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Abstract

The aim of this paper is to develop a theory of linear codes over finite chain
rings from a geometric viewpoint. Generalizing a well-known result for lin-
ear codes over fields, we prove that there exists a one-to-one correspondence
between so-called fat linear codes over chain rings and multisets of points in pro-
jective Hjelmslev geometries, in the sense that semilinearly isomorphic codes
correspond to equivalent multisets and vice versa. Using a selected class of
multisets we show that certain MacDonald codes are linearly representable
over nontrivial chain rings.

1 Introduction

In the past decade, a substantial research has been done on linear codes over finite
rings. Traditionally authors used to focus their research on codes over integer residue
rings, especially Z,. Nowadays quite a few papers are concerned with linear codes
over other classes of rings (cf. e.g. [2, 7, 11, 12, 16, 17, 21, 24, 42, 43, 44, 50]).
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The aim of this paper is to develop the fundamentals of the theory of linear codes
over the class of finite chain rings. There are several reasons for choosing this class
of rings. First of all, it contains rings, whose properties lie closest to the properties
of finite fields. Hence a theory of linear codes over finite chain rings is expected to
resemble the theory of linear codes over finite fields. Secondly, the class of finite
chain rings contains important representatives like integer residue rings of prime
power order and Galois rings. Codes over such rings appeared in various contexts
in recent coding theory research. In third place, nontrivial linear codes over finite
chain rings can be considered as multisets of points in finite projective Hjelmslev
geometries thus extending the familiar interpretation of linear codes over finite fields
as multisets of points in classical projective geometries PG(k, ¢) [10]. However, there
are some differences between linear codes over finite fields and linear codes over finite
chain rings. For instance, as a consequence of the existence of noncommutative finite
chain rings, one is forced to distinguish between left and right linear codes, between
the left and right orthogonal of a given code etc.

In Sect. 2 we give some basic results on finite modules over chain rings. In Sect. 3,
we define the notion of a linear code over a finite chain ring R, along with some
basic concepts like orthogonal code, code automorphism etc. We introduce regular
partitions of R™ and prove MacWilliams-type identities for the spectra of linear codes
w.T.t. such partitions. Section 4 contains a brief introduction to projective Hjelmslev
geometries. In Sect. 5, we prove that there is a one-to-one correspondence between
equivalence classes of so-called fat left linear codes over a chain ring and equivalence
classes of multisets of points in right projective Hjelmslev geometries over the same
ring. In Sect. 6, we investigate codes which belong to a selected class of multisets.
We obtain chain ring analogues of the Simplex and Hamming codes and—as g-ary
images with respect to a generalized Gray map—codes with the same parameters as
the MacDonald codes.

An outline of some of the results of this paper appeared in [20].

2 Basic Facts on Finite Modules over Chain Rings

A ring! is called a left (right) chain ring if its lattice of left (right) ideals forms a
chain. The following result describes some properties of finite left chain rings (see
e.g. [8, 38, 40]).

Theorem 2.1. For a finite ring R with radical N # 0 the following conditions are
equivalent:

(i) R is a left chain ring;

(i) the principal left ideals of R form a chain,

!By the term ‘ring’ we always mean an associative ring with identity 1 # 0; ring homomorphisms
are assumed to preserve the identity.
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(iii) R is a local ring, and N = RO for any 0 € N \ N?;
(iv) R is a right chain ring.

Moreover, if R satisfies the above conditions, then every proper left (right) ideal of R
has the form N* = RO = 0°R for some positive integer i.

In the sequel, we shall use the term chain ring to denote a finite left (and thus
right) chain ring. We shall always assume that for a chain ring R the letters N, 6 have
the same meaning as in Th. 2.1. In addition we denote by ¢ = p” the cardinality of
the finite field R/N (thus R/N = F,) and by m the index of nilpotency of N. Since
for 0 < i < m — 1 the module N*/N**! is a vector space of dimension 1 over R/N,
we have |[N'/N| = ¢ for 0 <i <m — 1, and in particular |R| = ¢™.

The structure of chain rings can be very complicated, but the following two special
cases are worth to note: (i) If R has characteristic p then R = F,[X; o]/(X™) for some
o€ AutF,, i.e. R is a truncated skew polynomial ring, and (ii) if R has (maximal)
characteristic p™ then R = GR(q™,p™) is a Galois ring; cf. [25, 38, 45]. Thus the
smallest noncommutative chain ring has cardinality 16. It may be represented as
R = F,®F, with operations (a,b)+(c,d) = (a+c,b+d), (a,b)-(c,d) = (ac, ad+bc?).?

The upper Loewy series of a left R-module g M is the chain

M=0CMD0MD---D20"'MD0™"M =0 (1)

of submodules 0'M = N'M < zM. Every quotient 1M /0°M (i > 1) is a vector
space over the field R/N = F,. Similarly, the lower Loewy series of gM is the chain

M= M[0™]D--- D M[H?] D M[F] 2 M[1] =0 (2)

of submodules M[¢'] = {x € M | 8z = 0}. Again every quotient M[0']/M|[0"!]
is a vector space over R/N = F,. We say that 6° is the period of x € M if i is
the smallest nonnegative integer such that §'z = 0, and we write M* = {3: e M|
x has period 6™}. Similarly, the height of z is the largest integer ¢ < m such that
x € 0'M. If = has height i we write ¢ || z.

