. As we already noted, the first determinant does not vanish
only if the indices qo, q1, ..., qn_2 are pairwise distinct. So, without loss of generality

we may assume
0<go<q1 <+ < @n_a. (3.38)

Turning to the second determinant in (3.37), we observe that because of what
we know about ap, 4, (j + 1) (cf. the sentence containing (3.28)) each row of this
determinant is filled with a single polynomial evaluated at 1,2,...,n — 1. Let M be
some nonnegative integer. If we assume that among the polynomials «,, 4, (7 + 1),
1 =0,1,...,n — 2, there are M + 1 polynomials of degree less or equal M — 1, then
the determinant will vanish. For, a set of M + 1 polynomials of maximum degree
M — 1 is linearly dependent. Hence, the rows in the second determinant in (3.37)
will be linearly dependent, and so the determinant will vanish. Since the degree of
Qp,.q;(J +1) as a polynomial in j is at most 2(2n —3 — p; — ¢;) + ¢; — 1 (again, cf. the
sentence containing (3.28)), we have that

the number of integers 2(2n —3 —p; —¢;) +q¢; — 1,1 =0,1,...,n — 2, (3.39)
that are less or equal M — 1 is at most M. '

Now the task is to determine the maximal value of pg + p1 + -+ - + pp—2 (which is
the degree in z of the sum in (3.37) that we are interested in), under the conditions
(3.38) and (3.39), and the additional condition

0<p;<2n—-4,0<¢; <2n-3, pi+q <2n—3, (3.40)

which comes from (3.29). We want to prove that this maximal value is 3(”51) +
|(n —1)/2]|. To simplify notation we write

gi=2n—3—p; —q;. (3.41)
Thus, since
n—2 n—2
Y pi=m-1)2n-3)=> (¢ +e),
i=0 i=0
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we have to prove that the minimal value of

Q+q+--+qn-2+coter+--+eEp_2, (3.42)
under the condition (3.38), the condition that

g >0, i=0,1,...,n—2, (3.43)

(which comes from the right-most inequality in (3.40) under the substitution (3.41)),
the condition that

the number of integers 2¢; +¢; —1,i=0,1,...,n — 2,

that are less or equal M — 1 is at most M, (3.44)
(which is (3.39) under the substitution (3.41)), and the condition
if qo = 0, then €0 = 1, (345)

(which comes from (3.40) and (3.41)), is (") + [(n — 1)/2].

As a first, simple case, we consider gy > 1. Then, from (3.38) it follows that the
sum 2?2_02 g; alone is at least () = (”;1) + (n—1), which trivially implies our claim.
Therefore, from now on we assume that gy = 0. Note that this in particular implies
g0 > 1, because of (3.45).

Next, we apply (3.44) with M = 2. In particular, since among the first three
integers 2¢; +q; — 1, © = 0,1, 2, only two can be less or equal 1, there must be an
11 < 2 with 2¢;, +¢;; —1 > 2. Without loss of generality we choose i; to be minimal
with this property. Now we apply (3.44) with M = 2¢;, + ¢;,. Arguing similarly, we
see that there must be an is < 2¢;, + ¢;; with 2¢;, + ¢, — 1 > 2¢;, + ¢;,. Again,
we choose 72 to be minimal with this property. This continues, until we meet an
e < 2¢4,_, + G, with 2¢;, +¢;, —1 > n — 2. That such an i must be found
eventually is seen by applying (3.44) with n — 2.

Let us collect the facts that we have found so far: There exists a sequence i1, i9, . ..,
1x of integers satisfying

0<iyi<tg< - <1p,<n—2 (346)
(this is because of the minimal choice for each of the i;’s),
il S 2, ig S 261‘1 + Qivy -+ Zk § 28%71 + Qi1 (347)

and
26, +qiy, —12>n—2. (3.48)

The other inequalities are not needed later.
Now we turn to the quantity (3.42) that we want to bound from above. We have

n—2 n—2 n—2 n—2
quZei:Z(qi—z‘H(n;1>+25i. (3.49)
i=0 i=0 i=0

1=0
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For convenience, we write ¢; for g¢; — i in the sequel. Because of (3.38) we have
G >0, i=01,....,n—2, (3.50)

and
¢ = qj, fori=>j. (3.51)
For a fixed i let s be maximal such that i, < i. Then, because of (3.51), there holds

G —1=q = (qz - q’u) + (gls _(jisf1) +o At (qZQ - ‘jn) "’@'1

> (Giy — iy o)+ + (Giy — @y) + Giy -

Using this, (3.50) and (3.48), in (3.49), we obtain

n—2 n—2 k
n—1 SN~ N ~
;%4—;&'2 ( ) )+(n_1_ZI)Qi1+Z(n_1_25)(Qis — Gi._,)

s=2

n—2
n—1-—gq
+ 2; £ —ei, + Tk (3.52)
.

Now, by (3.47) we have for ¢;, that

k
Qi = Gy, + ik = G + ) (G, — @i y) + ik (3.53)
s=2
k
S qll + Z(qls - gis—l) + 2€ik—1 + qjk’—l'
s=2

A similar estimation holds for ¢;, _,, etc. Thus, by iteration we arrive at
k
@i, < ki, + > (k—s+1)(G, —Gi._,) +2(ei, + e, ) +in
s=2

Using this inequality in (3.52), we get

n—2 n—2 n—1 n—1
‘E qz+§ sz_( ) )+ 5 (3.54a)
1=0 1=0

k

+(n—1—it = 5) G+ (n—1—is-

k—s+1_  _ -
) @~ i)
s=2 (354b)

n—2 k .
+ Z E; — Ze’fis — % (3540)
=0 s=1
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By (3.50), (3.51), and since because of (3.46) we have

k— 1 k— 1 k- 1
n—l—is—%zn—l—(n—Q—k’+s)— ;+ = ;+

>0, (3.55)

all terms in the line (3.54b) are nonnegative. If i; = 0, then by (3.43) the line (3.54c)
is nonnegative. If 1 <1y < 2 (i3 cannot be larger because of (3.47)), then ¢y occurs
in the line (3.54c). As we already noted, we have £y > 1 since we are assuming that
go = 0 in which case (3.45) applies. So, €9 — i1/2 > 0, which in combination with
(3.43) again implies that the line (3.54c) is nonnegative.

Hence, we conclude

n—2 n—2 n—1 n—1
ZQZ‘-FZ&;Z( 9 >+ 5
=0 =0

which is what we wanted.
The reasoning for the second term om the right-hand side of (3.36),

(—1)n-1 Z Z 2(Q)xp+po+~~~+pn72,yp0’q0

pvPquOZO {(PlaQ1)a--~’(Pn727an2)}

x det (z(i)%) det (O‘%p‘z]()” ZiZj) (3.56)

0<i,j<n—2 1<i,j<n—1
is similar, only slightly more complicated. We shall prove that the degree in z in
(3.56) is at most 2(7) + ("5"') + [n/2] + |m/2], which by the discussion in the first
paragraph of Step 5 is what we need.

So, we have to determine the maximal value of p+pg—+- - -+ pn_2 such that the de-
terminants in (3.56) do not vanish. Basically, we would now more or less run through
the same arguments as before. Differences arise mainly in the considerations concern-
ing the second determinant (which is slightly different from the second determinant
in (3.37)). What has to be used here is that (,(j) is a polynomial in j of degree
< 2(2n + |m/2| —3 — p) (see the sentence containing (3.30)). If we make again the
substitutions

g=2n—-3—p;—q;, i=1,2,....,n—2, (3.57)

and in addition the substitutions
€0 = 2n — 2 — po — qo, (3.58)

and
e=2n+ |m/2] —3 —p, (3.59)

we obtain eventually the following conditions that are necessary to make these two
determinants not vanish: There must hold

0<q1 <qa<---<qn_2, and qp is distinct from the other ¢;’s, (3.60)
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(this is the substitute for (3.38)),
g >0, i=0,1,...,n—2, and >0, (3.61)
(this is the substitute for (3.43)), and finally,

the number of integers in the set {2¢; +¢; —1:i=1,2,...,n—2} U {2¢}

that are less or equal M — 1 is at most M, (3.62)

(this is the substitute for (3.44)). Since by the substitutions (3.57)-(3.59) we have

n—2 n—2
n n—1 m
1=0 1=0
the task is to prove that the minimal value of
Q+qg+--+gnoteteogter+-+eEp—_2, (3.63)

equals (";") + [(n —2)/2].

Next in the arguments for the first term on the right-hand side of (3.36) came the
sequence of applications of (3.44). Hence, now we apply (3.62) repeatedly. Actually,
there is only one slight change, with the start. Namely, first we apply (3.62) with
M = 2e 4+ 1. Since then 2¢ is already less or equal M — 1, among the first 2 + 1
integers 2¢; +¢q; — 1,1 =1,2,...,2¢+ 1, only 2¢ can be less or equal 2. Hence there
must be an i; < 2¢ + 1 with 2¢;, +¢;;, — 1 > 2¢ + 1. Continuing in the same manner

as before, we obtain a sequence 71,19, ..., of integers satisfying
1<y <ig << <n—2 (3.64)
11 <241, 19 <2 +qiy, -, e <285, +Qip_ys (365)
and
26, + i, —1>n—2. (3.66)

Now we turn to the quantity (3.63) that we want to bound from above. We want to
parallel the computation (3.49)—(3.54). However, since by (3.60) the ¢;’s are slightly
unordered (in comparison with (3.38)), we have to modify the definition of ;. Namely,
let ¢t be the uniquely determined integer such that ¢; < gy < q¢41, if existent, or t =0
if go < q1, ort =n — 2 if ¢,_2 < qo. Then we define

qo—t leZO,
qi — 1 if 7 > t.

If we modify (3.49) accordingly,

t n—2 n—2

n—2 n—2
YatYe=lw-0+Y @i+ )+ Y -0+ (”;1>+Zei,

i=1 i=t+1 1=0
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all subsequent steps that lead to (3.54) can be performed without difficulties. (A little
detail is that in (3.53) the equality ¢;, = §;, + ir has to be replaced by the inequality
Gi,, < Gi, +ir.) Also, the estimation (3.55) still holds true because of (3.64). Hence,
when we use the first inequality in (3.65), together with (3.50), (3.51), (3.55), (3.61),
in (3.54), we obtain

2e+1

n—2 n—2 n—1 n—1 n—2 k
. > ; — .
iz:;qz-i-e—l-iz:;ez_( 9 )—I— 9 +;5@+5 ;515 5

S n—1 +71—2
iy 2 2 9

which is what we wanted.
The proof that the degree of the polynomial P;(z;m,n) is at most |m/2] is thus
complete.

Step 6. An algorithm for the explicit computation of Py(x;m,n). Also here, we
write  + m for y everywhere. A combination of (3.11) and (3.25) yields

L(mA4n)/2]—|m/2]

1) 22 I (22 + 2 |m/2] + 2i)
Pl(x;m7n) = <_) =1
2 (+ [m/2] + Dan—2-|my2) (@ +m+1)2n_2

1
X

=1
(2z+m+i+2); (z+2i—j+3); §(2m+m+i+2)n_1 (x+2i—n+4)n_1 "9
x det |.clefmarimerd)imisiag;  clmemeei -
0<i,j<n—1 N
7(2x+m:&121(;+_2:;i);17): U(z,z+m;n) i=n—1
j<n-—2 j=n—1 (3.67)

By Step 5, we know that the degree of Pj(z;m,n) is at most [m/2|. Hence, if we are
able to determine the value of P;(x;m,n) at |[m/2] + 1 different specializations, then
we can compute P (x;m,n) explicitly, e.g. by Lagrange interpolation.

The specializations that we choose are of the form —v — 1/2, where v is some
nonnegative integer. The first thing to be observed is that if we set x = —v — 1/2,
v integral, in (3.67), then the denominator on the right-hand side of (3.67) does not
vanish. So, everything is well-defined for this type of specialization.

