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Abstract

We consider a graph G and a covering G of G and we study the relations of
their eigenvalues and heat kernels. We evaluate the heat kernel for an infinite
k-regular tree and we examine the heat kernels for general k-regular graphs. In
particular, we show that a k-regular graph on n vertices has at most

2logn (k—1)F1 \"
(1 + 0(1))k‘nlogk ((k?2 o 2k)k/21)

spanning trees, which is best possible within a constant factor.

1 Introduction

We consider a weighted undirected graph G (possibly with loops) which has a vertex
set V = V(@) and a weight function w : V x V — R satisfying

w(u,v) = w(v,u) and w(u,v) > 0.
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TResearch supported in part by NSF Grant No. DMS 95-04834



THE ELECTRONIC JOURNAL OF COMBINATORICS 6 (1999), #R12 2

If w(u,v) > 0, then we say {u,v} is an edge and u is adjacent to v. A simple graph
is the special case where all the weights are 0 or 1 and w(v,v) = 0 for all v. In this
paper, by a graph we mean a weighted graph unless specified.

The degree d,, of a vertex v is defined to be:

d, = Zw(u,v).

A graph is regular if all its degrees are the same. For a vertex v in GG, the neighborhood
N(v) of v consists of all vertices adjacent to v.

This paper is organized as follows: In Section 2, we define a covering of a graph
and give several examples. In Section 3, we give the definitions for the Laplacian,
eigenvalues and the heat kernel of a graph. In Section 4, we consider the relations
between the eigenvalues of a graph and the eigenvalues of its covering. In particular,
we give a proof for determining the eigenvalues and their multiplicities of a strongly
cover-regular graph G from the eigenfunctions of the (smaller) graph covered by G.
In Section 5, we derive the heat kernel of an infinite k-regular tree. Then in Section
6, we consider heat kernels of some k-regular graphs. In Section 7, we consider the
relations between the trace of the heat kernel and the number of spanning trees in a
graph. In Section 8, we focus on an old problem of determining the maximum number
of spanning trees in a k-regular graph. We consider the zeta function of a graph and
we improve the upper and lower bounds for the maximum number of spanning trees
in a k-regular graph on n vertices.

2 The coverings of graphs

Suppose we have two graphs G and G. We say Gisa covering of G (or G is covered
by G) if there is a mapping 7 : V(G) — V(G) satisfying the following two properties:
(i) There is an m € Rt U {oo}, called the indez of 7, such that for

u,v € V(G), we have

Z w(z,y) =m w(u,v).

zeT 1 (u)
yern 1 (v)

(ii) For z,y € V(G) with m(z) = 7(y) and v € V(G), we have

Z w(z,z) = Z w(2',y).

zem~1(v) z'en—1(v)

Remark 1: For simple graphs G and G, (i) is equivalent to
(") For every {u,v} € E(G), we have

[{z,y} € B(G) 1 n(x) = u,n(y) = v}| = m.
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And (ii) is equivalent to

(ii") For z,y € V(G) with w(z) = 7(y), and v adjacent to 7(z) in G, we have

[N(z) naH(v)| = [N(y) N7 (v)].
In other words, 7! defines a so-called equitable partition of V(é) which has been
studied extensively in the literature. The reader is referred to Cvetkovi¢, Doob and
Sachs [5], McKay [14], Godsil and McKay [12].

Ezxample 1: Suppose G = Cy,, the cycle on 2n vertices and G = P, 1, the path on
n + 1 vertices. The covering has index 2 since each edge of P,, is covered by two
edges of Cy,.

Example 2: A graph G is said to be a regular covering of G if for a fixed vertex v in
V(G) and for any vertex z of V(G), G is a covering of G' under a mapping 7, which
maps z into v. In addition, if ! is just z, we say G is a strong reqular covering
of G. A graph G is said to be distance reqular if G is a strong regular covering of
a (weighted) path P (with possible non-zero w(v,v)). For example, for a vertex z
in V(G), we can consider a mapping 7, so that all vertices y at distance i from z
are mapped to the i-th vertex of P. This definition is equivalent to the definition of
distance regular graphs, given by Biggs [2].

Example 3: Let T}, denote an infinite k-tree. It is not hard to check that Ty is a
covering of a k-regular graph G. More on this will be discussed in Sections 5 and 6.