For i € N let p; = dimg/n(0""'M/6"M). Multiplication by 6 (i.e. the map
M — M, x — 0z) induces additive isomorphisms

O~ M/ (M[6] + 6" M) = 6'M/G M. (3)

Thus we have log, | M| = py + pig + -+ - + pimy With p; > priq, ie. = (g, po, . ..) is
a partition of log,[M| (into at most m parts) which we abbreviate as u = log, [M].
In the sequel we shall write u = (pq,..., 1) if g; = 0 for ¢ > r and sometimes
o= 1°12%23% ... if exactly s; parts of u are equal to j.

2This example is due to Kleinfeld [26].
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The following theorem generalizes the structure theorem for finite Z/p™Z-modules
or equivalently, finite Abelian p-groups of exponent not exceeding p™, to the case of
an arbitrary finite chain ring R.3

Theorem 2.2. Fvery finite module gM over a chain ring R is a direct sum of cyclic
R-modules. The partition A = (A1, ..., \.) - log, |M]| satisfying

rRM = R/NM @ ..-® R/N™ (4)

is uniquely determined by rM. More precisely, X = i’ is conjugate to the partition
= (p, pra, . ..) = log, | M| defined by p; = dim 6" M /6" M.

Definition 2.1. The partitions A, u defined in Th. 2.2 are called the shape resp.
conjugate shape of pM. The integer N} = p; = dimpg/n(M/OM) = dimpg/n M[0] is
called the rank of gk M and denoted by rk M.

Theorem 2.2 implies that any finite module g M and its dual Hom(g M, g R)g have
the same shape.

A sequence x1,...,z, of elements of g M is said to be independent (resp., linearly
independent) if ayzy + - - -+ a,x, = 0 with a; € R implies ajz; = 0 (resp., a; = 0) for
every j. A basis of gM is an independent set of generators which does not contain 0.
By Th. 2.2 the cardinality of any basis of gM is equal to k = rk M, and the periods
of its elements are #*, ..., 6" in some order. Note that rpM is a free module if and
only if pM has shape m*.

Recall that a module g M is projective (resp., injective) if g M is a direct summand
of a free module (resp., a direct summand of every module containing pM).

Theorem 2.3. For a finite module gM over a chain ring R the following properties
are equivalent:

(i) rM is free;

(ii) rM is projective;

(11i) rM is injective;

() There exists i € {1,2,...,m — 1} such that M[0"] = 6™ M.

Proof. Since R is local, (i) and (ii) are equivalent. The equivalence of (ii) and (iii)
is due to the fact that R is a quasi-Frobenius ring; cf. [9, §58]. Clearly (i) implies
MI[0'] = 6™ M for 0 < i < m and thus in particular (iv). Conversely, suppose that
(iv) holds. The R-module M[#] has conjugate shape (\,...,\)) while 6™ "M has

conjugate shape (A,_,.;,...,A,). Since both modules are equal and m —i > 1, we
have X, = A, <A for1<s<i—1landhence Ny =X, =---=X=X_ . O

3The proof in [35, Ch. 15, § 2] is easily adapted to the present situation. Theorem 2.2 holds,
more generally, for matrix rings over finite chain rings—one only has to replace rR by its unique
indecomposable direct summand; cf. [1, 15, 28].
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For partitions A,y with p < A define

I
ax(px) = [ Jarintirm). Ff Mfﬂ (5)
j>1 Hi = Hjqal ,

n—s+1__ . .
where mx = Hle ——=1 denotes a GAUSSian polynomial.

Theorem 2.4. Let R be a finite chain ring with residue field of order q, and let gM
be a finite R-module of shape \. For every partition i satisfying p C A the module
rM has exactly ay(p;q) submodules of shape . In particular, the number of free
rank 1 submodules of RM equals

/
N 1] o
q

Proof. The theorem is well-known in the special case R = Z,m, cf. e.g. [6]. The
general case follows from the results in [36, Ch. II] which remain valid for arbitrary
(even noncommutative) chain rings. O

Theorem 2.5. Let grH be a free module of rank n over the chain ring R, and let
rM be a submodule of RH of shape X\ and rank | = k.

(i) For every basis x1,...,xr of M there exists a basis yi,...,y, of H such that
xj € Ry; for1 <3 <k.

(ii) The quotient module H/M has shape (m — A, — Ny_1,...,m — Ay) and con-
Jugate shape (n— A, n—XN__, ....n—M\). In particular, M is free if and only
if H/M s free if and only if tk(H/M) =n — k.

(111) If M* # 0 (e.g. \y = m) then M is the sum of its free rank 1 submodules.

() Dually, if (H/M)* #0 (e.g. k <n) then M is the intersection of the free rank
n — 1 submodules of RH containing M.

Proof. Let {x1,...,x;} be a basis of M. We may assume the ordering is such that
z; has period 6%. Since H[#'] = 6™ H (0 < i < m), there exist y1,...,yr € H*
such that z; = 6™ %y; (1 < j < k). The sequence yj, ...,y is linearly independent.
By Th. 2.3, it can be extended to a (free) basis y,...,y, of H proving (i). The
isomorphism H/M = @7 | R/N™% then gives (ii). If 2 € M* and x; ¢ M* then
z+x; € M* and z; = (2 + ;) — 2, whence (iii) holds. Finally, if z ¢ M but
z € Ryp + -+ + Rynp—1 we have z = riy; + -+ + rp_1Yp—1 with r; not divisible by
0™ say. Let Y, = y; + Ny, yi =y, if t # j. The free rank n — 1 module
H' = Ry} + ---+ry,_, contains M since §™ Ny} = 0™ Ny; = x;. But z = ry) +
s Ty — 0%y, ¢ M, proving (iv). n
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Recall that a mapping ¢: gM — rM’ is semilinear if there exists a ring homo-
morphism o: R — R such that ¢(z + y) = ¢(z) + ¢(y) and ¢(rx) = o(r)e(z) for
x,y € M, r € R. If ¢ is an isomorphism (i.e. The set of all semilinear isomorphisms
(i.e. bijective semilinear mappings) ¢: gM — rM is denoted by I'L(zM).

