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Abstract

Let X be an n-set and L a set of nonnegative integers. F, a set of subsets of X, is
said to be an L -intersection family if and only if for all B # FF € F, |[ENF| € L. A
special case of a conjecture of Frankl and Fiiredi [4] states that if L = {1,2,... k}, k
a positive integer, then |F| < Zf:o (”:1)

Here |F| denotes the number of elements in F.

Recently Ramanan proved this conjecture in [6] We extend his method to polyno-
mial semi-lattices and we also study some special L-intersection families on polyno-
mial semi-lattices.

Finally we prove two modular versions of Ray-Chaudhuri-Wilson inequality for

polynomial semi-lattices.

§1. Introduction

Throughout the paper, we assume k,n € N, I,, = {1,2,...,n} C N, where N
denotes the set of positive integers.

In this part, we briefly review the concept of polynomial semi-lattice introduced by
Ray-Chaudhuri and Zhu in [8] The definition of polynomial semi-lattice given here
is equivalent to but simpler than that in [8] . For the convenience of the reader, we
also include various examples of polynomial semi-lattices.

Let (X, <) be a finite nonempty partially ordered set having the property that
(X, <) is a semi-lattice, i.e., for every x,y € X there is a unique greatest lower
bound of x and y denoted by x Ay. If x < y and x # y, we write z < y. We
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also assume that (X, <) has a height function I(z), where [(x) + 1 is the number of
terms in a maximal chain from the least element 0 to the element z including the
end elements in the count. Let n be the maximum of [(x) for all the z in X. Define
X, ={z e X|l(z) =1i},0<i<mnand Xo={0}. Then X = U X, is a partition
and the subsets X;’s are called fibres. The integer n is said to be the height of
(X, <).

(X, <) is called a polynomial semi-lattice, if for each fibre X; there is a size number
m; € NU{0} and a polynomial f;(w) € Q[w], where Q is the set of rational numbers
such that

a) mo < mg <... <my,

b) fi(w) = a;(w —mg)(w—my)...(w—m;_;) for some positive rational number qa;
for i > 0, and fo(w) =1,

c)Forany i, j, k, 0 <k <i<j<n ze€X, yeXjandaz <y, [{z]|z¢€

Xi,o <z <y} = fick(mj_).

Remarks.

1) Taking k = 0 in ¢), we have [{z | z € X,z < y}| = fi(m;) for every y € X;.

2) For any z € X we define |z| to be m; if x € X;. Specializing y = E'A F in
remark 1), we have [{I € X; | I < EANF}| = fi(|[E A F|), where E,F € X. This
result is going to be used later.

3) Taking i = j in remark 1), we have f;(m;) = 1 since {z | z € X;, 2z <y} = {y}.
From this we can solve for a;:

1
(m; —mg)(m; —my) ... (m; —m;_q)

a; =

fori=1,2,...,n.

4) From remark 3), we get

(w—mg)(w—myq)...(w—m;_q)

filw) =

(mi —mo)(m; —my) ... (m; —m;_y)

For j > i, we have m; > m; and therefore f;(m;) > 1.
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In the following examples we let s € N, ¢ be a prime power, and

(w—1)(w—q)-(w—q"")
(¢ =1)(¢"=q)---(¢" —¢)

[wvi]q =

Examples:

1) Johnson Scheme. Let V be an n-element set and X; be the set of all i-element
subsets of V,0 <7 <mn. Then X = U} ,X;, with inclusion as the partial order, is a
semi-lattice. Let m; =i, fi(w) = (2”) It is easy to see that (X, <) is a polynomial
semi-lattice.

2) g-analogue of Johnson Scheme. Let V be an n-dimensional vector space over a
finite field GF'(q), X; be the set of all i-dimensional subspaces of V, 0 <1i <n. Let
m; = q', f;(w) = [w, 1], (defined after remark 4). Then X = U ,X; is a polynomial
semi-lattice with inclusion as the partial order.

3) Hamming Scheme. Let W be an s-element set. We define X; = {(L,h) | L C
{1,2,...,n}, |L| =i, h: L - W amap },1 <i<mn, Xo={0}, where 0 is taken
to be the least element, and X = U, X;. (L1, h1) < (Lo, hy) if and only if L; C Lo,

and ho|z, = hy. Then (X, <) is a polynomial semi-lattice, with m; =1, fi(w) = ().