Next, we observe that for x = —v — 1/2 “usually” (this will be specified in a
moment) a lot of entries in the determinant in (3.67) will vanish. More precisely,
since (2x + m + i + 2);, which is a term in each entry of the determinant except for
the (n — 1,n — 1)-entry, vanishes if i < —2r —m -2 =2v—m—1and i +j >
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—2x — m — 1 = 2v — m, the determinant takes on the form

j=2v—m-—1
!
K oeee e *
x .- 0
. 0
peder | R s (3.68)

Obviously, this picture makes sense only if —1 < 2v—m — 1 < n — 1, or equivalently,
if m/2 < v < (m+mn)/2. It should be observed that this constraint is met by the
choicesv = |[(m+n)/2],[(m+n)/2|—1,...,[(m + n)/2]—|m/2] that are suggested
in the statement of Theorem 2. In particular, for the lower bound this is because of
the assumption m < n.

Because of the 0-matrix in the upper-right block of the matrix in (3.68), it follows
that the determinant in (3.68) equals the product of the determinant of the upper-left
block times det(M). Since the upper-left block is a triangular matrix, we obtain for
the determinant in (3.68) an expression of the type

(product of the elements along the antidiagonal i + j = 2v —m — 1)
X det (M).

(m4+n—2v) X (m+n—2v)

In the notation of the statement of the Theorem, i.e., with v = |(m +n)/2] — ¢, the
dimension of det(M) is (m 4+ n) — 2 [(m + n)/2| + 2t, which is less or equal 2¢ + 1.

Summarizing, we have seen that for x = — [(m+n)/2| +t—-1/2,t =0,1,...,
|m/2], the determinant in (3.67) reduces to a (well-defined) multiple of a determinant
of dimension at most 2t+1. Since we assume m to be some fixed, explicit nonnegative
integer, and since 2t+1 < m+1 (m+1 being a fixed bound), this determinant can be
computed explicitly (at least in principle), and so also the explicit value of P;(x;m,n)
atx=—|(m+n)/2|+t—1/2,t=0,1,...,|m/2]. So, the value of P;(x; m,n) can be
computed explicitly for |m/2| 4+ 1 distinct specializations, which suffices to compute
Py (x;m,n) explicitly by Lagrange interpolation.

This finishes the proof of Theorem 2. U

We have used Theorem 2 to evaluate the determinant D(z,x + m;n) for m =
0,1,2,3,4. This is the contents of the next Corollary.

Corollary 3. Let x and n be nonnegative integers. Then the determinant

20 +m+i+j
Dlearmm = de (3 (FIMTT))

r4+2i—j<r<z4+m+42j—1i
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for m = 0 equals

n/2—1
n- 2 21 +1
T (L2e it @e + 2+ 2)F L e
Pl (2 + 24)!2 (n—1)I
0 n odd
n—1 . n/2-1
(3 + 2i + 2)? I (e B
= H 12 ((21)! (20 4 2i 4+ 1)! ) n even
=3 i (x + 2i)! Pl
0 n odd,

form =1, n > 1, equals

[n/2) -1
n- : | 2 + 2 + 3
1—[1(z’!(2:13—}—2'—}—1)!(3x+22+3)¢(3x+22+4)i) I e+2i+3)

(z+20) (z +2i +1)! 2[n/2] -

i=0
form = 2, n > 2, equals

[n/2]-1
_ 2 243
H il (22 + 1+ 2)! (32 + 2 + 4); (3 + 2i + 6); I (Gr+2i+3)
L. (@+ 20 (x + 2i + 2)! 2[n/2] — )N
1 {(:L‘—I—n-l—l) n even
(x+1) (2x +n+2) nodd,

X

for m = 3, n > 3, equals

ln/2) -1
- 2 +2i + 5
H (2 +i+3) (e 2i45) (e +2i+8) Ah BT
= (@ +20)! (z + 20 + 3)! 2[n/2] — DN
1 { (x+2n+1) neven
(z+1) | Bz+2n+5) nodd,

X

and for m = 4, n > 4, equals

[n/2|—1 '
”Hl(z'! (22 +i + 4)! (32 + 2i + 6); (3m+2i—|—10)i) I (2z+2i+5)
Pl (x +2i)! (z +2i + 4)! (2|n/2] — 1!
" 1 ‘ { (2% + (4n+3)z +2(n? +4n + 1)) n even
(x+1)(x+2) 2z +n+4)(2x +2n+4) n odd.

27

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

O

At this point we remark that (3.69) combined with Theorem 1, item (3), (2.2a),
settles the “n even” case of the Conjecture in the introduction, see Theorem 11.



THE ELECTRONIC JOURNAL OF COMBINATORICS 4 (1997), #R27 28

We have computed P (z;m,n) for further values of m. Together with the cases
m = 0,1,2,3,4 that are displayed in Corollary 3, the results suggest that actually a
stronger version of Theorem 2 is true.

Conjecture. Let x,m,n be nonnegative integers with m < n. Then

5 .
D(z,z +min) = det ( 2 (x+m+Z+J))
0<i,j<n—1 r4+2i—j<r<z+m-+2j—1 "

n—1

B H il 2z +m +4)! (3z +m + 2i + 2); (3z + 2m + 2i + 2);
B (z + 20)! (z +m + 2i)!

B [n/2]-1
[T (e +2[m/2] +2i+1)
(22 +m)! i |
) [P T FYCT RV - Py(zim,n),  (3.74)

where Ps(x;m,n) is a polynomial in x of exact degree |m/2|. In addition, if the cases
n even and n odd are considered separately, the coefficient of x¢ in P3(xz;m,n) is a
polynomial in n of degree |m/2| — e with positive integer coefficients.

Note that P3(z;m,n) = Pi(z;m,n) - (2|n/2] — 1)!!/1_[?:_01 i! (compare (3.74) and
(3.3)).

Possibly, this Conjecture (at least the statement about the degree of Ps(x;m,n))
can be proved by examining the considerations in Step 5 and Step 6 of the proof of
Theorem 2 in more detail.

4. Another two-parameter family of determinants. The goal of this section is
to evaluate the determinant in (2.2b). We shall consider the generalized determinant

Y — 33
E(z,y;n) =  det (:1:+y+'z+’j )y %’Jr .‘7 J , (4.1)
0<i,j<n—1 (x+2i—7+ D (y+2j—i+1)!

for integral  and y. (On the side, we remark that E(z,y;n) would also make sense for
complex x and y if the factorials are interpreted as the appropriate gamma functions.
Proposition 4 below, together with its proof, actually holds in this more general
sense. This applies also to Proposition 5, as long as m is a nonnegative integer,
to Corollary 6, to Theorems 8 and 9, and their proofs.) E(x,y;n) reduces to the
determinant in (2.2b) when n is replaced by n — 1 and y is set equal to x, apart from
the factor H?:_ol (3z + 3i + 4)% that can be taken out of the determinant in (2.2b).
Ultimately, in Theorem 8 at the end of this section, we shall be able to evaluate
the determinant F(z,y;n) completely, for independent z and y. This is different
from the determinant D(x,y;n) of the previous section. But, there is a long way
to go. The first result of this section, Proposition 4, describes how the determinant
E(x,y;n) factors for independent = and y, however, leaving one factor undetermined.
It provides the ground work for the subsequent Proposition 5 that makes it possible to
evaluate E(x,y;n) when the difference m = y —x is fixed. This is then done explicitly
for two cases in Corollary 6. This includes the case m = 0 which gives the evaluation
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of the determinant in (2.2b) that we are particularly interested in. The rest of the
section is then dedicated to the complete evaluation of the determinant E(z,y;n),
for independent x and y. This is finally done in Theorem 8. Before, in Lemma 7,
we collect information about the polynomial factor Py(x,y;n) in the factorization
(4.2) of E(x,y;n). The proof of Theorem 8 then combines this information with the
evaluation of E(z,x 4 1;n), which is the second case of Corollary 6.

Proposition 4. Let x,y,n be nonnegative integers. Then
((x+y+i+j—1)!(y—x+3j—3z’))
(x+2i—74+ D) (y+2j—i+1)!

_”H1 (x+y+i—1)QRr+y+2i+1);(x+2y+2i+1);
B (x4 2i + 1) (y +2i +1)!

E(z,y;n) = Ogiglegtn_l

> - Py(z,y;n), (4.2)

where Py(x,y;n) is a polynomial in x and y of degree n.

Proof. Again, the proof is divided into several steps. The strategy is very similar to
the proof of Theorem 2. First, we transform E(z,x+m;n) into a multiple of another
determinant, namely Ep(x,y;n), by (4.3)—(4.5), which is a polynomial in x and y,
then identify as many factors of the new determinant as possible (as a polynomial in
x and y), and finally find a bound for the degree of the remaining polynomial factor.

Step 1. An equivalent statement of the Theorem. We take as many common factors
out of the i-th row of E(z,y;n), i =0,1,...,n— 1, as possible, such that the entries
become polynomials in z and y. To be precise, we take

(x+y+i—1)!
(x+2i+ 1) (y+2n—17—1)!

out of the i-th row, ¢ = 0,1,...,n — 1. This gives

n—1

(x+y+i—1)!
E(x,y;n) =
(z,yin) 11 (z+2i+ )l (y+2n—i—1)

x det ((@+y—+i)j(@+20—5+2);(y+2j—i+2)ap_oj_2(y—2z+3j—30)).
0<i,j<n—1 (4.3)

For convenience, let us denote the determinant in (4.3) by Ea(x,y;n). In fact, there
are more factors that can be taken out of F4(x,y;n) under the restriction that the
entries of the determinant continue to be polynomials. To this end, we multiply the
i-th row of F4(x,y;n) by (y+2n—1);,i=0,1,...,n—1, and divide the j-th column
by (y + 25 + 2)2n—2j—2, j = 0,1,...,n — 1. This leads to

”1_[ (y +2n —1i);

= det (x+y+z (x4+2i—7+2);(y+2j—i+2);(y—x+3j—3i)),
0<,j7<n—1 (44)

- Ea(z,y;n)

b::h

(y +2j +2)2n 2j—2
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or, if we denote the determinant in (4.4) by Eg(z,y;n),

n—1

Ea(z,yin) = [[W+2i+2)n_i_1- Ep(z,y;n). (4.5)
1=0

A combination of (4.2), (4.4), and (4.5) then implies that Proposition 4 is equivalent
to the statement:
With Ep(x,y;n) the determinant in (4.4), there holds

n—1

Ep(z,yin) = [ (@ 4y +2i + 1)i(@ + 2y + 20 + 1)) - Pax,y;n), (4.6)
1=0

where Py(z,y;n) is a polynomial in = and y of degree n.

Step 2. H?:_Ol (2z+y+2i+1); (x+2y+2i+1);) is a factor of Eg(z,y;n). There
are not many differences to Step 3 of the proof of Theorem 2. So we shall be brief
here.

We first consider just one half of this product, H?:_OI (22 +y + 2i + 1);. Let us
concentrate on a typical factor 2z +y+2i+14+1),0<i<n—-1,0<1<i We
claim that for each such factor there is a linear combination of the rows that vanishes
if the factor vanishes. More precisely, we claim that for any ¢,/ with 0 <i <n —1,
0 <[ < 7 there holds

D (i — 354 0) (i — 25+ 1+ D)oy (2 425+ 2)2ioas
o (i — s) (s —1)! (—z—2i—1l+s—1)_g
- (row s of Eg(x,—2x —2i —1—1;n)) = (row i of Eg(x,—2x —2i — [ — 1;n)).
(4.7)

Restricting (4.7) to the j-th column, it is seen that this means to check
2 97 354 1) (i =25+ 1+ 1)st (2 + 25 + 2)oi_os
(i —s) (s =) (—x—2i—1l+s—1);_g
X(—x—=2i—1l+s—1);(z+25s—75+2);
X(—2r—2i—1+2j—s+1)s(-3x—2i—1+4+3j—3s—1)
=(—z—i—1-1)j(x+2i—j+2); (20 —-3i—1+2j+1); (=3z—1+35j—5i—1).

s=l

This is easily done by observing that it is equivalent to (3.16). Arguments that are
similar to those after (3.18) then show that the complete product H?:_()l (2x+y+2i+1);
divides Fp(z,y;n).

