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Abstract

A g-Lagrange inversion theorem due to A. M. Garsia is proved by
means of two sign-reversing, weight-preserving involutions on Catalan
trees.

1 Introduction
Let F(u) be a formal power series with F(0) = 0, F’(0) # 0 (delta series). Then
F(u) has an inverse f(u) which satisfies

F(U)k|un flu)" ="

n=~k

and
Z f(u)k}un Fu)" = u"
n=~k

for all £ > 1, where [,;» means extract the coefficient of u™.
The coefficients of f(u)™ may be expressed in terms of the coefficients of
F(u) by means of the Lagrange inversion formula
u"F'(u)
F)" k= wd .
u F(u) + u_l
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The g-Lagrange inversion problem may be stated as follows: given a delta
series F'(u) and a sequence of formal power series { Fj,(u)} which is a g-analogue
of {F(u)*}, find {fx(u)} such that

ZFk w)|yn falu) = uf (1.1)
and

> fe(W)yn Fo(u) = (1.2)
n=k

for all & > 1. If {fr(u)} satisfies equations (1 1) and (1.2) then fi(u) is a ¢-
analogue of f(u)* for each k, where f(u) = F~!(u). We say that {F)(u)} and
{fx(u)} are inverse sequences.

There are several solutions to the ¢-Lagrange inversion problem appearing in
the literature — see for example Andrews [2], Garsia [7], Garsia and Remmel [9],
Gessel [10], Gessel and Stanton [11][12], Hofbauer [13], Krattenthaler [15], Singer
[17][18]. Singer [17] proved an inversion theorem, based on a generalization of
Garsia’s operator techniques, which unifies and extends the g-Lagrange inversion
theorems of Garsia [7] and Garsia-Remmel [9]. Garsia, Gessel and Stanton, and
Singer have shown that Rogers-Ramanujan type identities may be derived by
means of ¢-Lagrange inversion.

Several authors have given quite distinct bijective proofs of g-series identities,
many of which may be interpreted as statements about partitions — see Andrews
[1][3], Bressoud [4], Garsia and Milne [8], Joichi and Stanton [14], Sylvester [19].
An exceptional example is Garsia and Milne’s proof of the Rogers-Ramanujan
identities [16], making use of the involution principle. Bressoud and Zeilberger
gave an alternative, much shorter proof of these identities in [5]. Zeilberger
gave a g-Foata proof of the ¢-Pfaff-Saalschiitz identity [20], inspired by Foata’s
bijective proof of the Pfaff-Saalschiitz identity [6].

In view of the fact that so many g¢-series identities may be derived by means
of g-Lagrange inversion as well as by bijective methods, it is desirable to have a
combinatorial interpretation of the inverse relations (1.1) and (1.2).

In this paper we will give a bijective proof, using sign-reversing, g-weight
preserving involutions applied to Catalan trees, of the following ¢-Lagrange
inversion theorem due to Garsia ([7], Theorem 1.1):

Theorem 1.1. Let F(u) be a delta series with F'(0) = 1. Then there is a
unique delta series f(u) which satisfies

S Fef(w)f(ug) - - Flugh™") = u. (1.3)
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Moreover, { f(u)f(uq) - - - f(ug* 1)} and {F(u)F(u/q) - - - F(u/q"~1)} are inverse
sequences, that is

f; F(u)F(u/q)--- F(u/¢" )| i f(w)f(uq) - flug"™") = u” (1.4)
and 7

f; Fu)f(ug) - g )] F)F(u/a) - Flu/g™") =u*  (15)
for all k‘iz 1.

Our proof of Theorem 1.1 is organized as follows. We will assume
F(u) =) Fu (1.6)
k=1

is given to us with F; = 1. In Section 2 we will define C, the set of Catalan
trees. We will exhibit f(u) in terms of C, show that it satisfies (1.3), and prove
uniqueness. In Section 3 we will make some additional definitions regarding
Catalan trees and prove three lemmas we shall require later. We will then
give distinct bijective proofs of equations (1.4) and (1.5), in Sections 4 and 5,
respectively.

2 The set of Catalan trees

We exhibit f(u) combinatorially as follows. Let C be the set of rooted, planar
trees whose internal vertices have out-degree > 2. We refer to C as the set of
Catalan trees. We denote by C, the set of Catalan trees with p external vertices.
We have

Ci = {e}
Cy = {\/}
¢ = [N,000

6 = Y Y O XYY

and so on. We denote by |T'| the number of external vertices of the tree T
Observe that for p > 2 we have

T, . Tk

P 2

CpZU{ W 2Ty, Ty €C Ty + - - + |Tk| = p}-
k=2
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For each tree T' in C we will define a scalar-weight w,(T), a g-weight w,(T"), and
a composite weight w(T) = ws(T)w,(T). We then set

flw) = w()ul™,
TeC
and show that f(u) has the desired properties.

