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Abstract

We define and study m-closed cellular algebras (coherent configurations)
and m-isomorphisms of cellular algebras which can be regarded as mth ap-
proximations of Schurian algebras (i.e. the centralizer algebras of permutation
groups) and of strong isomorphisms (i.e. bijections of the point sets taking
one algebra to the other) respectively. If m = 1 we come to arbitrary cellular
algebras and their weak isomorphisms (i.e. matrix algebra isomorphisms pre-
serving the Hadamard multiplication). On the other hand, the algebras which
are m-closed for all m > 1 are exactly Schurian ones whereas the weak iso-
morphisms which are m-isomorphisms for all m > 1 are exactly ones induced
by strong isomorphisms. We show that for any m there exist m-closed alge-
bras on O(m) points which are not Schurian and m-isomorphisms of cellular
algebras on O(m) points which are not induced by strong isomorphisms. This
enables us to find for any m an edge colored graph with O(m) vertices satis-
fying the m-vertex condition and having non-Schurian adjacency algebra. On
the other hand, we rediscover and explain from the algebraic point of view the
Cai-Fiirer-Immerman phenomenon that the m-dimensional Weisfeiler-Lehman
method fails to recognize the isomorphism of graphs in an efficient way.

*Research supported by RFFI, grants 96-15-96060 and 96-01-00676.
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1 Introduction

The association scheme theory was called in [2] a “group theory without groups”.
Indeed, the axiomatics of association schemes reflects combinatorial properties of
permutation groups. The close connection between these objects is stressed by the
fact that each permutation group produces a scheme the basis relations of which
are exactly the 2-orbits of the group. However, this correspondence is not reversible
and there are schemes which can not be obtained in such a way (for example, the
scheme of the Shrikhande graph). A similar situation arises if one is interested in
isomorphisms of schemes. Namely, each of them induces a combinatorial isomorphism
which can be defined as an ordinary isomorphism of the adjacency algebras of the
schemes preserving the basis matrices. But also in this case there are combinatorially
isomorphic schemes which are not isomorphic (for example, the Hamming schemes
and the schemes of the Doob graphs). The main purpose of this paper is to prove
the nondegeneracy of the natural filtration of the class of all schemes (resp. of all
combinatorial isomorphisms) whose limit is the class of all permutation group schemes
(resp. genuine isomorphisms of schemes).

Having in mind the algebraic nature of the above questions we prefer to deal with
the adjacency algebra of a coherent configuration being a generalization of an associ-
ation scheme. These algebras were introduced by B. Yu. Weisfeiler and A. A. Lehman
as cellular algebras and independently by D. G. Higman as coherent algebras (see [16]
and [10]). They are by definition matrix algebras over C closed under the Hadamard
multiplication and the Hermitian conjugation and containing the identity matrix and
the all-one matrix. Let W be a cellular algebra on a finite set V', i.e. a cellular
subalgebra of the full matrix algebra Maty on V. The automorphism group Aut(WW)
of W consists by definition of all permutations of V' preserving any matrix of W.
In this language a group scheme corresponds to a Schurian cellular algebra (see [7]
for the explanation of the term), i.e. one coinciding with the centralizer algebra of
its automorphism group. A combinatorial isomorphism of coherent configurations
is transformed to a weak isomorphism of cellular algebras which is by definition a
matrix algebra isomorphism preserving the Hadamard multiplication.

Our technique is based on the following notion of the extended algebra introduced
in [4] (for the exact definition see Section 3). For each positive integer m we define the
m-dimensional extended algebra W of a cellular algebra W on V as the smallest
cellular algebra on V™ containing the m-fold tensor product of W and the adjacency
matrix of the reflexive relation corresponding to the diagonal of V™. (This definition
differs from that of [4] but Theorem 3.2 of this paper establishes the equivalence

between them.) Using the natural bijection between the diagonal of V™ and V we

)

define a cellular algebra W™ on V called the m-closure of W. This produces the

following series of inclusions:
_ w7 )
W=W"<..<W"W =...=Sch(IW)

where Sch(W) is the centralizer algebra of Aut(WV) in Maty and n is the number of
elements of V. Thus the m-closure of W can be viewed as an mth approximation of
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its Schurian closure Sch(W). We say that W is m-closed if W™ = W. Each algebra
is certainly 1-closed and it is m-closed for all m iff it is Schurian. Thus

ﬁ Wi = Wao, Wi D Winss

m=1

where W, (resp. Wy) is the class of all m-closed (resp. Schurian) cellular algebras.
Surely, the larger m is, the more an m-closed algebra is similar to the centralizer
algebra of a permutation group. For example, some nontrivial facts from permutation
group theory can be generalized even to 2-closed cellular algebras (see [5]). The
following theorem shows in particular that the filtration {W,,}°_, does not collapse
from any m.

Theorem 1.1 There exists € > 0 such that for any sufficiently large positive integer
n one can find a non-Schurian cellular algebra on n points which is m-closed for some
m > |en].

One of the application of the theorem is related to constructing graphs satistying
the m-vertex condition in sense of [9] (see also Subsection 3.2). Namely, we show
(Theorem 3.3) that the edge colored graph (coherent configuration) underlying an
m-closed cellular algebra satisfies the m-vertex condition. So Theorem 1.1 implies
the following statement.

Corollary 1.2 For any positive integer m there exists an edge colored graph with
O(m) wvertices satisfying the m-vertex condition and having non-Schurian adjacency
algebra.

Concerning the combinatorial isomorphism problem we refine the concept of a
weak isomorphism. Namely, we say that a weak isomorphism of cellular algebras is
an m-isomorphism if it can be extended to a weak isomorphism of their m-extended
algebras (see Section 4 for the exact definition). Obviously, each weak isomorphism
is a l-isomorphism in this sense. On the other hand, Theorem 4.5 shows that it is
an m-isomorphism for all m iff it is induced by a strong isomorphism (which is by
definition a bijection between the point sets preserving the algebras). The following
theorem is similar to Theorem 1.1.

Theorem 1.3 There exists € > 0 such that for any sufficiently large positive integer
n one can find a cellular algebra on n points (even a Schurian one) admitting an
m-isomorphism with m > |en| which is not induced by a strong isomorphism.

It follows from the proof of Theorem 1.3 that the required algebra can be chosen
having simple spectrum. So there exist weak isomorphisms of cellular algebras with
simple spectrum which are not induced by strong isomorphisms. This shows that
Theorem 5.6 from [8] is not true.

Let us briefly outline the proofs of the theorems. To prove Theorem 1.3 we con-
struct a family of cellular algebras with simple spectrum each of which corresponds



THE ELECTRONIC JOURNAL OF COMBINATORICS 6 (1999), #R18 4

to some cubic (3-regular) graph. Any such algebra admits a weak isomorphism ¢
which is not induced by a strong isomorphism (Theorem 5.5). Moreover, if the graph
is a Ramanujan one, this weak isomorphism becomes induced by a strong one when
restricted to sufficiently large point sets. In this case we are able to prove that ¢ is in
fact an m-isomorphism for a sufficiently large m and the corresponding algebra W is
a Schurian one. Theorem 1.1 is deduced from Theorem 1.3 by considering the wreath
product of the cellular algebra W by the symmetric group on 2 points with respect to
the weak isomorphism ¢. This wreath product is not Schurian, since ¢ is not induced
by a strong isomorphism. On the other hand, it is m-closed for a sufficiently large m
due to the facts that so is W (being a Schurian one) and ¢ is an m-isomorphism.
The last implication is the result of the detailed analysis of the extended algebras of
general direct sums and wreath products (Theorems 7.5 and 7.7).

In the context of the discussed topics we can ask ourselves: is the filtration {W,,}°_,
defined above natural in a sense. For instance, one can compare it to some other filtra-
tions. A number of them arises from combinatorial algorithms related to the Graph
Isomorphism Problem which is polynomial-time equivalent to the problem of con-
structing the Schurian closure of a cellular algebra. The analysis of such algorithms
lead us in [4] to the following concept of a Schurian polynomial approximation scheme
reflecting the idea of measuring non-Schurity.

Let us have a rule according to which given a cellular algebra W < Maty and
a positive integer m a cellular algebra S,,(W) < Maty can be constructed. We
say that the operators W — S, (W) (m = 1,2,...) define a Schurian polynomial
approximation scheme S if the following conditions are satisfied:

(1) W=381(W)<...<Su(W)=...=Sch(W);
(2) Si(Su(W)) = Sp(W) foralll =1,...,m;

(3) S,n(W) can be constructed in time n?™
where n is the number of elements of V.

Each scheme of such a kind defines a filtration of the class of all cellular alge-
bras. Moreover, there is a natural way to compare the filtrations by comparing the
underlying schemes. Namely, let S and 7" be two Schurian polynomial approximation
schemes. We say that S is dominated by 7' if there exists a positive integer ¢ = ¢(S, T)
such that S,,(W) < T, (W) for all cellular algebras W and all m. Schemes S and T’
are called equivalent if each of them is dominated by the other.

We proved in [4] that the operators W — W(m) mapping a cellular algebra W to
its m-closure define a Schurian polynomial approximation scheme. Another example
is given by the well-known m-dimensional Weisfeiler-Lehman method (m-dim W-L,
see [3]). Despite the fact that in its original form this method can be applied only to
graphs, a natural interpretation of it produces the algorithm which given a cellular
algebra W constructs a certain cellular algebra WL,,(W) (m = 1,2,...) satisfying
conditions (1)-(3) above (the exact definitions can be found in Section 6). The third
main result of the paper shows that these schemes are equivalent.
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Theorem 1.4 Let W be a cellular algebra on V. Then

(m)

WL, (W) <W"’ <WLs,, (W), m=1,2,....

