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Abstract

Let fn =
n∑
i=0

(n
i

)(2n−2i
n−i

)
, gn =

n∑
i=1

(n
i

)(2n−2i
n−i

)
. Let {ak}k=1 be the set of all

positive integers n, in increasing order, for which
(2n
n

)
is not divisible by 5, and

let {bk}k=1 be the set of all positive integers n, in increasing order, for which
gn is not divisible by 5. This note finds simple formulas for ak, bk,

(2n
n

)
mod 10,

fn mod 10, and gn mod 10.

Definitions

fn =
n∑
i=0

(n
i

)(2n−2i
n−i

)
; gn =

n∑
i=1

(n
i

)(2n−2i
n−i

)
{ak}k=1 is the set of all positive integers n, in increasing order, for which(2n

n

)
is not divisible by 5.

{bk}k=1 is the set of all positive integers n, in increasing order, for which gn
is not divisible by 5.

un is the number of unit digits in the base 5 representation of n .



the electronic journal of combinatorics 4 (no. 2), #R16 2

Theorem 1. ak is the number in base 5 whose digits represent the number k
in base 3. If n ≥ 1,

(
2n

n

)
mod 10 =



0 if n 6∈ {ak}
2
4
6
8

 if n ∈ {ak} and un mod 4 =


1
2
0
3

.

Note that if n ∈ {ak}, un is odd (even) if and only if n is odd (even).

Proof. From Lucas’ theorem [1], we have(
2n

n

)
≡

(
N1

n1

)(
N2

n2

)
· · ·

(
Nt

nt

)
mod 5,

where 2n = (Nr · · ·N3N2N1)5, n = (ns · · ·n3n2n1)5, and t = min(r, s).
Suppose that for each i ≤ t, ni ≤ 2. Then, for each i ≤ t, Ni = 2ni. Since

ni = 0, 1 or 2, each term of the product(
N1

n1

)(
N2

n2

)
· · ·

(
Nt

nt

)

is 1, 2 or 6. Hence,
(2n
n

)
is not divisible by 5.

Suppose that for some i, ni > 2. Let im be the smallest value of i for
which that is true. Then, if nim is 3 or 4, Nim is 1 or 3 (resp.). In either case,(Nim
nim

)
= 0, and

(2n
n

)
is divisible by 5.

Thus, {ak} is the set of all positive integers written in base 3, but interpreted
as if they were written in base 5. Since {ak} is in increasing order, the first
part of the theorem is proved.

Suppose now that
(2n
n

)
is not divisible by 5. Then each term of the product(

N1

n1

)(
N2

n2

)
· · ·

(
Nt

nt

)

is 1, 2 or 6 (according as ni = 0, 1, or 2). We have, noting that
(2n
n

)
is even,

2un mod 10 = 6†, 2, 4 or 8,

(N1
n1

)(N2
n2

)
· · ·
(Nt
nt

)
mod 10 = 6, 2, 4 or 8,

(2n
n

)
mod 10 = 6, 2, 4 or 8,


according as un mod 4 = 0, 1, 2 or 3.
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Corollary 1.1.

ak = k + 2
∑
i=1

⌊
k
3i

⌋
5i−1.

Proof. Let k = (· · ·d3d2d1)3, and consider ak =
∑
i=1

di5
i−1.

d1 = k − 3
⌊
k
3

⌋
d2 =

⌊
k
3

⌋
− 3

⌊
k
32

⌋
d3 =

⌊
k
32

⌋
− 3

⌊
k
33

⌋
...

...
...

Therefore, ∑
i=1

di5
i−1 =

∑
i=1

(⌊
k

3i−1

⌋
− 3

⌊
k

3i

⌋)
5i−1.

Since
⌊
k
3i

⌋
5i − 3

⌊
k
3i

⌋
5i−1 = 2

⌊
k
3i

⌋
5i−1, the corollary is proved.

Corollary 1.2. Let µk be the largest integer t such that k/3t is an integer.
Then,

ak − ak−1 =
5µk + 1

2
, and ak = 1 +

k∑
i=2

5µi + 1

2
.

µk = m if and only if k ∈ {j3m}, where j is a positive integer and j mod 3 6=
0.

Proof. If µk > 0, then

k = (· · · dµk+10 · · · 0)3; dµk+1 ≥ 1; and k − 1 = (· · · (dµk+1 − 1)2 · · · 2)3.

Hence,

ak − ak−1 = 5µk − 2[5µk−1 + 5µk−2 + · · ·+ 1] =
5µk + 1

2
.

†Equals 1 if un = 0; nevertheless, the next line follows since, if un = 0, at least one ni must equal
2, making

(
2ni
ni

)
= 6.
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If µk = 0, then

k = (· · ·d1)3; d1 ≥ 1; and k − 1 = (· · · (d1 − 1))3.

Hence,

ak − ak−1 = 1 =
5µk + 1

2
.

The remaining parts of the corollary follow immediately.

Corollary 1.3. If k > 1,

ak =

5ak
3

if k mod 3 = 0,

ak−1 + 1 if k mod 3 6= 0.

Proof. If k mod 3 = 0, then k = (· · ·d20)3 and k
3 = (· · ·d2)3.Hence, ak = 5ak

3
.

If k mod 3 6= 0, then µk = 0 and from Corollary 1.2, we have ak − ak−1 = 1.

Theorem 2. bk is the number in base 5 whose digits represent the number
2k−1 in base 3, i.e. bk = a2k−1. Furthermore, gn mod 10 can only take on the
values 1,5 or 9, as follows:

gn mod 10 =


5 if n 6∈ {bk}

1
9

}
if n ∈ {bk} and un mod 4 =

{
1
3

.