4) g-analogue of Hamming Scheme. Let V be an s-dimensional vector space over a
finite field GF'(q) and W be an n-dimensional vector space over a finite field GF'(q).
Define X; = {(U,h) | U C W,dim(U) =i, h:U — V, a linear transformation},
0<i<mn Let X =U"X;,. Y(Ui,hi),(Usz, ho) € X, define (U, hy) < (Us, ho) if
and only if U; C Uy and hs|y, = hy. Then (X, <) is a polynomial semi-lattice, with
m; = ¢', fi(w) = [w, 1,

5) Ordered Design. Let W be an s-element set and V be an n-element set with
n<s. Wedefine X; = {(L,h) | L C{1,2,...,n},|L| =i, h:L — W an injection},
1 <i < n, Xo = {0}, where 0 is taken as the least element, and X = U X,.
V(L1, h1), (Lo, he) € X, define (Lq,hy) < (Lg, ho) if and only if Ly C Ly and hy|z, =
hi. Then (X, <) is a polynomial semi-lattice, with m; = i, f;(w) = (%).

6) g-analogue of Ordered Design. Let W be an s-dimensional vector space and

V' be an n-dimensional vector space over a finite field GF(q) with n < s. Define
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X, ={(U,h) | U CV,dim(U) =1, h: U — W, a nonsingular linear transformation
}0<i<n. Let X =U",X;. YU, hi),(Us, he) € X, define (Uy, hy) < (U, he) if
and only if Uy C U, and hyly, = hy. Then (X, <) is a polynomial semilattice, with

m; = ¢, fi(w) = [w, i,

62. Statement of Results

Let (X, <) be a polynomial semi-lattice of height n, i.e X = U (X, and L be a k-
subset of I,,U{0}, where k < n is a natural number. We call 7 C X an L-intersection
family if and only if VE # F € F, EAF € Ui X;. If F is empty or contains only
one element, it is vacuously an L-intersection family and all the theorems below are
trivially true. So in the rest of this paper, we assume that F has at least two elements.

Ray-Chaudhuri and Zhu extended the well-known Ray-Chaudhuri-Wilson theorem
to the polynomial semi-lattice and they have [8] :

Theorem 1. Let (X,<) be a polynomial semi-lattice. If F C X is an L-
intersection family, then |F| < 37 1X;).

For the special case L = {l,l+1,...,l+k— 1}, we extend the method in Ramanan

[6]to polynomial semi-lattices, and we have:

Theorem 2. Let (X, <) be a semi-lattice of height n, [,k € N, I +k —1 < n and
Fbean {l,l+1,...,l4+ k — 1}-intersection family. Then

| F| < | Xg| + [ Xioo| + -+ 4 [ Xiry22]-

Here [z] means the greatest integer less than or equal to x.

The above result for the set case was raised by Ramanan [6] as an interesting

problem.

In the case of Johnson scheme where | X,,| = (’;), 0 < i < n, we have the

Corollary. Let X be an n-set. If F is a family of subsets of X such that VE #
FeF, |ENF|€{l,2,...,k}, then |F| < 32F ("71).

(2
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This follows by specializing [ = 1 in Theorem 2 and the easy observation that

2 n fin—1
Z (k—Zz’) :Z (k—z)
1=0 i=0
This is a special case of a conjecture of Frankl and Fiiredi which was recently proved
by G. V. Ramanan [6]. Indeed, Frankl and Fiiredi conjectured a more general result
Conjecture 1. Let k € N, 1 € NU{0}, £k > 2l + 1, n > ng(k), X be an n-set,
L={0,1,2,--- ,k} —{l}. If Fis an L-intersection family of subsets of X, then
n o m—i-1
FI< > )+ .
, 0} ‘ 1—1—1
1<l-1 i=l+1
Ramanan proved the special case of Frankl-Fiiredi conjecture when [ = 0. The general

case is still open.

We also studied the special case of Theorem 1 when L = {0,1,...,k — 1} and got
a simpler proof of the inequality as well as a necessary and sufficient condition under

which the equality holds.

Theorem 3. Let (X, <) be a polynomial semi-lattice. If F is an L-intersection
family for L = {0,1,...,k — 1}, then |F| < 328 |Xi].
The equality holds if and only if F = U¥_  X;.