In particular, the Schurian polynomial approximation schemes corresponding to the
m-closure and the m-dimensional Weisfeiler-Lehman methods are equivalent.

The proof of the theorem is based on the notion of a stable partition of V™, the
axiomatics of which gathers some combinatorial regularity conditions generalizing
those satisfied by the m-orbits of a permutation group. It should be noted that
similar objects were considered in [11] and [13]. The key point of the analysis consists
of the fact that the partition of V™ found by the m-dim W-L method is a stable
partition of V™ in our sense (Theorem 6.1). Besides, it turns out that a stable
partition of V3™ produces a coherent configuration on V™ (Lemma 6.3). Combining

these observations and the inclusion WL,, (W) < W proved in [4] we obtain the
required statement.

We complete the introduction by making some remarks concerning the m-dim
W-L method. This method was discovered to test the isomorphism of two graphs
by comparing the canonical colorings of V™ constructed from them. However it was
proved in [3] that there exist infinitly many pairs of non-isomorphic vertex colored
graphs with O(m) vertices for which the m-dim W-L method does not recognize their
non-isomorphism. Nevertheless, the technique used for the proof of this result leaves
the algebraic nature of this phenomenon unclear. In contrast to [3] the results of
the present paper completely clarify the situation. Namely, let I'; and I'y be two
graphs which can not be identified by the m-dim W-L method (see [3]). Then the
cellular algebras W; and W, generated by the adjacency matrices of them are weakly
isomorphic and this weak isomorphism is not induced by a strong one. Moreover,
it follows from Theorem 6.4 that the last isomorphism can be extended to a weak
isomorphism of the |m/3]-extended algebras corresponding to W; and Ws. So it is
in fact an |m/3]-isomorphism. Thus the algebraic reason for the high-dimensional
W-L method to fail in recognizing the isomorphism of graphs is that there are highly
closed isomorphisms of cellular algebras which are not induced by strong isomorphisms
(Theorem 1.3).

In fact the construction underlying Theorem 1.3 produces for any positive inte-
ger m examples of non-isomorphic edge colored graphs (even vertex colored ones)
with O(m) vertices which are indistinguishable by the m-dim W-L method due to
Theorem 6.4. We notice that these graphs slightly differ from those found by Cai-
Fiirer-Immerman in [3].

The paper consists of six sections and Appendix. Section 2 contains the main
definitions and notation concerning cellular algebras. In Section 3 we define extended
algebras and closures. Also we describe the connection of these notions with the m-
vertex condition. Section 4 is devoted to refining the notion of a weak isomorphism.
In Sections 5 and 6 we prove Theorems 1.1 and 1.3, and Theorem 1.4 respectively.
Appendix contains the explicit description of the extended algebras of the direct sum
and the wreath product by a permutation group. These results are used in proving
Theorems 1.1 and 1.3.
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Notation. As usual by C we denote the complex field.

Throughout the paper V denotes a finite set with n = |V| elements.

The algebra of all complex matrices whose rows and columns are indexed by the
elements of V' is denoted by Maty, its unit element (the identity matrix) by I, and
the all-one matrix by Jy,. For U C V the algebra Mat is considered in a natural way
as a subalgebra of Maty, .

For U, U’ C V let Jyy denote the {0,1}-matrix with 1’s exactly on the places
belonging to U x U’.

The transpose of a matrix A is denoted by AT, its Hermitian conjugate by A*.

Each bijection g : V' — V' defines a natural algebra isomorphism from Maty onto
Maty . The image of a matrix A under g will be denoted by AY.

The group of all permutations of V' is denoted by Sym(V).

For integers [,m the set {l,l + 1,...,m} is denoted by [[,m]. We write [m],
Sym(m), Mat,,, V™ and V instead of [1,m], Sym([m]), Maty,, V™ and V! respec-
tively.

2 Cellular algebras

All undefined terms below concerning cellular algebras and permutation groups can
be found in [17] and [18] respectively.

2.1. By a cellular algebra on V' we mean a subalgebra W of Maty for which the
following conditions are satisfied:

(Cl) Iy, Jy e W,
(C2) VAeW: A*eW,;
(C3) VA, BeW: AoBeW,

where A o B is the Hadamard (componentwise) product of the matrices A and B. It
follows from (C2) that W is a semisimple algebra over C.

Each cellular algebra W on V has a uniquely determined linear base R = R(W)
consisting of {0,1}-matrices such that

> R=Jy and RER & R'eR. (1)

ReR

The linear base R is called the standard basis of W and its elements the basis matrices.
The nonnegative integers cf, ¢ defined by RS = > 7 n cﬂ g+ T where R, S € R, are
called the structure constants of W.

Set Cel(W) = {U C V: Iy € R} and Cel*(W) = {UpesU : S C Cel(W)}.
Each element of Cel(W) (resp. Cel*(W)) is called a cell of W (resp. a cellular set
of W). Obviously,

V= U U (disjoint union).
UeCel(W)
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The algebra W is called homogeneous if | Cel(W)| = 1.
For U, U’ € Cel" (W) set Ryy» ={R€R: Ro Jyy = R}. Then

R = U Ruu (disjoint union).
U,U"€Cel(W)

Moreover, given cells U, U’ the number of 1’s in the uth row (resp. vwth column) of
the matrix R € Ry, does not depend on the choice of u € U (resp. v € U’).

For each U € Cel"(W) we view the subalgebra I;;W Iy of W as a cellular algebra
on U and denote it by Wy. The basis matrices of Wy are in 1-1 correspondence to
the matrices of Ryy. If U € Cel(W) we call Wy the homogeneous component of W
corresponding to U.

Each matrix R € R being a {0,1}-matrix is the adjacency matrix of some binary
relation on V' called a basis relation of W. By (1) the set of all of them form a partition
of V' x V which can be interpreted as a coherent configuration on V' (see [10]). We
use all the notations introduced for basis matrices also for basis relations.

2.2. A large class of cellular algebras comes from permutation groups as follows
(see [17]). Let G < Sym(V') be a permutation group and

Z(G)=Z(G,V)={AecMaty : A9=A, ge G}

be its centralizer algebra. Then Z(G) is a cellular algebra on V' such that Cel(Z(G))
Orb(G) and R(Z(G)) = Orbe(G) where Orb(G) is the set of orbits of G and Orbs(G)
is the set of its 2-orbits.

We say that cellular algebras W on V and W' on V' are strongly isomorphic, if
W9 =W’ for some bijection g : V' — V' called a strong isomorphism from W to W'.
Clearly, ¢ induces a bijection between the sets R(W') and R(W’). We use notation
Iso(W, W) for the set of all isomorphisms from W to W'.

The group Iso(W, W) contains a normal subgroup

Aut(W)={g e Sym(V): A9=A AcW}

called the automorphism group of W. If W = Z(Aut(W)), then W is called Schurian.
It is easy to see that W is Schurian iff the set of its basis relations coincides with the
set of 2-orbits of Aut(W). It follows from [18] that there exist cellular algebras which
are not Schurian (see also [7]).

2.3. The set of all cellular algebras on V' is ordered by inclusion. The largest and
the smallest elements of this set are respectively the full matrix algebra Maty, and the
simplex on V, i.e. the algebra with the linear base {Iy, Jy }. For cellular algebras W
and W’ we write W < W’ if W is a subalgebra of .

Given subsets X1, ..., X, of Maty, their cellular closure, i.e. the smallest cellular
algebra containing all of them, is denoted by [X7,..., X;]. If X; = {A;} we omit the
braces.
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3 Extended algebras and closures

3.1. The notion of an m-closed cellular algebra was introduced in [4] in connection
with the Schurity problem. It goes back to [17] where a similar notion was defined
in an algorithmic way. We start with the main definitions concerning highly closed
cellular algebras.

Let W be a cellular algebra on V. For each positive integer m we set

—

W =W = W™, 2Z,(V)]

where W™ = W ® --- ® W is the m-fold tensor product of W and Z,,(V) is the
centralizer algebra of the coordinatewise action of Sym(V) on V™. We call the cellular

algebra W< Matym the m-dimensional extended algebra of W. The group Aut(/W)
acts faithfully on the set

A=AV)={(v,...,v) eV™: v eV}

Moreover, the mapping 0 : v — (v,...,v) induces a permutation group isomorphism

—~

between Aut(W) and the constituent of Aut(W) on A. Set
W=W" = (Wm)a) .

We call W the m-closure of W and say that W is m-closed if W = W. Each cellular
algebra is certainly 1-closed. The following proposition describes the relationship
between the m-closures for m > 1 and the Schurian closure Sch(W) = Z(Aut(W))
of a cellular algebra W and shows that in a sense W can be regarded as an mth
approximation of Sch(W).

Proposition 3.1 ([4], Proposition 3.3) For each cellular algebra W on n points
the following statements hold:

(1) Aut(W(m)) = Aut(W) for allm > 1;

@ W=w" <...<W" = =SchW);

(3) (W(’”))(l) =™ for alll € [m]m

The following statement gives in fact an equivalent definition of the m-extended
algebra and hence of the m-closure.