We note that in a covering G of G, the vertices v in G can have preimages 7 (v)
of different sizes (as in Example 2). In addition, the degrees of vertices in G or G are
not necessarily the same. Nevertheless, there is a certain uniformity in the preimage
of a vertex as illustrated in the following facts:

Fact 1 Suppose G is a covering of G under m with index m. Then for z € 7 1(v),
we have

71 (v)] Z w(z, x) = mw(u,v).

zem~(u)

The proof follows from (i) and (ii). For a simple graph, Fact 1 implies
7 ()] - [N(z) N7~ (u)] = m.

As an immediate consequence, we have

Fact 2 Suppose G is a covering of G under m with edge multiplicity m. Then for
z,y € 7 1(v), we have

d, = d,.
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3 The Laplacian and the heat kernel of a graph
For a weighted graph GG on n vertices associated with a weight function w, we consider
the combinatorial Laplacian L of G.
d, —w(v,v) ifu=mu,
L(u,v) = ¢ —w(u,v) if u and v are adjacent,

0 otherwise.

In particular, for a function f : V — R, we have

Lf(v) =) (f(v) = f(w)w(u,v).

)

Let T denote the diagonal matrix with the (v,v)-th entry having value d,. The
(normalized) Laplacian of G is defined to be

1_w(§’v) if u=w, and d, # 0,
Llu,v) =4 _w(uv) if u and v are adjacent,
d,d,
0 otherwise.

In other words, we have
L=T2Lr—2

For a k-regular graph, we have

where A is the adjacency matrix.

We denote the eigenvalues of £ by 0 = Ao < A;--- < \,_; (which are sometimes
called the eigenvalues of G). If G is connected, we have 0 < ;. The reader is referred
to [7] for various properties of eigenvalues of a graph.

In this paper, we mainly deal with connected graphs. Let g denote an eigen-
function of £ associated with eigenvalue \. It is sometimes convenient to consider
f =T712g, called the harmonic eigenfunction, which satisfies, for every vertex v of

G,

> (f0) = fw)w(u,v) = Ad, f(v).

u

For a graph GG, we consider the heat kernel h;, which is defined for ¢ > 0 as follows:
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ht — Ze_)\itH

i
_

t2
= I—t£+§£2—... (1)

where P; denotes the projection into the eigenspace associated with eigenvalue ;. In
particular,

ho = 1.
and h; satisfies the heat equation

Ohy
E = —Lht

For any two vertices z,y € V', we have
hi(w,y) =D e oi(x)¢i(y)

where ¢;’s are orthonormal eigenfunctions of the Laplacian L.

In particular, the trace of h; satisfies

Trhy = th(x,x)
= ie’\it.

4 Eigenvalues of a graph and its covering

If G is a covering of G, their eigenvalues are intimately related. Namely, the spectrum
of a large (covering) graph can often be determined from a small (covered) graph.
This provides a simple method for determining the spectrum of certain families of
graphs. Such approaches have long been studied in the literature. Here we will list
several facts which will be used later. The proofs of some of these facts can be found
in Godsil and McKay [12] (in which the definitions involve (0, 1) matrices but the
proofs often can be adapted for general weighted graphs). We will sketch the proofs
here for the sake of completeness.

If G is a covering of G, we can “lift” the harmonic eigenfunction f of G to G by
defining, for each vertex z in G, f(z) = f(u) where u = 7(z). From definition (ii) of
covering, we have

S (fl@) = fF)wz,y) = > (flu) = f0)w(u,v)

y v

= M.

Therefore we have
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Lemma 1 If G is a covering of G, then an eigenvalue of G is an eigenvalue of G.

For each z € 77 1(v),

> @) = F)w(z,y) = A (2)d
By summing over z in 7 (v), we have
Z( > (S = S
zen—l(v) Y zem—1(

We define the induced mapping of f in G, denoted by 7f : V(G) — R by

CIOEID M

Then, for g = 7 f, we have

If ¢ is nontrivial, X is an eigenvalues of G. Thus we have shown the following;

Lemma 2 Suppose G is a covering of G and. If a harmonic eigenfunction f of
G, assoctated with an eigenvalue A, has a nontrivial image in G, then X is also an
eigenvalue for G.

Lemma 3 Suppose G is a strong reqular covering of G. Then, G and G have the
same eigenvalues.