In the direction of Theorem 1, Snevily [9] studied the case L = {0,1,--- ,k — 1},
and VE € F,|E| > k and he obtained a better upper-bound. We show that it can
be generalized to polynomial semi-lattices (Theorem 4 below) and we give a simpler
proof of the inequality as well as a necessary and sufficient condition under which the

equality holds.
Theorem 4. Let (X, <) be a polynomial semi-lattice of height n, & € N, F an
L-intersection family for L = {0,1,...,k — 1} and F C U, X;. Then |F| < |Xk|.
The equality holds if and only if F = Xj.
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Next, we show that some modular versions of Ray-Chaudhuri-Wilson Theorem [7]

also extend to polynomial semi-lattices.

First the uniform case (Frankl and Wilson’s modular version [5] ):

Theorem 5. Let (X, <) be a polynomial semi-lattice of height n, s, & € N with
s <k,LCI,U{0} and F C X} an L-intersection family. Suppose pg, i1, - , jis are
distinct residues modulo a prime p such that my = po (mod p) and Vi € L,m; = p;
(mod p) for some i,1 < i < s. Further suppose that for every p;, 3l; € L, such that
my, = p; (mod p), for i =1,2,--- |s. Then |F| < |X;].

Then the nonuniform case (Deza, Frankl and Singhi’s modular version [3] ):

Theorem 6. Let (X, <) be a polynomial semi-lattice of height n and F C X}, U
Xk, U---UXy, be an L-intersection family, where L C I, U{0} and kq, ko, - - , k, are
integers in I,, U {0}. Suppose pq, g, - - - , pts are distinct residues modulo a prime p
such that VI € L,m; = p; (mod p) for some i,1 < i < s and my, is not congruent to

any one of fi1, fig, -+ , pts modulo p for ¢ =1,2,--- ,v. Then |[F| <7, Xl
§3. The Proof of Theorem 2

Convention: Empty product is defined to be 1.

First we prove two lemmas.

Lemma 1. Let k,e Nand [; < ly < --- < [ be k positive integers in [,,. There

exist k 4 1 positive real numbers by, by, ..., b such that
k .
D (EDbifix) = (1)@ —my ) (@ —my,) - (@ = my).
i=0

Proof. Recall that f;(z) = a;(x—mg)(x—mq) ... (x—m;_1) and my < my < -+ < my,
where a;’s are positive. So it is enough to prove that there exist positive real numbers
Co,C1, "+, such that

Zfzo(—l)ici(x—mo)(x—ml) o (z=miy) = (=D x—my)(x—my,) ... (x—my,).

The above result follows from the following more general statement:
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Claim. For any j such that 0 < j < [y, there exist positive real numbers

do,dq, - -+ ,dy such that

Z(—l)idi(x—mj)(%’—mjﬂ) (@ =mypin) = (D) a —my) (@ —my) - (2 —my,).

=0

Proof of the clatm. When k = 1, it is trivially true. Suppose it is true for k.
Now we want to prove that it holds for k£ + 1.

( x—my, )(x —my,) - (2 —my,)
=(=1)(@ —my,)[(=1)"(z —my,) - (z — . ,,)]
=(=Dl(@ —my) — (my, = my)][(=1)* (2w = my,) -~ (& =y, )]
=(=1)( = my)[(=1)*(z —my,) - (x — 1y, ;)] +
(

my, —my)[(=1) @ —my,) - (2 =y, (1)

Since 7 + 1 < I3 + 1, we can apply the induction hypothesis to the first term of (1)
(denoted by I) and we have

k
I = (x —m; Z —Myjg1) - (T — Mjp14i-1)
=0
k
= > ()T uile —my) (@ —my) - (@ = mygag)
=0
for some positive real numbers uy, ug_1, -+ ,ug. Then we use the induction hypoth-

esis on the second term (denoted by IT) and we have

k
II = (my, — Z Yovi(x —my) - (x — mjyi1)
1=0
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for some positive real numbers vy, vp_1, -+ ,v9. Now add up I and IT and we have
(=D (@ = m)[(=1)"(x —my,) - (x — 1y ,,)] +

(mll - mj)[<_1)k(x - mlz) T (:C - mlk+1)]

k+1
= SN ) (= )
i=0
where
deyr = Uy,
dy = wp—1+ (my, —mj)uy,
dp—1 = Up—o+ (my, —m;)vg_1,
dg = (mll — m]’)Uo.
SO dj11,dg, - -+ ,dy are positive, which proves the claim and therefore the lemma. [J

Remark. In the rest of the paper, we will only use Lemma 1 in its special case where
h=ULl=1+1,--- Iy =1l+k—1. Let’s denote (z —my)(z — mys1) ... (x — mysr_1)
by g(x). Since Fis an {l,l + 1,---,l + k — 1}-intersection family, |E| > m, for all
E € F. So it is clear that g(|F|) > 0 for all £ € F and g(|F|) > 0 if |E| > myx_1.