Theorem 3.2 Let W < Maty be a cellular algebra. Then W = (W™ IA].
Proof. We will prove the following equality:
Zn(V) = [2:(V)™, ). (2)

Then since obviously W™ > Z;(V)™, we will have

—

W= [W"™, Z,(V)] = W™, Z(V)"™, Ia] = W™, 1a].



THE ELECTRONIC JOURNAL OF COMBINATORICS 6 (1999), #R18 9

To prove (2) it suffices to check that any 2-orbit R of the coordinatewise action
of Sym(V') on V™ is a union of the basis relations of the algebra [Z,(V)™, IA]. It is
easy to see that the set of all of these 2-orbits is in 1-1 correspondence with the set
of all equivalence relations E on [2m] having at most n classes so that

R=R(E)={(g,0) e V" xV™: (u-0); =(a-9); & (i,j) € E} (3)

where @ - v € V™ is the composition of 4 and v. Any R(F) can be expressed with
the help of set-theoretic operations by the sets

R(S)=A{(u,0): i,j€ S = (u-0);=(u-0),} (4)

with nonempty S C [2m]. Set A(S) = (@, AEO))IA( X, Agl)) where Agl) coincides
with Iy or Jy depending on whether Im + i belongs or does not belong to SN [1 +
Im,m + Ilm|, | = 0,1. Then a straightforward check shows that A(S) equals the
adjacency matrix of the relation R(S). So the latter matrix belongs to the right side

of (2)m

3.2. In this subsection we prove a theorem which is needed for Corollary 1.2.

Under a colored graph T' on V' we mean a pair (V,c¢) where ¢ = cr is a mapping
from V' x V to the set of positive integers. The number c(u,v) is called the color
of a pair (u,v). The following definition goes back to [9]. A colored graph I is
called satisfying the m-vertex condition if for each colored graph I on m vertices
with designated pair of vertices (z,y), the number of embeddings of K as induced
subgraph of T" such that (z,y) is mapped to (u,v), depends only on the color of the
pair (u,v). A detailed information about this notion can be found in [7, p.70].

We say that a colored graph I' is associated with a cellular algebra W if the color
classes of I' coincide with the basis relations of W. In fact, the graph I' is nothing
else than the coherent configuration (with labeling) underlying W.

Theorem 3.3 A colored graph associated with an m-closed cellular algebra satisfies
the m-vertex condition.

Proof. First we prove the following statement.

Lemma 3.4 Let W be a cellular algebra on V' and X be a cell of its m-extended
algebra. Then the set R; j(X) = {(vi,v;) : T € X} is a basis relation of the algebra W
for alli,j € [m].

Proof. It follows from statement (2) of Proposition 3.6 of [4] that R; ;(X) C R for
some R € R(W). On the other hand, by statement (1) of the same proposition the
set Xp = {(u,...,u,v) € V™ : (u,v) € R} is a cell of W. So the number of 1’s in
any row of the adjacency matrix of the relation {(%,7) € Xp x X : uy = v;, up, = v}
is the same (this relation is obviously a union of basis ones). By the choice of R the
last number is not zero. Thus R; ;(X) = R

Let now I' be a graph associated with an m-closed algebra W < Maty and K be

an arbitrary colored graph on [m| with designated pair of vertices (x,y). Let u,v € V



THE ELECTRONIC JOURNAL OF COMBINATORICS 6 (1999), #R18 10

and @ = u®, 7 = v°. It is easy to see that the number of embeddings of K as induced

subgraph of I such that (z,y) is mapped to (u,v) equals the cardinality of the set
{w eVvm: Wy = U, Wy =V, CF(wi?wj) = CK(iaj)a Z?] € [m]} (5)

Since W = W, by Lemma 3.4 the set X = {w: cp(w;, w;) = cx(i,7), i,7 € [m]} is a
cellular set of W and depends only on cr(u,v), i.e. on the basis relation R of W such
that (u,v) € R. So the set (5) coincides with

{weV™: (u,w) € Ry, (W,v) € Ry, weE X} (6)

where R; (resp. Ry) is the binary relation on V™ defined by the equality of the first
and zth (resp. yth and first) coordinates. However the cardinality of the set (6)
equals the sum of the structure constants cg"lf of W where Ry = R°, and S and T

run over the sets of basis relations of W contained in (Ax X)NRy and (X x A)N Ry
respectively. Since the last number depends only on R, we are done.m

Remark 3.5 In fact, it can be proved that the graph of Theorem 3.4 satisfies the
3m-vertex condition. However, the proof of this statement is out of the scope of this

paper.

4 Weak isomorphisms and their extensions

4.1. Along with the notion of a strong isomorphism we consider for cellular algebras
that of a weak one. Namely, cellular algebras W on V and W’ on V' are called weakly
isomorphic if there exists an algebra isomorphism ¢ : W — W' such that

p(AoB)=p(A)op(B) forall A BecW.

Any such ¢ is called a weak isomorphism from W to W’. The set of all of them
is denoted by Isow(W,W'). If W = W' we write Isow (V) instead of Isow(W, W).
Clearly, Isow(W) forms a group which is isomorphic to a subgroup of Sym(R(WW)).
We note that each strong isomorphism from W to W' induces in a natural way a
weak isomorphism between these algebras.

The following statement establishes the simplest properties of weak isomorphisms.

Lemma 4.1 Let W < Maty, W’ < Maty: be cellular algebras and ¢ € Isow (W, W’)
be a weak isomorphism. Then

(1) (R) = R’ where R = R(W) and R' = R(W'). Besides, o(RT) = o(R)T for
all R€R.

(2) ¢ induces a natural bijection U +— U? from Cel*(W) onto Cel*(W') preserving
cells such that o(Iy) = Iye. Moreover, |U| = |U¥| and, in particular, |V| =
V'l

(3) (Ruyu,) = RIUf,Uf for all Uy, Uy € Cel*(W).
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Proof. The first part of statement (1) is trivial. The second follows from the ob-
servation that given R € R, the matrix RT is the only matrix of R whose product
by R is not orthogonal to [, with respect to the Hadamard multiplication. Let
U € Cel*(W). Then the equalities Iy [y = Iy o Iy = Iy imply that o(Iy)e(Iy) =
o(Iy)op(Iy) = ¢(Iy). So there exists U’ C V’ such that (1) = Iy Since Iy € W,
we have U' € Cel*(W'). Set U¥ = U’. Since Iy = ZUecel(W) Iy and ¢(Iy) = Iy,
the mapping U — U¥ gives a bijection from Cel(W') to Cel(W’), which proves the
first part of statement (2). Note that ¢(Jyv) = Jy». So ¢(Jy) = o(IyJviy) =
IyeJvilye = Jye for all U € Cel*(W). Now the rest of statement (2) follows
from the equality J& = |U|Jy. Statement (3) is the consequence of the equality
Ru, v, = {{v,RIy, : R€ R, Iy, RIy, # 0} and statements (1) and (2).=

Lemma 4.1 implies that if U is a cellular set of W, then any weak isomorphism
¢ : W — W' induces a weak isomorphism from Wy to W,,. It will be denoted by
wu and called the restriction of ¢ to U.

4.2. Let ¢ : W — W' be a weak isomorphism from a cellular algebra W < Maty,
to a cellular algebra W’ < Maty.

Definition 4.2 We say that a weak isomorphism 1 : W — W' is an m-estension of
@ if the following conditions are satisfied:

(1) ¥(a) = In,
(il) Y(A) = ¢™(A) for all A€ W™,

where A and A" are the diagonals of V™ and (V')™ respectively and ©™ is the weak
isomorphism from W™ to (W)™ induced by .

The proof of Theorem 3.2 implies that v takes a basis matrix of Z,,(V) to the corre-
sponding basis matrix of Z,,(V’) (i.e. with the same defining equivalence relation £
on [2m], see (3)). It follows from (ii) that any l-extension of ¢ coincides with .

Lemma 4.3 Let i be an m-extension of a weak isomorphism o : W — W', Then
(1) ¢ is uniquely determined by .

(2) ¢ has an l-extension for all |l € [m)].

Proof. The first statement immediately follows from Theorem 3.2 whereas the second
one is the consequence of statement (2) of Lemma 7.3.a

The weak isomorphism ) : W — W (uniquely determined by ¢ according to
Lemma 4.3) will be denoted below by .

4.3. Now we are ready to introduce the central notion of the paper.

Definition 4.4 A weak isomorphism ¢ is called an m-isomorphism if there exists an
m-extension of p.
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Obviously, the inverse of an m-isomorphism as well as the composition of m-isomorphisms
is also an m-isomorphism. The set of all m-isomorphisms from W to W’ will be de-
noted by Isow,,(W, W’). It follows from statement (2) of Lemma 4.3 that

Isow, (W, W') D Isow,, (W, W"), 1 € [m)]. (7)

Obviously, Isow; (W, W’) = Isow(W, W’).

We note that given g € Iso(W, W’) its m-fold Cartesian product g™ belongs to
Iso(W™, (W’')™) and takes In to Ian. So g™ belongs to ISO(/W, 17[/\’) and the weak
isomorphism from W to W’ induced by it is the m-extension of the weak isomorphism
induced by g. Thus any weak isomorphism induced by a strong isomorphism (the set
of all of them will be denoted by Isow, (W, W’)) is an m-isomorphism for all m. The
following statement shows that the converse statement is also true.

Theorem 4.5 Isow,, (W, W’) = Isow. (W, W’) for all m > n.