By Th. 2.3 the injective envelope of a finite module gM (cf. [9, §17]) can be
characterized as a minimal free module g H containing gk M. To be precise, we require
the existence of an R-linear embedding (injective map) ¢: gM — grH such that no

proper free submodule of g H contains ¢(M). The minimality of pH is equivalent to
rk H =1k M.

Theorem 2.6. Let kM be a finite module with M* # O and rH a minimal free
module containg rM .

(i) Any semilinear embedding of RM into a free module rF' can be extended to a
semilinear embedding of rRH into rF'.

(ii) If ¢: RM — g M’ is a semilinear isomorphism and gH' a minimal free module
containing rM’, then there exists a semilinear isomorphism ¢: pH — grH'
which extends ¢.

Proof. Given an R-semilinear map ¢: pM — gF with associated ring homomorphism
o, define a new operation of R on F by rz := o(r)z, and denote the resulting module
by grF?. Then ¢: RM — rF° is linear. Since M* # () and ¢ is an embedding, we
have o € Aut R. Hence rF7 is free, and (i) reduces to a well-known property of the
injective envelope of an R-module. Assertion (ii) follows from (i). O

3 Linear Codes over Finite Chain Rings

In this section, we introduce the basic notions of the theory of linear codes over finite
chain rings. With respect to component-wise addition and left/right multiplication,
the set R™ all n-tuples over R has the structure of an (R, R)-bimodule.

Definition 3.1. A code C of length n over R is a nonempty subset of R". The
vectors of C are called codewords. The code C is left (resp., right) linear if it is an
R-submodule of gR™ (resp., of R}). A linear code is one which is either left or right
linear.

In places where this sounds ambiguous we make it precise by writing e.g.C < g R"
if C is left linear. We formulate our results with a bias towards left modules, omitting
obvious right module counterparts.

By Th. 2.1 the periods of x = (z1,...,x,) € R" in gR" and R}, coincide, whence
the sets C[0'] in the lower Loewy series (2) of a linear code C are defined unambiguously

even for bicodes, i.e. bimodules C < gR"g. The same holds a forteriori for the shape
of C.
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For two vectors u = (uy,...,u,) € R" and v = (vq,...,v,) € R" we define their
inner product u-v by

UV i= UV + Ul + -+ - + UpUy,. (7)

Sending each v € R™ to the R-linear mapping ®,(v): RR" — gR, u — u - v defines
an R-isomorphism R} = Hom(gR", pR)g.
For a code C C rR™ we define

Ct={yeR"|x y=0 for every x € C}
1C={ycR"|y -x=0for every x € C}.

(8)

The linear code C+ < R% (resp., *C < gpR") is called the right (resp., left) orthogonal
code of C.

Theorem 3.1. Let C,C' < gR™ be left linear codes over R. Further, let C be of shape
A= (A1,...,A\n) and rank N = k. Then

(i) Ct has shape (m — Ay, m — A\y_1,...,m — A1) and conjugate shape (n — N n—

N ...,n—M\). In particular, C is free as an R-module if and only if C* is

free if and only if rk(C*) =n — k.

(ii) +(C*) =C;
(iii) the map @, induces an isomorphism R%/CH = Hom(rC, pR)r;
(iv) (CNC)Y-=ct+C*, (C+C)=ctnet.
Proof. We prove (iii) first. Restricting ®,(y) to the code C induces an isomorphism
from R%/Ct onto a submodule W of Hom(gC, gR)g. Since gR is injective, every
¢ € Hom(grC, gR) can be extended to ¢ € Hom(gR", gR), whence ¢ = ®,.(y) for
some y € R". This implies W = Hom(gC, gR) proving (iii).

Since Hom(grC, rR)r has shape equal to that of gC, assertion (i) follows from

the isomorphism in (iii) and Th. 2.5.(ii). Assertions (ii) and (iv) hold for any quasi-
Frobenius ring; cf. [9, §58], [18]. O

Theorem 3.1 shows in particular that C — C* defines an antiisomorphism between
the lattices of left resp., right linear codes of length n over R.

Definition 3.2 (cf. [34]). A family S = (S; | i € I) of nonempty subsets of R™ is
called a reqular partition of R" if the following conditions are satisfied:

(i) R" = Uic, 9
(ii) S;NS; =0 for all pairs ¢ # j;
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that for each x € .5; there are exactly Af; elements y € 5; with x -y = «, and

for each y € S; exactly pj; elements x € S; with x-y = a.

(iii) for any two elements i,j € I and any « € R there exist constants A% Py such

If x € S; we say that x has S-type i. We call a permutation ¢ € Sym(R") an
S-automorphism of R™ if x —y € S; implies ¢(x) — ¢(y) € S; (i € I).