Proof:  For any nontrivial harmonic eigenfunction f of G we can choose v to be a
vertex with nonzero value of f. The induced mapping of f in GG has a nonzero value
at v and therefore is a nontrivial harmonic eigenfunction for G. From Lemma 2, we
see that any eigenvalue of G is an eigenvalue of G. By Lemma 1, we conclude that G
and G have the same eigenvalues. 0

Therefore the eigenvalues of a covering graph G can be determined by computing
the eigenvalues of a smaller graph G. However, the multiplicities for the eigenvalues
in G are, in general, different from those in G since, for example, G and G can have
different numbers of vertices. Nevertheless, the multiplicities of eigenvalues of G and
G are related through the relations of their heat kernels.

Lemma 4 Suppose G is a covering of G. Let hy and hy denote the heat kernels of G
and G, respectively. Then we have

> Z hwy VT~ (W) - [ () he(u, v).

zen—(u) yen 1
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Proof: We note that the heat kernel h;(u,v) satisfies

) = et 35, 0)

where S, is the sum of weights of all walks of length r joining v and v. (Here a walk
pr is a sequence of vertices uy, . . ., u, such that u; = u;;1 or {u;, u;11} is an edge. The
weight of a walk is the product of w(u;, uir1)/+/d(u;)d(uiyq), for ¢ = 0,...,r — 1.)
We want to show that the total weights of the paths in G lifted from p, (i.e., whose
image in G is p,) is exactly the weight of p, in G multiplied by /|7~ (uo)| - |7~ (u,)].
Let p,_1 denote the walk wy,...,u,_1. Suppose u,_1 # u, (The other case is easy).
For each path p,_; lifted from p,_;, its extensions to paths lifted from p, has total
weights

—w(Up_1, 2
w(Fr) Z V%
71( T 1

—mw(ur 1)/ (e

) R () [ )] )
= w(pr-1) wiur hu;) |7|T7T iur)1|

By summing over all p,_;, we have

3 Z S (z,y) = VT @) [ )], (u, v).

zer—1(u) yer—1(v)

Therefore, we complete the proof of Lemma 4. 0]

As a consequence of Lemma 4, we have

Corollary 1 Suppose G is a strong reqular covering of G. Let hy and hy denote the
heat kernels of G and G, respectively. For x € 7 (u), we have

el
2, elew) =)

yer—1(v)

Corollary 2 Suppose G is a distance reqular graph which is a covering of a path P
with vertices vy, .. .,v, where p = D(G). Suppose G and P have heat kernels h; and
hy, respectively. For any two vertices x and y in G with distance d(z,y) = r, we have

2,y) = V7 ur) [ (o, vy)-
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Theorem 1 Suppose G is a strong reqular covering of G. Let v denote the vertex
of G with preimage in G consisting of one vertex. Then any eigenvalue A of G has
multiplicity

Z ||¢z||2’

where n = |V(G)| and ¢; ’s span the eigenspace of X in G. If the eigenvalue A has
multiplicity 1 in G with eigenfunction ¢, then the multiplicity of A in G is

ng?(v)
9]

Proof: Suppose G has heat kernel H, and G has heat kernel h;. Since G is a strong
regular covering of GG, we have

Tr(h) = Y Hfz,2)
zeV (@)
= nh(v,v)

o, B)
e e

J

Therefore, the multiplicity of A; in G is exactly

n ¢7(v)
1511

if the multiplicity of A in G is 1 and . In general the multiplicity of X in G is

Z HM2

where ¢; s span the eigenspace of A in G. U

As an immediate consequence of Theorem 1, we have the following:

Corollary 3 A distance regular graph G with diameter D has D + 1 distinct eigen-
values \’s which are the eigenvalues of a weighted path P of length D. (The weight of
edge {v;,vi11} in P is the number of edges joining a vertex at distance i from x to a
vertex at distance i+ 1 from x for a fized number x. The weight of the loop {v;,v;} is

twice the number of edges with both endpoints at distance i from x.) The multiplicity
of X in G is

ng*(x)
1112

where n is the number of vertices in G and ¢ is the eigenfunction of A of the Laplacian

of P.
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Example 4: The Petersen graph G is a covering for a path P of 3 vertices. It is easy to
check that P has three eigenvalues 0, 2/3,5/3 with eigenfunctions ¢y = (v/3, V6, v/18),
é1 = (v/3,1,—v/2) and ¢ = (v/6, —21/2,1), respectively. Using Lemma 8, we see that
eigenvalues 0,2/3,5/3 have multiplicities 1,5,4 in G, respectively.