Proof. Let ¢ € Isow,, (W, W’) where m > n. Choose ¥ = (vy, ..., v,) € V™ such that

V = {v1,...,v,} and denote by U the cell of W containing v. Since U is contained in
an orbit of Sym(V) acting on V™, the last equality holds also for all points of U and

|R(WU)| = |U], i.e. Wy is the centralizer algebra of a regular permutation group.

Hence by Lemma 4.1 so is the algebra W u» where U’ = U?. It is easy to see that
any weak isomorphism of such algebras is induced by a strong isomorphism. So there
exists a bijection h : U — U’ inducing @y

B(A) = A", AeWy. (8)

Since @ takes a basis matrix of Z,,(V') to the corresponding basis matrix of Z,, (V")
(i.e. with the same defining equivalence relation E on [2m], see (3)), there exists a
uniquely determined bijection g : V' — V’ such that

o= (vY,...,09). 9)

To complete the proof it suffices to check that (go(R))U;q,v;; = Ry, for all R € R(W)
and i, j € [n]. Denote by A; (resp. A}) the adjacency matrix in Matym (resp. Mat(y/ym )
of the relation (4) with S = {i} U [m + 1,2m]. Then

(P(R))as u = (Aip(R)" A5 ) = (B(ANB(R)B(A)) Vo = (AR A )5 = Ry,

where § and ¢’ are the diagonal inclusions of V into V™ and V' into (V')™. (We made
use of (9), (8) and the fact that ¢ is the m-extension of ¢.)m

4.4. Tt seems difficult to verify that a given weak isomorphism is actually an m-
isomorphism. However, we can give a sufficient condition for this. To formulate it let
us denote by Cel; (W) the set of all cellular sets of W containing at most k cells. We
will also make use of the obvious inclusion I//V; < W\Um where U € Cel*(W) and I//V;
is the m-extended algebra of Wy,.
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Theorem 4.6 Let W < Maty, W’ < Maty be cellular algebras and ¢ € Isow (W, W’)
be a weak isomorphism. Suppose also that for positive integers k,m the following
conditions are satisfied:

(1) For any U € Celi (W) there exist an m-extension of gy and a weak isomorphism
Yy € Isow(Wym, W yeym) extending it.

(ii) For any Uy, U, € Cely (W) the restrictions of ¥y, and vy, to (UiNUz)™ coincide.
Then ¢ € Isow,, (W, W') whenever k > 3m.

Proof. Supposing k£ > 3m let us define a mapping ¥ : R — R’ where R = R(W\)
and R’ = R(W") as follows. Given R € R set

¥(R) = dul(R). (10)

where U € Cel (W) is chosen such that R € Rym ym. Since 2m < k, at least one
such U does exist. By (ii) the element 1(R) does not depend on the choice of U.
Obviously, ¥ is a bijection (the inverse map is given by (¢y)~!). This defines a linear
1-1 mapping from W to W' for which we use the same notation Y.

Let R,S € R with RS # 0. Then R, S € Rym ym for some U € Cel;,,(W). Since
3m < k, we obtain from (10) and (i) that

Y(RS) = Yu(RS) = Yu(R)pu(S) = Y(R)P(S),

which implies that ¢ € ISOW(W). It also follows from (10) and (i) that the restriction
of ¥ to U™ extends the m-extension of ¢y for all U € Cel(W). So v is the m-
extension of p.m

In Section 5 it will be convenient for us to make use of a weaker version of the
theorem as follows.

Corollary 4.7 The conclusion of Theorem 4.6 still holds if conditions (i) and (ii)
are replaced by the following conditions:

(') For any U € Cel (W) there exists a bijection h = h(U) € Iso(W,W') such that
Uh = U¥ and the weak isomorphism from Wy to Wi, induced by it coincides
with oy .

(ii") For any Uy, Us € Celp(W) there exists a permutation h = h(Uy,Us) € Aut(W)
such that

(h)v = hy (he)u

where hy and hy are the bijections associated with Uy, and Uy, U = Uy NUs and

hy, (h1)u and (he)y are the bijections obtained from h, hy and hy by restriction
toU.

Proof. Set ¢y to be the restriction to U™ of the weak isomorphism from W to W
induced by the m-fold Cartesian product of h. Then conditions (i) and (ii) follow
from (') and (ii’) respectively.m
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5 Proofs of Theorems 1.1 and 1.3

Our constructions below involve the notions of the direct sum of cellular algebras and
the wreath product of a cellular algebra by a permutation group. As to the definitions
see Subsection 7.1

5.1. Let G be an elementary Abelian group of order 4 and V; = G, ¢ € [s], and
consider G as acting on V; by multiplications. Let us denote by I the class of all
cellular algebras W on the disjoint union V' of V;’s such that

Wzélz(c, V),  Ce(W)={V;: iecl[s]).

For W € K the group Aut(W) is naturally identified with a subgroup of G* the
elements of which will be denoted by (g1, .. ., gs). Moreover, each element of G* can be
considered as a strong isomorphism of W to itself inducing the identity isomorphism
of all of its homogeneous components. Below we set R = R(W) and R;; = Ry, v,
where 4, j € [s].

The following statement is straightforward from the definitions (see also [8]).

Lemma 5.1 Let W € . Then
(1) Wy, = 2(G,V;) for alli.

(2) Ifi # j, then Wy,uy, = Z(G;, Vi UV;) where G is a subgroup of G x G of
index 1, 2 or 4. Moreover, Aut(Wy,uy,) = Gy j and |R;;| = [G x G : G j].

(3) If|R;;| =2, then G, ; is of the form

K(c1,02) = (1) x {c2) U (c1) X (c2)

where ¢1 = ¢1(1,7), c2 = (1, 7) are uniquely determined elements of G\ {1},
(a) = {L,a} and () = G\ (a), | = 1,2. Moreover, ¢1(i,7) = c2(j,7) and
Ri,; consists of the adjacency matrices of the relation G, ; and its complement

m% XVj.l

It follows from statement (1) and Proposition 2.1 of [6] that K consists of algebras
with simple spectrum.

5.2. In this paper we are especially interested in the subclass K* of the class K
consisting of all cellular algebras W such that

(ii) Given ¢ € [s] the elements ¢ (4, j) with |R; ;| = 2 are pairwise distinct.

We associate to such an algebra a graph I' = I'(W) with vertex set V(I') = [s]
and edge set E(I') = {(¢,7) : |Ri;| = 2}. Since |R;;| = |R;;|, this graph can be
considered as an undirected one. We observe that

4, ifi =7,
Ri ;| = {2, if (4,7) € E(I), (11)
1, otherwise
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It should be noted that each weak isomorphism of the algebras belonging X* induces
an isomorphism of the corresponding graphs. Moreover, it is easy to see that each
isomorphism of the graphs is induced by a strong isomorphism of the algebras.

Lemma 5.2 Let I' be an undirected graph with V(I') = [s]. Then I' = T'(W) for
some W € K* iff the degree of any vertex of I is at most 3.

Proof. Let W € K*. It follows from (ii) and the definition of ¢ (7, j) that the degree
of a vertex 7 in the graph I'(W) is at most |G \ {1}| = 3, which proves the necessity.
Conversely, let the degree of any vertex of I" be at most 3. For each i € [s] choose an
injection
fi:dg s (,5) € EM)} = G\ {1}

and denote by W the linear subspace of Maty spanned by H;_, Z(G,V;) and the
adjacency matrices A(7, j) of the relations K(ci,cy) C V; x V; where ¢ = ¢1(4,j) =
fi(4), c2 = ca2(i,5) = f;(@) for all (4,5) € E(T'). Let (4,7),(j, k) € E(I') and ¢ # k.
Then ¢y(7,j) # c1(7, k) and so

A(i,j) - A, k) = Jv, v,

This implies that the linear space W is closed with respect to the matrix multiplication
and hence is a cellular algebra from C*.m

Let us study the isomorphisms of a cellular algebra W € IC* to itself leaving any
cell of W fixed. For an edge (i, j) of the graph I' = I'(IW) set

c(i,g), if k=1,
g(l,j) = (hl, ceey hs), hk = Cg(i,j), itk = j, (12)
1, otherwise.

Let P = (dg, . ..,i;) € [s]'™! be a path in the graph I from g to i; (i.e. (4;_1,4) € FE(T)
for all [ € [t]). We define a permutation of V' by

¢
gp = Hg(il,l,il)- (13)
=1

Clearly, gp € Iso(W, W) for all P (including ones with ¢ = 0 for which gp = 1) and
also

gp.p = grgp, gp—1 = gp' (14)
where P - P’ is the composition of the paths P and P’ (providing that the last vertex
of P coincides with the first vertex of P') and P~! is the reverse of P. Denote by ¢p

the weak isomorphism of the algebra W to itself induced by the strong isomorphism
gp. Obviously, ¢p is identical on each homogeneous component of W and ¢% = idy.

Lemma 5.3 Let W € K* and I' = I'(W). Then the following statements hold:

(1) Let ¢ = @ ) where (i,5) € E(T'). Then the action of ¢ on the set Rqyp is
nontrivial iff (a,b) € E(T) and |{a,b} N {i, j}| = 1.
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(2) If P = (ig,...,14) is a closed path in the graph T (i.e. iy = i;), then
gp € Aut(W).

(3) IfT is a 3-connected graph, then W is a Schurian algebra.

