On a Multiplicative Partition Function

Yifan Yang
Department of Mathematics
University of Illinois

Submitted: October 5, 2000; Accepted: April 12, 2000
MR Subject Classification: primary 11N60, secondary 05A18, 11P82

Abstract

Let D(s) = > o-_; amm™* be the Dirichlet series generated by the infinite prod-
uct [[725(1 — k~*%). The value of a,, for squarefree integers m with n prime factors
depends only on the number n, and we let f(n) denote this value. We prove an
asymptotic estimate for f(n) which allows us to solve several problems raised in a
recent paper by M. V. Subbarao and A. Verma.

1 Introduction and Statements of Results

Let D(s) = > °_,amm™° be the Dirichlet series generated by the infinite product
[[i=,(1 — k7%). The coefficients a,, denote the excess of the number of (unordered)
representations of m as a product of an even number of distinct integers > 1 over the
number of representation of m as a product of an odd number of distinct integers > 1.
The Dirichlet series D(s) is closely related to the generating Dirichlet series in the “Fac-
torisatio Numerorum” problem of Oppenheim (see [6]). Indeed, if we let b,, denote the
number of (unordered) representations of m as a product of integers > 1, not necessarily
distinct, then we have > °_ b, m~* = D(s)~!. Thus, by the Mdbius inversion formula,
the numbers a,, and by, are related by the identity a,, = 3_,,,, 1(d)bm/a. Oppenheim [6]
showed that
eViog

T Z ~ 2y /r(logz)d

m<x

In [3], E. R. Canfield, P. Erdds and C. Pomerance proved that if m is an integer such that
b, < by, for all n < m, then

b, = mexp {—(1+ o(1)) logmlog, m/log, m} ,

where log, denotes the k-times iterated logarithm.
In this paper, we consider the more difficult problem of investigating the asymptotic
behavior of the numbers a,,. This problem was raised by M. V. Subbarao, who observed
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that a,, = 0,=£1 for all positive integers m with at most four prime factors and asked
whether this is true for all m. It is easy to see that for a positive integer m > 1 the
coefficient a,,, depends only on the exponents 1, .. ., r, in the canonical prime factorization
m = pi'...p/». In particular, for squarefree m = p; ...p,, the value of a,, is a function
of the number n of prime factors of m. We will denote this function by f(n).

The function f(n) can be interpreted as a set-partition function. Indeed, by identifying
factors of m = p; ... p, with subsets of {1,2,...,n}, we see that f(n) is equal to the excess
of the number of ways to partition a set S of n elements into an even number of non-empty
subsets over the number of ways to partition S into an odd number of non-empty subsets.
Therefore, f(n) can also be written as

f(n) = (=1)FSa(n, k), (1)
k=1
where the numbers Sy(n, k) are the Stirling numbers of the second kind, which denote the
number of partitions of an n-element set into k& non-empty subsets (see, e.g., [8, Section
3.6]).
A further motivation for studying the function f(n) is the following observation of D.
Bowman [2]. For each integer n > 0 there exist exactly one integer b, and a polynomial
P,(x,y) such that

> (K" 4 by)K! = P, (ml, m)
k=0
holds for all integers m. It turns out that this integer b, is equal to f(n). By a simple
proof by induction, we have > )" (k- k! = (m + 1)! — 1, and hence f(2) = by = 0. The
case n = 2 is the only known case with b, = 0. H. S. Wilf raised the question whether
b, = 0 (or equivalently f(n) = 0) infinitely often.
By (1) we have the trivial upper bound

[f(n)] <) Sa(n, k).

The numbers B(n) = > ;_, Sa(n, k) are known as Bell numbers (see, e.g., [8, Section
1.6]). De Bruijn [4] gave a detailed asymptotic analysis of B(n), using the saddle point
method. In particular, de Bruijn [4, p. 108] showed that

Ly+1 L2 L3
logB(n)=n(L—Ly—1 — =2 2
og B(n) n( 9 + 17 +2L2+O(L3>)’ (2)
where L =logn and Ly = loglogn. Therefore we have the upper bound
1
lim sup log | /()] <1 (3)

n—oo MNlogn

In a recent paper Subbarao and A. Verma [7] showed that in fact

lim sup log | f(n)]

=1.
nooo nlogn
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Thus the coefficients a,, in the Dirichlet series Y *°_, a,m™ = [[;—,(1 — k~*) are not
uniformly bounded. This answers the question of Subbarao mentioned earlier. (This
result was also obtained by P. T. Bateman [1].)