5 The heat kernel of k—trees

Let T} (or k-tree, in short) denote an infinite k—regular tree. Let T}, denote an
[—level tree with a root at the 0—th level. The [—th level consists of the k(k — 1)~
vertices at distance [ from the root. The infinite tree can be viewed as taking the
limit of T} ; as [ approaches infinity.

The heat kernel of T} plays a central role in examining the spectrum of any k-
regular graph. To determine the heat kernel of T}, we can use the covering theorem in
the previous section. The study of eigenvalues and eigenfunctions of 7}, can be found
in many papers in the literature [1, 3, 9, 17, 19]. Here we will give a self-contained
proof for establishing the explicit formula for the kernel of the k-tree, for £ > 3. For
the case of k = 2, T, is just the infinite path. This special case and its cartesian
products were examined in [6].

T}, can be regarded as a covering of the following weighted path P. The vertex of
Pis {0,1,2,...}. For j > 0, the edge joining j — 1 to j has weight k(k — 1)’~1. the
covering mapping 7 is defined by assigning all vertices in the j-th level to vertex j in
P. The Laplacian £ for the weighted path has entries

1 ifi=j,
£(27]) _ _?1 if (Zuj) = (07 1) or (170)7
0 otherwise.

We observe that £ is quite close to I — —V’Z’lM where M is the cyclic operator with
M(i,i41) = M(i+1,i) = Y.L for i > 0 and 0, otherwise. Intuitively, the eigenvalues
of Ty are just, for a fixed integer [,

2vVk —1 ]
—kTCOST‘-TJfOI.jzlj"'7l_1

1

in addition to the eigenvalues 0 and 2.

In order to examine the eigenvalues and eigenfunctions of P explicitly, we consider
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the following ! x [ matrix £Y, for [ > 3:

1
1 - 21 0
1 —
e 1k F Ok I ’
0 vkl 1 YR e 0
£V = * - k—1
— Y 0
k=1
0 L /%
[ k—1

where

(1 ifi=j,
_\/LE if (273) = (07 1) or (170)7
k—1

LOG ) =4 - if)i—j=10<ij<l,

k
—M%lﬂ@ﬁza—meaJ—m
0

otherwise.

\

The eigenvalues of £®) are 0, 2 and
2VEk —1 ]
—TCOSWT] forj=1,...,1—1.

The eigenfunction ¢, associated with eigenvalue 0 is ¢g = fo/|| fol| where fy is defined
as follows:

1

fo(0) = 1,
folp) = Vk(k—1)p1, for 1 <p<i-1,

B) = V&I

The eigenfunction ¢; associated with eigenvalue 2 is ¢; = f;/|| fi|| where f; is defined
as follows:

filp) = (=1)PVk(k = 1)1, for1<p<i-1,
A = (=D'WV(k—1)1

The eigenfunction ¢;, for j = 1,--- ,1—1, associated with eigenvalue 1——2‘/ZT1 cos ”l—J
is f;/I1f;|l where

k. 7wy
f;(0) = ST

' 1 1 i(p—1
filp) = SiHWj(p—i_ ) _ sinﬁj(p ), for1<p<i-1,

[ E—1 l
VEk . 7
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It is easy to compute, for j =1,--- [ — 1,
k2 4k —1) T
112 = 1— 2,
HfJH 2(]{3—1)2( k2 COoS l )
Therefore the heat kernel h®) of P® satisfies
lzl —t(1— Qﬁ cos &2 ) Sln2 7TlJ 1 1
0 0) = )
= st (1 - M cos? ) R

When [ approaches infinity, the heat kernel h of P satisfies:

h:(0,0) = 2k(k —1) / et 2 eosa) g2
nmE T o Kk2—4(k—1)cos?z

In general, for a > 1, we have

(0, ) = 2/k(k — 1) / e~t(1= 5= cos2) i 2[(k — 1) sin(a + 1)z — sin(a — 1)z] .
HE 67 = T 0 k? —4(k — 1) cos? x .