Proof. If ¢ is not identical on R,;, then obviously (a,b) € E(I') and {a,b} N
{i,j} # 0 (see (11) and (12)). Further, if {a,b} = {i,j}, then g ;) is of the form
(c1(a,b), c2(a,b)) on V,UV, and consequently belongs to Aut(Wy, v, ) (see Lemma 5.1)
acting trivially on R,p. Conversely, let (a,b) € E(I') and for instance a = i, b # j.
Then g(; ;) is of the form (ci(a, j),1) on V, UV, with ¢;i(a, j) # c1(a,b) and so can not
belong to Aut(Wy, ;). This proves statement (1). Now, if P is a closed path in T',
then by statement (1) and formula (14) the weak isomorphism @p acts trivially on
the set R. This means that gp € Aut(W), which proves statement (2).

To prove statement (3) we will make use of the following property of a 3-connected
graph: given an edge and a vertex nonincident to each other, there exists a cycle (a
closed path without repeating vertices) passing through the edge but not through the
vertex. (Indeed, the subgraph obtained by removing the vertex is 2-connected and
so there is a cycle in it passing through the edge, see Corollaries 2 and 4 on pp. 168
and 169 of [1]). Given distinct 4,5 € [s| we define a set S, ; of cycles of the graph I'
as follows. If (4, j) € E(I"), then S, ; consists of 3 elements: a cycle passing through ¢
but not through j, a cycle passing through 7 but not through ¢ and a cycle passing
through the edge (¢,7). If (,7) & E(I'), then S;; consists of 4 elements: 2 cycles
passing through ¢ but not through j covering all edges incident to ¢+ and 2 cycles
passing through 7 but not through ¢ covering all edges incident to j.

It follows from (12) and (13) that the order of the group generated by all per-
mutations gp, P € S;;, and even of its constituent H;; on V; UV} equals 2l5iil,

So
e 16, otherwise.

On the other hand, by statement (2) of the lemma the group H;; is a subgroup of
Aut(Wvy,uy,) whereas | Aut(Wy,uy,| = 16/|R; ;| by statement (2) of Lemma 5.1. Thus
H; j = Aut(Wy,uy;) by (11). Since the algebra Wy, y; is obviously Schurian and each
element of H; ; is the restriction of an automorphism of W, statement (3) follows.m

Remark 5.4 In fact, if I is a connected cubic graph, then the 3-connectivity of T’
s also necessary for W to be Schurian. This can be proved by using the fact that in

this case the group Aut(W) is generated by the permutations gp where P runs over
all cycles of T'.

5.3. Let W € K* and a € [s]. Set

% = H wa,b

bel(a)
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where I' = I'(W), I'(a) is the neighbourhood of @ in I and 9,5 is the weak isomorphism
of the algebra W defined for R € R by

JVa,Vb — R, if Re Ra,ba

Q/Ja,b(R) = { JVb,Va — R, ifRe Rb,a,
R, otherwise.

Then v, is an involutory weak isomorphism of W moving R ifft R € Ry, U Re,
with b € I'(a). These weak isomorphisms are closely related to those of the previous
subsection. Namely, by statement (1) of Lemma 5.3 we have ¢ ;) = 1;4; for all
(1,7) € E(T). So

op = Yap (15)

where P is any path in the graph I" from a to b.
Theorem 5.5 Let W € K*, I' = T'(W) be a cubic graph and a € [s]. Then

(1) The weak isomorphism 1), is not induced by a permutation of V.

(2) If T is a connected graph with no separator of some cardinality k > 3m, then
Y, € Isow,,,(W). (A set X is called a separator of T' if any connected component
of the induced subgraph T'\ X on [s|\ X has at most s/2 vertices.)

Proof. Given ¢ € Isow(W) leaving any cell of W fixed let us denote by T'(¢) (resp.
t(p)) the set of all 2-subsets {7, j} of [s] such that ¢(R) # R for some R € R; ; UR;;
(resp. its cardinality). Then, obviously, ¢(¢,) = 3. So to prove statement (1) it
suffices to check that

t(¢y) =0(mod2), g¢eG* (16)

where ¢, is the weak isomorphism of W induced by g (see Subsection 5.1). It is easy
to see that

T (gn)| = [T (o)l + T ()| = 2T (pg) N T(n)], g,h € G

whence t(pg4n) = t(py) + (¢r) (mod 2) for all g, h. Now (16) follows from the straight-
forward equality t(¢,) = 2 where g = (g1, ...,9s) with exactly one of g;’s not equal
to 1.

To prove (2) it suffices to verify that for ¢ = 1), conditions (i) and (ii’) of Corol-
lary 4.7 are satisfied. Let U € Cel;(W). Denote by Cy the vertex set of a largest
connected component of the graph I'\ Xy where X, is the subset of [s] corresponding
to the cells of W contained in U. Choose a vertex b = by € Cy and a path P = Py in
the graph I from a to b. Then by (15) and the fact that b ¢ U we have (¢p)y = (¢a)v-
So the condition (i) is satisfied for h = gp.

Let Ul,UQ € CGIZ(W) Set bz = bUH C,L = CUZ., Xl = XUZ., PL = PUi (Z = 1,2)
Then |C;] > s/2, since X; is not a separator of I" by the hypothesis of statement (2).
So C; N Cy # () and there exists a path P 5 in I' from b; to by all vertices of which
belong to C1UCs,. Set P = PI-PM-PQ_I. Then by (14) and the fact that P; 5 contains
no vertices of U = U; N U, we have

(9p)u = (9P 9Pi29p, )u = (h)u(hy')u
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where hy = gp,, ho = gp,. It follows from statement (2) of Lemma 5.3 that
gp € Aut(W). Thus the condition (ii’) is satisfied for h = gp.m

Remark 5.6 Let I'(W) be a connected cubic graph and @i, @2 € Isow(W) be weak
isomorphisms leaving any cell of W fized such that (¢1)y, = (¢2)v; for alli € [s]. Then
it can be proved by the same technique that 15" is induced by a strong isomorphism
of W iff t(p1) = t(p2) (mod 2).

5.4. Proof of Theorem 1.3. It follows from [12] and [14] that for all sufficiently
large [ the graph C'D(I,3) defined in [12] is a connected, edge-transitive, cubic Ra-
manujan graph with s; = 2 - 3=+ vertices. One can easily veryfy that there
exists ¢ > 0 such that any cubic Ramanujan graph with s vertices has no separa-
tor of cardinality k for all k& < &’s. By Lemma 5.2 there exists a cellular algebra
W (l) € K* on 4s; points with I'(W(l)) = CD(l,3). So by Theorem 5.5 there exists
an L%J—isomorphism ©(l) of W(I) which is not induced by a strong isomorphism.
According to [15] the graph C'D(l,3) being a connected edge-transitive cubic graph,
is 3-connected. Thus W(l) is a Schurian algebra by statement (3) of Lemma 5.3.

Let us define a cellular algebra W, on n points by W,, = W (I) EH Mat,,_,5, where [ is
the largest positive integer for which 4s; < n. Let ¢, be the weak isomorphism of W,,
coinciding with ¢(1) on the first summand and identical on the second one. Then by
above W, is a Schurian algebra and ¢, is not induced by a strong isomorphism for all
sufficiently large n. Set m = L%alj Since ¢(1) € Isow,,(W(l)), Theorem 7.6 implies
that ¢, € Isow,,(W,). Taking into account the inequality s;/n > s;/s;41 > 1/12, we

conclude that m > |ne| where ¢ = ¢'/36.m

5.5. Proof of Theorem 1.1. Let W and ¢ be the Schurian algebra on n
points and the m-isomorphism from Theorem 1.3. Set W’ = Wy G where W =
Wik, ¥ = {4} 21, G = Sym(2) with Wy = W5 = W and 41, = ¢. Then by
statement (3) of Theorem 7.7 the algebra W’ is m-closed. On the other hand, W’ is
not Schurian by Corollary 7.9. Thus for a sufficiently large even integer the required

algebra is constructed. The odd case is reduced to the even one by considering the
algebra W/ H Mat .=

6 Proof of Theorem 1.4

We start with the description of the m-dimensional Weisfeiler-Lehman method and
the Schurian polynomial approximation scheme associated with it. Below a mapping f
from V™ to the set of positive integers is called a coloring of V™. Any nonempty set
f71(i) € V™ is called a color class of f. The following algorithm was described in [3]
(see also [4]).

m~dim stabilization

Input: a coloring fy of V™.
Output: a coloring f of V™.
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Step 1. Set k£ = 0.
Step 2. For each v € V™ find a formal sum S(v) = >, .y, fr(0/u) where
v/u= (U, Umu) With U;, = (v1,..., 01, U, Vit1, ..., V), and

fk(ﬁ/u) = (fk(ﬁl,u)u ) fk(ﬁm,u))~
Step 3. Find a coloring fr.1 of V™ such that

fin1(0) = firn(@) & (fi(0) = fi(0'), S(v) = S(V)).
If the numbers of color classes of f; and fy.; are different, then k := k£ + 1 and go to
Step 2. Otherwise set f = fi.m
For a cellular algebra W on V with standard basis R let us denote by f; the
coloring of V™ defined by

fo(0) = fo(?v') & VReRVi,je[m]: ((vi,v;)) e R < (v;,v)) €R)

) Yg
and set
WLl(W) =W and WLm(W) = [Rf], m > 2
where f is the coloring of V™ derived from f; by the m-dim stabilization procedure
and R is the set of the adjacency matrices of the relations

{(W,0)YeVxV: fl,...;u,v)= f(u,...,u,v)}, wveV.

