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Abstract

In this paper we study cycles in the coprime graph of integers. We denote by f(n, k)
the number of positive integers m < n with a prime factor among the first & primes.
We show that there exists a constant ¢ such that if A C {1,2,...,n} with |A] > f(n,2)
(if 6/n then f(n,2) = 2n), then the coprime graph induced by A not only contains a
triangle, but also a cycle of length 2 + 1 for every positive integer [ < cn.

1 Introduction

1.1 Notations and definitions

Let (a,b) denote the greatest common divisor and [a, b] the least common multiple of integers
a,b. Consider the coprime graph on the integers. This is the graph whose vertex set is the
set of integers and two integers a, b are connected by an edge if and only if (a,b) = 1. Let
A C{1,2,...,n} be aset of positive integers. The coprime graph of A, denoted by G(A), is
the induced coprime graph on A. A, denotes the integers a; € A, a; = u (mod m). ¢(n)
denotes Euler’s function, w(n) denotes the number of distinct prime factors of n and u(n) is
the Moebius function.

V(G) and E(G) denote the vertex set and edge set of a graph G. K, is the complete
graph on n vertices, C,, is the cycle on n vertices and K (m, n) denotes the complete bipartite
graph between U and V', where |U| = m, |V| = n. H is a subgraph of G, denoted by H C G,
if V(H) C V(G) and E(H) C E(G).
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1.2 The coprime graph of integers

Recently the investigation of various graphs on the integers has received significant attention
(see e.g. “Graphs on the integers” in . The most popular graph seems to be the coprime
graph, altough there are many attractive problems and results concerning the divisor graph
im

—

, 12] and|[14]). Several reasearchers studied special subgraphs of the coprime graph.
Perhaps the first problem of this type was raised by the first author in 1962 1i What is
largest set A C {1,2,...,n} such that K} ¢ G(A)? Of course, the set of m <7 which have
a prime factor among the first £ — 1 primes is such a set (let us denote the cardinality of
this set by f(n,k — 1)), and the first author conjectured that this set gives the maximum,
For k = 2,3 this is trivial, and for & = 4 it was recently proved by Szabé and Téth|[15]
However, the conjecture recently was disproved by Ahlswede and Khachatrian They also
gave some positive results in |[2]|and] [3]

Another interesting question is what conditions guarantee a perfect matching in the
coprime graph. Newman conjectured more than 25 years ago, that if I; = {1,2,...,n} and
I, is any interval of n consecutive integers, then there is a perfect coprime matching from
I, to I,. This conjecture was proved by Pomerance and Selfridge (see also [4]). Note
that the statement is not true if I; is also an arbitrary interval of n consecutiveThtegers.
Example: I} = {2,3,4} and I, = {8,9,10}, any one-to-one correspondance between I; and
I, must have at least one pair of even numbers in the correspondance.

In this paper we are going to investigate another natural question of this type (also
initiated by the first author), namely what can we say about cycles in G(A). The case of
even cycles is not hard from earlier results (at least for not too long cycles). In fact, if
I < |35loglogn], for the largest set A C {1,2,...,n} with Cy ¢ G(A), we have |A| =
f(n,1)+ (I =1) = [3n] + (I — 1). This cardinality can be obtained by taking all the even
numbers and the first [ — 1 odd primes, then obviously Cy ¢ G(A). The upper bound
follows from the following theorem in|[9]] If n > ny, |[Ap | = s > 0, [A] > f(n,1) and
r = min{s, |5 loglogn]}, then K(r,r) C G(A).

The case of odd cycles is more interesting. As it was mentioned above to guarantee a
triangle we need at least f(n,2) +1 = |2] + [2] — [2] + 1 (= 2n + 1 if 6|n) numbers.
Somewhat surprisingly this cardinality already guarantees the existence of odd cycles of
“almost” every length. More precisely:

—

—

Theorem 1. There exist contants c,ng such that if n > ng, A C {1,2,...,n} and |A] >
f(n,2), then Cy11 C G(A) for every positive integer | < cn.

It would be interesting to determine here the best possible value of the constant c.
Perhaps it is ¢ = %. One may obtain this trivial upper bound for 6|n by taking all the even
numbers and the first § + 1 odd numbers for A; clearly Cy 11 ¢ G(A) for [ > .