The scalar-weight function wyg is defined recursively by

ws(e) = 1,

wol N7 Ry (T ws(Ts) - ws(Th),

where the coeflicients F}, are provided by (1.6). If T' € C and V;(T) is the set of
internal vertices of T', then clearly

ws(T) = H (_Fd(v))7
UEVI(T)

where d(v) is the out-degree of v.

The g-weight function w, is defined recursively by

wQ(.) = 1

Tl T2 .. Tk k
w7 = TLu (T VI,

i=1

We now prove equation (1.3). We have

flu) = Zws(T)wq(T)u‘T‘

TeC
= u+ Z we(T)wy (T)ulT!
TEC\{ 0}
o TT, T TT, T
= uty Y wl YN (N i

k=21T,...,TLeC

0 k
= u+ Z Z (—Fy) Hws(ﬂ)wq(Ti)q(Fl)\Ti\U\Ti\
k=2Ti,...,TEC i=1
0 k
= u-— Z E; H Z W (T)wy (T)ql =Dyl
k=2  i=1TeC

o) k
= u—Y F[] flug™),
k=2 =1
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which implies (1.3).

We next show that f(u) is unique. Suppose a(u) is a delta series which
satisfies

Z Fra(uw)a(uq) - - - a(ug® 1) = u.
k=1

We will prove

a(Wyp =Y w(T) = f(u)lyr

Tec,

by induction on p.

We have
a(u) = u — ;i Fif(u)f(ug)--- f(ug"™"),
hence 7
AW, 1 = 1= w(s)
Assume

a(w)lyn = Y w(T)

TeC,
for all 1 <n < p. Then
(o]
a(u)lyp = =Y Fra(u)a(ug) - a(ug®")|,»
k=2

o

= YR Y alye - aw)lyeng=i 070

k=2 et tep=p

= > > R[] D wmetom

k=2e1++ex=p i=1T€eC,

> S 2

ex=pT1€Ce; ... TxECe,

I
1

ei+:

= w(T).
Te

a

P

Therefore a(u) = f(u).
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3 A closer look at Catalan trees

For any T € C we define the crown of T, C(T), recursively as follows. If T is a
height 0 or 1 tree then C(T) = T. If T has height > 2, write

Tl T2 Ty

NV %

Let r be the least index such that 7, has height > 1. We set C(T") = C(T).

If T € C\{e} then C(T) is the height 1 subtree of T' consisting of the depth-
first occurring height-maximal internal vertex of T' and its successors in T. We
will denote by D(T') the tree derived from T by replacing C(T) with an external
vertex.

We label the position of the external vertices of any tree T by 1,2, ...,
|T'| in depth-first order. We denote by P(T) the position of the depth-first
external vertex of C(T') in T. These definitions are illustrated in Figure 3.1 and
Figure 3.2.

Figure 3.1: C(T) and P(T)

The statistics P(T") and P(D(T')) are related as follows.
Lemma 3.1. For any tree T in C we have

P(T) < P(D(T)) + [C(D(T))| - 1. (3.1)
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=

Figure 3.2: D(T)

Proof. If
12 ...k

T—=oe or T = W

then C(T) = T and D(T') = e. Therefore P(T) = P(D(T)) = |C(D(T))| = 1,
and (3.1) is true in this case.

Now let T' be a height > 2 tree. Write

Let 7 be least such that ht(7,) > 0. Then we may write

...or-1. D(T, ) -
. W W
Suppose ht(T;.) = 1. Then C(T C(T,) =T, and P(T) = r. There are two

cases to con51der

Case 1. ht(D(T)) = 1. In this case we have
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P(D(T)) =1, and
P(T)=r<k=P(D(T))+|C(D(T)) —1.

Case 2. ht(D(T')) > 1. We are assuming that ht(T;.) = 1, hence D(T}.) = o,
and there must be a least index s > r such that ht(7s) > 0. This implies
C(D(T)) = C(Ts) and P(D(T)) > s. Therefore

P(T) =r < s < P(D(T)) < P(D(T)) + |C(D(T))| - 1.

We prove the lemma in general by induction on ht(7'), having treated the
case ht(T') < 1 above. Assume (3.1) is true for all trees of height < a. Let T be
a tree of height a + 1. Write

o N\

Since the root (as does every internal vertex) has out-degree > 2, ht(T;) < a for
each i. Let r be least such that ht(7,) > 0. As before we may write

Soor-1p(m ) e T
N W . W
We have C(T T.) and P(T) = r — 1+ P(T,). We may assume without

loss of generahty that ht(T;) > 1, having treated the case ht(T,.) = 1 above.
This allows us to write ht(D(T}.)) > 0, C(D(T)) = C(D(T})), and P(D(T)) =
r — 14 P(D(T})). By the induction hypothesis we have

P(T;) < P(D(T,)) + [C(D(T))]| - 1.