Let us define P,,, = P,,,(W) to be the partition of V™ into the cells of W if m = 1, and
into the color classes of f if m > 2. In the last case denote by P, (W), k=0,..., k
the partition of V™ into the classes of the coloring f; obtained in applying the m-dim
stabilization procedure to the coloring fy,. Then

Pm,O S Pm,l < - S 7Drn,l_c = Pm (17)
where for partitions P, P’ of V™ we write P < P’ if P’ is the refinement of P.

Theorem 6.1 The partition P = P, (W), m > 1 satisfies the following conditions:

(P1) P is normal, i.e. the set ;' (AX) is a union of the elements of P for all L C M
where AF) = AB(VY = {(v,...,0) €eVE: veV} andmp =7aM VM - VE

1 a natural projection,
(P2) P isinvariant, i.e. P9 =P for all g € Sym(M) where P ={T9: T € P}, g €
Sym(M),

(P3) P is reqular, i.e. given T € P, S € w(P) the number |7, ' (w) NT| does not
depend onu € S for all L C M where n,(P) = {n.(T): T € P},

where M = [m].

Proof. It follows from the definition of the coloring f, that the partition P, ¢ satisfies
conditions (P1) and (P2). So P,,k+1 and hence P, satisfies (P1) by (17) and (P2)
by the definition of fi; at Step 3. Thus it suffices to check that P,, satisfies condi-
tion (P3) or, equivalently, the following condition:
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(P3*) given ! € [m—1] and S € m1(P), R € m(P) the number |(7/ )71 (@) N S| does
not depend on u € R

where 7rll+1 = W[[ll}ﬂ} and m = 7).

For | € [m] let m; be the mapping defined by
m: VT =V (v, Um) (V1,0 1, ., U).
Lemma 6.2 T € P, implies m(T) € Pp,.

Proof. Using induction on [ = m,m — 1,... we assume that T = n, (7). Let
U= (v1,...,9n) € T. Then by the definition of the initial coloring f, and formula (17)
we conclude that the final color of the tuple v;;;, for u = v, differs from that for
u # v (see Step 2). So the final color of 7;(v) does not depend on the choice of ©
in the color class T' due to the termination condition at Step 3. Thus (7)) C T for
some 1" € P,,. To prove the inverse inclusion we observe that 7" C n;(V"™). On the
other hand, given v' € T" the number |[{u € V' : v}, , € T}| does not depend on v’
and is positive since n(T") # (. Thus 7" C n(T) =

To prove (P3*) set S = m1(7T") and R = m(7T") where T, 7" € P,,,. By Lemma 6.2
we assume T = 1,1 (T),T" = q(T"). For w € V' set v = n;(v') where ¥ is any element
of the set (m™)~!(w). Then obviously

(ZF DY@ NS = {u eV : Ty, € TH.

If @ runs over R, then ¥ runs over T”. Since the right side of the last equality does
not depend on v € T, we conclude that the left side of it does not depend on u € R.»

Below given a finite set M a partition P of VM satisfying (P1)-(P3) will be called
stable. The following statement contains the simplest properties of a stable partition
to be used in proving Theorem 1.4.

Lemma 6.3 Let P be a stable partition of VM. Then
(1) 7r(P) is a stable partition of VL for all L C M,
(2) if M =1 x K, then P is a stable partition of (V1)K,
(3) if M = [3], then mg(P) is the set of basis relations of a cellular algebra on V.

Proof. To prove statement (1) we observe first that the elements of 7. (P) are pair-
wise disjoint by (P3) and so 7z (P) is a partition of VL. The obvious equality
(rE)"YA®)) = 7 (r(AF)) with K C L implies that this partition is normal.
It is also invariant since 7 (T)9 = 7(79) for all g € Sym(L) where § is the image
of g under the natural injection of Sym(L) into Sym(M). Finally, let S € 7.(P),
R e nk(r(P)), K C L, and w € R. Then

VM ()™M @) N 8] = | (mg) ™ (@) 0 9)| = | (@) N ' (S)].
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Since 77 (P) is a partition of VL, we see that 7;'(S) = UTep’Teﬂ_Zl(s) T. So the
last number equals > . |15 (@) N T|. Thus the regularity of 71 (P) follows from the
regularity of P.
Let us prove statement (2). The normality of P as a partition of (V)X follows
from the equality
(7)™ ﬂ”{}xj (Al

iel
where J C K and the normality of P as a partition of VM. The invariance (resp.
regularity) of P as a partition of (V!)X is obtained by the specialization of (P2)
(resp. (P3)) for g belonging to the subgroup of Sym(M) equal to the wreath product
of the identity group on I and Sym(K) (resp. for L =1 x J, J C K).
Let us prove the third statement. Set R = 7y (P). It follows from statement (1)
that R is a stable partition of V2. In particular, V2 and A®)(V) are unions of

the elements of R. Besides, RT = R since RT = RY for all R € R where g is the
transposition belonging to Sym(2). So it suffices to check that given @, R, S € R the
number

p(ur,ug; @, R) = {ueV: (u,u) € Q, (u,uz) € R}|

does not depend on the choice of (uy,us) € S. However, p(uy, uz; @, R) coincides with
the sum of the numbers |7, (%) NT| where L = [2], @ = (u1,u3) € S and T runs over
the elements of P contained in the set

Q)N (R Nt (S)"

with g = (1,2,3), h = (2, 3) in cyclic notation. By (P3) these numbers do not depend
on u.m

Now we are ready to prove Theorem 1.4. Let us compare the partitions of Carte-
sian powers of V' associated with the Schurian polynomial approximation schemes

{W } and {WL,,(W)} where W is a cellular algebra on V.
Theorem 6.4 For all cellular algebra W and all m > 1

Pr(W) < Cel(W™),  RW™) < 1o (Pam(W)). (18)
(We consider the elements of R(W(m)) as subsets of V™ see proof of Theorem 3.2.)

Proof. The first inequality was in fact proved in Proposition 4.1 of [4]. Accord-
ing to Theorem 6.1 Ps,,(W) is a stable partition of V3. So by Lemma 6.3 there
exists a cellular algebra A\m(W) on V™ whose set of basis relations coincides with
Tom(Pam(W)). Tt follows from (P1) with P = Ps,,(W) that Inem € An(W). Be-
sides, R(W™) < mom(Psmo(W)) by the definition of the initial coloring fy, whence
Wm < A,,(W). Thus

W < A, (W)

by Theorem 3.2.m
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The inclusion WL,,, (W) < W™ was proved in Theorem 1.2 of [4] (in fact deduced

from the first inequality of Theorem 6.4). To prove the inclusion w < WL, (W)
we observe that by Theorem 6.1 the partition Ps,, (W) is stable and hence

R(WLy(W)) = (P (W) = T3(2m (Pan (W) = m2(R(Am))

where A, = gm(W) is the cellular algebra on V™ defined in the proof of Theorem 6.4.
On the other hand, the stability of partition 7oy, (Ps, (1)) (see Lemma 6.3) implies
that m(R(An)) = R(((An)a)’ ") where A and § are defined in Subsection 3.1. So
by the second inequality of Theorem 6.4 we have

R(WLsn (W) = R((An)2)° ") = R((W™)2)°" ") = ROZ™).
This completes the proof of Theorem 1.4.m

7 Appendix

7.1. Throughout the subsection we denote by W; (resp.W/) a cellular algebra on a
set V; (resp.V/) where i € [s].
Following [17] we call the cellular algebra

aw,=[Jrw)

on the disjoint union V' of V;’s the direct sum of W;’s. Obviously, it does not depend
on the ordering of the summands. Any set V; is a cellular set of this algebra. Any of
its basis relations contained in V; x V; coincides with a basis relation of W; (for ¢ = j)
or equals the direct product of a cell of W; and a cell of W; (for i # j).

Let ¢; € Isow(W;, W) for all i € [s]. Then the mapping

v iém - ié Wi (19)

coinciding with ¢; on W; and taking Jx y to Jx/y» where X € Cel(W;), Y e Cel(WV;),
1 # j,and X' = X% Y’ = Y% is obviously a weak isomorphism. We say that it is
induced by ¢;’s. It is easy to see that each weak isomorphism ¢ of the direct sums
such that ¢(W;) = W/ for all i can be obtained in this way.

Let W < Maty be a cellular algebra and ® C Isow(W) be a group of its weak
isomorphisms. Then according to [5] the set W® ={A e W : p(A) = A, p € d}isa
cellular algebra on V. If & C Isow,, (W), then We < W2 where & = {0 ¢ € d}.

Let now W = {W;};_, and ¥ = {¢;;}7,_, with «;; € Isow(W;, W;) such that

Vi ik = Yik, i,J,k € [s] (20)

It is easy to see that ¢;; = idw, and v, jl = 1;, for all 7,57. Any permutation
g € Sym(s) induces s weak isomorphisms t; ;o : W; — Wia, @ € [s], and hence by (19)
a weak isomorphism ¢, : W — W where W = H;_; W;. Obviously, given a group
G < Sym(s) the set (U, G) = {p, : g € G} is a subgroup of Isow (V).
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Definition 7.1 The cellular algebra W® with ® = ®(¥, Q) is called the wreath prod-
uct of the family W by the group G with respect to U and is denoted by Wiy G 1.

