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ABsTRACT. We show that the average order u, of a permutation in S,, satisfies

n Lo <\/7_Lloglogn> 7

logn logn

logpun = C

which refines earlier results of Erd6s and Turdn, Schmutz, and Goh and Schmutz.

1. Introduction.

For ¢ € S,, let N(o) be the order of ¢ in the group S,. Erdés and Turdn
[2] showed that if one chooses a permutation uniformly at random from S,, then
for n large log N (o) is asymptotically normal with mean (log?n)/2 and variance
(log®n)/3. Define the average order of an element of S, to be

fy = e Z N (o).

|
n.
o€S,

It turns out that log s, is much larger than (log?n)/2, being dominated by the
contribution of a relatively small number of permutations of very high order. This

was first shown by Erdés and Turdn [3], who showed that log u,, = O (x/n/ log n)

This result was sharpened by Schmutz [6], and later by Goh and Schmutz [4] to
show that log u,, ~ Cy/n/logn, for an explicit constant C. The purpose of this
note is to show that

n Vvnloglogn
log pu, = C,/ o ————),
icle logn + ( logn

where C' = 2.99047 ... is an explicit constant defined below. Our argument shares
some similarities with that of [4], but is more elementary and permits a more explicit
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bound on the error term. The proof will be divided into three steps. First we will
give upper and lower bounds on u, involving the coefficients of a certain power
series, then we will use a Tauberian theorem to bound these coefficients.

For a partition A = (A1, Aa,..., As) let ¢;(A) be the number of parts of A of size
i, let [A| = A1+ A2+ -+ A5 and let m(N\) = Lem.(Aq, Ag, ..., Ag). We will say
that A is a partition of |A|. By a sub-partition of A we will mean any subset of

(A1, A2, .., As) viewed as a partition of some smaller number. Then
_ m(A)
Hn = |§:: 161 (X)2¢e2(X) Cl<>\)'CQ<>\)'

2. The Upper Bound.

Call a partition 7 = (71,72, ..., 7s) minimal if for each sub-partition 7’ of = we
have m(n’) < m(w). For each partition A of n choose a minimal sub-partition 7
with m(m) = m()\) and write A = 7 Uw for some partition w. Let M,, be the set of
all minimal partitions 7 with |7| < n and for any m € M,, let 2 be the set of all
partitions w that occur with 7 in decompositions as above. Then

_ m(r)
Hn = Z z; 1er(mea(m) | 1er(w)2e(w) o (mUw)lea(mUw)! ...’

TEMy, welly
m() 1
< - )
- wezz\;n TTY . .. w%;,, Ler@)e2(w) eq(w)leg(w)!. ..
< ¥ 2o
ey 17T ...
where the first inequality follows by rewriting 1¢1(M2¢2(%) as 77 ... and using

ci(mUw) > ¢;(w) and the second follows by noting that if the inner sum were over
all partitions w with |w| = n — |7| instead of just a subset of them, then it would
be 1.

For each minimal # = (w1, 7m2,...,7s) choose integers (di,ds,...,ds) with the
following properties:

(1) d; divides 7,

(2) g.cd. (d;,dj) =1 for i # j,

(3) ITi=y di = m(m).
(An explicit construction of the d; is given in [6].) Note that since 7 is minimal
the d; are all greater than 1. Define integers k; by m; = k;d;. Then mmy... 75 =
m(m)kiks ... ks. Let D, be the set of all unordered sets (d) = (dy,da,...,ds) of
pairwise relatively prime integers greater than 1 with d;+ds+- - -+ds < n and for any
(d) € Dy, let K4y be the set of all (kyi, kg, ..., ks) with kidy +kady +- - -+ keds < n.
Then the bound above becomes

1
ZEID DY Teiky . .

(d)€Dn (k)EK ()
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The sets (dy,ds, ...,ds) can be broken up into two subsets: the prime elements and
the composite elements. Any composite d; must be divisible by some prime p with
p < v/n and since the d; are relatively prime p divides only one element. Therefore

there are at most 7(y/n) < C 13@1 composite elements. Each composite element

contributes at most Y ;_; % = logn 4+ O(1). Therefore all the composite elements
together contribute at most exp {O <M)} to pun. Let P, be the set of all

logn
unordered sets (d) = (dy,da, ..., ds) of distinct primes with dy +dy + -+ + ds < n.
Then the bound above becomes

1 Vnloglogn
< _— .
Hn = Z Z k’lk’g... exp{o ( lOgTL )}

(d)ePn (k)EK (g

The sum above can be rewritten in a convenient form. Let pi, po,... be all the
primes in order and consider infinite sequences (k1, ko, ...) with only finitely many
nonzero terms with Y o°, k;p; < n. Then the sum above is the sum over all such
sequences of the product of the reciprocals of the nonzero k;’s. Explicitly

1 Vvnloglogn
s 2 I oo (M)}

(k):Skip;<n i:k;#0 "

If we define a function h(¢) and a sequence a,, by

h(t) = H (1 —log(1 —e_pt)) = Z ame”"™,
m=0

p prime

then the bound above says that
" vnloglogn
< -~ = -
pn < ﬂ;ameXp{O( Toa :

Before analyzing the a,,’s in detail we will first derive a lower bound comparable
to this upper bound.