The reasoning that szol (x 4+ 2y + 2i + 1); is a factor of Ep(x,y;n) is similar.
Also here, let us concentrate on a typical factor (x +2y+2j+1+1),0<j<n-—1,
0 <[l < j. This time we claim that for each such factor there is a linear combination
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of the columns that vanishes if the factor vanishes. More precisely, we claim that for
any 7,0 with 0 <j <n—1,0 <[ < j there holds

LD (95 — 35 4+1) (j— 25+ 1+ 1)u_y
(J—s) (s =)
- (column s of Ep(—2y —2j — 1 —1,y;n))
= (column j of Ep(—2y —2j —1—1,y;n)). (4.8)

(Y + 25+ 2)25_2s

s=l1

Restricting to the i-th row, we see that this means to check
WD (95— 35 41) (j— 25 + 1+ 1)s_y
(J—s) (s = )!
X (—y—2j—l4+i—1),(—2y—2j —1+2i —s+ 1),
X(y+2s—i+2); By+2j+1—-3i+3s+1)
=(—y—2j—1l+i—1); (-2y—3j—1+2i+1); (y+2j—i+2); By+5j+1—-3i+1).

(Y + 254 2)2;—2s

s=l

The observation that this summation is equivalent to (3.24) with § = y establishes
the clalm Similarly to as before, this eventually shows that the complete product
| (2 + 2y + 2i + 1), divides EB(a: y;n).

Altogether, this implies that Hi:O ((2z +y+ 2+ 1);(z + 2y + 2i + 1);) divides
Ep(x,y;n), as desired.

Step 3. Py(z,y;n) is a polynomial in x and y of degree n. We shall prove that
Ea(z,y;n) (which is defined to be the determinant in (4.3)) is a polynomial in = and
y of (total) degree 3(%) +n. By (4.5) this would imply that Ep(xz,y;n) is a polynomial
in x and y of degree 2(;) + n, and so, by (4.6), that Py(x,y;n) is a polynomial in z
and y of degree n, as desired.

Here we need to consider the generalized determinant

Ea(z,y,2(0),2(1),...,2(n —1);n) = E4(n)

which arises from Ey(z,y ) by replacing each occurence of ¢ in row ¢ by an indeter-
minate, z(i) say, i = 0,1,...,n — 1,

Ea(z,y,2(0),2(1),...,2(n —1);n) = Ea(n)
= det  ((z4y+2(1); (@ +22(i) —j+2);

0<i,j<n—1
(y+2j — 2(1) + 2)2n—2j—2 (y — x4+ 3j — 32(i))). (4.9)

z(1),...,2(n—1). We shall prove that

This determinant is a polynomial in z,y, z(0),
S 3( ) +n, Wthh clearly implies our claim

the degree in x and y of this determinant i
upon setting z(i) =¢,i=10,1,...,n — 1.



THE ELECTRONIC JOURNAL OF COMBINATORICS 4 (1997), #R27 32

Obviously, the total degree of E4(n) in z,y,2(0),2(1),...,2z(n — 1) is at most
4(’;) +n. However, actually it is exactly equal to this upper bound, since the monomial

y?2(0)02(1) - 2(n— 1)

occurs only in the product of the main diagonal of the determinant with nonzero
coefficient, and therefore cannot cancel. On the other hand, when z(i;) = z(iz) for
some i # io, the rows i; and ip in E 4(n) are identical. Hence E 4(n) vanishes in this
case. This shows that the product [Jo<;;<,, 1 (2(j) —2(7)) divides E 4(n). Therefore,
the degree in & and y of E 4(n) equals (4(5) +n) — (5) = 3(;) + n, which is what we
need.

This finishes the proof of Proposition 4. O

As we already mentioned, it is possible to compute the polynomial Py(x,y;n)
explicitly, see Theorem 8. However, we are not yet in the position to do so. First we
restrict ourselves to the situation that was studied in Section 3 for the determinant
(3.1), namely when the difference m = y — z is a fixed integer. In this situation, it
turns out that the degree of Py(z,y;n) = Py(x,z + m;n), now as a polynomial in
x of course, shrinks significantly. To be precise, the degree can be at most |n/2].
We prove this fact in Proposition 5 below. Moreover, we identify several factors of
Py(z,x +m;n), which will be of great help in the proof of Corollary 6.

Proposition 5. Let x,m,n be nonnegative integers with m < n. Then,

E(z,x+m;n) = det ((

2z +m+i+j— 1) (m+ 35— 3i0)
0<i,j<n—1

T+2—j+ D) (z+m+2j—i+1)
”1:[1 (22 +m—+i— 1) Bz +m+2i+1); 3z +2m + 2i + 1),
(x+2i+ D! (z+m+2i+1)!

i=0
X (T +m)|ns2)—(ms2) - Ps(xym,n), (4.10)
where Ps(z;m,n) is a polynomial in z of degree < |m/2].
Proof. Much of the required work has already been done. In particular, if we set
y =2x+m in (4.2) and compare with (4.10), we obtain
Py(z,z +m;n) = (T +m)|n/2)—|m/2| - Ps(x;m,n). (4.11)

So what remains to prove is that (x +m)|,/2—|m/2] is a factor of Py(x,z + m;n),
and that the degree of Py(x,x + m;n) is at most |[n/2]. The first fact is established
in Step 1, the second in Step 2.

Step 1. (x +m)|n/2)—|ms2| 15 a factor of Py(x,x +m;n). Fix an integer v,

m<v< —— = (4.12)
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We shall show that x + v is a factor of Py(x,x + m;n), or equivalently, that x = —v
is a zero of Py(x,z + m;n). The polynomial Py(z,x + m;n) is defined by (4.6), with
Yy =x+m,ie., by

n—1
Ep(z,x +m;n) = H (Bz +m+2i+1); (3x + 2m + 2i + 1);) - Py(z,z + m;n),
=0 (4.13)

where Ep(z,x+m;n) is the determinant in (4.4) with y = z+m. So, we would like to
set z = —wv in (4.13), prove that Eg(—v, —v+m;n) equals 0, that the product on the
right-hand side of (4.13) is nonzero, and conclude that therefore Py(—v,—v + m;n)
must be 0. However, the product on the right-hand side of (4.13) unfortunately
(usually) is 0 for x = —v. This makes it necessary to cancel first all factors (x + v)
that occur in the product, and only then set x = —uv.

To accomplish this, we have to “generate” these factors on the left-hand side. This
is done by reading through Step 2 of the proof of Proposition 4 with y = =z + m. To
make this more precise, observe that x + v divides a typical factor 3z +m+2i+1+1,
0<i<n-—1,0<1 < i of the first half of the product in (4.13) if and only if
3v=m+2i+ 1+ 1. So, for each solution (i,[) of

Jv=m+2i+1+1, with0<i<n-—1,0<I<i (4.14)

we subtract the linear combination

L i35 41) (1= 25414+ 1)s (2425 +2)s 2

(i —s) (s =) (—x—=2i—1l+s—1)_g
- (row s of Ep(x,z+m;n)) (4.15)

s=l

of rows of Ep(z,x + m;n) from row i of Ep(x,z+ m;n). Let us denote the resulting
determinant by Ep(x;m,n). By (4.7), the effect is that (3z+m+2i+1+1) = (3z+3v)
(the equality being due to (4.14)), and hence (z + v), is a factor of each entry of the
i-th row of Ep(x;m,n), for each solution (i,1) of (4.14). For later use we record that
the (i, )-entry of Ep(x;m,n), (i,1) a solution of (4.14), reads

(22 +m—+1i); (¢ +2i —j+2); (x+m—+2j —i+2); (m+ 3§ — 30)

i L(z‘i/2J (2 —3s+1) (i — 25+ 1+ 1)y (2 + 25+ 2)aios

p— (i —s) (s =) (—x—2i—1l+s—1);_g
X(2r+m+s)j(z+2s—5+2);(z+m+2j—s+2)s(m+3j—3s). (4.16)

Similar considerations concern the second half of the product in (4.13). Omitting the
details, for each solution (j,[) of

3v=2m+2j+1+1, with0<j<n-1,0<I<y, (4.17)
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we subtract the linear combination

j+1)/2 . .
WD (95 35 41) (j— 25 + 1+ 1)y

(G —s) (s = 1)!

(l‘ +m+2s+ 2)2j_25

s=l

- (column s of Eg(x;m,n))

of columns of Eg(z;m,n) (we definitely mean Ep(x;m,n), and not Eg(z;m,n))
from column j of Ep(z,z +m;n). By (4.8), each entry of the j-th column of the new
determinant will have (x 4+ v) as a factor. We remark that entries that were changed
by a row and column operations will now have (z + v)? as a factor. Now we take
(z +v) out of the i-th row, for each solution (i,[) of (4.14), and we take (z 4+ v) out of
the j-th column, for each solution (j,1) of (4.17). We denote the resulting determinant
by Eg(x;m,n). Thus, we have

Ep (IL’, T+ m; n) _ (x + ,U)#(solutions (4,0) of (4.14))++#/(solutions (j,!) of (4.17))EB (CL'; m, n)

Plugging this into (4.13), we see that now all factors (z + v) can be cancelled on both
sides, so that we obtain

Ep(w;m,n) = C(a;m, n) Pi(z,o +min),

for some C'(x;m,n) that does not vanish for x = —v. Hence, if we are able to prove
that Eg(—v;m,n) = 0, it would follow that Py(—v, —v + m;n) = 0, which is what
we want to establish.

So we are left with showing that Eg(—v;m,n) = 0. This will be implied by the
following two claims: The matrix of which Ep(—v;m,n) is the determinant has a
block form (see (4.18)), where

Claim 1. the upper-right block, consisting of the entries that are in one of the rows
0,1,...,2v —m and one of the columns 2v —m + 1,2v —m+2,...,n — 1, is a zero
matrix, and where

Claim 2. the determinant of the upper-left block, A/, consisting of the entries that

are in one of the rows 0, 1,...,2v —m and one of the columns 0,1, ..., 2v —m, equals
0.
j=2v—m
1
N 0
—1=2v—m (4'18>
* *

For, the determinant of a block matrix of the form (4.18) equals the product of the
determinants of the upper-left block and the lower-right block, the first determinant
being equal to 0 by Claim 2.
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Claim 1 is most obvious for all the entries that did not change in the transition
from Ep(x,z + m;n) to Eg(x;m,n). For, the (i,j)-entry of Eg(x,z + m;n), by its
definition in (4.4), is

(=20 +m+14); (—v+2i—j+2); (—v+m+2j —i+2);(m+3j—3i). (4.19)

Clearly, if 0 <i <2v—mand 2v —m+1 < j <n—1, we have (—2v+m+1); =0,
and so the complete expression in (4.19) is 0.