Therefore
P(T) = r—1+P(T})
< 11+ P(D(T) + [C(D(T,)] ~ 1
— P(D(T)) +|C(D(T))| - 1.
This completes the proof. O

Let N be a height 1 tree. We denote by TV, N the tree obtained by replacing
the a?® external vertex of T' in depth first order by N. We will need the following
result.
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Lemma 3.2. With notation as above, let S = T V, N, where a < P(T) +
|C(T)| — 1. Then C(S) = N.

Proof. By induction on ht(7"). The case ht(7T") <1 is trivial. Consider ht(T") >
1. Write

Tl T2 Ty

T_ W
Let r be the least index such that ht(7}.) > 0. Then we may write

1 r-1 Tr Tk

T =
Clearly C(S) = N in case a < r.
Now suppose we have
r<a<P(T)+|C(T) —1.
Since the depth-last external vertex of C(T") occupies position
PTY+|C(T)| -1

within T, and C(T) is found in T, N must be attached to T,. Moreover,
regarding 7;- as an independent tree, N is attached to T, at position a — r + 1.
Write S, =T, Vg—rt+1 N. Then we may write

1 -1 S Ty

S:

We have P(T) =r — 1+ P(T;) and C(T) = C(T)), hence
a—r+1<(P(MM)+|CT)|-1)—r+1=P(T)+|C(T,)] -1

Since ht(T}.) < ht(7T'), by the induction hypothesis we must have C(S,) = N.
Since C(S) = C(S;), we are done. O
We may q¢-label the external vertices of a tree T' with positive integers in

such a way that its ¢-weight is

wy(T) = q S of labels in T'
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The labelling is defined by induction on the height of a tree.

Label the height 0 tree by 0. Having labelled the external vertices of all trees
of height a or less, we label any height a + 1 tree

Tl T2 Ty

- N\

by increasing every label in T; by ¢ — 1 for each i. The sum of the labels in 7" is

k
> (i = D|Ti| + sum of labels in T;.

i=1

Set
wi(T) = g SUm of labels in T"
We have
wr(e) = 1,
T T2 B I
wr( N7 ) Sh, -0+ sum of labels in T

k
i=1

hence wy,(T) = wy(T) for all T.
The g-labelling of the tree shown in Figure 3.1 is depicted in Figure 3.3.

An important fact about the g-weight of a tree is recorded in the following
lemma.

Lemma 3.3. For any T in C, wqe(T) and we(D(T')) are related by the equation

wy(T) = wy (D(T))g "I+, (3.2
Proof. It will suffice to show that the depth-first ¢g-label on C(T") in T is P(T")—1.
If this is true then the labels on C(T') are
P(T)=1,(P(T) = 1) +1,...,(P(T) - 1) +|C(T)| - 1,

hence the sum of the labels on C(T') is

i) -vje)+ (4).
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Figure 3.3: g-Labels

This contribution to the exponent of g in wy(T") is replaced by P(T) — 1 in
wq(D(T)), since D(T') is obtained from T by replacing the crown by a single
external vertex. Hence

sum of labels in T' =

sum of labels in D(T') — (P(T) —1) + (P(T) - 1)|C(T)| + (|C(T)|> _

sum of labels in D(T) + (P(T) — 1)(|C(T)| — 1) + <|C<2T)|)

This implies (3.2).

We show that the depth-first g-label on C'(T") in T is P(T') — 1 by induction
on |D(T)|. If |D(T)| =1 then

T=oe or T:W.
T

In either case C(T) = T, hence P(T) = 1 and the depth-first label of C(T) is

0=P(T) 1.

Now assume that for all T such that |D(T)| < a, the depth-first g-label on
C(T)in T is P(T) — 1. Let T be a tree with |D(T)| = a + 1. Write
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Since |D(T')| > 1, it must be true that some T; has height > 1. Let r be least
such that ht(7}.) > 1. Then T may be expressed in the form

1 o ope1 T T,

We have |D(T,)| < a. By the induction hypothesis, the depth-first g-label on
C(T;) in T, (regarded as an independent tree, not a subtree of T) is P(T,) — 1.
By the way g-labelling is defined, the g-labels on T as a subtree of T" are obtained
by increasing each of the g-labels of T;. as an independent tree by r — 1. Hence
the depth-first g-label on C(T.) in T is P(T,.)+r—2. But P(T) = r—1+ P(T,),
therefore the depth-first g-label on C(T}) in T' is P(T) —1. Since C(T) = C(T}),
we are done. O

On occasion we will identify C¥, the cartesian product of k copies of the set
C, with the set of all Catalan trees whose root branches out to k subtrees. In
this context we have

and
(T, Ti)| = [Th| + - + [Tk

Given

we define the statistic

0 ilez'”:Tk:.,
max{i: T; # e} otherwise.