In this paper we provide a detailed asymptotic analysis of f(n), which allows us to
answer some open problems mentioned in [7]. Our main result is the following theorem,
which gives an asymptotic estimate for f(n).

Theorem 1 Let z, be the solution to the equation ze* = —n —1 with the smallest positive
imaginary part. Let ¢,(z) = —e* — (n + 1)logz, and let w, be the solution of w? =
=2/ (2z,) with /2 < argw,, < w. Then we have

logn

o) = ma(n) + 0 (£ o)),

n

where
nle

d(n) = ﬁwn exp {pn(2n)}

Using estimates for z,, and w,, (see Lemma 1 below), we obtain the following asymptotic
upper bound for log | f(n)|, which sharpens (3). We recall here the notations

L =logn, Ly, = loglogn (4)
introduced earlier.

Corollary 1 We have, for n > 3,

Lo+1 L3—n? 3
log|f(n)|§n(L—L2—1+ 7 + 572 +0 )

Comparing this bound with the estimate (2) for the Bell numbers B(n), we obtain
the following corollary, which shows the cancellation effect occuring in the sum f(n) =
S r_1(=1)%Sa(n, k), when compared to B(n) =Y ;_, Sa(n, k).

Corollary 2 We have, forn > 3,

3n nl3
log| £ (n)| < log B(n) — 75 + O (L_) |

By investigating the behavior of the argument of log ®(n), we can determine how often
f(n) changes signs. This is the content of the following two corollaries.

Corollary 3 Let ®(n) be defined as in Theorem 1. Then we have

fo) = 2] (sino0n) + 0 (<27 ),

n
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where 0(t) is a differentiable function defined on [3,00) satisfying

7wt tloglogt
0(t) = og 1 +0 (?Og nE ) ; (5)
T loglogt
o) = log ¢ O ( (logt)2 ) ’ (©6)
and
o' (1) T L0 loglogt (7
~ t(logt)? t(logt)3 )

This result shows that f(n) changes signs infinitely often and that | f(n)| is not even-
tually monotone. This answers two questions raised by Subbarao and Verma [7].
The following result gives a precise estimate for the locations of the sign changes of

f(n).

Corollary 4 Let ny < ny < ... denote the sequence of integers at which f(n) changes
signs, i.e., at which f(ng) <0< f(ng+1) or f(ng) > 0> f(ng+1). Then

ni = klogk + O(kloglog k) (8)

and
ngy1 — ng = logk + O(loglog k). 9)

Corollary 4 implies that the density of zeros of f(n) is zero. In particular, we have

T

< f(m) =0} < oo

However, by a different approach, we can improve this bound.

Theorem 2 We have
{n <xz:f(n)=0} <23

This result provides a partial answer to the question mentioned above whether f(n) =0
infinitely often.

To prove Theorem 1, we adapt the approach used by de Bruijn [4] to study the behavior
of B(n). We then use exponential sum estimates to prove Theorem 2.

2 Proof of Theorem 1

In this section we continue to use the notations L, Lo given in (4). We first deduce
some useful estimates for the quantities z,, w, and ¢,(z,) defined in the statement of
Theorem 1.
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Lemma 1 Let z,, w, and ¢,(z) be defined as in the statement of Theorem 1. Then we

have I . 12
zn:L—LQ—i-m'—l—fQ—%—i-O(L—g), (10)
2L T il 7 L%
n—=1A — | —=— - — 4+ 0= , 11
R ( oL *'"2r " " (L?)) (11)
Lyo+1 mi L2—7m2 il L3
¢n(zn) =n (_L2 + I - f + 22L2 B 12 + 0 L_‘z’ . (12)

Proof. By the definition of z,, we have e = —(n 4 1)/z,. This implies |z,| < L, and
by iteration we obtain

zp = log(n + 1) —log z,, + i

1
:L+7ri—log(L—logzn+7ri)+O(—)
n

. logz, mi L3
=L —Ly+mi+ I _f—i_O(ﬁ)

. L2 v L%

This proves estimate (10).
Similarly, since ¢/ (z) = —e* + (n+ 1)/2? and thus ¢//(z,) = (n+1)/2, + (n + 1) /22,
we have, by (10),