For the infinite k-tree Ty, its heat kernel is denoted by H;. For two vertices x,y
in T}, we will write H;(z,y) = H:(0,d(z,y)) where d(z,y) denotes the distance of x
and y in Ty. In particular, Hy(z, x) = H(0,0) for all vertices z. Using Lemma 4 and
the fact that the infinite k-tree is a covering of P, we have the following:

Theorem 2 The heat kernel H; of the infinite k-tree satisfies

H0.0) = k1) /” et 0125 cos) g2 g
AR 7 o Kk2—4(k—1)cos?x

Hy(0,0) — 2 /7r e~ t(1- 4=t cosa) gipy z[(k — 1)sin(a + 1)z — sin(a — 1):13]d
e e A k2 — 4(k — 1) cos?x .

Corollary 4 The heat kernel H,(0,0) of the infinite k-tree can be written as

H,(0,0) = —tzz <2r) QQTT__Qj]jll(k 1)9'(%)%

r>0 5=0
L2k —1) 4k —1) 25 (25 — t2

where m!! denotes the product of all numbers less than or equal to m and having the
same parity as m.

We note that the first sum in the corollary above appeared in [15]. We remark
that the heat kernel H; of the k-tree can be viewed as a basic building block for the
heat kernel of any k-regular graph, which in turn is closely related to many major
invariants of the graph.
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6 The heat kernel of the k-tree and the heat kernel
of a k-regular graph

For a k-regular graph G, there is a natural mapping 7 from 7}, to G so that for each
vertex x in T}, the neighbors of x are mapped to neighbors of 7(z) in G in an one-
to-one fashion. Let H; denote the heat kernel of 7. We here abuse the notation by
writing Hy(x,y) = Hy(0,d(z,y)) for two vertices x and y at distance d(zx,y) in Tj.

Lemma 5 For a k-regular graph G, there is a covering m from T}, to G and the heat
kernel hy of G satisfies

hi(u,v) = Z Hy(0,d(x,y))

yen—1(u)

where v = mw(x), d(x,y) denotes the distance between x and y in Ty, and H; denotes
the heat kernel of Tj,.

In a graph G, a walk of length s is a sequence of vertices (vg, vy, - - -, vs) where {v;, v;11}
is an edge for + = 0,--- ,5s — 1. If vg = vy, it is called a closed walk rooted at wvy.
A walk (vg,v1,- - ,vs) is said to be irreducible if v; # vj o for j =0,---,s —2. If

vj = Vj42 for some j, we can reduce the walk by deleting v; and v;;;. A walk is said
to be totally reducible if it can be reduced to a trivial walk of length 0. Let r; denote
the number of totally reducible walk rooted at any vertex. In McKay [15, 16], r;’s
have been extensively examined. From the definition of the heat kernel, we have the
following;:

Lemma 6 In a k-reqular graph, the number ry of totally reducible walks of length s
rooted at any vertex satisfies

H;(0,0) =" Z T (t/k)

i
§>0 J:

where H; is the heat kernel of the infinite tree Tj.

Proof: We observe that r; is exactly the number of rooted closed walks of length j
in the infinite tree Tj,. From the definition of H; we have

H = et et

2
= et(I—l—Aé—l—AQ%%—---)

where A denotes the adjacency operator. Lemma 6 then follows. 0]
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Lemma 7 For odd j, r; is zero and for the even case, we have

4 (k — 1)t / ™2 sin®zcos¥
T
o Kk2—4(k—1)cos’x

To; =
J ™

Wk — 1)+
2jv/m(k — 2)

Proof: 'The proof follows from Lemma 5 and Lemma 6 which imply:

0%,
T2; = atQJ( Ht(o 0))

Y E(k — 1)1t / ™2 sin®zcos¥
- T
o Kk?>—4(k—1)cos’x

™

Therefore we have

QIR (e — 1)i+L [f7/2 ,
ro; < ( D) / sin? z cos¥ xdx
m(k—2)*  Jo
4i+1 1)i+1 /2 ,
= k(k — 1) / cos¥ 2 xdx
w(k —2)%(25 + 1)
B (k- 1) 25 +125—1 17
ok —2)225+1)25+2 25 24
< 4J+1k(k )]+1 ﬁ

m(k—2)* 8(j+1)Vj
Wk(k — 1)+

2(j + Dv/mj(k —2)*

O

We note that a similar upper bound was given in [16] as an asymptotic estimate
for ry;.