Regular partitions of R™ can be obtained as the set of orbits from certain sub-
groups G of I'L(grR"™). Note that for every ¢ € I'L(zpR") there exist a uniquely
determined ring automorphism o € Aut R and an invertible matrix A € GL(n, R)
such that

6x) = o(x)- A (x € R, (9)

In Sections 5 and 6 the following special case will be important: The orbits of the
group of all left semimonomial transformations of R™, i.e. all maps ¢ € I'L(zrR")
whose associated matrix A in (9) is monomial, form a regular partition. They
are in one-to-one correspondence with the elements of the set I of m + 1-tuples
w = (wp,wy, ..., wy,) of nonnegative integers satisfying » " w; = n. For x =
(X1,...,2,) € R and 0 < i < m let

a;(x) =|{j[1<j<nand 0|z} (10)
and define
Sw:{XER”|ai(x):wif0r0§i§m} (WGI). (11)

For brevity we omit the letter ‘S’ when referring to the special regular partition
S = (Sw)wer defined in (11). Thus the sequence (ag(x), ..., an(x)) is simply the
type of the word x, and a (code) automorphism of R™ is a permutation ¢ € Sym(R™)
satisfying a;(x — y) = a;(¢(x) — ¢(y)) for x,y € R", 0 <i < m.

Definition 3.3. Two codes C;,Co C R"™ are said to be isomorphic (resp., semilin-
early isomorphic) if there exists a code automorphism (resp., semilinear code auto-

morphism) ¢ of R" with ¢(C;) = Cs.

Thus two linear codes C;,Cy < rR"™ are semilinearly isomorphic if and only if
there exists a left semimonomial transformation ¢ of R" with ¢(C;) = Cs.

In the sense of [50] the type of x is essentially the symmetrized weight composition
of x with respect to the full group of units of R. A result in [48] implies that every
semilinear permutation ¢: C — C of a linear code C < gR"™ which preserves the type
of codewords x € C extends to a left semimonomial transformation of R". Extensions
of this result to general weight functions on finite rings—with particular emphasis on
the case of commutative chain rings—have been investigated in [51].



THE ELECTRONIC JOURNAL OF COMBINATORICS 7 (2000), #R11 9

Given a code C C R™ and a regular partition S = (S; | ¢ € I) of R™ we define
integers A; (i € I) by A; = |CN.S;|. The family (A;);er is called the S-spectrum of C.
We write (B;s))iel for the S-spectra of the codes

Ciy={y€R"|[x-ye N foreveryx€C} (0<s<m)
and abbreviate B'™ = |C+ N S| as B;.
The S-spectra of a linear code C < gR"™ and its dual codes Cé) are related by

identities which are similar to the MACWILLIAMS identities (cf. [19] or [37]). In order
to formulate this result, we define functions w,: R — R, 0 < s < m, by

1 if x € N*,
ws(x) =49 —1/(g—1) ifz € N1\ N¥, (12)
0 if v ¢ N5°1.
These functions satisfy the following “orthogonality relations” for ideals A of R:
1 1 if ALK N®
—_ . Z ws(l’) f— { . - S? (13)
|A| = 0 if AL N*.

Theorem 3.2 (MacWilliams identities). Let S = (S; | i € I) be a reqular parti-
tion of R™, and let C < gR"™ be a linear code. The S-spectrum of the orthogonal codes
C(J;) is obtained from the S-spectrum of C by

BY = %' - ;Ai (X0 wle)). (14)

a€ER

Proof. Using (13) we have
C| ifyeC#,
Sy = {'0 EARCON (15
xeC Ly \ (s)

since the set {x-y | x € C} is a left ideal of R which is contained in N* if and only
ify e Cé). Thus

(s) _
B}” = |C(J;) NSl

1
:ﬁzzws(xy)

yESj xeC

1
:@'Z DD wilx-y) (16)

icl xeCnSs; yes;

- 2len s (X -wn(a)

aER

:%.;Ai. (ZA%.%(@)).

aER
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Regular partitions of R™ are Fourier-invariant partitions (F-partitions) of the abelian
group (R™,+) in the sense of [13, 14]. The link is provided by an additive character
¢: R — C satisfying N ' ¢ ker¢. The pairing R" x R* — C, (x,y) — ¢(x-y)
can be used to define a suitable Fourier transform F: CR" — CR".

For the special case R = F, of Th. 3.2 see [34]. MacWilliams identities for F-
partitions are proved in [14]. Other types of MacWilliams identities for codes over
finite rings can be found e.g. in [23, 27, 41, 50].

4 The projective Hjelmslev geometries PHG(R%)

In this section, we introduce the projective Hjelmslev geometries PHG(R%) and give
some results on their basic structure. For a rigorous approach to projective Hjelmslev
spaces the reader is referred to [29, 30, 31, 47]. Consider a finite free right module
Hp where R is a chain ring. The elements of P = P(Hg) = {zR|x € H*} are
called points of Hp, those of £ = L(Hg) = {xR + yR | z,y linearly independent }
are called lines of Hr. The incidence relation I C P x L is defined in a natural way
by set-theoretical inclusion. As usual we identify lines with subsets of P.* Note that
any two different points are joined by at least one line.

Definition 4.1. The incidence structure II = (P, £, ) together with the neighbour
relation <, defined by

(N1) the points X,Y are neighbours (notation X <Y) if and only if there exist
different lines s,t € £ with XY € sNt;

(N2) the lines s,t € L are neighbours if and only if for every point X € s there is
a point Y € t with XY and, conversely, for every Y € t there is an X € s with

Yo X,
is called a projective Hjelmslev space and denoted by PHG(Hpg).?

The relation < induces an equivalence relation on P as well as on £. The class
[X] of all points which are neighbours to the point X = xR consists of all free rank
1 submodules contained in zR + H@. Similarly, the class [s] of all lines which are
neighbours to s = =R + yR, consists of all free rank 2 submodules contained in
rR+yR+ HO.

