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Abstract

The parameters 2 - (2λ + 2, λ + 1, λ) are those of a residual Hadamard 2 -
(4λ + 3, 2λ + 1, λ) design. All 2 - (2λ + 2, λ + 1, λ) designs with λ ≤ 4 are
embeddable. The existence of non-embeddable Hadamard 2-designs has been
determined for the cases λ = 5, λ = 6, and λ = 7. In this paper the existence
of an infinite family of non-embeddable 2 - (2λ + 2, λ + 1, λ) designs, λ =
3(2m)− 1,m ≥ 1 is established.
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1 Introduction

To date λ = 5, 6 and 7 are the only values for which non-embeddable quasi-residual 2
- (2λ+2, λ+1, λ) are known to exist. In 1977 van Lint, van Tilborg and Wiekema [1]
proved that all quasi-residual 2 - (2λ+2, λ+1, λ) designs with λ ≤ 4 are residual. The
first known example of a non-embeddable 2 - (2λ+2, λ+1, λ) design was constructed
in 1978 by van Lint [2], this being a design having λ = 5. Subsequently Tonchev
([3] and [4]) demonstrated the existence of non-embeddable 2 - (14, 7, 6) designs and
constructed several non-embeddable 2 - (16, 8, 7) designs. This paper describes the
first known infinite family of non-embeddable 2 - (2λ+ 2, λ+ 1, λ) designs.
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2 Terminology and notation

An incidence structure D = (P,B,I), with point set P, block set B and incidence
I is a 2-(v, k, λ) design, if |P| = v, every block B ∈ B is incident with precisely k
points, and every pair of points are together incident with precisely λ blocks. Further,
|B| = b and any point is contained in exactly r blocks, where b and r are dependent
on v, k, and λ. A symmetric 2 - (v, k, λ) design has v = b or equivalently r = k.
A residual design of a symmetric design is a 2 - (v − k, k − λ, λ) design obtained
by removing a block B and all points in B from the other blocks. A 2-design with
r = k+λ is a quasi-residual design. If such a design is residual then it is embeddable,
otherwise it is non-embeddable. A Hadamard 2-design is one in which v = 4λ+3, and
k = 2λ+ 1. An incidence matrix of a 2 - (v, k, λ) design is a b× v matrix A = aij, in
which aij = 1 if block i contains point j and aij = 0 otherwise.

3 Results

The strategy for establishing the existence of an infinite family of non-embeddable 2
- (2λ+ 2, λ+ 1, λ) designs has three steps.
1) Prove that if D contains a collection of five blocks with specified pairwise intersec-
tion sizes then D is not embeddable in a 2 - (4λ+ 3, 2λ+ 1, λ) design;
2) Describe a recursive construction for an infinite family of 2 - (2λ + 2, λ + 1, λ)
designs. This construction has the property that if the initial design in the infinite
family has the collection of five blocks mentioned above then so do all other members
of the infinite family;
3) Give a design having the required collection of five blocks.

Theorem 1 A 2 - (2λ + 2, λ + 1, λ) design D containing a set of five blocks, say,
l1, l2, l3, l4, l5 with intersection sizes given in the following table:

l1 l2 l3 l4 l5

l1 λ+ 1 2λ+2
3

λ+1
2

λ+1
3

λ+1
2

l2
2λ+2

3
λ+ 1 2λ+2

3
λ+1

2
λ+1

3

l3
λ+1

2
2λ+2

3
λ+ 1 λ+1

3
λ+1

3

l4
λ+1

3
λ+1

2
λ+1

3
λ+ 1 2λ+2

3

l5
λ+1

2
λ+1

3
λ+1

3
2λ+2

3
λ+ 1
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is not embeddable in a 2 - (4λ+ 3, 2λ+ 1, λ) design.

To embed D we require 2λ + 1 new points, say, S = {1, 2, ..., 2λ + 1} and each
block of D must be extended using λ points from S. Without loss of generality, let
the extensions of l3 and l5 be:

e3 = {1, 2, ..., λ} and e5 = {1, 2, ...2λ− 1

3
, λ+ 1, λ+ 2, ...,

4λ+ 1

3
}.

Let

S1 = {1, 2, ..., 2λ−1
3
} then |S1| = 2λ−1

3

S2 = {2λ+2
3
, 2λ+5

3
, ..., λ} then |S2| = λ+1

3

S3 = {λ+ 1, λ+ 2, ..., 4λ+1
3
} then |S3| = λ+1

3

S4 = {4λ+4
3
, 4λ+7

3
, ..., 2λ+ 1} then |S4| = 2λ+2

3

Further let xi, i = 1, 2, 3, 4 be the number of points from Si in the extension of l4.
Then

x1 + x2 = λ− λ+1
3

= 2λ−1
3

(1)

x1 + x3 = λ− 2λ+2
3

= λ−2
3

(2)

Equations (1) and (2) give x2 − x3 = λ+1
3

, which together with |S2| = λ+1
3

gives
x2 = λ+1

3
, and x3 = 0. This then gives x1 = λ−2

3
and x4 = λ+1

3
.