The algebra Wy G contains two subalgebras

WY ={> A e Wi, Aj=ii(A), i € [s]} (21)
i=1
and
WG = { Z Oévo, Qo € C}, Ao = Z J‘/i,V} (22)
O€0rby(G) (i,j)€0

closed under the Hadamard multiplication and the Hermitian conjugation. It is easy
to see that
Wig G = WY, W], (23)

Let W = Wy G with W = {W;}i_,, ¥ = {¢i;};,21, W = W G with
W ={W;} iy, V' = {4} ;};,_, and p; € Isow(W;, W) for all i. If

@i ;=i 0,7 € [s], (24)

then @(WY) = (W)Y and (W) = (W')¢ where ¢ is the weak isomorphism (19).
By (23) this defines by restriction a weak isomorphism from W to W’ such that

0(Ap) = Ay for all O € Orby(G). (25)

In this case we say that it is induced by ¢;’s. Conversely, any ¢ € Isow(W, W’) for
which (25) is satisfied can be obtained in this way with uniquely determined ¢;’s.

According to [17] the tensor product );_, W; can be considered as a cellular
algebra on the set [[;_, Vi. The basis matrices (resp. cells) of this algebra are exactly
the Kronecker (resp. direct) products of the basis matrices (resp. cells) of W’s.

7.2. Here given a cellular algebra W < Maty we define and study an auxiliary
cellular algebra W* on the set V* = 1Cm] V1. Below we denote by Maty, v, the
linear space of all complex matrices the rows and columns of which are indexed by
the elements of sets V1 and V5 respectively. The tensor product Maty, v, ® Matyy vy
is naturally identified with Maty; «vy vy xvg-

Given I,J C [m] let Dy ; = Dy (V) denotes the adjacency matrix of the binary
relation {(w,v) € VI x V' : w; =v;, i € INJ}. Set Dr = D(V) = Dy (V)
and d; = d;(V) = |[V|™~ 1. Then

Drr=1Iyi, (Dry)" =Dy1, dusDiy= DD (26)

Besides,
DID; = E;, D;E;=d;D;, E?=d;E; (27)

'We note that if G is transitive and W; is homogeneous for all 4, this is a special case of the
corresponding construction of [17].
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where Ey is the adjacancy matrix of the relation {(@,7) : V™" xV™: w; =v;, i € I}.
We also observe that Ej € Z,(V).
For I,J C [m] set

/WLJ = D[WD?, ﬁI,J = {RLJ : RI’J = (de)ilDIRD§, R e 7/?\,}

where R = R(/W) and df 7 is the coefficient at R in the decomposition of the ma-
trix E;RE; with respect to R. Both of the sets are contained in Matyr .. Set

Z Wi, - U R”

I,JCIm I,JC[m

Obviously, the sum is meant to be direct and the union is meant to be disjoint.

Lemma 7.2 The following statements hold:

(1) The linear space W* is a cellular algebra on V* and the set R* is its standard
basts.

(2) W* = [W,{Dr}rcpm]-

(3) For each I C [m] the set V! is a cellular set of W*. Moreover, (W) > wo
for alll € [m] and also (W*)ym =W, (W*)y =W.

(4) Let I,J C [m] and {Ix};_y, {Jk}ioy be partitions of I and J (with some of
I;, Ji, possibly empty). Then Q;_, Wi,.5, C Wi .

Proof. Let us show that any matrix A = D;RDT R € R is a d? T s-multiple of a {0,1}-
matrix. It is easy to see that given (uw,v) € VI x V7 the number Ay equals any
(@', 7')-element of the matrix B = E;RE; with (Dy)gw > 0, (Dy)sw > 0. If Azz #0,
then @, 7' can be chosen so that in addition Rz 7 > 0. So Az3 = By v = df ; by the
definition of dff;. Thus 7%[7 s consists of {0,1}-matrices. Moreover, any two of them
are orthogonal with respect to the Hadamard multiplication or coincide. Indeed,
let Ry ;o087 # 0 where R,S € R. Then S o (E;RE,) # 0 and R o (E;SE;) # 0.
Since the matrices ErRE;, E;SE; belong to W and are multiples of {0,1}-matrices,
they (and hence also D;RD;, DrSD;j) coincide up to a scalar factor. It follows from
above that the set R* consists of {0,1}-matrices summing up to Jy-. Besides, it

is easy to see that it is closed under transposition and linearly spans W*. Since
WI Wik C WI K (see (27)), statement (1) follows. Statement (2) is the consequence

of the definition of W*, statement (1) and the fact that D; € /I/I?I,[m] for all I C [m].

To prove statement (3) it suffices to check that (W*)Vz > W®. To do this we observe
that

Inw = Dylaow Dy, Ri®... @ Ry=dy' Dy(Ri®.. @ Ri@ Iy ®...®Iy)Dy (28)

where R; € R(W) for all i € [I]. Thus we are done by Theorem 3.2 (with m = [).
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Let us prove statement (4). First we observe that for all [ € [s]

DI,IlAlDJl,J = ®C’£l), Al € Ma:tvll7le
k=1

where C,gl) is the all-one matrix of Maty 1, s, if k # [, and Cl(l) = A;. Since the
Hadamard multiplication in Maty: v = @);_; Maty 1, 17, can be done factorwise, we
come to the equality

(D1, A\DY, ) o+ 0 (Dr,ADY ;) =R Ak (29)
k=1

Thus, if Ay € W\Ih J, for all k, then by statement (1) each Hadamard factor in the left

side of (29) (and hence the whole product) belongs to WI, Jm
We complete the subsection by defining and studying some natural weak isomor-
phisms of our auxiliary algebras.

Lemma 7.3 Let ¢ € Isow,,(W,W’) and ¢ = p. Then

(1) There exists a uniquely determined weak isomorphism ¥* : W — W’ such

that (V*)ym =1 and *(Dy) = D} for all I C [m)].

(2) The mapping (Y*)y: induces by restriction an l-extension of ¢ for all | € [m].
In particular, (Y*)y : W — W' extends .

Proof. To prove statement (1) set
¥ (A) = (did;) ' Db (DT AD,)(D))T, A€Wy,

It immediately follows from (26) and (27) that ¢*(A) = ¢ (A) for all A from W =
(W*)ym and also v*(Dy) = D4 for all I C [m]. Moreover, making use of the same
properties of the matrices D; and E; we have for A € W; ;, B € Wjg:

didgy*(AB) = Dyp(D] ABDk)(Dy)" = dj' Dyyp(D] ADy)(D; BD)(D)" =
d;°Dpp(Dp ADEy)y(E; D5 BDi)(Dx)" = dy*Diyy(Dy ADy)Eyp(D5 BD)(D)" =
d;* D (D7 AD;)(D5)" Dlyp(DT BDk)(Di)" = didgp* (A)y*(B).
This shows that ¥* is a matrix algebra isomorphism. In particular,

Y (Ryy) = (dF )" 9* (D) (R)w* (DY) = (d}\7) " Djp(R)(D)T = ¢(R) 1,5

for all R € R and [ ,J C [m]. Thus ¢* preserves the Hadamard multiplication and
hence is a weak isomorphism. Since the uniqueness of ¢* follows from statement (2)
of Lemma 7.2, we are done.
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The second statement of the lemma follows from the first one, statement (3) of
Lemma 7.2 and formula (28).m
The isomorphism (1*)y, will be denoted by ® and called the m-closure of .

7.3. It is clear that the direct sum is Schurian iff so is any of its summands. In
this subsection we generalize this observation to m-closed algebras. To do this we
need to study the m-extended algebra of the direct sum.

Theorem 7.4 Let W = Hj_;W). Then the set V* is a cellular set of the alge-
bra Q;_, Wi and

s

W* = (Q Wi )v-. (30)

k=1

Proof. It is easy to see that given I C [m] we have V! = |J,; V¥ where Z = {I;};_,
runs over all ordered partitions of the set I into s classes (possibly empty) and VZ =

| VkI’“. Since VkI’“ is a cellular set of the algebra m* the first part of the theorem
follows. Further, the right side of (30) denoted by W’ below, coincides with the
direct sum over all I, J C [m] and all partitions {Ik}k , and {Jk}k L of I an J of
the linear spaces @), _ 1(VVk) Lo Ji- Since (W) Iod, C W[k g, for all k, we conclude by
statement (4) of Lemma 7.2 that W’ is a subalgebra of W .

To prove the inverse inclusion it suffices to check by statement (2) of Lemma 7.2
and Theorem 3.2 that W’ contains the algebra W™ and the matrices In and Dy,
I € [m]. Let us prove that In € W’. Since In = Y ;_, Ia, where Ay = A™(V}), we
need only to check that I, € W’ for all k. Given k € [s]| let us define a partition
{I;} of [m] so that I; = () for [ # k and I}, = [m]. Then, obviously,

s

IAk c ﬁ/\k = ®(I7V\l)fz,fz cw'.

=1

Further, given I C [m] it is easy to see that

Z ® DIka(Vk)

{Ix} i} k=1

where the sum is taken over all partitions of the sets I and [m] respectively with
I, C J, for all k£ € [S] Since ka Jk(Vk) = dJk(Vk) 1D1k(Vk)DJk(Vk) (see (26))
and Dy, (Vi), Dy, (Vi) belong to Wi by statement (2) of Lemma 7.2, we conclude
that D; € W'.