The point set 7 C P is called a Hjelmslev subspace of 11 if for every two points
X,Y € T, there exists a line s C 7 with X,Y € s. We write X 7 if there exists a

point Y € 7 with X Y. Every Hjelmslev subspace is a projective Hjelmslev space

4A line s € £ is uniquely determined by {X € P | XIs}.
°If R is noncommutative, PHG(Hg) and PHG(rH) are in general not isomorphic. Working with
right instead of left modules will be justified in Section 5.
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and consists of the points contained in some free submodule of H r.% For every X C P
we define the closure X' as the intersection of all Hjelmslev subspaces containing X'
The set X C P is said to be independent if for any X € X we have X X\ {X},

and a basis of Il if X is independent and X = P. The dimension of II is defined as
dimIT = |B| — 1 where B is any basis of II. Equivalently, dimII = rk(Hpg) — 1.

An isomorphism between two projective Hjelmslev spaces II = PHG(Hg) and
II' = PHG(HE) is a bijection §: P — P’ which satisfies (L) = L. The spaces II
and II" are isomorphic if and only if rtk(Hg) = rk(H}). Every semilinear isomorphism
¢: Hrp — HJ induces such an isomorphism since it maps R € P onto ¢(zR) =
¢(x)R € P'. The following theorems can be found in [30, 32]:

Theorem 4.1. [frk(Hg) = rk(Hpy) > 3 then for any isomorphism (3: 11 — II' there
exists a semilinear isomorphism ¢: Hgr — Hp inducing [3.

Theorem 4.2. Let {P,,P,,... Py} CP and {Q1,Q2, ... ,Qki1} C P be subsets
(“frames”) such that any k of the points in each of the sets form a basis of 11 resp., IT'.
Then there exists exactly one isomorphism (: 11 — 11" with 5(P;) = Q;, 1 <i < k+1.

Projective Hjelmslev spaces can be defined axiomatically as incidence structures
m = (P,L,I) with a neighbour relation < on P and on £ which satisfy certain
conditions. Without going into details we mention the following

Theorem 4.3 ([30, 33]). For every projective Hjelmslev space 11 of dimension at
least 3, having on each line at least 5 points no two of which are neighbours, there
ezists a free module Hr over a chain ring R such that PHG(HEg) is isomorphic to 11.

Remark 4.1. The incidence structure (P, £, ) and Def. 4.1 make sense for an arbi-
trary finite module Mg which is not a priori a submodule of some finite free module.
We can embed Mp into a finite free module Hg of rank rk(Hg) > rk(Mg) and view
(P, L, 1) as a substructure of the geometry PHG(Hg). By Th. 2.5.(iii) a submodule
Mpr < Hpg is determined by its set of points, and if rk(Hg) > rk(Mg) then M is
closed by Th. 2.5.(iv). According to Theorems 2.3, 2.6 and 4.1 two finite modules
rM and RM’ of rank at least 3 are semilinearly isomorphic if and only if they are
isomorphic as substructures of PHG(Hg) and PHG(H}), respectively, assuming of
course that rk(Hg) = rk(H%). Thus both viewpoints are essentially equivalent.

For simplicity we take Hr = R% in the sequel. The incidence structure PHG(R%)
is called the (right) k& — 1-dimensional projective Hjelmslev geometry over R.
We shall need the following refinement of the neighbour relation:

Definition 4.2. Let A;, A, be Hjelmslev subspaces of PHG(RY) and 0 < i < m. We
say that A, is an i-neighbour to Ay, and write A; <; A, in this case, if A; C Ay+R*0P.

6Needless to say, we identify Hjelmslev subspaces of PHG(Hpg) with the corresponding free
submodules of Hpg.
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Denoting by 7: R¥ — RF/RF§" the natural projection, we have A; <A, if
and only if 7 (A;) € 7 (A). The relation <, induces an equivalence relation on
Hjelmslev subspaces of equal dimension. The i-neighbour class of A is [A]; = {A' |
dim A’ = dim A and A’S;A}.

For points X = xR, Y = yR we have X<,V but X £,.,Y if and only if
| X NY| = ¢ if and only if xR + y R has shape (m, m — 7). The neighbour class [X];
coincides with the set of all free rank 1 submodules of xR + R*§’. Similarly, for a
line s = xR + yR the neighbour class [s]; coincides with the set of all free rank 2

submodules of xR + yR + RF6'. Furthermore, lines s and t are i-neighbours if and
only if for every X € s there is a point Y € ¢t with X <,;Y and, conversely, for every

Y €t there is an X € s with Y©,;X. Clearly < coincides on points and on lines

with the neighbour relation < introduced at the beginning of this section.

Let PO (resp. £®) be the set of all i-neighbour classes of points (resp. of lines)
in (P, L, I).

Theorem 4.4. The incidence structure 110 = (P® L0 [ with I defined by

(X, 19 [s]; <= 3X' € [X];,3s' € [s]; : X'[& (17)
is isomorphic to PHG ((R¥/0'R*)g/n:) for alli € {1,... ,m}. In particular, 1TV is
isomorphic to the projective geometry PG(k —1,q).

Proof. The image under 7% of every free submodule of R, is a free module over R/N*
of the same rank. Hence, if we define [X];I'[s]; by 7@ (X) C 7@ (s) then (P, LD I")
is isomorphic to PHG ((R¥/6°R*)g/ni). Let X = xR € P, s = yR+ zR € L with
7D(X) C 70(s), i.e. xR C yR + zR + RF#". Since xR is free and hence a direct
summand of yR + zR + RF#, it is contained in some free rank 2 submodule of
yR +zR + R*¢'. This gives I' = I as desired. O

5 Multisets in Projective Hjelmslev Geometries
and Linear Codes over Chain Rings

Let I = PHG(Hg) = (P, L, I) be a finite dimensional projective Hjelmslev geometry
over the chain ring R.