B(T) = {

We also set

for any (T1,...,Ty) € C*.
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4 Proof of Equation 1.4

We will prove 1.4 for all k£ > 2, the case k = 1 having been treated in Section 2.
We denote by N the set of height 1 trees (nests). For each k > 2 let Ry, be the
set of composite objects defined by

Re={(N,T): N e N*. T e cVI}.
For each composite object (N, T) € R we define a scalar-weight W(N,T) and a

g-weight W, (N, T) as follows. Write N = (Ny,...,Ny) and T = (T1,...,T|n))-
Say |N;| = e; for each i. We set

|V

k
Wo(N,T) =[] Fe. [] ws(Ty)
i=1 j=1
and
k .
Wy(N,T) = [[a V% - wy(T).
=1

We also set

W(N,T) = W,(N, T)W,(N,T).

Lemma 4.1.

> W, T =
(N, TYeER

> Fu)F(u/q)--- F(u/q" )| p f(w)f(ug)--- flug”™).
p=k

Proof. Observe that

k IN|
W(N,T) = HFeiq*(lfl)Ei H w(Ty)qgu= DI,
i=1 j=1

Hence

> W, Tl =
(N, T)ER
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i > > HF q " 1>61Hw )qU=DITly | Tsl =

p=keit+--+e=pTi,.. TpeCi=1

Z > HFe g " ”“HZ )gU=DITIITI —

p=keit+--ter=pi=1 j=1TeC

Z F(u/q) - F(u/q" )| p f(u)f(ug)- - flug”").

O

k

Let N denote the vector (‘e e, ..., ). Then W(Ng, N;) =1 and |N| = k.
In order to prove (1.4), we partition the set Rj = Rp\{(Nk, Ni)} into two
disjoint sets Rz and R, , and exhibit a sign reversing involution # on R}, which
maps Rg onto R, . That is, 6? = identity and

W(O(N,T)) = -W(N,T). (4.1)
This will give us
> W(N, Tl = W (Ng, Np)ul Ml = uk (4.2)
(N, T)eRy,
We then combine this result with Lemma 4.1.
We set
Ry ={(N,T) € RiA{(Nw, Ni)} : B(T) < [N| = P(N) +1 and N # N}
and
R, ={(N,T) € Ri\{(Ny, Ni)} : B(T) > |[N| = P(N)+ 1 or N = N;}.
We will actually construct two maps,
oF :R;"—WR; and 0~ :R;%Rg,
and show 0=+ = 070~ = identity.

It is helpful to visualize composite objects in Ry as marked trees. Let
(N,T) € Ry be given. Write N = (Ny,...,Ny) and T' = (T1,...,T|n)). We
may form a single tree by placing each non-trivial T; on top of the i*" external
vertex of the tree

NN, oo N

N
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We mark the tree by distinguishing N.

For example, let

(VN Yy’)

) ) )

We identify (IV,T) with the marked tree in Figure 4.1.

Figure 4.1: (N, T)

This particular tree lies in Ry : we have |[N| = 11, P(N) = 3, and B(T) =9,
therefore
B(T) <|N|—- P(N)+1.

The maps 0+ and 6~ are defined as follows. The reader may wish to
consult Figures 4.3-4.5 at this point for an illustration of the action of 6*.
Let (N,T) € Ry be given. As before, we write N = (Ny,...,Ni) and =
(T1,...,T|n)). We can regard N as a height < 2 tree with a base branching out
to k subtrees. Suppose (N, T) € RZ Then

B(T) <|N|—P(N)+1and N # Ng.
We set

9+(N7 T) = (QT(N, T)792+(N7 T))v



THE ELECTRONIC JOURNAL OF COMBINATORICS 5 (1997), #R26 16

where

07 (N,T) = D(N),

S Sy P(N)-1
——

0;(N7T>:(Tlv'"71—‘\N|—|C(N)\—P(N)+17 W 7'7"‘7')7
and
Si = T\nj—jc(N)|-P(N)+14i  for 1 <i < |C(N)].

Observe that the depth-last vertex of C'(IV) occupies position P(N)+|C(N)|—1
within N, hence P(N) + |C(N)| — 1 < |N|. Therefore 8" is well-defined in so
far as |[N| = [C(N)|— P(N)+1>0.