On the other hand, let us consider an (i, j)-entry of Ep(z;m,n) that changed in
the transition from Ep(z,z + m;n) to Eg(x;m,n). First we want to know, where
such an entry could be located. If it changed under a row operation, then (i,[) is a
solution of (4.14), for some [. By (4.14) we have

m+2t+1<m+21+1l+1=3v and 3v=m-+2t+1+1<m+ 31,

and so,
3v—m—1
v DT (4.20)
If the (4, j)-entry changed under a column operation, then (j,[) is a solution of (4.17),
for some [. Similar arguments then give, using (4.17), that
2 3v—2m—1
potm o Buzm ol (4.21)
3 2
In particular we have j < 2v —m, so an (i, j)-entry that is located in the upper-right
block, which we are currently interested in, did not change under a column operation.
But it could have changed under a row operation. Such an (i, j)-entry is given by
(4.16) divided by (x 4+ v). (Recall that (4.16) was the expression for an (i, j)-entry
that changed under a row operation before we factored (x + v) out of the i-th row.)
Thus, it can be written as

(2I +m + Z')211—777,—1'—{—1
(z +v)

((% + 20+ 1)itj—20tm—1 (T +2i — j +2);

Li+1)/2]
S(wtmt2j —i+2); (m+35—3i)— Y

s=l1

(20 —3s+1) (i—2s+1+1)s—y
(i —s) (s =)

(2113 +m + S)i—s (2:17 + 2v + 1)j+s—2v—|—m—1

) (.’L‘ + 2s + 2)21'_25
(—x—2i—1l+s5—1)_s

(x+28—j+2)j(x+m+2j—s+2)s(m+3j—33)). (4.22)

We have to show that (4.22) vanishes for x — —v. Because of the denominators, it
is not even evident that (4.22) is well-defined when x — —v. However, by (4.20) we
have 2v —m —i > (v—m+1)/2 > 0, the last inequality being due to our assumption
v > m. Hence,

(22 4+ m + 1) 2p—m—it1
(x +v)

= (21' +m+ i)2v—m—i ’ 2;
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and so the first term in (4.22) is well-defined when * — —wv. Furthermore, the
denominator in the sum in (4.22) (neglecting the terms that do not depend on x)
when z — —v becomes

(v—=2i—l4+s—1)_s=(w—-2i—-1l4+s—1)---(v—i—1—-2). (4.23)

By (4.14) and (4.20) we have v—i—1—2 = —2v+i+m—1 < 1 (—v+m—3) < 0, again
the last inequality being due to our assumption v > m. Therefore, all the terms in
(4.23) are nonzero, which means that the denominator in the sum in (4.22) is nonzero
when © — —v. Hence, (4.22) is well-defined for x — —v. To demonstrate that it
actually vanishes for x — —v, we show that the second term in (4.22) (the term in
big parentheses) equals 0 for z = —v.

To see this, set © = —v, and by (4.14) replace | by 3v — 2i — m — 1 in the sum
(4.22), and then convert it into hypergeometric notation, to obtain

2(3+6i+3j+4m —9v) (1)yyj—2i—2
X (—4v 4+ 2i 4+ 25 + 2m + 3)30—2i—m—1(5v — 4i — § — 2M) _gu4-6i+j+2m+2
2 —j—4m 4 3y, L -2 -4y L3 _my S
—1—2i—j— 2+ 30, -2 — 2 — 2 4 29, —3i — m + 3v,
—3 3] 24 40, —2—2i—2j —2m +4dv

272 1. (4.24)

—9i 1 _ S5v 1 _9; 7 _ 5v
2i—5-—m+35,5-2i—5—m+ 3

X 6L

The ¢F5-series can be summed by means of Lemma A6. Then, after simplification,
(4.24) becomes

(t+j—2v+m—-D(—v+2i—j+2); (—v+m+2j—i+2); (m+ 35— 3i),

which is exactly the first term in big parentheses in (4.22) for x = —v. Therefore, the
term in big parentheses in (4.22) vanishes for x = —v. This settles Claim 1.

Next we turn to Claim 2. We have to prove that the determinant of the matrix N/,
consisting of the entries of Eg(—v;m,n) that are in one of the rows 0,1,...,2v —m
and one of the columns 0, 1, ..., 2v—m (recall (4.18)), equals 0. We do this by locating
enough zeros in the matrix N.

We concentrate on the entries that did not change in the transition from Ep(z,z+
m;n) to Eg(x;m,n). For the location of the various regions in the matrix A/ that we
are going to describe, always consult Figure 2 which gives a rough sketch.
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J = J
0 [U—QTm]—l 2v—m
i=0

Figure 2

By earlier considerations, an (i, j)-entry did not change if i is outside the range
(4.20), i.e.,

3v—m—1
ogig[u—%—l or L%Jﬂgignq, (4.25)
and if j is outside the range (4.21), i.e.,
2 3v—2m — 1
ogjg[v—%qq or {%J—i—lg;’gn—l. (4.26)

As we already noted, such an (i, j)-entry is given by (4.19). The first term in (4.19)
vanishes if and only if

1<2v—m and 14 j>2v—m. (4.27)

The second term in (4.19) vanishes if and only if

v—1 . o v+g—2
< << —, 4.2

The third term in (4.19) vanishes if and only if

[v—r;—f‘gjgv—m#—z—? (4.29)

Finally, the fourth term in (4.19) vanishes if and only if

m=0 (mod3) and i=j+ % (4.30)
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Now we claim that in the following four regions of N all the entries are 0, except
for the case v = m = 1, which we treat separately. Again, to get an idea of the
location of these regions, consult Figure 2.

Region I: All (i, j)-entries with

P_ﬂ <i< [U_T-‘_Q-FX(mEO (mod 3))

2 3
—m—1 2
amlﬂguﬂgmp_gym<uu

where again y(A)=1 if A is true and x(.A)=0 otherwise.
Region II: All (4, j)-entries with

28] 22 o= 2] =24 xtm =0 (o 3)

2 3
and %J +1<j<2v—m. (4.32)
Region III: All (4, j)-entries with _
L%J—l—lgig%—m and _”_Tm_ﬂgjg[v—%ﬂ—l. (4.33)

Region IV: All (i, j)-entries with

Jv—2m—1

3v—m-—1
2

5 J—i—lgig%—m and L

J +1<j<2v—m. (4.34)

Instantly we observe that all four regions satisfy (4.25) and (4.26). So, all the
entries in these regions are given by (4.19). Hence, to verify that all these entries are
0 we have to show that for each entry one of (4.27)—(4.30) is true. Of course, we treat
the four regions separately.

ad Region I. First let ¢ < [v —m/3| — 2. In case that i < j 4+ m/3, we have

. . m m : m m 2 . m .
T R [v—2]—2+5j+ 2 SV g o244ty vtj-2 1
- 2 - 2 - 2 2 3
Combined with (4.31), this implies that (4.28) is satisfied. On the other hand, in case
that ¢ > j +m/3, or equivalently,

m 1
> i+ D 4.35
Z_j—|—3+3 (4.35)

we have, using the last inequality in (4.31),

i+i=F -} _itlv-]-1-% -3
2 - 2
itv—2 42123 y_m4i-2 2
2

J=
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Combined with (4.31), this implies that (4.29) is satisfied, unless j = (v—m+i—1)/2.
But if we plug this into (4.35), we obtain i > v — m/3 — 1/3, a contradiction to our
assumption ¢ < [v —m/3] — 2.

Collecting our results so far, we have seen that if m = 1,2 (mod 3), then each
(i,7)-entry in region I satisfies (4.28) or (4.29). If m = 0 (mod 3), region T also
contains entries from row ¢ = v —m/3 — 1. First let j < v — (2m)/3 — 2. Then it is
immediate that (4.29) is satisfied. If j = v — (2m)/3 — 1, then (4.30) is satisfied. This
shows that if m = 0 (mod 3) then an (7, j)-entry in region I satisfies (4.28), (4.29), or
(4.30).

ad Region II. Here, by (4.32), we have

v—l—‘ {3v—2m—1
_|_ -

5 J+1:2U—m.

itj> [
Hence, (4.27) is satisfied, except when i = [(v —1)/2] and j = |(3v —2m —1)/2| +1.
But in that case there holds (4.28), apart from a few exceptional cases. For, if v # 0,2
(and v > 0 of course) then

[v—l_‘ SU—FV}T—lJ—l.

2 2

By the assumption v > m it follows that

Pﬂ Sv+({%m;j+l)—2’ )

which is nothing but (4.28) with the current choices of i and j. Thus, (4.28) is satisfied
except when v =m =0, or v = 2 and m = 0,1,2. (There are no more cases because
v > m.) Starting from the back, the case v = m = 2 does not bother us, since in
that case region II is empty (there is no i satisfying (4.32)). By inspection, it is seen
that (4.36), and hence (4.28), also holds if v = 2 and m = 0 or 1. Finally, in case
v=m=0wehavei=[(v—1)/2] =0and j = [(3v —2m —1)/2| + 1 = 0. Hence,
(4.30) is satisfied.
ad Region III. By (4.33) we have

. ) 3v—m-—1 v—m—1
itz | |l [ =2 —m

Hence again, (4.27) is satisfied, except when i = [(B3v—m —1)/2] + 1 and j =
[(v—m —1)/2]. In that case there holds (4.29), apart from a few special cases. For,
if w is a positive integer, then
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Setting w = v — m in this inequality we obtain for v > m and v > 1 the inequality

P—m—ﬂ Sv—m+(fw‘+‘1j+1)—2'

5 ; (4.37)

This is exactly (4.29) with the current choices for ¢ and j. Thus, (4.29) is satisfied
except when v = m or v = 0. (Recall that there are no more cases because of
v > m.) But (4.37), and hence (4.29), holds in more cases. Namely, by inspection, if
v = m, then (4.37) holds for v > 2. So, the only cases in which (4.37) is not true are
v=m=0and v =m = 1. The case v = m = 0 does not bother us, since in that
case region III is empty (there is no j satisfying (4.33)). The case v = m = 1 is the
exceptional case that is treated separately.
ad Region IV. By (4.34) we have

v — —1 3v—2m—1 3
i {%Jﬂq%wzgwgﬂm_m,

the last inequality being again due to the assumption v > m. Hence, (4.27) is satisfied.

Consequently, if we are not in the case v = m = 1, then the rows [(v —1)/2],...,
[v—=m/3]=24+x(m =0 (mod 3)),|(3v—m —1)/2|+1,...,2v—m are rows with ze-
ros in columns [(v —m —1)/2],...,[v—(2m)/3]-1,[(3v —2m — 1) /2| +1,...,2v—
m. These are
3v—m—1

—‘+21)—m— TJ (4.38)

v—1

[v—%]—l%—x(mEO (modB))—[

rows, containing possibly nontrivial entries in only

A e

columns. By simple algebra, the difference between (4.38) and (4.39) equals

m + {—%W + [_Q?m" + x(m =0 (mod 3)). (4.40)
As is easily verified, the expression (4.40) equals 1 always. So we have found N + 1
rows (with N the expression in (4.39)) that actually live in RY (R denoting the set
of real numbers). Hence, they must be linearly dependent. This implies that the
determinant of N' must be 0.

Finally we settle the case v = m = 1. The matrix N then is a 2 x 2 matrix (cf.
Figure 2) in which column 1 vanishes. For, i = 0 and j = 1 satisfy (4.25), (4.26), and
(4.28), while ¢ = 1 and j = 1 satisfy (4.25), (4.26), and (4.27). Hence, det(N') = 0.

Altogether, this establishes that Py(z,x + m;n) vanishes for z = —v, m < v <
(n+m —1)/2, so that (z +m)|(n—m+1)/2] is a factor of Py(z,x + m;n). Since

{n—mﬁLlJ :{ 2] - |Z]+1 nodd, m even

5]
2 %] - 2] otherwise,
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it follows that (z +m)|n 2|~ |m/2) 18 a factor of Py(z,x + m;n), as desired.

Step 2. The degree of Py(z,x + m;n) is at most |n/2|. Fortunately, this was,
implicitly, already proved in Step 5 of the proof of Theorem 2. To see this, we
examine parts of Step 5 in more detail and relate them to Py(z,z + m;n).

