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Abstract

The celebrated Regularity Lemma of Szemerédi asserts that every sufficiently
large graph G can be partitioned in such a way that most pairs of the partition sets
span e-regular subgraphs. In applications, however, the graph G has to be dense
and the partition sets are typically very small. If only one e-regular pair is needed,
a much bigger one can be found, even if the original graph is sparse. In this paper
we show that every graph with density d contains a large, relatively dense e-regular
pair. We mainly focus on a related concept of an (¢,0)-dense pair, for which our

bound is, up to a constant, best possible.

1 Introduction

Szemerédi’s Regularity Lemma is one of the most powerful tools in extremal graph theory.
It guarantees an e-regular partition of every graph G with n vertices, but the size of each
*Research supported by NSF grant DMS 9704114.

tResearch supported by KBN grant 2 PO3A 032 16. Part of this research was done during the author’s
visit to Emory University.

THE ELECTRONIC JOURNAL OF COMBINATORICS 9 (2002), #R1 1



e-regular pair is at most n/T', where T is the tower of 2’s of height (1/¢)1 ([4]). However,
in some applications, only one pair is needed. That was already observed and explored
by Komlés (see [8]) and Haxell [6]. The goal of this paper is to estimate the size of the
largest such pair that can be found in any graph of given size and density. The density
may decay to 0 with n — oo.

The density of a bipartite graph G = (V;, Vi, F) is defined as

g
)= v

and the density of a pair (U, Us), where U; C V; and Uy C Vs, is defined as

6(U1,U2)
d(U,Uy) = ——=
( 1 2) ’Ul“U2’ )

where e(Uy, Us) is the number of edges of G with one endpoint in U; and the other in Us.

Definition 1.1 Let G = (Vi, Vs, E) be a bipartite graph and 0 < e < 1. A pair (Uy,Us),
where Uy C Vi and Uy C Va, s called e-regular if for every Wi C Uy and Wy C Us with
|Wi| > €|Uy| and |Ws| > €|Us|, we have

(1 — E)d(Ul, UQ) S d(Wl, Wg) S (1 + G)d(Ul, Ug)

Our first result states that in every bipartite graph one can find a reasonably large
and relatively dense e-regular pair.

Theorem 1.1 Let 0 < ¢,d < 1. Then every bipartite graph G = (Vi, Vs, E) with |V1| =
|Va| = n and d(G) = d contains an e-reqular pair (Uy, Us) with density not smaller than

(1—=3%)d and |Uy| = |Us] > gdc/GQ, where ¢ is an absolute constant.

The constant ¢ in Theorem 1.1 is determined by inequality (40). For instance, one can
take ¢ = 50.

In most applications the whole strength of e-regular pairs is not used. Instead, it is
only required that d(W;, Ws) is not much smaller than d(Uy, Uy) whenever Wy C U; and
Wy C U, are large enough. This observation leads to the following definition.

Definition 1.2 Let G = (Vi, Vs, E) be a bipartite graph and 0 < e;0 < 1 . A pair
(U1, Us), where Uy C Vi and Uy C Vs, is called (e,0)-dense if for every Wi C U; and
Wy C Uy with [Wy| > €|U| and |[Wa| > €|Us|, we have e (Wy, Wy) > o|Wi||Ws|. The
graph G itself is called (e,0)-dense if (V1,Va) is an (e,0)-dense pair.

Now, let us consider the following problem. For a bipartite graph G with n vertices in
each color class and density d, we want to find an (e, d/2)-dense pair as large as possible.
(The choice of 0 = d/2 is not essential here.)
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Definition 1.3 For any given 0 < €,d < 1 and a positive integer n, f(e,d,n) is the
largest integer f such that every bipartite graph G with n vertices in each color class and

density at least d contains an (e,d/2)-dense subgraph with f vertices in each color class.

As for € < 2 — /2.5, every e-regular pair with density at least (1 —€/3)d is (¢,d/2)-

dense, Theorem 1.1 immediately implies that f(e, d,n) > 2d*/ ¢

In 1991, Komlés stated the following lower bound for f(e, d,n).