) 2 22 1+1 =
w,. = — = — N
" O (zn) n+1 Zn
2L L2 e L2 1 L2
=——|1—-—+— — 1—— — ).
e eo(@) (e (s)
We then recall that, by the definition of w,,, 7/2 < argw,, < w. Therefore
. |2L Ly mi L2 1 Lo
=i\ —(1—-=—=+— —= 1—— —
=1y n( 2L+2L+O(L2))( 2L+O<L2
/2L T . il i L3
W?(‘ﬁ“‘ﬁ‘ﬁ*o(ﬁ))’

which is the claimed estimate (11). It remains to prove the estimate (12) for ¢, (z,).
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By (10) and the definitions of ¢,,(z) and z,, we have

n—+1

On(zn) = =€ — (n+1)logz, = — (n+1)log z,
X L2 e L%
L_L2+7m+f_f+0(ﬁ)

. LQ e L%
—nlog (L—L2+7m+f _f+0 (ﬁ)) + O(Ls)

1 LQ e L%
:”(z ﬁ‘ﬁ*O(ﬁ))

Ly 7w Ly i 1 N2 L3

Ly+1 m  Li—7% il L3
=n(-L -z - o(=2)).
" ( 2T T T o z TO\ D

This proves (12) and completes the proof of the lemma. L]

Proof of Theorem 1. By the definition of f(n), we have

(_1)a1+---+arn!

J(n) = Z a!...a.!(ny)@ .. (n,)or”

0<ny<...<np
Apyeeey ar>0
ainy+--t+arnr=n

Thus the exponential generating function for f(n) is given by

(_1)a1+---+arZa1n1+---+a,«n,«

2 7(u>z = 2 al. . a () ()

SithE N

(For an alternative derivation of this identity see [7].) Using this generating function and
Cauchy’s formula, we obtain

100 L [ ogeeytas

nle 2w Jo

where C is a simple closed curve encircling the origin. Since exp(—e?) is uniformly bounded
in any half-plane {z : Rez < o}, the integration path C can be replaced by I'y UT'y, where
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[y ={z,+wyt: —Imz,/Imw, <t <oo}and 'y ={z, —w,t: —o00 <t <Imz,/Imw,},
i.e., I'1 is the straight line lying in the upper half-plane that passes through z, in direction
w,, and the path I'y is the reflection of I'; with respect to the real axis, with direction
—D,,.

We now estimate the integral along I';. Setting z = z,, + w,t, we obtain

1
5 . exp(—e*)z " tdz
w, [~
5 exp {¢n(2n + wnt)}

—Im 2z, /Im wy,

_ Wn 1/3 Wn 1/3 2n /Wn o
27 —Im 2, /Im wp, —1/|wn|1/3 1/|wn |1/3 |2n /wn|
exp {dn(2n + wnt) — dn(zn)} dt

~ wpexp {pn(zn)
N 27

}{]1+IQ+I3+I4}.

By estimates (10) and (11) of Lemma 1, we have, for t > |z, /w,],

Re w,t < (—% +0 (%)) (L+O0(Ly)) = —g +0 (%) ,

and thus

1
Re (ezn _ eszrwnt) < _Re (n + ) + eRe(szrwnt)
Zn

(13)

L

< (-2 (110(22)).
<—(I—e )L( + 7
Furthermore, since, by the same lemma,
™ L2

n n — & O|—+ 5 14
arg wy, — arg z = o + (L) (14)

we have |z, + w,t| > |w,t| for sufficiently large n and t > |z, /w,|. Using (13), it follows
o n Tlt
Iy < / exp {Re (62” — et — (n+ 1) log Zn T Wnl

\

that
)} i
Zn /wn|
o0 cn |wy|
< —— —nl t dt
N /zn/wn exp{ r " o8 ( EY )} (15)

‘2n|

{ cln} < n { cln}
= ————expy——— — eXp {4 ——
(n—Dlws] PV L 2PV

for sufficiently large n, where ¢; is a suitable positive constant.

n
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We next estimate I3. We first show that Re (e*» — e*™»t) < t\/n/L? uniformly for
all £ > 0 and sufficiently large n. By the definition of z, and (10), we have

n+1 n Lo
Z”:— = — 1
Ree Re = L( +O(L>)

n-+1 ™ L?
Ime™ = —1 =——11 — .
me m o L2( —i—O(L))

Using the inequality 0 < /22 + y? — x < y*/(2z), which holds uniformly for all z and y
with 0 < y < x, we obtain

and

Con

(Im e*)?
Reen |50

Zn Zn 1
[Ree™ + |e |}§2’ Room

where cy is a positive constant. Therefore if ¢ is a real number satisfying Rew,t <
—2¢y /L% ie., t > (4degy /7 + 0(1))/(Jwn| L), then we have by (11)
Re (ezn o ezn—i—wnt) S (|€zn| 4 Re ezn) + (|€zn|eRewnt o ‘ean
con o 2cy,
S pll=0
On the other hand, if ¢ is in the range 0 < t < (4co/m + 0(1))/(|wy|L), then, by (10) and
(11),