First we go back to (3.37). In what follows after (3.37), it is shown that the degree
in z of the polynomial (3.37) is at most 2(3) + (";') + [(n — 1)/2] + [m/2]. Now, a
closer look at the manipulations before (3.37) unfolds that (3.37) equals the first term
on the right-hand side of (3.27). However, this first term on the right-hand side of
(3.27) is nothing else but the (0, 0)-entry of the determinant in (3.26) times the minor
of the same determinant consisting of rows 1,2,...,n—1, and columns 1,2,...,n—1.
This minor is

cder (@ m 2(8) 4 1)j-1 (@ 4 22(0) = +2)j-1

(x+m+2j —2(1) + 2)2p—2j—2 (m+ 35 — 33(1)))

— ogig%tn—Q ((233 +m+z2(i+1)+1); (x+22(+1) —j+1);

(wH+m+2j—z2(i4+1)+4)om_o9—a(m+3j+3—32(i+1))). (4.41)

The (0, 0)-entry of the determinant in (3.27) is S(x, z + m;n), which by its definition
(3.7) is a polynomial in x of degree 2n — 2+ |m/2] (as is also remarked after (3.37)).
So, the degree in z of the determinant in (4.41) is at most 3(";") + [(n — 1)/2]. Now
it should be noted that upon replacing n by n + 1, x by  — 1, and upon setting
zi+1) =i+ 1,4 = 0,1,...,n — 1, the right-hand side of (4.41) turns into the
determinant in (4.3) with y = = 4+ m, which by definition is E4(z,x + m;n). Hence,
the degree in = of Ea(z,z +m;n) is at most 3(5) + [n/2], and so, by (4.5) and (4.6),
the degree in x of Py(x,z + m;n) is at most |n/2].
This finishes the proof of Proposition 5. U

In the next step, we use Proposition 5 to evaluate the determinant E(x,z + m;n)
for m = 0 and m = 1. The case m = 0 is the one that we need for the evaluation of
the determinant in (2.2b), the case m = 1 is needed for the evaluation of E(x,y;n),
for independent x and ¥, in the proof of Theorem 8.

Corollary 6. Let x and n be nonnegative integers. Then the determinant

<((2x+m+i+j—1)!(m+3j—3i) )

E ‘n) =  det
(@, 2 +min) < T+2i—j+ ) (@ tm+2j—it1)

0<i,j<n—1

for m = 0 equals

n! ”1:[1 (z’!(2x+z’— 1)! (32 + 2 +1)2
(n/2)! =+ (x+2i+1)12
0 n odd
n/2—1
H (22 +2i)1* (2i + 1)) n even
i=0

) (2)n/2 m even

n—1

o (2i+ 1)k

0 n odd,

(4.42)
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and for m =1, n > 1, equals

( 2z +i)! 3z + 20 + 2); (3z + 20 + 3);

(@ + 20+ D! (z + 2i + 2)! > (@ + D)) (4.43)

l

Proof. By Proposition 5 we know exactly how E(z,x + m;n) factors, except for the

polynomial Ps(x;m,n). However, also by Proposition 5, for m = 0,1 the degree of

Ps(x;m,n) is at most 0. Hence, Ps(z;m,n) is a constant for m = 0 and for m = 1.
A combination of (4.6), with y = = + m, and (4.11) yields

n—1

1 H 1
(x—Fm)Ln/QJ,Lm/QJ i Br+m+2i+1); Bxr+2m+2i+ 1),

P5(‘T;m7n) =

x det ((2z4+m+i)j(x+2i—j+2);(@+m+2j—i+2); (m+3j—3i)).
0<i,j<n—1 (4.44)

Thus, the (constant) value of P5(x;m,n) can be determined, by finding an appropriate
special value for x, which allows to evaluate the determinant in (4.44).

We choose x = — [(n+m)/2| +1/2, m = 0,1. With this choice for z, the denom-
inator on the right-hand side of (4.44) does not vanish. So, everything is well-defined
for this specialization. In addition, since (2z + m + ¢);, which is a term in each
entry of the determinant, vanishes if i < —2x —m = 2|[(n+m)/2] —m — 1 and
i+j>-2r—-—m+1=2|(n+m)/2] —m, for m = 0 and m = 1 the determinant
takes on the form (3.68), where the submatrix M is empty or a 1 x 1 matrix. Therefore
the determinant can be easily evaluated for this specialization. This gives Ps(x;m,n)
for m = 0 and m = 1. Substitution of these values for Ps(x;m,n) into (4.10) yields
the expressions (4.42) and (4.43). O

The evaluation for the special case m = x = 0 is implicitly in [2]. (It is equivalent
to the determinant evaluation for det(v(n)) in Section 4 of [2].)

At this point we remark that (4.42) combined with Theorem 1, item (3), (2.2b),
settles the “n odd” case of the Conjecture in the Introduction, see Theorem 11.

To be able to evaluate the determinant E(z,y;n) of (4.1) completely, for inde-
pendent x and y, we need one more auxiliary result. It locates several zeros of the
polynomial factor Py(x,y;n) of E(x,y;n) (recall (4.2)).

Lemma 7. Ifu,v are nonnegative integers with u+v < n—1, then Py(—u, —v;n) = 0,
with Py(x,y;n) the polynomial in (4.2).

Proof. Let u,v be nonnegative integers with u+v < n—1. The polynomial Py(x,y;n)
is defined by (4.6),

n—1

Ep(z,yin) = [] (x4 y + 2+ 1)i (@ + 2y + 2i + 1);) - Pa(,y;n),  (4.45)
1=0
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where Ep(z,y;n) is the determinant in (4.4). What we would like to do is to set
x = —u and y = —v in (4.45), prove that Fp(—u, —v;n) equals 0, that the product
on the right-hand side of (4.45) is nonzero, and conclude that therefore Py(—u, —v;n)
must be 0. However, the product on the right-hand side of (4.45) unfortunately
(usually) is 0 for z = —u and y = —v. So we are in exactly the same situation as in
Step 1 of Proposition 5. The specialization of Py(x,y;n) that we are considering here
is very different, though. Curiously enough, the arguments of Step 1 of Proposition 5
can still be used here, word by word, with suitable replacements of parameters. To get
convinced that this is indeed the case, it will suffice to do the very beginning. Soon
it will become clear that everything runs in parallel with Step 1 of Proposition 5.

To begin with, we set y = —v in (4.45). Before setting x = —u, we have to cancel
all factors of the form x +wu that occur in the product on the right-hand side of (4.45).
To accomplish this, we have to “generate” these factors on the left-hand side. Here,
this is done by reading through Step 2 of the proof of Proposition 4 with y = —v. To
make this more precise, observe that x + u divides a typical factor 2o —v+2i+1+1,
0<i<n-—1,0<1 < i of the first half of the product in (4.45) if and only if
2u = —v + 2i + [ + 1. Therefore, if we recall (4.7), for each solution (i,() of

Qu=-v+2i+1+1, with0<i<n-—1,0<I[<i, (4.46)

we subtract the linear combination

“”Z”:/QJ (2 —3s+1) (i — 25 +1+1)sy (2 425+ 2)i_os

(i —s) (s =) (—x—2i—1l+s—1);_g
- (row s of Eg(z,—v;n)) (4.47)

s=l

of rows of Ep(x,—v;n) from row i of Eg(x,—v;n). By (4.7), the effect is that
(2x —v+2i+141) =2(z + u) (the equality being due to (4.46)), is a factor of each
entry of the i-th row of the new determinant, for each solution (,[) of (4.46).

Now it should be observed that (4.46) is exactly equivalent to (4.14) with the re-
placements v — u and m — w—wv, while (4.47) is exactly (4.15) with the replacements
m — y—x and y — —v, and the determinant F(x,—v;n) that we are considering here
is exactly the determinant E(x,z+m;n) that is considered in Step 1 of Proposition 5,
with the same replacements. This observation makes it apparent that similar replace-
ments in the rest of Step 1 of Proposition 5 will produce a valid proof of Lemma 7.
In particular, in (4.17), in the statements of Claim 1 and Claim 2, in (4.20), (4.21),
Figure 2, (4.25)—(4.40), the replacements v — u and m — u — v yield what we need
here. We leave the details to the reader. U

Now we are in the position to prove the promised full evaluation of the determinant
E(z,y;n).
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Theorem 8. Let x,y,n be nonnegative integers. Then
<(x+y+i+j—1)!(y—x+3j—3i))
(z+2i—74+ D (y+25—i+1)!

_”lif N4y +i—1) 2z +y+2i+1); (@+2y+2i+ 1),
B (x4 2i + 1) (y + 2i + 1)!

E(z,y;n) = _ det

S0 (1) @ (1.45)

k=0
Proof. Obviously, the Theorem is equivalent to the assertion that with
n—1 n n
Ps(z,y;n) = il - —1)* T — 4.49
s = (1) -0 (1) @ s (4.49)

there holds Py(z,y;n) = Ps(x,y;n), where Py(x,y;n) is the polynomial in (4.2).
For the proof of this assertion we check the following properties for Ps(x,y;n):

(1) P
(2) B
(3) P
(4) P

s(z,y;n) is a polynomial in x and y of (total) degree n.

s(—u, —v;n) = 0 for all nonnegative integers v and v with v +v <n — 1.
(y,x ) = ( 1)”P6((E,y, )

|

d

/2] <U') @+ Dingzy

It should be noted that all these properties are also satisfied by Py(x,y;n). This is
because of Proposition 4 for (1), because of Lemma 7 for (2), because of

r,r+ Lin) =

E(z,y;n) = (-1)"E(y, z;n) (4.50)

(if combined with (4.2)) for (3) (identity (4.50) results from transposing the matrix
n (4.1)), and because of (4.43) (if combined with (4.2)) for (4). Since we also show
that

(5) The conditions (1)—(4) determine a polynomial in x and y uniquely,
the assertion follows.
ad (1). This is obvious from the definition (4.49).
ad (2). We have (—u)y = 0 for k > u. Hence, if k& > u the corresponding summand

in the sum in (4.49) vanishes for = —u and y = —v. Now let £ < u. Because of
u+v <n—1it follows that k£ < n — v, or equivalently, n — k£ > v. But this implies
(=v)p—r = 0. Therefore also any summand with k£ < w vanishes for z = —u and

y = —v. Thus, Ps(—u, —v;n) = 0, as desired.
ad (3). This is obvious from the definition (4.49).
ad (4). Setting y =z + 1 in (4.49), we get

Ps(w,z +1;n) 0 (™o
e = 0 () @t
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or in hypergeometric notation (cf. the Appendix for the definition of the F-notation),

Ps(w, 2 +1;n)
[T &

Next we use the contiguous relation

-n,r

a,b | a,b+1 | az a+1,0+1
2F1{ ¢ ,Z] —2F1{ c 72} CZFl[ et 1 ,z] (4.51)
to obtain
P, 1: _ _
6<x’f_j’n)=(:z:+1)n<2ﬂ{ n,1+x;_1}+ n QFl{l n,1+x;_1])'
Hi:o/l'! -—n—x n-+x 1—-n—=x

To the o F}-series we apply the quadratic transformation (see [11, (3.2)])

a. b a gl a Az
’ ) 2°2 T 2.
2F1|:1+a_b,2:| (1—|—Z) 2F1 1 CL—b’(l_‘_Z)Q (452)
This gives
Ps(x,x+1;n) , " —21-12 4
e e, (0 oren [ B R

n L _nq_n 4z

+ L+2)" |2 2 25— ).
n+x( A S Pt (1+2)?

Now, when performing the limit, only one term survives on the right-hand side, either

in the first 5 F}-series or in the second, depending on whether n is odd or even. After

simplification, it is seen that both cases result in

Ps(z,x + 1;n) n!