Definition 5.1. A multiset in II is a mapping €: 7 — Ny where 7 C P.7

Often we tacitly assume 7 = P, defining ¢(P) =0 for P € P\ 7.

TA multiset £: 7 — Ny is called a set if €(P) € {0,1} for any P € 7.
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The mapping € is extended to the power set of P by

€Q)=> ¥P) for QCP. (18)

PeQ

The integer &(P) is called the multiplicity of the point P. The integer ¢(P) =
> per E(P) is called the cardinality or length of the multiset £ and is denoted by
|¢|. The support of ¢ is defined as Suppt = {P € T|¢(P) > 0} and the hull of ¢ as
the module

&= > xR<Hg (19)

xReSupp £
The shape of € is the shape of its hull ().

Definition 5.2. Two multisets € in IT and ¢ in II’ are said to be equivalent if there
exists a bijective R-semilinear mapping ¢: (€) — (¢') such that ¢(P) = ¢ (¢(P)) for
every point P = xR < (§).

If dim IT < dim IT’, say, then in view of Remark 4.1 the multisets £, ¢ are equivalent
if and only if there exists an embedding (: IT — II’ such that ¢ and €3 coincide on
the points of II.

Definition 5.3. A linear code C < gR" is said to be fat if for every i € {1,... ,n}
there exists a codeword ¢ = (¢y,¢a, ... ,¢,) € C with ¢; € R*.

Thus C < gR" is fat if and only if the restriction to C of every projection map
P, (e;): pRR" — rR, x — x - €; = x; is onto.

Let C < gR"™ be a fat linear code. We intend to associate with C a certain multiset
of points in a projective Hjelmslev geometry over R which generalizes the familiar
correspondence between full-length linear [n, k]-codes over F, and multisets of points
in PG(k—1, q) of cardinality n obtained as columns of a generator matrix of the [n, k|-
code. Since the dual Hom(gC, rR)r of rC need not be a free R-module, some extra
work is necessary. Let S = (cy, ..., cg) be a sequence of (not necessarily independent)
generators for zkC and G € My, (R) be the k x n-matrix with rows cy, ..., c;. Denote
the columns of G by gi,..., 8, i.e. g = (®,(e;)(c1), ..., Pr(e;)(ck)). Note that g;
has period ™ since ®(e;) is onto and ¢y, . .., c; generate gC, and thus defines a point
in the projective (right) Hjelmslev geometry (P, L,Z) = PHG(RY). We define the
multiset €5 induced by the generating sequence S of C as

P —>N0
ko . 20
s {P —{j | P=gR}. (20)

We say that the multiset €5 and the code C =3 . Rc are associated. By definition
of ¢ we have |€5| = n. The following theorem is a generalization of a similar result
by Dodunekov and Simonis [10] about linear codes over finite fields.
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Theorem 5.1. For every multiset € of length n in PHG(RY) there exists a fat linear
code C < grR™ and a generating sequence S = (c1,--- ,¢;) of rRC which induces ¢.
Two multisets € in PHG(R%) and € in PHG(RS?) associated with fat (left) linear
codes Cy and Cy over R, respectively, are equivalent if and only if the codes Cy and Cy
are semilinearly isomorphic.

Proof. To prove the first assertion, choose a list (g1, . ..,g,) of vectors g; € R¥ such
that for every point P of PHG(RE)

¢(P)=Hjll1<j<nand P=g;R}| (21)

Define C < rR" to be the code generated by the rows of the k xn-matrix G € My, ,(R)
with columns gi,...,g,. Every column of G contains at least one entry r € R*.
Hence the code C is fat. Clearly, the sequence S = (cq, ..., c) of rows of G induces
£ in the sense of (20), i.e. ts = ¢.

To prove the second assertion, assume first that two semilinearly isomorphic codes
Ci,Cy < gpR™ are associated with multisets £ in PHG(RIE) and £ in PHG(R?),
respectively. Let Gy € My, »,(R) and Go € My, »,(R) be matrices whose sequences Sy
and Sy of rows generate C; (resp., Co) and induce € (resp., ), i.e. &g, = ¢; fori = 1, 2.
Let ¢: R — R™ be a semilinear code automorphism of gR™ with ¢(C;) = C;. The
sequence S% = ¢(S1) also generates Co. Let G € My, ,,(R) be the matrix associated
with S and € the multiset in PHG(RY ) induced by S5. There exist U € My, 1,(R),
V € My, (R) with G} = UGy, Gy = VG). Let ¢y: R — R¥, g — Ug and
Py ng — Rllif, g — Vg be the corresponding R-linear mappings. Then t, =ty
and ¥, = €200y, From G}, = UVG,, Gy = VUG, we conclude that yty fixes £, and
Wy ihy fixes €2, whence the restrictions of ¥y and ¥y to (&) and (#,), respectively,
are mutually inverse R-isomorphisms. Thus €, and €, are equivalent. Moreover, there
exists a monomial matrix M and a ring automorphism o such that ¢(x) = o(x)M
for x € R™. This shows G}, = 0(G1)M. The columns of G, and o(Gy) represent the
multisets &, and & 0~!, respectively. Since M is monomial we have &, = £;0~! and
thus ¢, = 0 proving the equivalence of ¢ and .