Re (e — e 1n!) = Re (—e™wyt) + O(|e™w?|t?)
n Lo mi Lo
A 2
ref (1 2 -7 +0(32))
2L O L3 2
7(—i+z+ 7 +O(ﬁ))t}+0(t)

- (% + 0(1)) \/gt +0(t) < ey | 75t

for sufficiently large n, where c3 is a positive constant. This proves the assertion that
Ree” — Ree*t"nt < ty/n/L3 uniformly for all ¢ > 0 and sufficiently large n.

We now estimate I3. For t in the interval [1/|wy|'3,|2,|/|wy|], the estimate (14)
implies that

w_"t > ’w"’

~ 4z,
for sufficiently large n. It follows that, by Lemma 1,

|2 /wn] n n |wy|
I, < —t— — b dt
S—wam%3m Mm}

| 2| 1 n,oos cyn?/3
< 0] exp s — Z+O(1) E|wn| < exp =7
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for some suitable positive constant c¢4. The same bound holds for I;. It remains to
estimate I5.
In the range —1/|w,|"? <t < 1/|w,|"/?, we have, by Lemma 1,

2(n+1) n+1 n
(3) — _pPfn — ( >
b (2n) e = - +0 73 <2 T
6(” +1) n 2/3 n n
(4) __ zptwpt | ONTCTT ) T w,| n n
e R R A -
and thus ,

O e wat)? < T unl? < 1,

1" 3)
n n \Zn n

Since, by the definition of z, and w,, ¢, (2,) = 0 and ¢/ (z,)w?/2 = —1, it follows that
1/|wn‘1/3 (3)
I, = / exp{ —t* + M(w,ﬁf +0 <ﬁ|wnt|4) dt
—1/|wn|1/3 6 L

1/|wn|Y/3 9 (3) 3
— / et <1 + On_(zn) W (’Z">w”t3 + 0 (|6 (20)*wS|t9) + O (n’ L"‘ t4)> dt

,1/|wn|1/3

= V4 O e {—fun ) +0 (6 ) + 0 (151
rsoft)
Combining this estimate, (15) and (16), we obtain
[ e (6,0} d: = (o0} (VA +0 (£) )
Since [, = — [}, it follows that
s = ([ [ ) = 1m T, exp (020} +0 (St exp (002} 1)
— Im®(n) + O (%]q)(n)]) .

This completes the proof of Theorem 1.
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3 Proofs of Corollaries

Throughout this section, L will denote logn or logt, and Ly will denote loglogn or
loglogt, depending on the context.

Proof of Corollary 1. By Theorem 1, we have

)] < 22w exp {6 )} (1 Lo (g)) |

By Lemma 1 and the Stirling formula for n!, it follows that

log|f(n)] < (n+1/2)logn —n+ Rep,(z,) + O(1)

L 1 L?2—nx? L3
:n(L—L2—1+ 2t " +O( 2))

L 272 3

This proves Corollary 1. Corollary 2 is an immediate consequence of Corollary 1. (]

Proof of Corollary 3. We first note that the domains of the functions z,, w,, ¢,(z) and
®(n) can be extended from the set of positive integers to the set of positive real numbers,
and the asymptotic formulas in Lemma 1 remain valid with n replaced by a positive real
number ¢. From Theorem 1 we deduce that

o) = o) (sinotm) +.0 (5 ).

n

where

0(t) = Im (¢(2t) + logwy) . (17)

By Lemma 1, we have
s 1
Im 1 =— —
m loguwy = +0 (L)

and
Tt tLQ

Im ¢y (2) = A +0 (F) )

The claimed estimate (5) for 6(t) follows by inserting these estimates into (17).
We now prove estimate (6). By the definition of z;, we have z.e* + (t 4+ 1) = 0. Thus,
the chain rule yields

dZt 1 2t
Gz — , 18
dt et(zp+1)  (t+1)(z+1) (18)
Since
W 2 _ 2 _ 2
! O (2) —et + (t+1)/27 (t+1)/ 2+ (t+1)/27
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by estimate (10) of Lemma 1 and (18), we have