— —(x 4+ 1) /2,
Hz‘zol T [n/2]! ln/2]

which is what we want.

ad (5). Let Q(z,y) be a polynomial in x and y satisfying conditions (1)-(4).
Because of (1), Q(z,y) can be written in the form

Qz.y) = Y ay ()i (v);, (4.53)
,7>0
i+j<n

with uniquely determined coefficients a;;. Now, in (4.53) we set x = 0 and y = —v,
0 < v <n-—1. Because of (2), we obtain 0 = Z;ZO ag; (—v);. From this system
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of equations we get ap; = 0 for 0 < j < m — 1. Similarly, by using (2) with z =
—1,-2,...,—(n—1), we get a;; = 0 whenever i +j <n — 1.
Thus, Q(x,y) can be written in the form

Q(z,y) =D bi (2)k (¥)n—t, (4.54)

where we set by, := ag p—k-
Now we apply (3). Since the coefficients by in the expansion (4.54) are uniquely
determined, we get by, = (—1)"b,,—k, and so

Ln/2] [n/2]-1

)= Y bk @k Wn-kt+ D, buk @k W)
k=0 k=0
[n/2] fn/ﬂ 1

Zzbk(ﬂv)k( n—k + ( Z b (x (V)
k=0

Finally we set y = x + 1 in this equation and use condition (4). This leads to

n-t [n/2]
n! )
—LH/QJ' ( H Z!) (x + 1)Ln/2j =(z+ 1)L”/2J Z b () (z + [n/2] + 1)n—l€—Ln/2J
=0 k=0
[n/2]—1
+ (D" @+ Dz Y, bex- (@4 [0/2) + Dnoie (ny2)—1 (@ + D,
k=0

and after cancellation,

ol n—1 ln/2]
W(H > Z b (2)k ( + [n/2] + 1) nya1—k

[n/2]
Z br—1 ( (z+ [n/2] + D2k (4.55)

We distinguish between n being even or odd. First let n be even. It is straight-
forward to see that the polynomials

('r)k ('T+n/2+1)n/2—ka 1{1:0,1,...,71/2,

are linearly independent. Hence, by comparison of coefficients, equation (4.55) is
equivalent to a system of equations of the form

bo = co, b1 +bo =c1, ba+b1 =ca, ..., byjo+bya_1 =y,
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where cg, c1, . .., ¢, /2 are certain uniquely determined constants. This system of equa-
tions has a unique solution, which implies that Q(z,y) is uniquely determined.
The case of odd n is handled similarly. Here, the polynomials

@)k (z+ (0 +1)/2)(n1)2-0, K=0,1,...,(n+1)/2,

are linearly independent. Hence, equation (4.55) is equivalent to a system of equations
of the form
bOZCB, bl—f—bO:C/l, b2+b1 20/2, cey
bin—1)/2 + O(n—3)/2 = Cln_1)/2: Dn-1)/2 = Clni1),2

where ¢, c}, . .. ,c’(n +1)/2 are certain uniquely determined constants. Again, this sys-

tem of equations has a unique solution, which implies that Q(z,y) is uniquely deter-
mined also in this case.
This completes the proof of the Theorem. O

Now we can also say explicitly what the polynomial factor Ps(x;m,n) of E(z,x +
m;n) in Proposition 5 is.

Theorem 9. Let x,m,n be nonnegative integers with m < n. Then

2 ) '_1! Y
E(z,z+m;n) = (2z+m+i+j N (m+ 35 — 3i) )

det
ogi,j%n—l ((m—i—Zi—j—i—1)!(sc+m+2j—z'+1)!

n! nl:[l i'Rr+m+i—1)!Br+m+2i+1); Bz +2m+2i+1);
B (x+2i+ 1) (x +m + 2i + 1)!

m
X (T 4+ m)nj2)—my2) - kZZO (Qk + x(n is odd))

% (/2] =+ Vi (@ + [m/2] + [0/2))mja)—ir (4:56)
again with x(A)=1 if A is true and x(A)=0 otherwise.

Proof. We put y = x+m in Theorem 8. Comparison of (4.48) and (4.56) then reveals
that we have to show

S0 () @ o mhs

n m

!
~ n/2]! ; <2k +x(n is odd)> /2l = Do fm/2) Ln/QJ)Lm@Q?)'

Actually, this was already done for the special case m = 1 when we checked condition
(4) in the proof of Theorem 8. Therefore we have to generalize what we did there.
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First we write the left-hand side of (4.57) in hypergeometric notation (cf. the
Appendix for the definition of the F-notation),

—n,x

(x+m)n-2F1[1_n_$_m;—1].

Iteration of the contiguous relation (4.51) then turns this expression into

m (—n)k —n+k,x+m
n F ’ —1].
(@ +m) ;O(k)(l_n_x_m)kz o et

Now we can again apply the quadratic transformation (4.52) to obtain

Z (TZ) ((1x—+”n1)7;(—_ ?:fz;k

k>0

x lim <(1 + Z)n_kQFl |:

z——1

n k n k 1
—p g gty ty, 42
l+k—n—az—m "(1+2)2])’

and when expanding the 5 F-series according to its definition and simplifying a little,

Z (7:) Z (+m)n (=) k120 (_;)@ lim (1 _’_Z)n—k—%'

k>0 >0 (1 —-—nN—T — m)k_|_g z——1

Now, the limit is nonzero only if n and k have the same parity and if { = (n—k)/2, and
in that case it is 1. By substituting 2k + x(n is odd) for k£ and by little manipulation
we arrive finally at the right-hand side of (4.57). Thus, (4.57) is established, and
therefore the Theorem. O

In Section 3 we formulated a Conjecture about the “extra” polynomial factor
Py (z;m,n) that occurs in the evaluation of the determinant D(z,z + m;n) in Theo-
rem 2. An analogous result seems to hold for the “extra” polynomial factor Ps(x;m,n)
of E(z,x + m;n) as given in Proposition 5, which was identified as

Ln?lzjl ( 1 i!> 2 <2/<; + X(ZZ is odd)) (Ln/2] = k4 D) (@ + [m /2] + [10/2]) /2

i=0 k>0
by Theorem 9.
Conjecture. Let x,m,n be nonnegative integers with m < n. Then the polynomial
m
2] —k+1 2 21) 1m/21—k 4.58
5= (ot 4 x5 oy (/20— Dot P20 4 102 s (059

a polynomial in x of exact degree | m/2], satisfies: If the cases n even and n odd are
considered separately, its coefficient of x¢ is a polynomial in n of degree |m/2| — e
with positive integer coefficients.
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5. A related determinant identity. In this section we derive a determinant iden-
tity that is somewhat related to the determinant identities of the previous sections (see
the paragraph after the proof of Theorem 10 for an account of this relationship). Spe-
cial cases of this identity appeared previously in the paper [2] of Andrews and Burge,
also in connection with the enumeration of totally symmetric self-complementary
plane partitions.

In [2, sec. 4], Andrews and Burge show that the determinants in (2.2) for x = 0
(which give the enumeration of totally symmetric self-complementary plane parti-
tions) can be transformed by elementary row and column operations into the deter-

minant
i+j+1 it
det 5.1
Ogi,j%n—l(( 25 — i >+(2j—i—1)>’ (5.1)

and in Theorem 2 of their paper (see also [3, Theorem 3]) provide an evaluation even

for
r+i+j+1 r+i+y
det . 5.2
ng’,jegn—l(( 2j—i—|—1)+<2j—i )> (52)

(We changed the notation of [2] slightly. In particular, we replaced x by = — 2.)
Then they observe that the determinant (5.1) reduces to the determinant (5.2) with
x = 2 and with n replaced by n — 1, and thus provide another proof of the totally
symmetric self-complementary plane partitions conjecture. However, there is even
a two-parameter generalization of (5.2), (namely the determinant in (5.4) below),
that can be evaluated. This two-parameter generalization is the subject of our next
theorem. We formulate it only for integral z and y. But in fact, with a generalized
definition of factorials and binomials (cf. [7, sec. 5.5, (5.96), (5.100)]; see also the
remarks after (4.1)), Theorem 10, together with its proof, would also hold for complex
x and y.

Theorem 10. Let z,y,n be nonnegative integers. Then there holds

det <( (x+y+i+i—1) )

0<ij<n—1 \ (x + 21 — j)! (y + 25 — 9)!
_TTﬂ@HﬂH%—Jﬂ@x+y+%ﬁ@+ﬂy+%% (5.3
_;ﬂ (x + 20)! (y + 2i)! ’ '
or equivalently,
d ((FFEiH) g (srvivis
0<i,j<n—1 y+27—1 y+27—1—1
_Tfﬂ@ﬁﬂﬁ%—&ﬂ@x+y+%h@+ﬂy+%ﬁﬂ (5.4

11 (z + 20)! (y + 21)!

Proof. The equivalence of (5.3) and (5.4) is obvious from the simple fact

(m+y+i+j>+(m+y+i+j—1)_(m+y+i+j—1ﬂ@+2y+3ﬁ
y+2j—1 y+2j—1—1 (x+2i— ) (y+25 —1i)!
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We are going to prove (5.3). Our procedure is very similar to the preceding proofs
of Theorems 2 and 4, only that things are much simpler here. Actually, in the research
process it was the other way round. This proof was found first and provided (some
of) the inspiration for the later proofs of Theorems 2 and 4.

Step 1. An equivalent statement of the Theorem. We take as many common factors
out of the i-th row of the determinant in (5.3), i = 0,1,...,n — 1, as possible, such
that the entries become polynomials in z and y. Thus we obtain

n—1

r+2) (y+2n—i—2)!

x . det J@+y+@ﬂx+%—j+nﬂy+%—i+D%4ﬁﬂ.
SL)sn—

Comparing with (5.3), we see that (5.3) is equivalent to

Ogig’egtn—l ((l’ + Yy + Z)j (.CU + 2 — ] + 1)] (y + 2] — 1+ 1)2n—2j—2)

n—1
= ] (" (v +2i + Dnmicr 22+ y + 20); (z + 2y + 2i);). (5.5)
1=0

Let us denote the determinant in (5.5) by Ps(z,y;n).

We are going to establish (5.5), and thus (5.3), by showing in Steps 2 and 3 that
the right-hand side of (5.5) divides Ps(x,y;n) as a polynomial in x and y, by showing
in Step 4 that the (total) degree in  and y of Ps(z,y;n) is 3(}), so that Ps(x, y;n) is
a constant multiple of the right-hand side of (5.5), and by showing that this constant
equals 1, also in Step 4.

Step 2. TTi—, Yy 4 2i+1)p_i_1 is a factor of Ps(z,y;n). We multiply the i-th row
of Pg(x,y;n), which is the determinant in (5.5), by (y+2n—i—1);,i=0,1,...,n—1,
and divide the j-th column by (y +2j + 1)2p—2j-2, 7 =0,1,...,n — 1. This leads to

n—1

1 n—1 ‘
Py(z,y;m) = [ | . ]I W+ 25+ Dan—sj2
i=0 7=0

(y+2n—i—1);

x%gghﬂm+y+@ﬂm+%—j+Dﬂy+%—i+no

[Iy+m+ neic1c _det  ((@4y+i)j(x+2i—j+1);(y+25—i+1)).

0<i,j<n—1

Since the determinant in the last line is a polynomial in z and y, we infer that
H?:_Ol (y +2i 4+ 1),,—;—1 divides Ps(z,y;n).

Step 3. H;.:Ol (22 + y + 2i); (x4 2y + 2i);) is a factor of Ps(z,y;n). We proceed
in the spirit of Step 3 of the proof of Theorem 2. So it is not necessary to provide all
the details. The basic ideas will suffice.
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First, let us concentrate on a typical factor (2z+y+2i+1),0<i<n—-1,0<1 <1,
of the first half of the product, H?:_Ol (2x 4y +2i);. We claim that for each such factor
there is a linear combination of the rows that vanishes if the factor vanishes. More
precisely, we claim that for any ¢,/ with 0 <7 <n —1, 0 <[ < ¢ there holds

L(”z”:m (2 —3s+1) (i— 25+ 1+ 1)y (z+25+ 1ai_os

(i —s) (s —1)! (—z—2i— 1+ 8)_s
- (row s of Py(x,—2x — 2i —[;n)) = (row i of Ps(x, —2z — 2i — [;n)).

