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Abstract

Let A, denote the maximum degree of the k' iterated line graph L*(G).
For any connected graph G that is not a path, the inequality Agy; < 2A; —2
holds. Niepel, Knor, and Soltés [3] have conjectured that there exists an integer
K such that, for all k£ > K, equality holds; that is, the maximum degree Ay
attains the greatest possible growth. We prove this conjecture using induced
subgraphs of maximum degree vertices and locally maximum vertices.

Mathematics Subject Classification: Primary 05C75, Secondary 05C12.

1 Introduction

The line graph L(G) of a graph G is defined as the graph whose vertices are the edges
of G and where two vertices in L(G) are adjacent if and only if the corresponding
edges in G are incident to a common vertex. Line graphs are well studied, and we
direct the reader to [1] for a general discussion of the properties of line graphs. In
particular, if v is a vertex in L(G) and v and w are the endpoints of the edge in G
that corresponds to v, then deg; ) (v) = degg(u) +degg(w) —2. Thus, the maximum
degree A(L(G)) of L(G) satisfies

A(L(G)) < 2A(G) -2,
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and the minimum degree 6(L(G)) satisfies
§(L(G)) = 26(G) — 2.

The iterated line graph L*(G) is defined recursively as L°(G) = G, and L*(G) =
L(L*Y(@)) for k > 1. Though much is known about the line graph, few results are
known for the iterated line graph. Some of these results can be found in [2]. Using
the inequalities above, Niepel, Knor, and Soltés [3] developed the following bounds
for the maximum degree A;, and minimum degree d, of the iterated line graph L*(G):

2F(60 —2) +2 < 0 < Ap < 28(A¢ —2) + 2.

Thus, the maximum and minimum degree both have order ©(2F).

Niepel, et al., have conjectured that the maximum degrees of all iterated line
graphs, with the exception of paths, eventually attain the maximum growth rate of
Api1 = 2A, — 2. In this paper, we say that a graph G has the Mazimum Degree
Growth Property (MDGP) if A(L(G)) = 2A(G) — 2. Thus, the conjecture states that
there exists an integer K such that, for all k > K, L¥(G) possesses the MDGP. The
focus of this paper is to present a proof of this conjecture.

In the following work, only finite simple connected graphs with no loops are con-
sidered. Note that the iterated line graph of a path eventually becomes the empty
graph and that the iterated line graphs of cycles and K 3 (whose line graph isa tri-
angle) trivially satisfy the conjecture. Therefore, we consider only graphs that are
not contained in these classes.

2 The Maximum Degree Induced Subgraph

We begin with some basic definitions.

Definition 1. Let A(G) be the maximum degree among the vertices of G, and §(G)
be the minimum degree. Let Ay denote A(L*(G)) and d; denote 6(L*(G)).

Definition 2. A graph G has the Mazimum Degree Growth Property (MDGP) if
A(L(GQ)) =2A(G) — 2.

The conjecture of Niepel, Knor, and Soltés can now be stated as follows.

Conjecture 3. [3] Let G be a connected graph that is not a path. Then there exists
an integer K such that, for all k > K, L¥™(G) has the MDGP; that is,

Ak+1 - 2Ak - 2

We now introduce the maximum degree induced subgraph M (G) which will enable
us to characterize those graphs G possessing the MDGP.
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Definition 4. Let the mazimum degree induced subgraph M(G) be the subgraph of
G induced by the vertices of G that have maximum degree A(G). Let M, denote
M(LHG)).

Lemma 5. The MDGP holds for a graph G if and only if M(G) contains an edge.

Proof. If M(G) contains an edge then two vertices of degree A(G) are adjacent, and
the edge joining these vertices will create a vertex of degree A(L(G)) = 2A(G) — 2

in L(G).
Inversely, if M(G) does not contain an edge, then no two vertices of degree A(G)
are adjacent, and A(L(G)) < 2A(G) — 2. O

Note that Lemma 5 implies that the MDGP holds for all L*(G), k > 0, if and
only if M} contains at least one edge for all k£ > 0.

The following lemma is a well-known result on line graphs, and is stated without
proof.