Lemma 4.2. With notation as above, the composite object 67 (N,T) lies in
Proof. This is clear if D(N) = Ny. If D(N) # Ny, we must verify
B(05(N,T)) > |D(N)| — P(D(N)) + 1. (4.3)

By construction we have B(63 (N, T)) = |[N|—|C(N)| - P(N)+2. We also have
|D(N)| = |N|—|C(N)| + 1. Hence (4.3) is equivalent to

IN|=[C(N)| = P(N) +2 > [N| = [C(N)| +1 - P(D(N)) + 1,

that is P(D(N)) > P(N). But this is clear because the restriction D(N) # N
means that NV must be a height 2 tree with at least two nests at height one.
The crown of N is the depth-first nest at height one in N. The crown of D(N)

is the depth-second nest at height one in N. See Figure 4.2. O
cN) C(D(N))
~a
P(N)=2 P(D(N))=4

Figure 4.2: N versus D(N)
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We now define . Consider (N,T) € R,.. Then B(T) > |[N|— P(N) +
lor N=N,.

Claim: B(T) > 0. This is clear if N = Ny, for then T # Nj. If N # Ny, then
we must have

B(T)>|N|-P(N)+1>1.
Hence we may write

Lo Sy INI=B(D)
——
T:(T17~'7TB(T)—17 ,.,...,.)

for some Si,...,Sp, € C. We set
0~ (N,T) = (6y (N, T),0, (N, T)),
where 67 (N, T) is obtained by replacing N|n|—p(r)+1 by the nest

1 .- b

Ny

in N, and

IN|=B(T)
Hg(N,T) = (leowTB(T)—laSl,'H,Sba e, ...,0 )

Lemma 4.3. With notation as above, the composite object 8~ (N, T) lies in
R;.
Proof. Clearly 67 (N,T) # Nj. We must verify

B(6y (N,T)) < |07 (N, T)| — P(6y (N, T)) + 1. (4.4)
Note that if N=Nj, then the crown of 67 (N,T) is the nest

1 - b

N

If N # Ng, then the condition
B(T)>|N|—P(N)+1
forces

P(N) > |N| - B(T) +1,
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and the crown of 6; (N, T') is again the nest

1 - b

N

In either case, we have
P07 (N,T))=|N|-B(T)+1.
We also have
|07 (N, T)| =|N|+b—-1.
Hence the inequality (4.4) is equivalent to
B(0; (N,T)) < b+ B(T) ~ 1.

This inequality is true because S}, occupies coordinate b+ B(T)—1in 65 (N, T).
O

In order to see that =0t = 070~ = identity, it is useful to look at an
example. Consider the composite object (N,T) € R™ depicted in Figure 4.1.
The action of T on (N, T) is the following. Write (N, T') as an exploded diagram
by separating the non-trivial trees in T' from N and recording their relative
positions in depth-first order. See Figure 4.3.

W Nala

1

Figure 4.3: (N,T) exploded

Remove C(N) from N and reattach at the external vertex of D(N) located
by walking back P(N) positions from the depth-last external vertex. Call this
new tree I(IN). See Figure 4.4. The relocated nest is labelled R.
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Figure 4.4: I(N)

The position of R on D(N) is
|ID(N)| — P(N)+1=|N|—-|C(N)|—P(N)+ 2.

R forms the base for a tree in 5 (N,T). To obtain (N, T) we reattach the
non-trivial trees of T at the same relative positions on I(N). See Figure 4.5.

Since the depth-last external vertex on R occupies position
(IN[ = [C(N)| = P(N) +2) + (|C(N)| =1) = [N| = P(N) +1 = B(T)

within I(IV), none of the non-trivial trees in T' clear R. Therefore R is the base
for the depth-last non-trivial tree sitting on D(N) in 61 (N, T'), and

B(6 (N.T)) = [N| - |C(N)| — P(N) + 2.

The action of 6~ reverses this procedure. The base R is removed and then
replaced on D(NN) at position

0} (N, T)| — B(63 (N, T)) + 1 =

(IN[=C(N)|+1) = (IN] = [C(N)| = P(N) 4+ 2) + 1 = P(N).
Therefore N is recovered. The non-trivial trees among

Ty, ..., Ts(T)
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Figure 4.5: 07 (N, T)

are replaced on N in the same relative positions they occupied on I(N). Hence
T is recovered.

The action of #~ in general is to take the base

1 .- b

Ny

of

S, ...,

R NV

and replace it on N at position |[N| — B(T') + 1, forming the crown of 8, (N, T).
The non-trivial trees among

Th, ..., TB(r)-1,51,- -+, Sb

are replaced on 07 (N, T') at the same relative positions. 6 reverses this proce-
dure: I(67 (N,T)) is obtained from 67 (N, T) by removing

1 .- b

cr(N,T) = &7

from 67 (N, T) and replacing it on D(6; (IV,T')) at position

07 (N, T)| = [C(61 (N, T))| = P(6; (N, T)) +2 =



THE ELECTRONIC JOURNAL OF COMBINATORICS 5 (1997), #R26 21

(IN|+b—1)—b— (IN| = B(T) + 1) + 2 = B(T).