(—2x—2i—1+2n—s—1),

s=l

Restricting to the j-th column, it is seen that this means to check

“iim (2 —3s+1) (i — 25+ 1+ 1)s_y (x4 25+ 1)oi_os

(i —s) (s =) (—x—2i—1+8);_s
X (—(L‘—Zi—l—f—s)j(I—|—2S—j—|—1)j(—2l‘—2i—l—|—2j—8+1)2n,2j,2
=(—w—i—1); (@42 —j+1); (=20 —3i — 1 +2j + 1)an_nj_o.

(—22—2i—14+2n—s—1),_;

s=lI

This is easily done by observing that it is equivalent to (3.15) with x replaced by
x — j. Arguments that are similar to those after (3.18) then show that the complete
product [[1-, (2% 4 y + 2i); divides Py(z, y;n).

The reasoning that H?:_()l (x+2y+2i); is a factor of Pg(x,y;n) is similar. Also here,
let us concentrate on a typical factor (z+2y+2j+1),0<j<n—1,0<1[<j. This
time we claim that for each such factor there is a linear combination of the columns
that vanishes if the factor vanishes. More precisely, we claim that for any 7, with

0<j<n—-1,0<1[<j there holds

i+1)/2
“’i/ D 2j —3s41) (=25 414+ 1)y

(G —s) (s = 1)!

- (column s of Ps(—2y — 25 — l,y;n))
s=l1

= (column j of Ps(—2y — 25 — L, y;n)).
Restricting to the i-th row, we see that this means to check

“ji’):m (2] =35 +1) (j — 25+ 1+ 1)y

2 () (s~ D)
X(—y—27—1l+1i)s(—2y—27—14+2i—s+1)s(y+2s—1+4+ 1)2p_2s2

The observation that this summation is equivalent to (3.23) with y replaced by x + 2
and y replaced by y — ¢ establishes the claim. Similarly to as before, this eventually
shows that the complete product H?:_Ol (x + 2y + 2i); divides Pg(z,y;n).

Altogether, this implies that H?:_OI ((2z +y+2i);(x+ 2y +2i);) divides Ps(z,y;n),
as desired.
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Step 4. Ps(x,y;n) is a polynomial in x and y of degree 3(2), and the evaluation of
the multiplicative constant. We consider the generalized determinant

Pg(z,y,2(0),2(1),...,2(n —1);n) = Pg(x,y;n)

which arises from Pg(sc, y;n) by replacing each occurence of ¢ in row i by an indeter-
minate, z(i) say, i = 0,1,...,n — 1,

Pg(z,y,2(0),2(1),...,2(n —1);n) = Pg(n)

= 0<Z_’c§(ztn_1 (x+y+200); (x+22(0) =5+ 1) (y+ 25 — 2(i) + 1)an—2j_2).
This determinant is a polynomial in x,y, 2(0), 2(1),...,2(n — 1) of (total) degree at
most 4(}).
When z(i1) = z(i2) for some i1 # ig, the rows i3 and iy in Pg(n) are identical.
Hence Pg(n) vanishes in this case. This shows that the product [[,<; <, _1(2(j) —
2(i)) divides Pg(n). Moreover, the argument in the second half of Step 3 shows that

also [11, (2 + 2y + 2i); divides Pg(n), just replace i by (i) in (5.6). Thus we obtain
that

Pam) =TI GG)—=0) [T @+ 20+ 20 Q.y.2(0), 2D, 20— i),

(5.7)
where Q(x,y,2(0),2(1),...,2(n—1);n) is a polynomial in x,y, 2(0), z(1),...,z(n—1)
of total degree at most 4( ) ( ) 2( ) By comparing coefficients of

(3 2(0)°2(1) - 2(n — 1)

on both sides of (5.7), it is seen that the coefficient of yZ(g) in Q(z,y,2(0),2(1),...,
z(n —1);n) equals 1.

Now we set 2(i) =14,4=0,1,...,n—1, in (5.7). Then Pg(n) on the left-hand side
reduces to Pg(z,y;n). By Steps 2 and 3 we know that

n—1

T (v + 20+ )i 20+ y + 20);) (5.8)
=0

divides Ps(z,y;n). Therefore, by (5.7), it also divides Q(z,y,0,1,...,n—1;n). Since
the degree in x and y of this factor is 2(3), which at the same time is an upper
bound for the degree in = and y of Q(z,y,0,1,...,n — 1;n), as we saw before,
Q(x,y,0,1,...,n — 1;n) is a constant multiple of (5.8). Moreover, the coefficient

of yQ(g) in (5.8) equals 1, which we already know to be the coefficient of yz(g) in
Q(x,y,0,1,...,n—1;n). Hence, Q(z,y,0,1,...,n—1;n) agrees with (5.8), which by
(5.7) completes the proof of (5.5), and hence of the Theorem. O
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It should be noted that the two-parameter determinant in (5.4) carries a strong
relationship to the determinants D(z,y;n) in (3.1) and E(z,y;n) in (4.1). Namely,
the (i, j)-entry of the determinant in (5.4), with x replaced by x + 1, equals the (i, j)-
entry of D(x,y;n) minus 2 times the (i,j — 1)-entry of D(z,y;n), while (22 + y +
3i+ 1)(x + 2y + 35 + 1) times the (¢, j)-entry of E(z,y;n) equals the (i, j)-entry of
the determinant in (5.4) with x replaced by x 4+ 1 minus 2 times the (i — 1, j)-entry
of the same determinant. So the determinant in (5.4) is somehow “in between” the
determinants D(x,y;n) and E(z,y;n).

6. Constant term identities. In this section we translate some of our determinant
identities into constant term identities.
Of course, we start by stating the Conjecture of the Introduction, now as a theorem.

Theorem 11. Let x and n be nonnegative integers. Then there holds

T <H0§i<j§n_1(1 — 2 /%) H?:_Ol(l + Zi—1>x+n—i—1)

n—1
[o<icjcn—1(1 = 2iz;) [[;Z (1 = 2:)

n=1 . (n—2)/2
I1 (33;4&:32?1%)1&;121), [T 2z +2i+ 1)!(24)! if n is even
1=0 i=0
- 6.1
n—1 (3243i+1)! (n—1)/2 ( )
2° Il mararioroes [T (2z+2i)!(2 —1)! ifn is odd.
i=1 i=1

+2i4+1)! (z+217)!

Also, both the sum of all n x n minors of the n x (2n — 1) matrix

(6G29)

I7Y J0<i<n—1, 0<j<2n+z—2
(x4+n—1,x4+n—2,...,1), with entries between 0 and n, where the entries in row i
are at least n — i, 1 =1,2,...,n — 1, equal the right-hand side in (6.1).

, and the number of shifted plane partitions of shape

Proof. For even n, equation (6.1) follows from a combination of Theorem 1, item
(3), (2.2a), and (3.69). For odd n, equation (6.1) follows from a combination of
Theorem 1, item (3), (2.2b), and (4.42) or (4.56) with m = 0. The other claims are
due to Theorem 1, items (1) and (2), respectively. O

Next we translate the determinant identities of Section 4 into constant term iden-
tities.
Theorem 12. Let xz,y, m,n be nonnegative integers with m < n. Then there holds

n—1

cT ( H ((1+ 2) TV TN 4 22) (2 + 2) (25 — l)Zi_y_QnHH)
i=0

X H ((zi — 2j) (21 + 2 +zizj))>

0<i<j<n—1

ﬁ d@4y+i—DI2e4y+2i+ )i (24 2y + 20+ 1)i
B (x+2i+ 1) (y+2i+1)!

21 (Z) (@) W)nr- (6:2)

k=0
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If y = x + m, with m a fixed nonnegative integer, then the constant term in (6.2)
equals

n! ”1:[1 A2z +m+i— DBz +m+ 2+ 1)1 (32 +2m+ 2 + 1)1
[n/2]0 25 (x+2i+ 1) (z +m+ 20+ 1)!

m
X (T + M) 2]~ (m/2] * I;) <2k + x(n is odd)>

< ([n/2) — k+ i (@ + [m/2] + [1/2)) j2j-r (63)

Proof. 1t is routine to verify that

(x4+y+i+i—1)NRr+y+3i+1)(x+2y+3j+1)(y—x+3j — 3i)
(42— j)!(y + 2§ —i)!
=CT ((1+2)" 11+ 22) (2 + 2) (2 — 1)z Y7271,

Consequently, taking determinants we obtain

det (r+y+i+i—D2r+y+3i+1)(x+2y+3j+1)(y—x+3j — 3i)
0<i,j<n—1 (x 420 — ) (y + 25 —10)!
(6.4)
_ NTty+iti—1 N 1)y Y2l
= det (0T ((142) (1422 (20 + 2) (2 — 1); ))
n—1

=t ( H ((1 4 23) YT 4 22) (2 + 2) (21 — 1)Z;y+i71)

=0
1 N\ J
<o ((577))
0<i,j<n—1 Z;
n—1

=CT ( H ((1 4 2) 2TV N1 4 22) (2 4 2) (2 — 1)ny—2n+i+1)

%
=0

X H ((Zz — ZJ)(Zl + Zj + ZiZj))),

0<i,j<n—1

where we used the Vandermonde determinant identity in the last step. Obviously, the
last line agrees exactly with the left-hand side of (6.2). Thus, by taking factors that
depend only on i, respectively only on j, out of the determinant in (6.4) and applying
Theorems 8 and 9 to the resulting determinant, all the assertions of the Theorem
follow immediately. 0

Finally, we translate the determinant identity of Section 5 into a constant term
identity.
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Theorem 13. Let z,y,n be nonnegative integers. Then there holds
n—1 ‘
CT ( H ((1+Zi)z+y+z—1(1+22i)zi—y—2n+z+2) H ((zi—zj)(zi—i—zj—i—zizj)))
i=0 0<i,j<n—1

(6.5)

_ifﬂ@H@Hﬁ—lﬂ@x+y+%%@+ﬂy+%%H

il (z + 20)! (y + 2i)!

Proof. We observe

(33 +y + 1 +]) (:E +y + 1 +'j — 1) _OT ((1 n Z)m+y+i+j71(l n 2Z)ny72j+i),
y+25—1 y+27—i—1

and then proceed in the same way as in the proof of Theorem 12. The reader will
have no difficulties to fill in the details. O

Appendix

Here we provide auxiliary results that are needed in the proofs of our Theorems.
We start by recalling the theorems about nonintersecting lattice paths that we

need in the proof of Theorem 1. The main theorem of nonintersecting lattice paths
[6, Cor. 2; 15, Theorem 1.2] is the following.

Proposition Al. Let Ay, Aq,...,A,_1 and Ey, E, ..., E,_1 be lattice points with
the “compatibility” property that, given i < j and k < [, any lattice path from
A; to E; meets any lattice path from A; to Fjy. Then the number of all families
(Po, Py1,...,P,_1) of nonintersecting lattice paths, where P; runs from A; to Ej,
1=0,1,...,n—1, is given by the determinant

det  (|P(A; — Ej)]),

0<i,j<n—1

where |P(A — E)| denotes the number of all lattice paths from A to E.

The second result about nonintersecting lattice paths is Stembridge’s enumeration
[15, Theorem 3.1] of nonintersecting lattice paths when the end points of the lattice
paths are allowed to vary.

Proposition A2. Let Ay, Ay,...,A,—1 be lattice points, and let I = {..., F,
Eji1,...} be a totally ordered set of lattice points, again with the “compatibility”
property that, given i < j and k < [, any lattice path from A; to E; meets any lattice
path from Aj; to Ej. Then the number of all families (Py, Py, ..., P,_1) of noninter-
secting lattice paths, where P; runs from A; to some point of I, i =0,1,...,n—1, is
given by the Pfaffian

Pf  (Q(i,])),

0<i<j<n—1
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where Q(i, ) is the number of all pairs (P;, P;) of nonintersecting lattice paths, P;
running from A; to some point of I, and P; running from A; to some point of I.