Theorem 1.2 /8] For all0 < e <€y, 0 <d <1 and for all integers n,

.]C(G’d7 TL) > nd(?)/e)ln(l/e)‘

In Section 2 of this paper we prove a different bound which is better for small values
of e.

Theorem 1.3 Forall0 <e <1, 0<d<1, and for all integers n,
1 12/e
fle,d,n) > énd :

We also prove the following upper bound on f(e,d,n), which shows that, up to a
constant, Theorem 1.3 is best possible.

Theorem 1.4 For all 0 < € < ¢y and 0 < d < dy, there exists ng < (1/d)"/12) such that

for all n > nyg,
fle,d,n) < And®/<,
where ¢ is an absolute constant.

In fact, we prove a stronger result than Theorem 1.4.

Definition 1.4 Let G = (Vi, Vs, E) be a bipartite graph and 0 < e < 1. A pair (Uy,Us),
where Uy C Vi, Uy C Vs, is said to contain an e-hole if there exist W1 C Uy and Wy C U,
with |Wi| > €|Uy| and |Ws| > €|Us| such that e(Wy, Ws) = 0.

By definition, if a pair contains an e-hole, then it cannot be (e, o)-dense for any o > 0.

Definition 1.5 For any given 0 < €,d < 1 and a positive integer n, let h(e,d,n) be the
largest integer h such that, every bipartite graph G with n vertices in each color class
and density at least d contains a subgraph with h vertices in each color class and with no
e-hole.
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Clearly, f(e,d,n) < h(e,d,n).

Theorem 1.5 For all 0 < € < ¢y and 0 < d < dy there exists ng < (1/d)"/129) such that

for all n > nyg,
h(e,d,n) < 4nde/e,
where ¢ is an absolute constant.

With no effort to optimize, it follows from the proofs of Theorems 1.4 and 1.5 that
the constant ¢ appearing in them can be equal to 1/2000.

2 Lower bound

In this section we prove the lower bound given in Theorem 1.3. That is, we show that any
bipartite graph G = (V1, V3, E) with n vertices in each color class and density d contains
an (e, d/2)-dense bipartite subgraph with at least nd“/¢ vertices in each color class. We
then show that Theorem 1.1 the proof of which is a refinement of the proof of Theorem
1.3.

Before giving the proof of Theorem 1.3, we prove the following claim which plays a
crucial role.

Claim 2.1 FEvery bipartite graph H = (V2 VH E) with V| = |V| = m contains a
pair (Uy, Us) satisfying one of the following conditions:

1. (Uy,Us) is an (e,d(H)/2)-dense pair and |Uy| = |Us| > m/2,

2. |Uy| = |Us| > m/4 and d(Uy,Usp) > (1 +€¢/8)d(H).

Proof: ~ Assuming that H contains no pair satisfying condition I, we are going to prove
that H contains a pair satisfying condition 2. For simplicity, we assume that 1/e¢ is an
integer.

Since, in particular, H itself is not (e, d(H)/2)-dense, there exist A} C Vi, B C V,H
with |A}| = |B}| > em and e (A}, B}) < @MQHBH By an averaging argument, we can
take A1 C A}, By C B satisfying |A;| = |Bi| = §m and e (A4;, B;) < @\AlHBﬂ. (For
simplification, we assume that $m is an integer. Later we will make similar assumption
which are not essential but simplify our presentation.) Let F be the graph obtained by
removing A; from V¥ and B; from V7.

By the assumption, Fj is not an (¢,d(H)/2)-dense graph, and we apply the same
argument as above to Fj.

In general, after [ steps, [ < 1/¢, we define [ disjoint pairs (A1, By), -+, (A;, By) of size
|A;| = |Bj| = gm for 1 < <. Assume that Fj is obtained by removing Ué‘:l A; from VH
and Ué’:1 B; from Vi, By assumption, Fj is not (e, d(H)/2)-dense, therefore there exists
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Ay CVITNUL, A By C VUL B, of size | A, | = [Bly,| > e (1 - le/2)m > gm
and e (A7, Bly) < (f)|Af+1||Bz/+1|‘ Take A1 C Alyy, By C Bl Al = [Bra| =
sm and e (A1, Biy) < @‘APAHBPA"

After 1/e steps the sets Ujl/: L A; cover a half of Vi, and the sets U]li ‘, B; cover
a half of V,fI. Denote V; = U}flAj and V, = Ujlfl Bj. Set ey = e (V4,Va),e1 =
e (Vi,ViI\Va) o = e (VT \ V1, 12) ses = e (Vi \ V1, V7 \ T2)

Now we claim that there exists a pair satisfying condition 2. Indeed, if

eo < (1 —3¢/8)d(H)m?/4,

then

2

e1 + ey +e3 =d(H)m? — ey > 3 <1+§) d(H)mT.