Hence N and the base of T'z(r) are recovered. T' is recovered when the non-
trivial trees among

Ty .., T(ry—1,51,- -5

are replaced on N.

The next two Lemmas show that 4 is a sign-reversing, g-weight-preserving in-
volution. It will suffice to show that 01 is sign-reversing and g-weight-preserving.

Lemma 4.4.

WS(0+(N7 T)) = _WS(N7 T)

Proof. Write N = (Ny,...,Ng) and T = (T1,...,Tjn|). Recall that
0 (N,T) = (] (N, T),05 (N, T)),
where

0y (N,T) = D(N),

Sl L S|C(N)| P(N)-1
eg(NvT):(T17"'77—‘\N|7|C(N)\7P(N)+17 W 7.7"'7.)7

and
Si = T\nj—jc(N)|-P(N)+14i  for 1 <i < |C(N)].

For any S = (S1,...,Sk) € CF let VF(S) denote the set of internal vertices
of the trees S1,59,...,Sk. Then

W ( ( 11 FM)( Fd@)))
veVE(N) veVE(T)

W, (0T (N,T)) = ( U)> ( 1T (—Fd@))),
vEVE(D(N)) vEVE(0F (N,T))

where d(v) is the out-degree of v. VF(D(N)) is obtained from V}(N) by re-
moving the root of C(N). V}F (05 (N,T)) is obtained from VF(T) by adding
the root of C'(N) in its new position in 0+( T'). Hence the factor Fio(y) in
W(N,T) is replaced by —F|c () in W (67 (N, T)). Therefore W, (6% (N,T)) =
~W,(N,T). O

and
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Lemma 4.5.
W, (6 (N,T)) = W,(N,T).

Proof. We have

W, (N,T) = g ONil=1Nal (PN =IO = (k1) Ve
o T atl ... N
Xwg( )
and
W, (01 (N,T)) = g OV =N == (P(N)= 1) 1= (k1) | N
Thse1 - T,

INI-IC(N)[+1

);

where a = |[N|— P(N)+1 > B(T) and b = [N| — |C(N)| — P(N) + 1. Note
that T1,...,T, have the same ¢-labels in both

Xwq

Lo T, asl NI

A:

and

INJ-]IC(N)[+1

Hence

N

DT S i
we(A) = qu(ﬂ)q(’ 1)\Tw\qzi=a+1( 1)

= ] we(Ti)gtDImlg(2)- (5T
i=1
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and
we(B) = Hw G=DIT| Z“XLQC(NHH( -1
= Hw )gliVITi| (‘N‘*‘C;Nﬂﬂ)_(\m—\cm;\—P(NHz)'
Therefore

qi(P(N)il)(‘C(N)|71)+(\g\)f(\N\*i(N)Jrl),(\N\*\C;(N)\+1)+(\N\*\C(N%\*P(N)+2) -1

O

Lemmas 4.4 and 4.5 taken together yield equations (4.1) and (4.2), hence we
have completed the proof of equation (1.4).

5 Proof of Equation 1.5
For each k > 1 let Sy be the set of composite objects defined by
Se ={(T,N): T eC* and N e N7},
where as before N is the set of height one trees. For each composite object
(T,N) € Sy we define a scalar weight W;(T, N) and a g-weight W (T, N) as

follows. Write T'= (T1,...,Ty) and N = (Ny, ..., Ni|). Say |N;| = e; for each
1. We set

and

7|
W!(T, N) = wy(T Hq—m De;

We also set

W'(T, N) = W.(T, N)W.(T, N).
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Lemma 5.1.

> WHT, N)uN =
(T,]V)ES]C
> F@W)f(ug) - flug" )| p Fw)F(u/q) - F(u/q"™).
p=k
Proof. Observe that
k IT|
W'(T,N) = [[w(T)q" VT ] Feyq 1.
i=1 j=1
Hence
> WU, N)uNl =
(T,]V)ES]C

© k
Z Z Hw(Ti)q(i_l)lTil ﬁ Fejq—(j—l)ejuej —

p=k (T4, Ti)EC €1,.rep>1i=1 =1

p oo
H Z Frqf(jfl)ruT _

uP j=1r=1

S (o )

> F@w)f(ug) - flug" )| p Fw)F(u/q) - F(u/q"™).