Lemma 6. If H is a subgraph of G, then L(H) is an induced subgraph of L(G).
We can now prove another characterization of graphs for which the MDGP holds.
Lemma 7. The MDGP holds for a graph G if and only if L(M(G)) = M(L(G)).

Proof. Assume that the MDGP holds for G. Then M (G) has an edge, and by Lemma
6, L(M(Q)) is a nonempty subgraph of L(G). Since every edge in M(G) is incident
to two vertices of degree A(G), then for all vertices v € L(M(G)), degyq(v) =
2A(G) — 2 = A(L(G)) and thus v € M(L(G)). Suppose v is a vertex in M(L(G)).
Since degy,)(v) = A(L(G)) = 2A(G) — 2, the edge e corresponding to v in M(L(G))
must be incident to two vertices in G of degree A(G). Thus, e is an edge in M(G),
and v € L(M(G)). Therefore, the vertex sets of M(L(G)) and L(M(G)) are equal.
Since both M(L(G)) and L(M(G)) are induced subgraphs of L(G), the adjacencies
of M(L(G)) and L(M(G)) are exactly the same. Therefore, L(M(G)) = M(L(G)).
Inversely, assume that the MDGP does not hold for G. By Lemma 5, M(G)
does not contain an edge. Thus, L(M(G)) is defined on an empty vertex set. But
M(L(G)) cannot be the empty graph since L(G) is a finite non-empty graph (G is
not a path or a single vertex) and at least one vertex in L(G) must have maximum

degree. Therefore, M(L(G)) % L(M(Q)). O

Corollary 8. If L*(M(G)) contains an edge for all k > 0, then the MDGP will hold
for all LF(G), k > 0.

Proof. If L¥(M(G)) contains an edge for all k > 0, then, by Lemma 7, Mj, contains
an edge for all £ > 0, and the result follows by Lemma 5. U
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Corollary 8 proves the conjecture for many graphs, since we only need to consider
whether or not L*(M(G)) always has an edge for k > 0. Paths and (vertex-disjoint)
unions of paths are the only graphs that do not satisfy this condition, and thus the
maximum degree growth of graphs whose M (G) are paths or unions of paths remains
unresolved with the techniques presented thus far. The concept of the maximum de-
gree induced subgraph is insufficient for these cases because it provides no information
about My, if M} does not contain an edge. In the next section, we introduce the
concept of a local maximum induced subgraph in order to resolve these difficulties.

3 The Local Maximum Induced Subgraph

Definition 9. Let the neighborhood Ng(v) of a vertex v in G be the set of vertices
in G adjacent to v. Note that v ¢ Ng(v).

Let the neighborhood Ng(S) of a subgraph S of G be the set of vertices adjacent
to vertices in S but not contained in S. Thus, Ng(S) = (U{Ng(v) : v € S})\S.

Definition 10. A vertex v in G is a local mazimum if deg,(v) > degy(w) for all
w € Ng(v).

If u and w are the endpoints of an edge e in G, then uw is an alternative notation
for the vertex v € L(G) that corresponds to e. This notation suggests the following
definition.

Definition 11. A vertex v € L(G) is generated by a verter u € G if the edge e in
G that corresponds to v is incident to u. A subgraph J of L(G) is generated by a
subgraph H of G if, for each vertex v € J, v is generated by a vertex in H.

Note that for a given J, H is in general not unique.

Lemma 12. Every local mazimum v in L(G) is generated by a local mazimum w in
G. Moreover, v is generated by w and a vertez in G that is mazimum in Ng(w).

Proof. Suppose v is in L(G) and v is generated by z,y € G, where z,y are not
local maxima in G. Assume that deg,(z) < degs(y). Then there exists a vertex
w € Ng(y) such that degg(w) > degg(y). The vertex wy in L(G) has degq)(wy) =
degg(w) + degg(y) — 2 > degg(x) + degg(y) — 2 = degyg)(v). Vertex wy is in
Ny)(v); therefore, v is not a local maximum.