In the proof we will distinguish two cases depending on the size of A 1)| + | A5 The
theorem will be an immediate consequence of the following two theorems:

Theorem 2. There exist constants ci,ca,ny such that if n > nq,
A1y = 51, |Aws)| = 52, 1 < 51+ 82 < e,

and

Al > f(n,2),
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then Cy11 C G(A) for every positive integer | < con.

Theorem 3. For every e > 0, there exist constants cz = c3(€) and ny = no(€) such that if
n > ng,

|A(6,1)| = 81, |A(6,5)| = S9,81 + S3 > €n,
and

| Al > f(n,2),
then Cy11 C G(A) for every positive integer I < csn.

2 Proofs

2.1 Proof of Theorem 2

We may assume without loss of generality that s; = max(s;,s2). We take an arbitrary
1 <1 < con positive integer. The rough outline of the construction of a Cy11 in G(A) is the
following: First we will pick a number a € A 1y with relatively large ¢(a) and the remaining
2] numbers will be chosen alternately from A o) and A 3).

We need the following lemma:

Lemma 1. The number of integers 1 < k < n satisfying ¢( ) < % 1s less than

nexp(— exp cqt)

(where exp z = €% ), uniformly in t > 2.

This lemma can be found ixf [5

—

We apply Lemma 1 with

2
= —log log—? (1)

(t > 2 holds for small enough ¢;). Then the number of integers 1 < k < n for which ¢(k <1

(where ¢ is defined by (1)) is less than 2. Hence there exists an integer a € A 1) satlsfylng
) - 1
a — t°
The number of those integers u, for which
0<6u+2<n and (6u+2,a)=1

hold, is given by the following sieve formula

dla
where g;(n, d) denotes the number of those integers v, for which
6v+2<n and d|6v+ 2.
(i.e. 60 = =2 (mod d).) It is clear from (a,6) = 1, that

|91 (TL, d) -

We also use the following lemma:
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Lemma 2 (see |(11]] page 394). There exists an ny such that if n > n3 then

logn
< 2—
w(n) log log n

This lemma implies that in (2), for large enough n, the number of terms is
90(0) < 92Toglog
Indeed, if a < ng this is trivial, and if a > ng, then

1 1
w(a) <2 Bd o 0BT

logloga — loglogn’

11

—
I

since the function g(u) = 2% is increasing if u is large enough (see | page 394).

loglogu
Thus

2lon

n—2 « u(d) logn_
1> - __Zloglogn:
O
u:bu—+2<n, la
(6u+2,a) =1

:”g2H<1_l>_Q2hfﬁg—n:

pla p

_n—29(a)  ppen o n—2 e
6 a - 6t -

=

for sufficiently large n.
Therefore

> 1> > 1— > 1>

u:bu—+ 2 <n, u:b6u+ 2 < n, u:bu—+2<n,
(6u+2,a) =1, (6u+2,a)=1 6u+2 & Aw2)
6’U,+2€A(6’2)

S S .

Once again applying Lemma 1 with

Qo
SN

2n
no

8t

1
t' = —loglog
Cq

so t' < t) there are at least - integers in the form 6u + 2 satisfying
16t

6u—+2<mn, (but+2,a)=1, 6u+2¢€ Agy
and
o(6u + 2)
6u + 2
We choose b; arbitrarily from these integers.

1 1
> = > —.
ot
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Applying Lemma 1 with
/) 1 1
t' = —loglog —
Cq G

the number of integers 1 < k < n for which J—l < t,, is at most ¢yn. Therefore the number
of integers 1 < k < n for which

1
k e A(G,Q) and M — (3)
ko —t
is at least
n—2 n
{1,2,...,71}(6’2)—(Sl—FSg)—Cl?’LZ|_ J+1—2017’L27,
if ¢; is small enough. We choose by, b3, ..., b; as arbitrary numbers from the numbers satis-

fying (3). Let b;,1 = a.
Put e; = [b;, bi11] for all 1 < i <. The number of those integers u, for which

6u+3<n and (6u+3,¢)=1
is again clearly the following:

> u(d)ga(n, d), (4)

dle;
where go(n, d) denotes the number of those integers v, for which
6v+3<n and d|6v+3

(i.e. 6v = —3 (mod d)). Since (6,a) = 1, and 2|b;, but 3 Jb; for all 1 < i < [ it is easy to
see that |
0 if 2|d
92(n, d) = { i8¢ otherwise,

where |e| < 1.
Furthermore, in (4) for large enough n the number of terms is

105(” ) logn
2”(87«) < 2 loglog(nz) < 2 loglogn

where we again used Lemma 2, e; < n? and the fact that g(u) = 2%0% is increasing if v is
large enough.