O

k

As before, let Ni denote the vector (‘e,e,...,8). Then W/(Ny, Ny) = 1. In
order to prove (1.5), we partition the set Si\{(Ng, Ni)} into two disjoint sets
S;‘ and S, and exhibit a sign-reversing involution ¢ which maps S,j onto ;.
This will give us

> WUT, N)ulN = W' (Ny, N )ulM! = b, (5.1)
(T,N)ES]c

We then combine this result with Lemma 5.1

We set
Sy = A{(T,N) € S\M (N, Ni,)} : |T| = [C(T)| = P(T) +2 > B(N)}
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and
¢ ={(T.N) € SN No)} : [T] = |C(T)| - P(T) +2 < B(N)}.
We will actually construct two maps,
¢+:S,j'—>8k_ and ¢_:8,:—>8,j,
and show ¢~ ¢ = ¢t~ = identity.

As before it is helpful to visualize composite objects as marked trees. Let
(T,N) € Sk be given. Write T' = (T1,...,Tx) and N = (Ny,...,Njp). We
may form a single tree by placing each non-trivial N; on top of the i*" external
vertex of the tree

We mark the tree by distinguishing 7T'.

T(.,X%.,N),

N:(\/,\I/....\l/.........>

) ) ) ) ) ) ) ) ) ) ) ) ) )

For example, let

We identify (T, N) with marked tree in Figure 5.1. This particular tree lies in
S5t we have |T| = 16, P(T) = 3, |C(T)| = 3, and B(N) = 7, therefore
|T| - |C(T)| — P(T)+2> B(N).

The maps ¢+ and ¢~ are defined as follows. (The reader may wish to
consult Figures 5.2-5.4.) Let (T, N) € S, be given. Write T' = (17, ...,T}) and
N = (Ni,...,Nip|). We can regard T as a tree whose root branches out to k
subtrees. Suppose (T, N) € S;‘. Then

|T| - |C(T)| — P(T)+2> B(N).
We set

¢ (T,N) = (¢1 (T, N), 65 (T, N)),
where

¢1 (T,N) = D(T),



THE ELECTRONIC JOURNAL OF COMBINATORICS 5 (1997), #R26 26

Figure 5.1: (T, N)

[D(T)]

¢35 (T,N) = (Ni,...,Np(ny,9,...,C(T),...,e),

and C(T) is in position
7| - |C(T)| - P(T) + 2.
¢T is well-defined because

ID(T)| = |T| = |C(T)[+1 = |T| - |C(T)| = P(T) +2 > B(N).

Lemma 5.2. With notation as above, ¢ (T, N) lies in S, .

Proof. We need to verify

|D(T)| - |C(D(T))| — P(D(T)) +2 < B(¢3 (T, N)). (5.2)
We have

ID(T)| = |T| - |C(T)] +1
and
B(¢3 (T,N)) = |T| - |C(T)| - P(T) +2,
hence (5.2) is equivalent to
P(T) < P(D(T)) +|C(D(T))| — 1.

But this is true by Lemma 3.1 O
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Now suppose (T, N) € S, . Then

[T| = 1C(T)| = P(T) +2 < B(N).

27

We set

¢~ (T, N) = (¢1 (T, N), ¢; (T, N)),
where

¢1 (T,N) =T V|p|—w)+1 Np()
and

¢3 (T,N) = (N1,..., Ngvy, ®...,9).
Recall that T'V, N is the result of attaching N to T at external vertex a. Note
that
IT| = P(T) +|C(T)| -1

implies

B(N) > |T|—|C(T|-P(T)+2>1.

Lemma 5.3. With notation as above, ¢~ (T, N) lies in S,:r.

Proof. We must verify

|61 (T, N)| = |C(¢1 (T, N))| = P61 (T, N)) + 2> B(o; (T, N)).

We have
|61 (T,N)| = |T| + [Npw)| — 1.
The condition
|T| —|C(T)| - P(T) +2 < B(N)
forces
IT| = B(N) +1< P(T)+|C(T)| - 1.
By Lemma 3.2 this implies

C(¢1 (T,N)) = Np(n)-

(5.3)
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Therefore
P(¢7 (T, N)) = |T| - B(N) + 1.
Hence (5.3) is equivalent to
(T + [Np@n| = 1) = [Np@w)| = (IT| = B(N) +1) + 2 > B(¢, (T, N)),
that is
B(N) > B(¢, (T, N)).

But this is true by construction. O

In order to see that ¢~ ¢T = ¢T¢~ = identity, it is again useful to have
an example in mind. Consider the composite object (T, N) € S,:r depicted in
Figure 5.1. The action of ¢ on (T, N) is the following. Write (T, N) as an
exploded diagram by separating the non-trivial trees in N from 7" and recording
their relative positions in depth-first order. See Figure 5.2.