d(t+1+t+1)
1d 1dt 2 1 242278 d 1
e S TR )
w; dt 2 (t+1+t+1) 2t +1) 2z ) dt ot

2

Similarly, we have

d
d¢t(2t) _ - (—ezt . (t + 1) log Zt)
dt dt (20)
1 2 + t+ 1 dZt 10 -
—logz — (e — ==
g 2t = dt g 2t
and thus, by (10),
Lo L2
Imd¢t(zt> =—Im <log | L — L2+7T2+——7T—Z+O =
dt L L L?
(21)
- Tio(k
+o(z)
Combining this estimate and (19), we obtain
1 dwt d L2
O/(t) =Tm — ot 41 S— .
(t)= " ar TIm o) = +O( )
This proves the estimate (6).
The proof of (7) is essentially the same as that of (6). By (18) and (20), we have
¢( ) d 1 1 Zt 1
z) =——logz =—— =—
dt2 = T Bt T T s (st 1) H(L— Lyt mit 1+ O(La/L))
and hence P I
KO 2
Similarly, we have, by (18) and (19),
d21 1 +1d Z; 42z 2 }<<1
og w ——q— —
a2 M T T 2at U s D)zt D)
Thus we conclude that
d2 d2 ™ L2
0"(t) = Im dt2¢ ¢(2) + Im — P logw; = e +0 (tﬁ) :
This completes the proof of Corollary 3. (]
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Proof of Corollary 4. Let 6(t) be defined as in Corollary 3. Let k be a positive integer,
and let ¢, be the solution of 0(t) = —kn. By Corollary 3, ) satisfies

tk tk log log tk
k=——+0(——"—7F|.
log t;, + ( (log ty)?
Hence, we obtain

tx log log ty

tk:klogtk+0( ) = klogk + O(kloglogk). (22)

log ty

From this estimate we deduce that n, = ¢, + O(1), and therefore estimate (8) holds.

To prove the second part of the corollary, we note that, by the mean value theorem,
T = 0(tg) — O(tks1) = (tx — trs1)0 (), where & is a real number between ¢, and t;. ;.
The estimate (22) implies that

§k = te + O(trgr — tr) =t + O(kloglogk).

Hence, by (6) in Corollary 3, we have

T
N1 — Mg = tpy1 — L + O(1) = TOlE)
T
- g log ogk + O(loglogk),
+0 | ——2+
log t (log ty)?
which is the claimed result. L]

4 Proof of Theorem 2

We will use the following well-known exponential sum estimate (see, e.g., [5, p. 17]).

Lemma 2 Let a and b be integers with a < b, and let g be twice differentiable on [a,b]
with ¢"(x) > p >0 or g"(x) < —p < 0 for some positive real number p and all x € |a, b].
Then

< (lg'(b) = g'(@)] + 1)(p™ 2 + 1),

Proof of Theorem 2. It suffices to show that
}{x1/2<n<x f(n —O}}<<3:

In light of Corollary 3, we have for sufficiently large x
1

{2 <n <o) < 222 Y
n
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for some positive constant c;, where () is the function occuring in the statement of
Corollary 3 and ||6(n)| denotes the distance from 6(n) to the closest integer multiple
of 7. On the other hand, if H = H(x) is an integer-valued function satisfying H(x) <
(7/(2¢1))x'/?/log z, then, for z'/2 < n < x, the condition ||f(n)| < c;logn/n implies

that

A

<sin((H + 1)9@)))2 _(H+1)
sin f(n) - 2

We therefore have

1/2 1 sin((H + D0(n))\>
}{x/SnSx:f(n):O}‘<<ﬁ Z ( (( +)()))

sinf(n)

x1/2<n<z
Using the identity

(sin((H+ 1)t)>2 _ i (H 1 ]2

sint P
the right-hand side of (23) becomes

H

o(H+1) 2
Ej H+1-— <AL 2
h:H( +1=1A)S, < FEEE

1
H?

M=

(H+1—h)|Sh,

>
Il

1

where Sh — Z$1/2<n<x 62ih9(n)'

We now estimate the exponential sum Sj. By Corollary 3, we have

(L)) — b8! ([ T)| < (oo

and

" h

for #1/2 <t < 2. Thus, applying Lemma 2 with g(¢) = hf(t), we obtain

|Sh| < (é + 1) ((loga:)\/%+ 1) .

Inserting this estimate in (24), we arrive at

H
h
Hxl/Q <n<z:f(n)=0} < %_‘_%; (\/%jL(logx)\/%ﬂLl

ogw

T T H
— H 1 — 1.
<GtV x+(ogx)\/H+1ogI+

Taking H = |2'/?], we finally obtain
’{xl/Q <n<ux:f(n)= O}} < 7%/3,

This completes the proof.
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