Lemma 8 For a k-regular graph G, there is a covering m from T}, to G and the heat
kernel hy(u,v) of G satisfies

[e. 9]

hi(u,v) = Z ¢ H(0,a)

a=0
where ¢, denotes the number of irreducible walks from v to u of length a.
7 Spanning trees in a k-regular graph
For a connected graph G, we consider the (-function

1
:ZF

i£0 ¢
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where \; ranges over all nonzero eigenvalues of G.

It can be easily checked that
—C'(0) = "log ;s =log [ [ A
i#0 i#0

where log denotes the natural logarithm.

Theorem 3 For a connected graph G, the number 7(G) of spanning trees in G is
equal to

ILds ¢
Zz d13

where d, denotes the degree of x.

Proof:  Suppose we consider the characteristic polynomial p(x) of the Laplacian L.
p(z) = det(L — zI).
The coefficient of the linear term is exactly
-TI»
i£0
On the other hand,

p(x) = detT 'det(L — 2T) = (] [ da) ' p1(2).

By the well known matrix-tree theorem, the coefficient of the linear term of p;(z) is
exactly — > d, times the number of spanning trees of G. 0

Thus, the number of spanning trees of a k-regular graph on n vertices satisfies

ko
7(G) = —e ¢, (2)

In the rest of the paper, we assume that G is k-regular.

The trace function Tr h; of G satisfies
Tr hy = Ze’”‘i.

Therefore the zeta function satisfies

C(s) = F(ls) /0 T (T by — 1)t (3)

by using the fact that

1 /°° I
e P dt = —. 4
) Jy pe )
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8 The maximum number of spanning trees in k-
regular graphs

McKay [16] gave the following bounds for the maximum number of spanning trees
over all k-regular graphs G,, on n vertices:

1 1
c1—C" <max 7(G) < ¢y OgnC”
n n

where

(k — 1)+

= (k2 — 2k)k/21

and ¢; and ¢y depend only on k ( in some complicated formula). He conjectured that
the upper bound is the right order for max7(G,). Here we will simplify the upper
bound and prove that indeed it is best possible within a constant factor.

Theorem 4 For k > 3, the number 7(G,) of spanning trees in a k-reqular graph G,
on n vertices satisfies

(G < (1o e ()

Theorem 5 Fork > 8, there are k-regular graphs G on n vertices having the number
7(Gy) of spanning trees satisfying

6= (oot ()

We first need to establish the relation between the heat kernels h; and H;. Let
r;- denote the total number of rooted closed walks of length ;7 which are not totally
reducible. We then have

Trh, = e Z(nrj +77) (t/.k)j

Jj=0 7'
= nHy(0,0) +e" ngw
3>0 J:
From equation (3), we have
C(s) =: Go(s) + Ga(s)
where
Gols) = % /OOO #5=1H,(0, 0)dt
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and
I (t/k)
Qs:—/t81et r~t 2 _e].
SO ON 2755
We have
Gols) = L/wts‘lH (0,0)dt
_ 2’)’2,]{? _1 / /‘7‘(’ 7t(1 2‘/_cosz) sm xdxdt
—1)cos?x
B an: / sin? z d
N T 0 (1_2_\/’]:(303@ k2 —4(k —1)cos?x
Therefore
2nk(k—1) [T sin® z 2Vk —1
! = — log(l — ——— d
%(0) s /0 k? —4(k — 1) cos? x og( k cosa)dz
kk/Q(k _ 2)]@/271
= nlog R (5)

The above integral is evaluated by using the following formula given in [16]:

Lk w (w2 _ $2)1/2

_ k—n k/2—1
on | R log(1 — yz)dx = —log <77(k —)

where [ = 1/k < 1/uos 0 = 2/ T and y — L0101

It remains to evaluate (j(0). We note that

my%—r} = TrA’

= ) (1-\).