3. The Lower Bound.

Consider only partitions A of n of the following nice form A = 7 U w where
m = (m,72,...,7s) and each m; = k;d; where the d; are distinct primes greater
than \/n and |w| < ¢ where ¢ is the smallest prime larger than y/n. For such a A we
have m(A) > dids . ..ds and for all i either ¢;(A) = ¢;(w) or ¢;(A\) = 1 and ¢;(w) = 0.
In either case ¢;(A\)! = ¢;(w)!. Therefore taking only the terms corresponding to
these A’s in our expression for u, above gives

1 1 1
> =
Hn = 27; kika ... zw: 1e1(w)ea(w) .Cl<w)!02<w)! ce 27; kiko .. L
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where the outer sum runs over all 7 which occur in some partition as above and
the second equality follows by noting that the inner sum is over all partitions w
with |w| = n — |7| and hence is 1. This lower bound can be rewritten as we did
for the upper bound. Let ¢ = ¢1 < g2 < ... be all the primes greater than y/n in
order and consider all infinite sequences (ki, k2, ...) with only finitely many terms
nonzero such that n — g < Z;’il k;q; < n. Then as above the lower bound is the
sum over all such sequences of the product of the reciprocals of the nonzero k;’s.
Define a functions z,(t) and sequences bl by

zn(t) = H 1—log(l1—e?) = Z b emmt,
m=0

p>+/n prime

Then the lower bound above becomes

n

N

m=n—q+1

We need only relate the bﬁ,? ) to the a,, defined earlier. Unfortunately the sum above
extends over only a short range of indices; we must first correct this imbalance.
For any m < n — ¢ and any prime ¢; greater than /n and any sequence (k) that

n

contributes to bgﬁl ) we obtain a sequence that contributes to b by adding one to

m+4q;
k;. In the worst case this changes k; from 1 to 2 and halves the contribution of this
term. Therefore bl < ngﬁrqi. Since there is a prime p between (n —m)/2 and

n —m (which we may assume is greater than y/n since we may always take p = q)
we may halve the distance from m to n by one application of this inequality. After

at most log, n applications of the above inequality we obtain bgﬁl ) < nbgn) for some
n —q < s < n. Therefore we have

n

zn:bg,:) <n? > by
m=0

m=n—q+1

therefore with only negligible error we may replace the sum in the lower bound
above by the sum over all m < n.
To compare this sequence to the a,,’s note that

h(t) = zo(t) [  (1—log(1—e ).

p<y/m prime

If the second factor on the right hand side is expanded as ), _, cﬁ,? )e_mt, then

m

Ay, = Z b,in)cgg)_k.
k=0
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The second factor of h(t) is a product of w(y/n) < C Vi terms each of which

logn

contributes at most 14+ Y";", + = logm + O(1) to ™) Therefore for all m < n
we see ng) < exp{O <M)}’ SO, < 221:0 bl(gl) exp{O <\/ﬁ10glogn)}.

logn logn
Summing over m gives

n

1 . log1
o > — bgg) > Zamexp{_o (M)}
0 m=0

n logn

m=

Combining this with the upper bound above gives

. log1
log pn, = logZam-i-O(m).

= logn

To complete the proof we need only bound log > _ .

4. The Tauberian Theorem.
We will apply the following result of Erdés and Turén [3].
Lemma (Erdds and Turén) Let f(¢t) =Y _ a,,e”™" and suppose

m=0
A loglog 1/t
1 - 0808/ t 0%,
o8 /(t) = g1t O(t(logl/t)2> o

Then

- [ n log1
Zam = exp{Q 24" + ()(—\/H 08 Ogn)}.
= logn logn

Thus we need only analyze log h(t) as ¢ — 07. As in [3] we have

logh(t) = Z log (1 —log(1—e ")) = /Ooo log (1 —log(1 — e~*")) dm(x),

p prime
oo —xt
_ / tr(x)e d.
o (I—e ) (1—log(l—e="))
_ / _ m(s/t)e” s,
o (I1—e7*)(1—log(l—e"))
The integrand is bounded by C1t~! for s small (using the bound 7(z) < z). There-

fore the contribution to the integral from the interval [0, t1/2) is bounded by Cyt~1/2.
Hence we may replace the lower endpoint by t'/2 with only a negligible error. For

any  we have
x x
= O ——
(@) log = + ( (log x)? ) ’

(see for example [5, Thm 23, p. 65]) hence

(s,t) = 1 s ofl 5
St = tlog1/t +logs t log1/t+1logs)? )"
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Since s > t'/2 we have logs > —1/2log(1/t) and thus

(s.t) = S _ slog s 40 S
" tlogl/t  tlogl/t(log1/t +logs t(log1/t)2 )’
_ s L0 s(1 + |log s|) .
tlogl/t t(log1/t)?
Plugging this into the integral and extending the lower endpoint back to 0 (which

again introduces only negligible error terms) gives

—S

se

1 o 1
out0) = sy J, et * © (e

So the Tauberian theorem of Erdés and Turan gives

log 1, = 2v3A (floglogn)
logn
where
- | 1
A = 5¢€ ds —= / M ds
(1 —log(l —e—9)) g e -1

g (n) = 1.11786415... .
n

b
el

where F(n) is the exponential integral (see [1, Eqn. 5.1.1, p. 228)).
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