Therefore
> 1= Y u(d)gs(n,d) >
u:6u+3<n dle;,
Zn—?) H <1—1>—24ﬁ°g_”2
6 p
ple

2 fp
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> n_?’H (1_1> _ it >
6 p
ple;
> n_?’H (1_1> H (1_1> e
6 plbs p plbig1 p
Hence for ¢ = 1 we have
n—3 4 logn n n
Z 1 Z T — 9%loglogn — (Sl + 82) Z T — (Sl + 32) Z 82’,‘2’,‘//.
u:6u—+ 3 <n,
(6u+3,e1) =1,
6u+ 3 € A(G,S)
For i = [ we get
n—3 g togn n n
2 12 e — 2 = (s1 4 82) 2 o — (514 82) 2 oo
u:6u—+3 < n,
(6u+3,¢e) =1,
6u—+ 3 € A(G’g)
Finally for 1 <7 <
n—3 4logn n n
Z 1 Z 6(_[://)2 — 2 loglogn — (Sl + 82) Z 7(_[://)2 - (Sl + 82) Z 8(_[://)2
u:bu—+3<n,
(6u +3,¢e;) =1,

bu+ 3 € A(G,S)

Thus it is not hard to see that if ¢ is small enough then we may choose a different f; for
each 1 < ¢ <[ such that

(bi, fi) = (biy1, fi) =1 and f; € Ags).

Then
avb17f17b27f27' . '7blvfl7a

is a Cy41 in G(A) completing the proof of Theorem 2.

2.2 Proof of|/Theorem 3

Here we assume that s, > $n, the case s; > $n is similar. Denote by P, the product of
the primes not exceeding r. The rough outline of the proof will be the following: First we
find 3 positive integers ji, j» and js such that (ji,j2) = (j1,73) = (j2,J3) = 1 and |Ap, ;| is
relatively large for each ¢ = 1,2,3. Then if 1 <1 < ¢3n, to construct a Cyyq in G(A) first
we pick a number a € A(p, ;) and then the remaining 2/ numbers will be chosen alternately
from Ap, j,) and Aep, ;).

We will need the following lemma




THE ELECTRONIC JOURNAL OF COMBINATORICS 4 (NO. 2)(1997), #RS 7

Lemma 3 . For every o > 0 and 6 > 0, there exists an o = 1o(0,0) such that if r > ro,n >

ny(o,6,r) andw = 1,2,..., P, then for all but o integers k satisfying

1<k<n, k=u (mod P,),

we have .
ak) = ]] <1——> >1-—0.
b
plk
p>r

This lemma can be found in

Now we prove [Theorem 3.| IZet r denote a positive integer for which r > ro(g, 5). We

evidently have

ip
6 ™
>~ (I sin] + [Awen] + - + | Apsirs)|) =
=1

2 €
=lAeol + 1A+ + Aol +2A0s] = [Al +[Aes)| > f(1,2) + 52 > gn =2+ on.

Hence there exists an 7y for which

%n+§n—2_4n

|Ap, 60— + [Aprsiol + - + [Ap sigrs)| > ——F——=5+3

6 PT

Clearly for every u

n
|Ap, )| < 7 + 1.