)

So, we have, for odd j,

T
k—;z1+2(1—A)J

For the even case,

TQJ 2- Tl4]]€(]€ — 1)j+1
>1+ (1-— T — — : . 6
; JVmi(k —2)? )
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For a fixed value § (which will be chosen later), we have
L[ - (t/k)
Qs:—/flet rit—t — et | dt
TG, 27
1 26—
> 5~ 1 —t
>l (%Y
1 / 1t t/k‘ _ /Ry
+ = t* : dt.
) J (Z i)
We note that for 7 > 1, and
o) =i [ et
I'(s) Jo J!
we have
1
! O = . 7
p0) = (7)
Therefore
20-1
10) > - Z +45(0
> —log(2ﬁ)+éz() (8)
where we define
[ (t/k) _ (t/k)
Ca(s) = / t"le t(Z(T/ ) |-
I'(s) Jo 525 .l j!
Here, we have
1 R tJ , ndk(k — 1)7+1
Co(s) = —/ t 1et<zf<2(1—w_z .
[(s) Jo S0\ =5 IVmi(k = 2)2k%
By using equation (7) and inequality (8), we have
1 ndik(k — 1)1
G0) = A=X)= =) 5= .
47 —1 J+1
> _Zjn il )2k23
izp
ndBk 1)8+1
Ly k(i) o)
Gk — 20
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by using A; < 2 and the fact that »7 . ,5(1— X\)’/5 > 0.
Now, we are ready to prove Theorem 4 and 5.

Proof of Theorem 4:
From (2) and (5), we have

knil ! !
T(G) — G_CO(O)_CI(O)
n

B G U VS e 1)
n \KF2(k — 2)h2-1

I O R G Vi R
Tk \(2—2kprt) ¢

By using the preceding lower bounds of ¢{ in (8), we have

26 ( (k=1F' \" 4
T(G) < kn ((k‘2 _2k)k/2—1) e 0.

We now choose (3 as:

logn

p= (72
log 4(/?-1)

1.

From (9), we have

ndPk(k —1)P*1
= 2P
L, kE-1D)

T pPVEB(k—2)*

»(0) >

Therefore, we have

7(G)

IN

26 ( (k=1 \" 0
kn (k2 — 2k)k/2-1 €

2logn (k— 1)1t \"
(1+ 0(1))kn log k <(k:2 _ 2/{;)’“/21) )

IN

Theorem 4 is proved.

Proof of Theorem 5:

18

(10)
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For a graph with girth (the length of the smallest cycle) g, we can take 8 = |g/2]
and we have

1 * 1 _—t /tkj t
G(s) = @/0 t* e (er(é') —e)dt

IR N
- ) ! ( 2. )dt
I RV (t/k)
b [ (ij(é,) —(é!))>dt.
(0 < =Y 5+q0
< —logg+¢(0) (11)

where here we will need to use some known results on random k-regular graphs.
Erdés and Sachs [8] proved that with positive probability, say at least 1/2, there is a
k-regular graph on n vertices having girth g satisfying

logn

9= (1+o(1) o7

as n approaches infinity. Friedman [10] showed that with probability approaches 1,
the expected number of irreducible walks ¢;(v) rooted at a vertex v of length j, for
k>8,is

Ble(v) = k(=1 + Brr)

where

j2x/E 1
Errn; =0 | (ckj) (n1+m/z + k:j/2) '

We note that in the original paper of Friedman, only the case for even k was treated.
However, the argument of counting irreducible “words” made of letters can be ex-
tended to counting walks on the k-trees for odd £ in a similar way.

The expected number of closed walks of length j satisfies (see [10])

j
1% (1 +(n—Dpjo+ Y. npj,sErrn,s>

s=1

where p; ¢ is the probability that a random walk of length j reduces to an irreducible
walk of size s. Hence, the number r; of not totally reducible walks of length j satisfies

rl i
E(k—;) =1-pjo+ Z np; sErry, s.

s=1
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Since p; s < 27k77%5 we have

T [ ,(t/k) (t/k)?
al) = i [ o (Zm(éﬂ —%)))

Jj>28
1 /Oo L k) o s2Vkgs 1
< — t° e ~LL2T N RIS (cks)e( + )] -
i [ e (B G e S
Therefore,
1<~ s2Vhos 1
! - J1.—J+s c
2(0) S Z ZQ k (CkS) (nm/Q + (k—1)5/2)
Jj>g J 3
= o(1).

Using (10) and combining the preceding bounds , we have

(G) = 2 <( (k— 1) )neq(m

kn \ (k2 — 2k)k/2-1
k=1 \ "
> 9 (B N\ g0
— kn \ (k% — 2k)k/2-1
logn (k— 1)1 \"

> (1 1 .

= ( + 0( ))knlogk <(/{:2 _ 2/{:)’“/2*1
This completes the proof of Theorem 5. 0
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