For the second part of the lemma, assume that v is a local maximum in L(G),
where v is generated by w,y € G, w is a local maximum in G and y is not maximum
in Ng(w). There exists a vertex z € Ng(w) such that deg,(2) > deg,(y). The vertex
wz in L(G) has degyq)(wz) = degg(w) + degg(2) — 2 > degg(w) + degg(y) — 2 =
deg ) (v). Vertex wz is in Np(q)(v); therefore, v is not a local maximum, resulting
in a contradiction. O
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Definition 13. Let the local mazimum induced subgraph £9(G) be the subgraph of
G induced by local maximum vertices. Let £90; denote £OM(LF(G)).

We now develop some useful properties of the components of £90(G).

Lemma 14. Let C be a component of LIM(G). Then all vertices in C' have the same
degree in G.

Proof. Let u,v be adjacent vertices in a component C' of £I(G), where degq(u) #
degs(v). Then degg(u) > degs(v) and v is not a local maximum, or deg.(u) <
deg(v) and w is not a local maximum, generating a contradiction. O

Similar to the individual local maxima, the components of £I(L(G)) can be
determined by the components of £0t(G). This property is shown in the following
lemmas.

Lemma 15. If a component C of LIM(G) contains an edge, then L(C') is a component
of LM(L(Q)).

Proof. By Lemma 12, every vertex in £9(L(G)) is generated by a vertex in £9(G).
Let C' be a component of £9(G) that contains an edge, where deg,(v) = r for all
v € C. If v and w are adjacent vertices in C, then the degree of the vertex vw
in L(G) is degy(g)(vw) = 2r — 2. By Lemma 6, and since the line graph preserves
connectivity, L(C') is a connected induced subgraph of L(G), where every vertex in
L(C) has degree 2r — 2.

To complete the proof of the lemma, we show that no vertex in Ny ) (L(C)) is a
local maximum. Every vertex vy in Np ) (L(C)) is generated by a vertex y € Ng(C)
that is adjacent to a vertex v € C. If degg(y) <, then deg ) (vy) < 2r —2, and vy
is not a local maximum in L(G). If deg(y) = r, then since y ¢ C there exists a vertex
z € Ng(y)\C such that degg(z) > 7. Then degy ) (yz) > 2r — 2 = deg () (vy), and
vy is not a local maximum in L(G). Therefore, no vertex in Ny ) (L(C)) is a local
maximum, and thus L(C) is a component of £M(L(G)). O

Lemma 16. Let C' be a component of £IM(G) that does not contain an edge (C
consists solely of a vertex v), and let s be the mazimum degree of vertices in Ng(v).

Then the following hold:

1. If s = degy(v), then no vertex in L(G) generated by v is a local maximum.

2. If s < degg(v), and if for all u € Ng(v) with degs(u) = s there exists w €
Ne(u)\{v} such that deg,(w) > degy(v), then no vertex in L(G) generated by
v 15 a local maximum.

3. If s < degg(v), and if for a given u € Ng(v) with degs(u) = s, degq(w) <
degq(v) for allw € Ng(u)\{v}, then v will generate a local mazimum in L(G)
for each such u. All local mazima thus generated will be adjacent.
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4. If s < degi(v), and if for a given u € Ng(v) with degs(u) = s there exists
w € Ng(u)\{v} such that deg,(w) = degq(v), then v will generate locally
mazimum vertices in L(G) that are adjacent, and the locally mazimum vertices
generated by v will be adjacent to other locally maximum vertices in L(G) that
are generated by a different component in LIM(G).

Proof. Let degs(v) = r, and let u € Ng(v) have maximum degree in Ng(v). Note
that all local maxima in L(G) generated by v, if any, will be adjacent to each other.

Let y € Ng(v), where degs(y) < s. So y is not maximum in Ng(v). Then
degr ) (vy) < 7+s—2 = deg ) (vu), and vy is not a local maximum in L(G). Thus,
only vertices generated by v and vertices maximum in Ng(v) can be locally maximum
in L(G).

Assume that deg,(u) = r = degs(v). Since u ¢ C there exists a vertex w €
Ne(u)\{v} such that deg;(w) > r. Then deg (g (uw) > 2r — 2 = deg (g (vu), and
vu is not a local maximum in L(G), proving part 1.