Let us prove now that W™ C W'. It follows from the definition of the direct
sum that W coincides with the cellular closure of the sets R(Wy), k € [s], and
the matrices Jy, v;, k,l € [s]. So it suffices to prove that W’ contains any matrix
A=@Q.", A with A; € R(Wy) for some k or A; = Jy, v, = Jv, 9@ Joy; for k # . Let
us define partitions {I;} and {Ji} of [m] by

I, = {Z c [m] A€ Matvk’v}, Jp = {Z S [m] . A€ Matv;vk}.
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Then .
A=Q)AY  with A® = ARD @ A®D g A*2)
k=1
where A*:0) = Qicr,nu, Ais A®D = Dp. 5 0(Vi), A®2 = Dy 711, (Vi). We only need

to prove that A®) ¢ (ﬁ/\k) 1.0, for all k € [s]. However, this follows from statement (4)
of Lemma 7.2 applied to the partitions of I}, and Jj, with 3 classes Iy o = Ji0 = 1N Jy,
Ik,l = Ik \ Jk, Ik’g = Jk71 = (Z) and Jk72 = Jk \ Ik.l

Theorem 7.4 enables us to obtain the following decomposition of the m-extended
algebra of the direct sum:

S

/W - Z/WI’j’ /Wz-vj = ®(W\]€)I}€,Jk (31)
.J k=1

where Z = {I;};_, and J = {Ji};_; run over all ordered partitions of the set [m]

into s classes (possibly empty). According to this each basis matrix of W can
uniquely be represented as the Kronecker product over k € [s] of the “basis” ma-

trices of (ﬁ/\lg)fk,Jk.

For each k € [s] let us define the partition Z() = {I, l(k)}lszl of the set [m| by Il(k) =
(), if I # k, and I,Ek) = [m]. Then it is easy to see that VW = vir, /Wz(k)’z(k) = VV\k
and /Wz(k)’l'(l) for k # 1 coincides with the linear span of the matrices Jyy where

X € Cel(Wy), Y € Cel(W)). Thus, restricting W to the union of VI k € [s], we
come by (31) to the following statement.

Theorem 7.5 Let W =H;_; Wj. Then
(1) The set U =J;_, Vi™ is a cellular set of the algebra W and Wy = B, W.
(2) W =m_, Wy.
(3) The algebra W is m-closed iff so is Wy, for all k.m

Another consequence of Theorem 7.4 concerns the m-extensions of weak isomor-
phisms between direct sums.

Theorem 7.6 Let W = H;_, W), W' = Hj_ W/ and ¢ : W — W’ be the weak
isomorphism induced by weak isomorphisms ¢, : Wy, — W/, k € [s]. Then ¢ €
Isow,,, (W, W') iff or € Isow,,,(Wy, W) for all k.

Proof. The necessity is obvious. Conversely, let ¢, € Isow,, (Wi, W) for all k. It
follows from Theorem 7.4 and Lemma 7.2 that the algebras W and W’ coincide with
the restrictions to V™ and to (V’)™ of the tensor products );_, W, and Ry ﬁ/\,;*
respectively. By statement (1) of Lemma 7.3 the isomorphism @y, is extended to
the weak isomorphism @;" : Wi — @* taking (Vi)? to (V})! for all I C [m]. So
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the restriction to V™ of the weak isomorphism @);_, @) is a correctly defined weak
isomorphism from W to W' being in fact the m-extension of ¢.=
7.4. Here we use the results of the previous subsection to give a sufficient condition

for the wreath product Wiy G to be m-closed. We note that if ¢, ; € Isow,,(W;, W;) for
all 7, j, then by Theorem 7.6 ¢, € Isow,,(W) for all g € Sym(s) where W = H;_, W;.

In this case we can consider the group ®(¥,G) ={p,: g€ G} C Isow (V).

Theorem 7.7 Let Wy G be the wreath product of W = {W,;}5_; by G < Sym(s)
with respect to U = {4; ;}7,_,. Suppose that 1; j € Isow,,,(W;, W;) for all i,j. Then
(1) The set U = |J;_, Vi™ is a cellular set of VV/Zq,\G and (VV/Zq,\G)U =Wy G
where W = {W;};_, and ¥ = {¢; ;};

ij=1"

(2) Wi G =WigG where W = {W;}i_; and ¥ = {¢;;}5,_; with 1;; being the
m-closure of ¥; ;.

(3) The algebra W iy G is m-closed iff so is W; for alli.

Proof. We prove only the first statement since the others are straightforward from it.
It is easy to see that the adjacency matrix of the relation | J;_, V/* x V;* C V™ x V™
is a multiple of AInA where A is the m-fold tensor product of the matrix > ;_, Jy;
belonging to Wy G, and so belongs to VV/Z\I;\G . Thus the first part of statement (1)
follows. Further, since Wy G < H;_; W;, we have

Wi G)y <

7

I
=)

by statement (1) of Theorem 7.5. The group ® = @ﬁf,\G) acts trivially on the algebra
(W gy G)™ and leaves the matrix I fixed. So it acts trivially also on VV/Z\I;\G by
Theorem 3.2, which implies that the group @(\f!, G) coinciding with dy acts trivially
on (VV/Zq,\G)U. Since 17\/\2@ G is obviously the largest subalgebra of H;_, W, with this
property, we conclude that
Wiy Gy < W5 G.

To prove the converse inclusion we make use of the equality (23) with WV and ¥
replaced by W and ¥ and verify that W@,WG C (VV/Zq,\G)U. A straightforward
check shows that Iy(WY)"Iy = (W™)¥" where W™ = {W/"}, ¥™ = {¢/%}. So
wm¥™ c (VV/Z\I,\G)U Since I also belongs to (W gy G)y, this algebra contains the
smallest algebra satisfying (C2) and (C3) and containing (W™)¥" and In = >, Ia,.

The last algebra coincides with WY by Theorem 3.2 applied to Wl, i € [s] (see (21)).
On the other hand, for any O € Orby(G) we have

(i,5)€0 (i,j)€0
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where A7 is the m-fold tensor product of the matrix Ao (see (22)). This implies

that the algebra WE spanned by Ao’s is contained in (W W G)u, which completes
the proof.m

Remark 7.8 It follows from the above proof that VV/Z\I,\G < (Eﬂf/zl\W/Z)&) On the
other hand, it is easy to see that each Schurian algebra is strongly isomorphic to
the wreath product of one-point matriz algebras by its automorphism group. So the
equality would imply in particular that the m-extended algebra of a Schurian algebra
s also Schurian. However, this does not seem to be true.

Corollary 7.9 Let G be a transitive group. Then the algebra W iy G is Schurian iff
so is W; for all i and 1, ; € Isowo(W;, W;) for all i, j.

Proof. By statement (3), Theorem 4.5 and the fact that W = Sch(W) for all
W < Maty and m > n (see Proposition 3.1) it suffices to prove that if Wy G is
Schurian, then 1; ; is induced by a bijection g; ; from V; to V; for all 7, j. Since the
group G is transitive, each cell of Wy G meets any set V;. The Schurity of Wiy G
implies then that so does each orbit of its automorphism group. However, the relation
Ui, Vi x V; is invariant with respect to this group. So given 4, j € [s] there exists an
automorphism of Wy G taking V; to Vj, which produces the required bijection g; ;.=

The analog of Theorem 7.6 for wreath products is the following statement in which
we use the notation of Subsection 7.1.

Theorem 7.10 Let W = W ig G, W = Wy G and ¢ : W — W' be the weak
isomorphism induced by weak isomorphisms @; : W; — W/, i € [s], satisfying (24).
Suppose that 1;; € Isow,,(W;, W;) for all i,5. Then ¢ € Isow,,(W,W’) iff ¢; €
Isow,,,(W;, W!) for all i.

Proof. Let us prove the necessity. Since U = |J,_, V;/™ and U" = |J._,(V/)™ are
cellular sets of the algebras W and 17[/\’ and U®? = U, , we have A(/I/I?U) I7V\’U/ By
statement (1) of Theorem 7.7 Wy = W 15 ¢ G where W = {W} U = {¢”} It is
easy to see that QB(W‘T’) = W)Y for some W' = {W/}:_, with W] < Maty7)m and
U = {¢ %=y with ¢ € ISOW(W’ W’) Moreover, § takes WC to (W)€ so that
condltlon (25) is satlsﬁed So Wy = W 5. G and the weak isomorphism

v Wis G =W G

is induced by some weak isomorphisms @; : W; — Wi' , © € [s]. It suffices to check

that W’ W’ and @; is an m-extension of ; for all 7.
First we observe that p(E) = E’ where E (resp. E’) is the adjacency matrix of
the equivalence relation |J;_, V™ x V;™ (resp. U;_,(V{)™ x (V{)™). So,

D_FRAT) =23 QAT =3(E(Q D AT) =
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E)od( ®ZA§J')) - E’o(®gp(z AD)) = E'o( ®Z¢(A§j))) = Z ®%(A§j))

where i runs over [s|, j runs over [m| and Az(j ) € W; with > Agj) e WY for all j.
Thus ¢;(A) = ¢*(A) for all A € W/™ and all ¢ € [s]. Finally,

ZQZZ(IAJ = IA = IA’ ZIA/
=1

where A, (resp Al) is the dlagonal of V™ (resp. (V/)™). So @i(Ia;) = Ia; for all 4.
Therefore, W/ = [(W))™, In/] = I/VZ-’ and @; is an m-extension of ¢; (see Theorem 3.2

(2

and Definition 4.2).

Conversely, let ¢; € Isow,,(W;, W/) for all i € [s]. Then the weak isomorphism
from BH;_, W; to B;_, W/ induced by ¢;’s is an m-isomorphism by Theorem 7.6. The
m-extension of it takes Ia to Ias and coincides with ¢™ on W™ (we use Definition 4.2
and the fact that ¢ is induced by ¢;’s). Thus we are done by Theorem 3.2.m
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