We claim that (5) and (6) imply that there exist three integers ji, jo

2

and 73 such that

6ip — 1 < j1 < jo2 < j3 < 6ip + 5, (J1,J2) = (J1,73) = (Jo, J3) = 1, (7)
and
1A | > %% for all i =1,2,3. 8)
Indeed, if |A(p, 6i,—1)| < %P%, then
4n  ben 12

Ap. 6i e+ AP 6 e 9
Aol + -+ [Amsios| > 5+ 55 — 5 (9)

But then (6) and (9) imply that there exist integers uy,. .., us such that
OS’U,1<...<U5§5, (10)

and

>§% forall 1=1,...,5,

| AP, 6ig+us)
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since otherwise

n EMN n n
Ap ol =+ A 6 <4<_ 1) g€ _ 4 Ly
|A(p, 6i0)| + - - - + A, 6i0+5)| < PT+ + 27 PT+EPT+

would hold in contradiction with |(9)
From |(10)|it follows that the sequence {6io + uy,...,6ip + us} contains a subsequence

{Jj1,72,J3 of 3 terms which are pairwise relatively prime, proving our claim in this case.
The case when |A(p, sio+5)| < 57 is similar. Thus now we may assume that

en En
|A(Pr,6i0—1)| > EFT and |A(PT,6i0+5)| > EFT

In this case we choose j; = 6¢9 — 1 and j3 = 679 + 5. For j, we choose one from the integers
6’i0 + 1, 620 + 2 and 620 +3 for which
En

AP, jo)| > EE-

~—

clearly hold.

(there must be one such a j,) and then|(7)[and|(8
&3 satisfying (7) and (8). Let a denote a

Thus the claim is proved, we have 77, j2 an
positive integer for which

-

1
ac A(Pr,j1) and H (1 — —) >1-— g (11)
p
pla
p>r

Lemma 2 gnd the choice of r guarantee that such an a exists.

We are going to estimate from below the number of solutions of
(a,bx) =1, b, € A(Pr,jQ)' (12)

Assume that p|(a, d) for some d = jy(mod P,). Since (ji,j2) = 1 we clearly have p > r.
Denote by h(P,,j,z) the number of those integers d for which d < n,d = j(mod P,) and
(z,d) = 1. It is not hard to see that

]_ og 1
h(PT,jg,a) — % H (1 _ 1_)) S 2w(a) < 22101ﬁ0g—n.
pla
p>r

From this and (11) we get for large n

]_ og 1
WP java) > o ] (1 - _> _ 9t >
P, D

pla

p>r
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E\N N g _logn E\N N
1 — =) = — 2%lsglogn 1—-)—=. 13
>< 8>PT >< 4>PT (13)
Denoting the number of solutions of |(12) |by X, we have by [(6),|/|(8)[and (13)
X 2 A5 — > 1=
d<n
d = ja(mod P,)
(a,d) > 1
= |A(Pr’j2)| - Z I h(PT7j27 (1) >
d<n
d = jo(mod P,)
en n e\n  en en
L (L Q) B U 14
55 (E+ )+ (- D) E 151757 14

Therefore using|Lemma 2 [and (14), if ¢ is small enough, then we can choose integers
b1, bs, ... b satisfying

((l, bz) = ]-7 bz € A(Pr,j2)7
and
1 € )
H (1——>><1—§> forall 1 <</, (15)

p
p|bi
p>T

Put e; = [b;, bi11] for all 1 < i <[ where b4 is defined to be a.
Let us denote the number of solutions of

(e, fy) =1fy€ A(Pr,js)
by Y;. From if g = js(mod P,) and p|(e;, g), then p > r. Again we have

log(nz)

1
h(PT,jg, 61-) — % H (1 _ _) < 2w(ei) < 22m <

’ ple;
p>7‘

4 log n
< 2 loglogn |

We obtain from this and (15) for large enough n that
]. og n
WPojsre) > = 11 (1 - _> g
P, P
ple;

p>r
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> I1 <1 _ 1) 11 <1 _ 1) D i
P, p p
p|bi p|bi+1
p>r p>r

N2 n 4 logn e\ n
S(1-5) 2 ot > (1-S) 2
< 8) - < 4>PT

(6), (8) and (16) yield that

Y; > |A(Pr,j3)| - Z 1-— h(PT7j3vei) >
gs<n
g = js(mod P,)

>en <n+1>+<1 e)n_en 1>en
2P, P, 4) P, 4P, 5P,

Hence we can choose an integer h; satisfying
(bi; hi) = (bit1,h:) =1 and h; € A(p, z)

for all 1 < ¢ <. Then
a, bl, hl, bg, hg, ceey bl, hl, a

form a Cy1 in G(A) and this completes the proof off Theorem 3.
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