Conversely, suppose that €, and & are equivalent and associated with C; and Cs.
Let Gi, Gy have the same meaning as above, and let ¢: (¢;) — (&) be a bijective
semilinear mapping with &, = €. Let H; < R% and Hy; < R% be minimal free
R-modules containing (8,) and (), respectively. By Th. 2.6 ¢ can be extended to a
bijective semilinear mapping w H, — Hj. Since H, and Hj are direct summands of
Rkl and R RQ, respectlvely, we can extend ¢ to a mapping from RN r into Rk2 and w Lto
a mapping from Rf? into RY , i.e. there exist matrices U € My, 1, (R), V € My, &, (R)
and a ring automorphism o of R such that ¢(g) = o(Vg) for every g € (¢;) and
¢~1(h) = Us~!(h) for every h € (¢). The matrix G} = VG; € My, ,(R) generates
C, since UG/ = G, and for every point P of PHG(R%) it contains exactly & (P) =
& (v (P)) columns h € R* with o(h)R = ¢(P). Thus the columns of ¢(G}) and G

represent the same points of PHG(R%) when counted with their multiplicities. This



THE ELECTRONIC JOURNAL OF COMBINATORICS 7 (2000), #R11 15

clearly implies the existence of a monomial matrix M with G, = ¢(G})M which in
turn yields that C; and Cy are semilinearly isomorphic. O

Remark 5.1. If one defines PHG(RY) as a point-line incidence structure as we did
in Section 4, the restriction to fat linear codes in Th. 5.1 is a natural consequence.
Non-fat linear codes, however, do appear in some situations, for example in the
classification of Z4-linear codes of constant Lee or Euclidean weight [49]. It is possible
to circumvent the restriction to fat linear codes by viewing PHG(R%) as a projective
lattice geometry [4] having additional non-free points. Theorem 5.1 can be proved in
this more general setting.

Definition 5.4. Let £: P — Ny be a multiset in II = PHG(RY). A hyperplane A

in II is said to have the &-type (ao,ay,... ,an), where a; = ZP P AP A t(P),
. — 18y i+1

fori=0,1,...,m.

We shall often say ‘type’ instead of ‘€-type’, if there is no doubt about the multiset
t we are referring to. By duality (Th. 3.1) every hyperplane A in PHG(RY) can be
considered as the set of points, whose homogeneous coordinates (xy,... ,xy) satisfy
a linear equation

rx1 4+ roxe + ... + 1 = 0,

where at least one of the r;’s is a unit in R. Let C be a fat linear code associated with €,
and let Gg be a k xn-matrix whose sequence S of rows generates C and satisfies g = £.
All codewords of C which belong to the cyclic submodule R(rq,...,7:)Gs < grC
are called codewords associated with the hyperplane A (relative to the choice of the
generating sequence S). For different generating sequences S, S’ of C with £g = tg
the matrices Gg and Gg can differ only by the ordering and scaling of their columns.
Thus as far as the number and type (10) of codewords associated with a hyperplane is
concerned, we may safely omit from now on any reference to the generating sequence.
There is a connection between the type of a hyperplane in II and the number of
codewords of a given type in C associated with that hyperplane.

Theorem 5.2. Let £ be a multiset in PHG(RY) and C a fat linear code over R
associated with €. For each hyperplane A of €-type

0,...,0,a;,aj41,...,an) with a; #0 (0 <j <m)

m—s—

there exist exactly ¢™° — q L codewords in C of type

(0,0, a5, . Gjmsrs Y, @) (F<s<m-—1) (22)
— i=m+j—s

S

which are associated with A.
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Proof. Fix a generating sequence S of C and let G = Gg be as above. Let A =
(Rr)* with r = (ry,...,7) € gR*. The codeword ¢ = (r;...7;)G has exactly
the same type (0,...,0,a;j,aj41,...,a,) as the hyperplane A. Since ¢ has period
6™ we have |Rc| = ¢™ 7. The words in Rec with type as in (22) are exactly those
which generate the cyclic submodule Rc[0™*] < Rc of order ¢™~*. Their number is

therefore ¢™* — ¢™ ! as asserted. O

Theorem 5.3. A multiset ¢ in PHG(RY) and its associated code have the same
shape. In particular, |(€)| = |C|.

Proof. Choose a k x n-matrix G whose sequence S of rows generate R and whose
columns gi,...,8, represent the points P as in (21). Since S generates rC, the
linear map Hom(grC, RR)r — (£)r which sends the restriction ®,(e;)|c to g; is an
isomorphism. Thus (), Hom(gC, gR)r and gC all have the same shape; cf. the
remark following Def. 2.1. O

6 Linear Codes from Selected Multisets in PHG(R’]%L)

In this section we discuss some classes of linear codes over chain rings which arise
from certain multisets of points in projective Hjelmslev geometries.

6.1 Simplex and Hamming Codes over Chain Rings

In [3] BLAKE introduced a generalization of the class of Hamming codes to the ring
of integers modulo ¢ = p", where p is prime. Below we suggest another definition,
which reflects the geometric nature of the usual Hamming codes.