Next we prove some identities for hypergeometric series. We use the usual hyper-
geometric notation

A1y.eey Qp . = (afl)k"'(ar)k: k
TFS[bl,...,bs ’4 _kzok! DO
where the shifted factorial (a)x is given by (a)g == ala+1)---(a+k —1), k > 1,
(a)o := 1, as before.

To begin with, in Lemma A3 we quote a result of Andrews and Burge [2, Lemma 1].
This 4F3-summation was derived in [2] from a similar 4 F3-summation due to Bailey.
We provide an alternative proof here, showing that, in fact, Andrews and Burge’s
summation follows easily from a transformation formula due to Singh. (The above

mentioned 4F5-summation of Bailey’s, as well as Lemma 2 of [2] do also follow from
Singh’s transformation formula.)

Lemma A3. Let n be a positive integer. Then
ﬂl—g,—A,A+B_ }_(A-l—B)n (—A4),

F3| 22 + :
43[ 1-n 214+ 8 (B),, (B),,

(A1)

Proof. In [12, main theorem]|, Singh proves the following transformation formula (ac-
tually a g-analogue thereof, see also [5, (3.10.13); Appendix (II1.21)]):

a,b,c,d 2a,2b, c
4F3|: +a +b c—|—d 1+§+d711:3F2|: +a+bc+d 1]
provided both series terminate.
Now, let first n be odd. In Singh’s transformation we choose a = —n/2 + ¢,

b=1/2—n/2,c=—A, and d = A+ B. Thus, we obtain
_n 1_»n _A A+ B _ o —
5 +¢& 3 2, =4 B+ 1| =55 2¢ —n,1 —n, A;1
l+e-nZ21+8 l+e—-mn,B
Note that because n is odd both series do indeed terminate. We may express the sum
on the right-hand side explicitly,

4F3{

4F3l—g+g,§—g ~A, A+ B } 2‘: l—n) (26 — n)
1+€—n,5,§+5 0 1+6—n)
and then let € tend to zero. This gives
—nl_n _AA+B } (= A (—n)k
)3 202 207 ‘b 1| =
[ l-n%,5+% ,; (D (B)i
A () (A (—n)a
— (1 (B)x (D (B)n
—A,—n, (=A)n (=)
- ] - S,
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The 5 Fi-series can be evaluated by the hypergeometric form of Vandermonde sum-
mation (see [13, (1.7.7); Appendix (II1.4)]),

o F [CL’C_TL; 1} = —(C_ n

where n is a nonnegative integer. Applying this, we get

—%,% -5, -A,A+B (A+B), (—A)n(—n),
727§+§ (B)n n! (B)n
which reduces to (A.1) since n is odd and thus (—n), = —nl.
The case that n is even is treated similarly. One would start by choosing a = —n/2,

b=1/2—n/2+¢,c=—A, and d = A+ B in Singh’s transformation formula. We
leave the details to the reader. U

From the 4 F3-summation in Lemma A3 we derive a summation for a 5 Fj-series.

Lemma A4. Let n be a positive integer. Then

—2Zn _nl_n _AA+B
R e R A A RS
—?,1—71, + 1+§

51 (A—B—-2n) (-4), (A+2B+2n) (A+ B),
2

! A2
(2A4+B) (1+B), 2 (2A+B) (1+B),’ (4.2)

Proof. We transform the 5 Fy-series by the contiguous relation

1—2n _nl_n AA+B_1]

5F4[ 2 1
P l-nz+5,1+5

3A(B+n) —21-21-AA+B
:—4F3 1 B §1
4n (2A + B) 1-n:+21+5
 3B(2A+B+3 ) %,%—%,—A,AJrB'l
4n (2A + B) 1-n,2,1+58 7

n
3(B+‘%")(A+B) —n
4F3

4n (2A + B)

Now each of the 4 F3-series can be summed by means of Lemma 1. Some manipulation
then leads to (A.2). O

The special case that is of particular importance in Step 3 of the proofs of Theo-
rems 2 and 10, and in Step 2 of the proof of Proposition 4, is A = 2n + B.
Corollary A5. Let n be a positive integer. Then

2n n 1 n
-2 -2 -2n—B,2n+ 2B 1 (2n+2B),
F 302127 2 ' 1= A3
T ~2 ol B4 B 2 (14 B)n (4.3)

O

Finally we move one step further to a gF5-summation.
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Lemma A6. Let n be a positive integer. Then

§+2?”+1B,;—%”,—§2,%—g,—l—B2n3—Bé2n+2B‘11
n mn Y
st3 8- 1-nl+5,5+7

6F5|:

_1(1+5n+3B) (2n+2B),
~2(1+2n+3B) (2+B), (A4)

Proof. We use the contiguous relation

§+%”+13,2—%”,—gﬁ—g,—1—an3—Bé2n+2B_1}
n mn Y
3t 8-, 1-nl+35,5+7

4(n+ B)(1+2n+2B)

(1+4n+3B)(1+2n+3B)

GFS{

2n

n 1 n
,—nl_n 1 _9op _B2+2n+2B
><5F4[ 3 2_2 12_n1+§§+§ ;1}
3 ; 2°2 T 32

(1+B)(1+2n+ B) 1= -%5-% -2n—B2n+2B |

(1+4n+3B)(1+2n+3B)" * ~m o l4 B4 B Tl
Each of the 5Fy-series can be summed by means of Corollary A5. After little manip-
ulation we arrive at (A.4). O

The next Lemmas provide the means for finding degree bounds in Step 5 of the
proof of Theorem 2 and Step 2 of the proof of Proposition 5.
As usual, given nonnegative integers n and k, we write

€k(l‘1,...,$n) = Z Lgqy v Ly,
1<ip << <n
for the elementary symmetric function of order k in x1,...,x,. In particular, this
definition implies ey (1, 2, ..., x,) = 0if n < k, since then the defining sum is empty.
The following Lemma (together with its proof) holds with this understanding of the
definition of elementary symmetric functions.

Lemma A7. Let a and n be fixed integers, n > 0. Then, as k varies through the
nonnegative integers, er(a,a +1,...,a+n — 1) is a polynomial in n of degree 2k.

Proof. By induction on k. The assertion is trivially true for k = 0. If we assume that
the assertion is true for k, we have

ek+1(a,a—|—1,...,a—|—n—1): E ilig"'ik+1
a§i1<-~-<ik+1§a+n71

= Z (a+igs1)ex(a,a+1,...,a+igs1 — 1).
0<ij1<n—1 (A.5)

By induction hypothesis, eg(a,a + 1,...,a + ix41 — 1) is some polynomial p(ig41)
in ir41 of degree 2k. Therefore ejyi(a,a+1,...,a +n — 1), which by (A.5) is the
indefinite sum of a polynomial of degree 2k + 1, is a polynomial of degree 2k + 2 (cf.
e.g. [8, sec. 32, Example on p. 103]). O
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Lemma AS8. Let a and p be fixed integers, p > 0. Then, as j varies through the
nonnegative integers, the coefficient of x=P in (z + a); is a polynomial in j of degree
2p.

Proof. By definition of shifted factorials we have

7j—1

(a:—l—a)j:H(x-l—a-l—i)

i=0
:ij_pep(a,a—i—1,...,a+j—1).

p=>0

(Note that we need not give an upper bound for the sum, since e,(a,a+1,...,a +
j—1) =0 for p > j, see the paragraph before Lemma A7 that contains the definition
of elementary symmetric functions). Therefore, by Lemma A7, the coefficient of 277
in (x 4+ a); is a polynomial in j of degree 2p. O

Lemma A9. Let n, m, and p be fixed integers 0 < p < 2n + |m/2| — 3. Then, as j
varies through the integers, 1 < 7 < n — 1, the coefficient of xP in

2z+m+1); (@ —J+2) my2)+j-1 (@ +m+2] +1)2n 052

is 27 times a polynomial in j of degree < 2(2n + |m/2] — 3 — p).
Proof. We have

2z +m+1); =Y a7 "P7b.(j),
r>0

where, by Lemma A8, b,.(j) is a polynomial in j of degree 2r. Similarly, we have

(& =+ 2 pmj21ejr = (DI a — [m/2]) 241
_ (_1)Lm/2j+j—1 Zme/ZJ—i—j—l—s(_l)Lm/2J+j—1—scs(j)

s>0

=) AR (1) (),

s>0

where, by Lemma A8, ¢s(7) is a polynomial in (|m/2] + j — 1) of degree 2s, and as
such is a polynomial in j of degree 2s. Finally, we have

(ZIZ’ +m + 2] + 1)2n—2j—2 = (—.CE —m—2n+ 2)2n—2j—2

_ Z x2n—2j—2—t(_1)tdt(j)7

t>0

where, by Lemma A8, d;(j) is a polynomial in 2n — 25 — 2 of degree 2t, and as such
is a polynomial in j of degree 2t.
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Putting things together we get

(ZI +m + 1)j (gc - j + 2) |m/2]+5—1 ($ +m+ 2] + 1)2n72j72
=Dt R T (1) b () () ()

k>0 r,s8,t>0
r+s+t==k

Now, the (finite) range of the inner sum does not depend on j. Hence, by what we
know about b,-(j), ¢s(7), and d;(j), the inner sum is a polynomial in j of degree at
most 2r + 2s + 2t = 2k. By replacing k by 2n + [m/2| — 3 — p we get the assertion
of the Lemma. O

Lemma A10. Let n, m, p, and q be fixed integers 0 < p <2n—4,0<q < 2n — 3,
p+q < 2n — 3. Then, as j varies through the integers, 1 < 7 < mn — 1, the coefficient
of xP29 in

(2x+m+z+1)j_1 ($+2Z—j+2)j_1 (Z‘+m+2j—2+2)2n_2j_2 (m+3j—3z) (AG)

is 27 times a polynomial in j of degree < 2(2n —3 —p—q) +q— 1.
Proof. We have

r+m+z+1)_1 = Z(?x +2)7 71T, (4)
r>0

i1 — . .
D N (e

>0 h>0

where, by Lemma A8, b,.(j) is a polynomial in j — 1 of degree 2r, and as such a
polynomial in j of degree 2r. Similarly, we have

(422 —j+2);-1 =Y (x+22) " *ci(j)
s>0

=22 (j ) ,i . S) TR e (),

5>0 k>0
where, by Lemma A8, ¢s(j) is a polynomial in j of degree 2s. Finally, we have
(x+m+2j —242)2p0j20=(—z+2—m—2n+1)2,_2j_2
= (- 2y )

t>0

2n—29—2—t .
_ ZZ ( n Jl >(—1)t+l$2n_2]_2_t_l2ldt(j),

t>0 1>0
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where, by Lemma A8, d;(j) is a polynomial in 2n — 25 — 2 of degree 2¢, and as such

is

a polynomial in j of degree 2t.
Putting things together we get

Qr+m+z+1)1(x+22—5+2)j1(x+m+2j—2+2)2,_2j—2(m~+3j —32)

= (m+3j — 3z) Z aPz297 Z (_1)t+l g—1—r—h+k
p,q>0 r4+s+t=2n—4—p—q
h+k+l=q

T v

Again, the (finite) range of the inner sum does not depend on j. Hence, by what we
know about b,(j), ¢s(j), and d¢(j), and since a binomial (“*?) is a polynomial in j of
degree v, the inner sum is a polynomial in j of degree at most 2r+2s+2t+h+k+1 =

2(

2n —4 — p — q) + q. Combining with (m + 35 — 3z), we see that the coefficient of

2Pz% in (A.6) is a polynomial in j of degree at most 2(2n —3 —p —q) + ¢ — 1, as
desired. O
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