Assume that r = deg(v) > degs(u) = s. If there exists a vertex w € Ng(u)\{v}
such that degg(w) > r, then degy, g (uw) > 1 + s — 2 = deg ) (vu), and vu is not a
local maximum in L(G). If such a vertex w exists for all maximum degree vertices in
N¢(v), then no vertex in L(G) generated by v is a local maximum, proving part 2.
If degg(w) < r for all w € Ng(u)\{v}, then degy g (vu) =1+ s — 2 > degy, ) (uw),
and vu is a local maximum in L(G). This proves part 3. If there exists a vertex
w € Ng(u)\{v} such that degg(w) = r, then degy, ) (uw) =1+ 5 — 2 = deg ) (vu),
and vu and uww are adjacent local maxima in L(G), proving part 4. Note that vertices
vu and uw are in the same component of £IM(L(G)), but the component is generated
by more than one component in £9(G). O

Thus, we now know the possible effects of the line graph on components of £9).
However, we can determine the exact effect on a component of £9; if k is large
enough.

Corollary 17. Each component of £M(L(G)) is generated by components of LIM(G),
and each component of LIM(G) generates at most one component of LM(L(G)).

Proof. The first part of the corollary follows from Lemma 12, and the second part
follows from Lemmas 15 and 16. O

Corollary 18. There exists an integer J, such that every component of £ gener-
ates a component of LMy for k > Ji, and every component of LMy 1 is generated
by exactly one component of LIMNy,.

Proof. Let ¢, denote the number of components of £91,. By Corollary 17, the se-
quence {ci} is non-increasing. Since G is a finite graph, there exist vertices of maxi-
mum degree, and thus £91;, is nonempty and ¢, > 1 for all k. Therefore, there exists
an integer J; such that ¢ is constant for £k > J;. Using Corollary 17, the statement
of this corollary follows. U
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The following notation will allow us to consider a particular component C;, of
£, and the components in £90;, that C;, generates for k > J;.

Definition 19. Let J; be the integer given in Corollary 18, and let {C}r>y, be a
sequence such that Cj is a component of £9; and Cy,, is generated by Cy. Let
T = deg i) (v) for all v € C.

Lemma 20. Fork > J, given in Corollary 18, letu € Npk(q)(C) where degpi g (u) =
a. Then there exists a verter v € LF™(G) generated by u where degpiiig(v) =
Te +a— 2, and either v € Npri1)(Cry1) or v € Cpyy.

Proof. Let w be a vertex in Cj, that is adjacent to u € Npk(g)(Cr). Then the degree
of v = ww in L’““(G) is 7, + a — 2. Since C}, generates Cy.1, there exists a vertex
z € Nprg)(w) such that wz € Cyyy. If degpu(gy(u) = degrig)(2), then v € Cpyy;
otherwise, v € Npr+1(g)(Cry1). O

Note that if C}; has an edge, then

i1 — deg g (v) = (2ry, — 2) — (re +a — 2)

=T — Q.
If C) does not have an edge, then

Tkl — deng+1(G) (U) < (277: — 2) - (Tk +a— 2)

=T — a.

Note also that if two vertices u; and uy in L*(G) are adjacent to a common vertex
w in C}, then vertices v; = uyw and vy = upw are adjacent in L*1(G).

The following lemma is another well-known result on iterated line graphs, and is
presented without proof.

Lemma 21. Let G be a connected graph that is not a path, cycle, or Ki3. Then for
all integers q there exists an integer ) such that 0g > q.

We now proceed with our characterization of the components of £9;.
Lemma 22. There exists an integer Jo such that Cj, contains an edge.

Proof. Assume that there does not exist an integer J, such that Cj, contains an
edge. Assume that J; given in Corollary 18 is large enough such that, by Lemma
21, 65, > 1. Then ry, > ry — 4 + 1. Since r;, — 65, + 1 represents the number of
possible degrees a vertex in Ny, ) (Cy,) can have, by the Pigeonhole Principle there
exist two vertices of the same degree adjacent to every vertex in Cj,. Let w € Cy,.
Then there are two vertices x; and y;, of degree a;, adjacent to w. Construct a
sequence of pairs of vertices {(xx, yx)}, where xy; is generated by xj as described in
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Lemma 20 and similarly for y,;. Thus, the degree ax1 of ;1 and yx; is given by
ag+1 = ax + 1, — 2. Both vertices in each pair (z,yx) are adjacent to one another
for k > Ji, since z,_1 and y,_1 are adjacent to a common vertex in C_1. Since, for
k > Jy, C% does not contain an edge, rr11 — arpr1 < 7p — ag. Thus, there must exist
an integer P where rp —ap = 0. This implies that Cp contains two vertices and thus
must contain an edge, which is a contradiction. O

Lemma 23. If there does not exist an integer P such that Cy contains an edge for all
k > P, then there exists an integer J3 such that there are three vertices in Ny ) (C,)
where all three vertices have the same degree and are adjacent to the same vertexr in

Cy,.