To each E € F we associate a variable xg. For each [ € X | we define a linear

form L; as follows:

L[ = Z TE.

EeF,I<E

Lemma 2. With the same notation as in Lemma 1 and further we assume that

leN, I+k—1<nli=ULl=1+1,-- 0y =1+k—1. We have

k

DY L= (DB, - (2)

i=0 I€X; E€F
Proof. We regard both sides as quadratic forms on xg’s, where E € F and try to

show that the corresponding coefficients are equal.
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For example, for E # F € F, the term L? contributes a term 2zpxp if and
only if I < E A F. Therefore the coefficient of xprpr in the L. H. S of (2) is
2 Zfzo(—l)ibifiﬂE A F|) (see remark 2 in the introduction) which is equal to

2=V EAF| = m)((|EAF| = mis) ... (1B A F| = micys)

by Lemma 1. Since F is an L-intersection family with L = {I,1+1,..., 1+ k — 1},
|E A F| € {my,m;1,...,myr—1} and so the product in the previous sentence is 0.
Obviously the coefficient of xgxpr in the R.H.S is also 0. So the coefficient of zgxp
in the L.H.S is equal to that in the R.H.S.

Similarly the coefficient of 2% in the L.H.S is Zfzo(—l)ibifﬂE]) for the same reason
as above. By Lemma 1 it is equal to (—1)*g(|E|) which is the coefficient of 22, in the
R.H.S. Here g(z) is as defined in the remark immediately after the proof of Lemma
1. O

We define the real vector space W to be RY! whose coordinates are indexed by
elements of F, L to be the set of linear forms {L; : |I| € {my, mp_2, ..., Mi_[r/22}}
and Wy C W to be the space of common solutions of the set of equations L; = 0,
Ly e L. Clearly |£| = ngz/oz} | Xk—2i]. An element of Wy will be written as (vg, E €
F) = (vg) (for short).

If we can show that W, consists of the zero vector only, then by linear algebra,
rank(L) = the number of variables = |F| and therefore |F| = rank(L) < |L| =

Eli/g }| X)_2i|, which finishes the proof of Theorem 2.

So it is enough to prove
Lemma 3. W, = {(0,0,...,0)}.
Proof. Suppose W, contains (vg). It suffices to show vg = (0,0,...,0).

By Lemma 2, we have

k

D=0y L= (=1 Y g(|Blah.

=0 IeX; EeF

Specializing v = vg,VE € F, we have
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k

D=0y Li(ve) = (1" Y g(El)vi.

i=0 Iex; EeF
Since L;((vg)) =0, for all Ly € £, we have L;((vg)) = 0 for k — i even and thus

>, (=10 Y Li((ve) = (=1)* > g(|E|)vE.
i€{0,1,...,k}k—i is odd I€X; EeF
We divide both sides by (—1)* and move the L.H.S to the R.H.S. So we have
0= > bi Y Li((ve) + ) g(|E)vE. (3)
i€{0,1,....k}k—i is odd  I€X; EeF

Since b;’s are positive by Lemma 1 and g(|E|) > 0 by the remark immediately after
the proof of Lemma 1 in this section, the R.H.S is a sum of nonnegative terms. So
obviously if [(E) > I+ k — 1, i.e. |E| > myg_1, then g(|E|) > 0, which implies
vg = 0. Here [(.) is the height function of X defined in §1. The equation (3) also
implies that L;((vg)) =0for I € X;, i =k —1,k—3,---. So L;((vg)) = 0 for all
I e XoUX U---UXg. In particular, Ly((vg)) = 0 where 0 is the least element of X.

To show that vy = 0 for all E € F, we assume the contrary. Define J = {I(E)|E €
F,vg # 0}. Let jo be the largest number of J. By the results in the previous
paragraph and the remark after the proof of Lemma 1, we have [ < jo < k+1— 1.