Consider the Hjelmslev geometry 1T = (P, L, 1) = PHG(RY). The linear code
C associated with the multiset ¢ defined by ¢(P) = 1 for all P € P, is called the
k-dimensional simplex code over R and is denoted by Sim(k, R). By Th. 2.4 the code
Sim(k, R) has length ¢(*=D(m=1) mq, and by Th. 5.3 it has shape m*, in particular

|Sim(k, R)| = ¢®™. All hyperplanes A in II have the same E-type (ag,ai,... ,an),

where
k k—1
_ ,(k=1)(m~-1) _ _ (k=1)m
ap q ( |:1:| , |: 1 :| q) q )

k — ]_:| (quj _ qm*j*l) ’ ] _ 1’ o, m— 1’ (23)
q

k—2)(m—
a; = g+ 1)[ 1

i [ — 1
0, = g2 1)[ 1 ]
q
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These numbers are obtained e.g. by observing that Zsz ; @s is the number of free
rank 1 submodules contained in A + 67 R* which has shape m*~!(m — j)!. Thus

k_ m_ k . . _
ghm-D K] if j =0,
g DD g if 1 < <m®

Z as = Oémkfl(m—j)l(ml; Q) =

5>j

The dual code Sim(k, R)* is called the k-th order Hamming code over R and is de-
noted by Ham(k, R). It is free of rank ¢*~D(m—1) mq —k, in particular [Ham(k, R)| =

(k=1)(m-1)[F] _
mg(t=DmD ] " For example, Ham(k, Z4) has parameters (n, M, wie) = (2271 —

2k:—1’ 222’“—2’“—%’ 3)'

6.2 The Linearity of the MacDonald Codes

Let us fix a Hjelmslev subspace ¥ of Il with tk> = u, 1 < u < k—1. Let C be
associated with €: P — Ny defined by

0 otherwise,

where 7 > 1 is fixed. Since £ is the set of points of the R-module X+ R¥¢ of conjugate
shape k™ !, we have by Th. 2.4 and Th. 5.3

u

E(P) = q(k:—l)(m—i)+(u—1)(z‘—1) ) [1

| =g 29
q

Consider the mapping ¢: R — Fy* (cf. [22, Section 3]) defined by the matrix

G:G(m):[l 1. 1 } (26)
a; az ... aqm—l
where a;, as, ...,a,m-1 are the elements of F?‘l taken in some order. By [17, Th. 1.1]
or [24, Prop. 11],
0 ifx=uy,
Wiam (Y () — P(y)) = { ¢ if 2 —y e N7\ {0},

qul . qm72 if v — y g Nmfl'

Thus the g-ary image ¥(C) is a (possibly nonlinear) distance invariant code with
parameters N = g™ 1¢(P) = gk—w(m=itu(m=1) mq, M = |C| = gt—wm=i)Fum

The hyperplanes of II can be divided into ¢ 4+ 1 disjoint nonempty classes, which
we denote by (A;), 0 <j <i:

8Note that a(m?;q) is already determined by X, and |A| = Y \;.
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(A;) hyperplanes A with X< ;A and ¥ £ ; 1A, 0<j <
(A;) hyperplanes A with X< ;A.

Denote by A® (resp., u?) the shape (resp., conjugate shape) of the module (A +
RO N (Z + R*0%), 0 < t < m. The nonzero Hamming weights of ¢(C) are

as(¢" ' = ¢ ) + a1 =

= a0 (m', ) (@™ = ¢™?) — e (M, Q)™ + aye-n (mt, )¢ 3,

where (ag, . .., ) is one of the possible £-types of hyperplanes of IT and j+1 <t <m
if A'is of class (A;), 0 <j <. If Ais of class (A;) then

Mm:{ w=p BUst=n (27)

vtk — 1)t if e <t <m.

Hence o, (m', q) = aye-n(mt,q)/qif i +1 <t <m, and A produces codewords of
single nonzero weight

0 (m1’ q) (qm—l . qm—Q) _ q(k—u)(m—i)-l—u(m—l)—l(qu . 1) (28)
If Ais of class (A;), 0 <j <i—1, then
Em iyt if 0 <t <y,
pl = pmiyitti (g — 1)t ifj <t<i, (29)

Et(k — 1) (u—1)77 if e <t <m.

Equation (29) is derived e.g. using the formula (U N V| = |U||V|/|U + V| with
U=A+ RV =% + RFO', and observmg that A + X has shape m*~(m — j)'.
Hence we have o, (m!, q) = aye-n(m',q)/q if j+2 <t < m, and thus A produces
nonzero codewords of weights (28) and

ayo (m', ) (@™ — ¢™ %) — aygen (MY, Q)™ + g (mt, ) g™ =

= (Oo\(o) (ml, q) — QG+ (m aQ))qm_l (30)
_ q(k—u)(m—i)—l—u(m—l)—i—u—l'

Let K = (k—u)(m—i)+um, U = (k—u)(m—1i) +u(m—1) (whence K — U = u).
The code ¥(C) is a two-weight code over a g-ary alphabet of length N, minimum
distance D, and with weights W; and W5, where

g —qv P K K
N:ﬁa W) =q", D=W,=¢" "= Wo=¢"""1 (31)
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Now we assume that R is one of the chain rings F,[X;0]/(X™) of characteristic p.
By Th. 5 from [22], the code 9(C) is linear over F,, and it has the parameters (31)
of a MacDonald code. Since MacDonald codes are uniquely determined by their
parameters (cf. [10, 46]), we get that ¢(C) is semilinearly isomorphic to a MacDonald
code. Choosing k, u, ¢ appropriately, we can get all MacDonald codes with parameters
U > K(1—1/m). Hence we have the following theorem (cf. [22] for the special case
m=2):

Theorem 6.1. A g-ary MacDonald code whose parameters K, U satisfy the condition
U > K(1—1/m) is linearly representable over any of the chain rings F [ X;o]/(X™).
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