Figure 5.2: (T, N) exploded

Remove C(T') from T and reattach as part of ¢35 (T, N) at the external vertex
of D(T) located by walking back P(T') positions from the depth-last external
vertex. See Figure 5.3. The relocated nest is labelled S.

The position of S on D(T) is

|D(T)| — P(T)+1=1|T|-|C(T)|— P(T)+2> B(N).
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Figure 5.3: relocated nest

Hence the non-trivial nests of N may be reattached to D(T") in their same
relative positions, all to the left of S in depth-first order. The result is ¢ (T, N).
See Figure 5.4. Note that we now have

B(¢3 (T, N)) = |T| - |C(T)| = P(T) + 2.

The action of ¢~ reverses this procedure. The nest S is removed and replaced
on D(T) at position

|D(T)| = B(¢3 (T,N)) +1 =

(T =1e(M@)+1) = (IT| = |c(T)| = P(T) +2) + 1 = P(T).
Hence T is recovered. The non-trivial nests among
va . '7NB(N)
are then replaced in the same relative positions. Hence N is recovered.

The action of ¢~ in general is to remove Np(y) and replace it on T' at
position

T| = B(N) +1,

forming the crown of ¢; (T, N). The remaining non-trivial nests of N are placed
on ¢; (T,N) in the same relative positions. ¢* reverses this procedure: the
crown

C(¢7 (T, N)) = Np(n)
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Figure 5.4: ¢ (T, N)

is removed and replaced as a nest on
D(¢y (T,N)) =T
at position

|61 (T, N)| = |C(¢y (T, N))| = P(¢y (T, N)) +2 =

(T + [Np@| = 1) = [Np@vy| = (IT| = B(N) +1) + 2 = B(N).

The rest of the non-trivial nests of N are then placed on T in the same relative
positions. Hence (T, N) is recovered.

We now show
W' (¢ (T, N)) = —W'(T, N). (5.4)
We clearly have
W (6" (T,N)) = ~W(T,N) (5.5)

because, arguing as in Lemma 4.4, the factor —Fj¢(y)| in W!(T, N) is replaced
by Fiow) in Wi (¢ (T, N)).

Lemma 5.4. With notation as above, W, (¢ (T,N)) = W(T, N).
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Proof. We have

|7
Wc;(T, N) = wy(T) H q—(z—l)\Ni‘
i=1
Erd 7| .
= wy(T) H g~ DI = S 0 G-
=1
B(N)
= 'U_)q(T) H qf(ifl)‘N” X q,(\g\)+(3(21\]))
i=1
Now
6 (T,N) = (D(T), 65 (T, N)),
where

¢3(T,N)) = (N1,...,Npwy®,...,CT),...,e)
and C(T) is in position
IT| — |O(T)| - P(T) +2.

Hence

W(¢*(T,N)) =

B(N)
we(D(T)) [ ¢~V
i=1

g~ L2 1 (G=1) + IT|=|C(T)|-P(T)+2-1

w g~ (ITI=ICD]-PT)+2-1)|C(T))

B(N)
= wy(D(T)) J] ¢ ¢ g (PE)+(PEY)=(TI=le(m) =P+ (C(T) -1)
=1
Hence
W, (T,N)
Wi (¢t (T, N))

_we(T) (1T (1P (1| = |C(T) |~ P(T)+1)(IC(T)-1) _
wq(D(T))
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wa(T) (151411 (71~ 0(D) | P+ (1) 1),
we(D(T))
By Lemma 3.3,
wo(T) _ (per)-nie@)-n+(°§).
wq(D(T))
Hence
W' N) ()41 e ri-ioem e -n+(C5) _

Wi (¢*(T,N))

O

Combining equation (5.5) with Lemma 5.4, we arrive at equation (5.4). This
yields (5.1) and completes the proof of (1.5).

6 Conclusion

In the course of proving Theorem 1.1 we have discovered some properties of

Catalan trees. While there may be many sign-reversing involutions giving rise

to a bijective proof of equations (1.4) and (1.5) when ¢ = 1, it appears that

only two of these are invariant with respect to the g-labelling of trees. In [17]

the author derived the Rogers-Ramanujan type identity

i (%006 ()
(a*; q" )k

Gk (66

)

k=0

which has a ready interpretation in terms of partitions. This identity was derived
by replacing ¢ by ¢? and u by —q in

k

i (—6 e(-1D*qDu*  (—uPgi ")
= (5 P)(—u (4 @)oo
The latter identity was derived as an example of g-functional composition, and
the left-hand side can be expressed combinatorially in terms of weighted Catalan
trees. It would be fruitful to seek bijective proofs for identities such as these for
the information they contain about trees in addition to partitions and Ferrers
diagrams.
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