In the following, we distinguish 2 cases:

Case 1. Suppose jo = [, then there exists an F € F with [(E) = [ and vg # 0.

Since Fis an {l,l +1,--- ,l + k — 1}-intersection family, [(E A F) > | = I(F) for
VF € F, so either FF > Eor F = FE. If F # FE, then ' > E and I[(F) > [(E).
Therefore vp = 0 by the definition of J and j,. Further because 0 = Lo((vp)) =
ZFE; vp = Vg, we have vy = 0, a contradiction.

Case 2. Suppose [ < jo <1+ k — 1 and there exists an F € F such that [(E) = j,
and vg # 0. We fix such an F.

Since fo, fi,-- -, fjo— form a base of the vector space of polynomials of degree

< jo — [, there exist real numbers ¢y, ¢y, - - - , ¢, such that

Jo—l

S @) = (= m) e (=g ).

=0



THE ELECTRONIC JOURNAL OF COMBINATORICS 4 (1997), #R28 11
In the following we let h(z) = (x —my) - - - (r —mj,—1) and define \;(E) =1if [ < FE
and 0 otherwise.

As in the proof of Lemma 2, we have

Jo—l

Z C; Z )\[(E)L[

=0 IeX;
Jo—l
=> Y wpl{Ill € X;,] <F, 1< E}|

1=0 FeF
Jo—l

= CZZIEFfz(|F/\E|)
0

FeF

1=

Jo—l

= Z IFZCifi(’F N E|)

FeF 1=0

=Y " aph(|EAF)).

FeF
Specializing xp = vp, VF € F, we have

Jo—l

S Y MB)Li((or) = 3 vrh([E A F)) ()

=0 IeX; FeF

Since L;((vr)) = 0,V € XoU X3 U ---U Xy, the left hand side is equal to 0. We
know if ' 2 E, then (EAF) < I(E) = jo and so |E A F| € {my,mi41,--+ ,mjy_1}
which implies h(|EA F|) = 0; if F > E and F # FE, then I(F) > [(E) = j, and
by the definition of J and jo, vp = 0. So the right hand side of (x) is equal to
h(|E A E|)vg = h(|E|)vg. Since h(|E|) # 0, we get vg = 0, a contradiction. This

proves Lemma 3 and therefore completes the proof of Theorem 2.

84. The Proof of Theorem 3

Let [ = | UF, X;| = Zf:o |X;|.  We consider the |F| by [ 0-1 matrix M whose
rows are indexed by elements of F and whose columns are indexed by elements of Yy,
where Y}, := UF_ X, for k=0,1,...,n. For F € F,S €Y, the (F,S)-entry of M is
defined to be 1 if either FF € Y, and S=For Fe X —-Y,, SeX,and S<F. It

is defined to be 0 otherwise.
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Observations. 1t is clear from the above definition of M that

(1) if the (F,S)-entry of M is 1 then S < F

(2) each row has at least one nonzero entry, and

(3)if F € F and F € X,,u > k, then the row corresponding to F has fi(m,) > 1
nonzero entries (see remark 4 in the introduction).

Claim. For F # E € F, the (F, E)-entry in M M7 is 0.

Proof of the claim. Suppose the (F, E)-entry of MMT is > 1. Then there exists
an S € Y such that both the (F,S)-entry and the (E,S)-entry of M are 1. By
observation (1), S < FAE, s0o S € U'§X; = Y, since Fisa {0,1,...,k —1}-
intersection family. But from the definition of M, for such an S, the (F,S)-entry of
M is 1 if and only if FF = S. The same is true for the (£, S)-entry. So F =S = E,

which is a contradiction. This proves the claim.

From the above claim, it is clear that M M7 is a diagonal matrix, and it is also
clear that the diagonal entries are nonzero by observation (2) above. So M M7 is a
nonsingular |F| by |F| matrix.

Therefore Rank(M) = Rank(MM?™) = |F|. Since M is an |F| by [ matrix, we
must have [ > |F|.

Now suppose | F| = Zf:o | X;|, so M is a square matrix. It is clear that each column
can contain at most one nonzero entry, otherwise M M7 would not be a diagonal
matrix. So the total number of 1’s in M is < |F|. Therefore by observation (2)
the total number of 1’s in M is |F|. So each row of M should contain exactly one
nonzero entry by the above observations. This means that F' € Y} for any F € F.
So F C Y = U X, But|F|=3r,|Xi], s0 F=U: X, O

Remark . For the proof of Theorem 4, we consider the 0-1 incidence matrix My
whose rows and columns are indexed by the elements of F and X} respectively. The
rest of the proof is similar to but simpler than that of Theorem 3 above and hence

omitted.