Proof. Let F (z) =
∑
n

fnz
n =

∑
n

zn
∑
i

(
n

i

)(
2n− 2i

n− i

)
.

Letting t=n-i, we have
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F (z) =
∑
n

zn
∑
t

(
n

t

)(
2t

t

)

=
∑
t

(
2t

t

)∑
n

(
n

t

)
zn

=
1

1− z

∑
t

(
2t

t

)(
z

1− z

)t
(see [2])

=
1

1− z

1√
1− 4z

1−z

=
1

√
1− z

1
√

1− 5z
(see [2])

= [1 + (
1

4
)

(
2

1

)
z + (

1

4
)2

(
4

2

)
z2 + · · · ][1 + (

1

4
)

(
2

1

)
5z + (

1

4
)2

(
4

2

)
52z2 + · · · ].

Hence,

fn =
1

4n

∑
i=0

(
2i

i

)(
2n− 2i

n− i

)
5i,

and

gn =
1

4n

∑
i=0

(
2i

i

)(
2n− 2i

n− i

)
5i −

(
2n

n

)
,

=

∑
i=1

(
2i

i

)(
2n− 2i

n− i

)
5i − (4n − 1)

(
2n

n

)
4n

.

Thus we see that gn is divisible by 5 if and only if (4n − 1)
(2n
n

)
is divisible

by 5. And since gn is odd, gn mod 10 = 5 if and only if gn is divisible by 5.
4n−1 is divisible by 5 if and only if n is even. Therefore, gn mod 10 6= 5 if and
only if n is odd and n ∈ {ak}. Hence, bk = a2k−1, from which it follows that bk
is the number in base 5 whose digits represent the number 2k-1 in base 3.

Suppose that gn mod 10 6= 5. Then
(2n
n

)
mod 10 = c, where (since n ∈ {ak}

and n and un are odd) c is 2 or 8, according as un mod 4 = 1 or 3. Thus, for
some non-negative integers j and k, 4n − 1 = 10j + 3 and

(2n
n

)
= 10k+ c. Since(2i

i

)
is even when i ≥ 1, for some non-negative integer q we have

4ngn = 10q − (10j + 3)(10k + c).

Since gn is odd, and 4n mod 10 = 4, we have
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If c=2, gn mod 10 = 1;
if c=8, gn mod 10 = 9.

Corollary 2.1.

bk = 2k − 1 + 2
∑
i=1

⌊
2k−1

3i

⌋
5i−1.

Proof. This follows from Corollary 1.1, since bk = a2k−1.

Corollary 2.2. Let νk be the largest integer t for which (k−1)(2k−1)
3t is an inte-

ger. Then,

bk − bk−1 =
5νk + 3

2
, and bk = 1 +

k∑
i=2

5νi + 3

2
.

If m ≥ 1, νk = m if and only if k ∈
{⌈

j3m+1
2

⌉}
, where j is a positive

integer and j mod 3 6= 0; if m = 0, νk = m if and only if k ∈ {3j},

where j is a positive integer.

Proof.

bk = a2k−1,

bk − bk−1 = (a2k−1 − a2k−2) + (a2k−2 − a2k−3),

bk − bk−1 =
5µ2k−1 + 1

2
+

5µ2k−2 + 1

2
,

where µk is the largest integer t such that k/3t is an integer.

Note that νk is also the largest integer t for which (2k−1)(2k−2)
3t is an integer.

Then we must have one of the following cases:

µ2k−1 = 0 and µ2k−2 = 0, or

µ2k−1 = νk and µ2k−2 = 0, or

µ2k−1 = 0 and µ2k−2 = νk.

In any of these cases,

bk − bk−1 =
5νk + 3

2
.

If m ≥ 1, at most one of (k − 1) and (2k − 1) is divisible by 3m. νk = m

if and only if either (k − 1) or (2k − 1) is divisible by 3m but not by 3m+1.
Suppose m ≥ 1 and j mod 3 6= 0.
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If j is odd,
⌈
j3m+1

2

⌉
= j3m+1

2 ; if k = j3m+1
2 , 2k− 1 = j3m, and νk = m.

If j is even,
⌈
j3m+1

2

⌉
= j3m+2

2 ; if k = j3m+2
2 , k − 1 = j3m

2 , and νk = m.

It is straightforward to show the converse, that if νk = m ≥ 1, k ∈
{⌈

j3m+1
2

⌉}
.

If m = 0, νk = m if and only if neither (k − 1) or (2k − 1) is a multiple of
3. This occurs when 2k (and therefore k) is a multiple of 3.

Corollary 2.3. If k ≥ 1,

b3k = b3k−1 + 2,

b3k+1 = 5bk+1 − 4, k mod 3 = 0,

= b3k + 4, k mod 3 6= 0,

b3k+2 = 5bk+1.

Proof.

b3k = a6k−1 = a6k−2 + 1 = a6k−3 + 2 = b3k−1 + 2,

b3k+2 = a6k+3 = 5a2k+1 = 5bk+1,

b3k+1 = a6k+1 = a6k + 1 = 5a2k + 1, and

if k mod 3 = 0,

b3k+1 = 5(a2k+1 − 1) + 1 = 5bk+1 − 4;

if k mod 3 6= 0,

b3k+1 = 5(a2k−1 + 1) + 1 = 5bk + 6 = b3k−1 + 6 = (b3k − 2) + 6 = b3k + 4.

Theorem 3.

fn mod 10 =



5 if n 6∈ {ak}
1
3
7
9

 if n ∈ {ak} and un mod 4 =


0
1
3
2

.
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Proof. Since fn =
(2n
n

)
+ gn, the corollary can be proved easily by combining

the results of Theorem 1 and Theorem 2.
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