Proof. Assume that there does not exist an integer P such that C} contains an edge
for all £ > P. By Lemma 22, there exists an integer J; such that C';, contains an edge.
Let J5 be the smallest integer greater than J, such that C';, does not contain an edge.
Then Cj,_; contains exactly one edge and two vertices. Let b, denote the minimum
degree of vertices in Npk()(Ck). The component Cj, 1 generates Cj,, where Cj,
consists of the single vertex w of degree r;, = 2r;,_1 — 2. The minimum degree of
vertices in Npus () (w) is by, = rs,-1 +bj;—1 — 2. By Lemma 21, the minimum degree
d can be made arbitrarily large by iterating long enough, and thus by,_1 > 95,1 > 2
can be assumed. Then

b1 > 2
= rpa—1>rp 1 —br1+1
= 2rp 1—-2>2(2rp1—-2)—(rps_1+bp1—2)+1)
= Ty > 2(ry — by +1). (%)

Since 7.7, — by, + 1 represents the maximum number of degrees a vertex in Nys; ) (Cy,)
can have, by the Pigeonhole Principle and inequality (), w has at least three adjacent
vertices that have the same degree. O

Lemma 24. There exists an integer Jy such that Cy contains an edge for all k > Jy.

Proof. Assume that there does not exist an integer P such that C} contains an edge
for all £ > P. Then by Lemma 23 there exists an integer J3 such that there are three
vertices s, Y5, and 2z in Npss ) (Cy) where all three vertices have the same degree
ay, and are adjacent to the same vertex w in Cj,. Construct a sequence of triples of
vertices {(zx, Yr, 2x)}, where ;.1 is generated by zj, as described in Lemma 20 and
similarly for yx.; and z;,;. Thus, the degree ag.1 of xxy1, Yri+1, and zxyq is given by
ag+1 = ai +rr — 2. The vertices in each triple (xy, yx, 2x) are adjacent to one another
for k > J3, since xy_1, yx_1, and z,_1 are adjacent to a common vertex in Cj_;. Since
C} does not contain an edge for all £ > J3, there exists an infinite number of integers
k > J; where C} does not contain an edge and where ry,1 — ax11 < rp — ax. Thus,
there must exist an integer () where rg —ag = 0. This implies that (zg, yg, z¢) forms
a triangle in Cg, and thus Cj will contain an edge for all £ > Q. O
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We now have all the necessary lemmas to prove the conjecture.

Theorem 25. For all connected graphs G that are not paths, there exists an integer
K such that the MDGP will hold for L*(G) for all k > K.

Proof. By Lemma 24 and since £91; has a finite number of components, there exists
a K such that every component of £9; contains an edge for all ¥ > K. By Lemma
14, My is a subset of the components in £9,. Thus, M, contains an edge for all
k > K, and, by Lemma 5, the MDGP will hold for all £ > K. O

4 Conclusion

Theorem 25 proves the existence of an integer K such that the MDGP will hold for
all K > K. From this result, we can conclude that the formula A = 2*"5(Ax —2)+2
holds for all £ > K. However, this formula is not particularly useful unless the least
integer K such that the MDGP will hold for all £ > K can be determined. The
calculation of this tight bound for a given graph remains an open question.

Niepel, Knor, and Soltés in [3] also posed a corresponding conjecture for the
minimum degree J;: There exists an integer P such that 0.1 = 20, — 2 for k >
P. Even though analogous minimum degree induced subgraphs and local minimum
induced subgraphs can be defined, the authors have been unable to prove lemmas
corresponding to Lemmas 22 and 23 for the minimum degree case. This conjecture
also remains an open question.
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