§5. The Proof of Theorem 5
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Define g;(z) = (z — mo)(x — mq) -+ (x —my_y) for i = 1,2,--- ;s and go(z) =
fo(z) = 1. Since g;(z)’s are monic, there exist s+ 1 integers by, by, - - - , bs such that
(@ = my, ) (& —m,) - (& —my,) = 325 bigi(x). So

S

(= mu,) (@ =) - (2 —my,) = ) eifi(x) (4)

i=0
where ¢; = bj(m; — mg)(m; — mg)---(m; — m;_y) are integers for i = 1,2,--- s
and ¢y = by, since by remark 4 in the introduction f;(z) = g;(z)/(m; — mg)(m; —
ma) -+ (m; —m;_q) fori=1,2,--- | s.

For 0 <1 < k we define M}, ; to be an incidence matrix whose rows and columns are
indexed by elements of X} and X; respectively. For A € Xj, S € X, the (A, S)-entry
is1if S < A and 0 otherwise.

The (A, B)-entry of M M, is easily seen to be the number of elements S such
that A > S > B where A € X, S € X, B € X;. Therefore from the definition of
polynomial semi-lattice it follows that this number is f;_;(m;_;) and hence

My M; = fo_i(mp—i) My, for i <s < k.

From this we see that the column space of My, is contained in that of My s for

1=0,1,...,s.

Then the column space of the integer matrix M := Zf:o ciMy ;. M, ,';:F ; s contained in
that of My ;. So rank(M) < rank(Mys) < |Xs|.

Define M to be the submatrix of M, whose rows and columns are indexed by
elements of F. Similarly as in the proof of Lemma 2 of §3, we easily check that the

(A, B)-entry of Mris > .. ;¢ f;(JA A B|) which by (4) above is equal to
(AN Bl =mu, )(|AA Bl = mu,) - (JAA B] —my,).

So the (A, B)-entry of Mz is = (JAAB|— 1) (JAAB|—p2) - - - (JAAB|—us) (mod p).

Now if A # B, then |A A B| € L and therefore |A A B| is congruent to one
of py, pa, -+, ps by the condition of Theorem 5, so the (A, B)-entry of Mz is = 0
(mod p); if A= B, then |A A B| = |A| = my which is not congruent to any one of
[, oy - -y fs, SO the (A, A)-entry of Mz is #0 (mod p).
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In summation we have: (A, B)-entry of Mz is = 0 (mod p) if A # B but # 0
(mod p) if A= B.

So Mg, considered as a matrix over IF,, the finite field of order p, is a square
matrtix whose diagonal entries are nonzero and whose nondiagonal entries are 0. So
det(Mx) # 0 (mod p). This implies that det(Mx) is a nonzero rational integer and
therefore Mx is nonsingular.

Therefore |F| = rank(My) and hence |F| = rank(Mg) < rank(M) < |X|. O

§6. The Proof of Theorem 6

We keep the notations as in the proof of Theorem 5 in §5. In particular, by the
argument in §5, we have the following fact:

there exist s + 1 integers co,c1,- -+, ¢s such that (v — py)(x — pa) -+ (x — ps) =
>io Gifi(x) (mod p).

Define M; to be the 0-1 incidence matrix of F and X; whose rows and columns are
indexed by the elements of F and X; respectively. The (F,S)-entry of M; is 1 if and
only if F > S, 0 otherwise. It is not hard to see that the (F, E)-entry of M; M is
F(F A El).

Define Mr to be an integer matrix whose rows and columns are indexed by the
elements of F. The (F, E)-entry of Mg is > . ¢ fi(|FF A E|). It is clear that each
row of M is a linear combination of rows of MyMJ, MiME .- M,MZT and so

rank(Mz) < Y7 rank(M; M) <> X

By a similar argument as in the proof of Theorem 5, we can show that M, consid-
ered as a matrix over [, is such that all the nondiagonal entries are 0 and all the di-
agonal entries are nonzero. So det(Mx) # 0 (mod p), which implies that det(M) # 0
in Z. So M is nonsingular and therefore |F| = rank(M) < >°7 | X;]. O
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