This implies that, up to isomorphism, there is a unique extension for l4, this extension
being

e4 = {1, 2, ...λ− 2

3
,
2λ+ 2

3
,
2λ+ 5

3
, ..., λ,

4λ+ 4

3
,
4λ+ 7

3
, ...,

5λ+ 2

3
}.

Now let

T1 = {1, 2, ...λ−2
3
} then |T1| = λ−2

3

T2 = {λ+1
3
, λ+4

3
, ..., 2λ−1

3
} then |T2| = λ+1

3

T3 = {2λ+2
3
, 2λ+5

3
, ..., λ} then |T3| = λ+1

3

T4 = {λ+ 1, λ+ 2, ..., 4λ+1
3
} then |T4| = λ+1

3

T5 = {4λ+4
3
, 4λ+7

3
, ..., 5λ+2

3
} then |T5| = λ+1

3

T6 = {5λ+5
3
, 5λ+8

3
, ..., 2λ+ 1} then |T6| = λ+1

3
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Let yj , j = 1, 2, ..., 6 be the number of points from Tj in the extension of l1. Then

y1 + y2 + y3 = λ− λ+1
2

= λ−1
2

(3)

y1 + y2 + y4 = λ− λ+1
2

= λ−1
2

(4)

y1 + y3 + y5 = λ− λ+1
3

= 2λ−1
3

(5)

Equations (3), (4) and (5) give y1 + y4 + y5 = 2λ−1
3

.
Let zk, k = 1, 2, ..., 6 be the number of points from Tk in the extension of l2. Then

z1 + z2 + z3 = λ− 2λ+2
3

= λ−2
3

(6)

z1 + z2 + z4 = λ− λ+1
3

= 2λ−1
3

(7)

z1 + z3 + z5 = λ− λ+1
2

= λ−1
2

(8)

Equations (6),(7) and (8) give z1 +z4 +z5 = 5λ−1
6

. Since 5λ−1
6

> 2λ−1
3

and |T1|+ |T4|+
|T5| = λ, the size of the intersection of the extensions of l1 and l2 is at least

5λ− 1

6
+

2λ− 1

3
− λ =

λ− 1

2

which is greater than the intersection size of λ−2
3

required for the extensions of l1 and
l2. 2

Let I be the (0,1) incidence matrix of a 2 - (2λ + 2, λ + 1, λ) design, D1, Ic be the
incidence matrix of the complementary design of D, 1 be the all-one vector of length
2λ+ 2 and 0 be the all-zero vector of length 2λ+ 2. One can easily verify that


I I
Ic I
1 0
0 1


is the incidence matrix of a 2 - (4λ + 4, 2λ + 2, 2λ + 1) design, D2. If, in particular,
this construction is implemented without reordering the rows of I then any pair of
blocks bi, bj from D1 with |bi ∩ bj| = s will give rise to a pair of blocks in D2 whose
intersection size is 2s. Further, note that if t is any of the intersection sizes specified
in Theorem 1, then replacing λ by 2λ + 1 gives a required intersection size of 2t.
Thus, if D1 satisfies the conditions of Theorem 1 then so does D2 and the problem
of establishing the existence of an infinite family of non-embeddable quasi-residual
2 - (2λ + 2, λ + 1, λ) designs is reduced to finding a single design which fulfils the
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conditions of Theorem 1.
The following 2 - (12, 6, 5) design satisfies the conditions of Theorem 1.

b1 {1 2 3 7 8 9}
b2 {4 5 6 7 8 9}
b3 {1 2 4 7 8 10}
b4 {3 5 6 7 8 10}
b5 {1 2 5 7 9 11}
b6 {3 4 6 7 9 12}
b7 {1 2 6 7 10 12}
b8 {3 4 5 7 10 11}
b9 {1 3 4 7 11 12}
b10 {2 5 6 7 11 12}
b11 {1 3 5 8 9 12}
b12 {2 4 6 8 9 11}
b13 {1 3 6 8 10 11}
b14 {2 4 5 8 10 12}
b15 {1 4 5 8 11 12}
b16 {2 3 6 8 11 12}
b17 {1 4 6 9 10 11}
b18 {2 3 5 9 10 11}
b19 {1 5 6 9 10 12}
b20 {2 3 4 9 10 12}
b21 {1 2 3 4 5 6}
b22 {7 8 9 10 11 12}

where l1 = b1, l2 = b3, l3 = b7, l4 = b8 and l5 = b18.
Therefore, there is an infinite family of non-embeddable 2 - (2λ+ 2, λ+ 1, λ) designs
with λ = 3(2m)− 1.
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