Therefore, there exists i € {1, 2,3} satisfying

2

e > (1+ 8) a(H) "

and we find a pair satisfying condition 2.

If eg > (1 — 3¢/8) d(H)m?/4, we define e;; = e (A;, B;) . Then

S ey = eom i (A, B) > (1 _ %) d(H)mIQ—%@ (?)2 _ (1 _ ge) )™

i JF
For any I C {1,...,1/€} of size |I| = 1/(2¢), we define

Y .
iel je{l,...,1/e}\I
1/e—2

1/(25)—1> times, where ¢ # j. Thus, there exists I

Then Y, e (I) counts each e;; exactly (
such that

iy > 2D _ o) o (T8 i M (14 ) an) ™
> 5 > (14

(1/1(/266)) (1/1/266) i jFEL (1 - 6)

and consequently the pair (U;c;, Ais Ujeq1, 1701, Bj) satisties condition 2. u

-----

Proof of Theorem 1.3. Let G = (Vi, Vs, EY) be any bipartite graph with n vertices in
each color class and density d. If G contains a pair satisfying condition 7 in Claim 2.1,
then we are done. Otherwise, by Claim 2.1, there exists an induced subgraph G; C G
with at least n/4 vertices in each color class and d(G;1) > (1 4 ¢/8)d. Applying Claim
2.1 to Gy, if G| contains a pair satisfying condition 7 in Claim 2.1, then we have an
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(€,d(G1)/2)-dense pair, which is also an (e, d/2)-dense pair, with at least n/8 vertices in
each color class, and we are done again. Otherwise we find an induced subgraph Gy C G}
with at least n/16 vertices in each color class and d(Gs) > (1 + ¢/8)%d.

Suppose we have iterated this process s times, obtaining a subgraph G, of G with at
least n/4° vertices in each color class and density at least (1+ ¢/8)°d. If the (s + 1)-th
iteration cannot be completed, it means that G contains an (e, d/2)-dense subgraph with
at least n/(2 - 4°) vertices in each color class. Because the density of any graph is not
larger than 1, we can only iterate this process at most ¢ times, where ¢ is the smallest
integer such that

1 Y g
— > 1.
(1+5)

Hence, at some point an (€, d/2)-dense subgraph with at least n/(2 - 4") vertices in each
color class must be found. It remains to estimate t from above. By the choice of ¢, we
have (1+ ¢/8)"d < 1, or, equivalently,

log, (1/d)
~ log, (1+¢/8)’
and so )
4t = 22 < (1/d) s8] |

Notice that log, (1 +¢€/8) > ¢/6 for 0 < € < 1. Indeed, it follows from the facts that
g(x) =log, (14 €¢/8) — €/6 is concave in [0,1], g(0) = 0 and g(1) > 0. Therefore

2 nde/E’

Do =
S
Do =

and consequently we have proved the existence of an (e, d/2)-dense subgraph of G with
at least $nd'?/ vertices in each color class. This completes the proof of Theorem 1.3.

Proof of Theorem 1.1 (Sketch). The proof of Theorem 1.1 is similar to the proof of
Theorem 1.3; the only modification is to replace Claim 2.1 by Claim 2.3 below.

The first alternative of Claim 2.3, rather than asking for a large e-regular pair, demands
a stronger property which is however easier to analyze.

Definition 2.1 Let G = (V4, V4, E) be a bipartite graph, 0 < € < 1. A pair (Uy,Us),
where Uy C Vi and Uy C Vs, is called (e, G)-regqular if for every Wi C Uy and Wy C Uy
with |Wi| > €|Uy| and |Wa| > €|Us|, we have

(1—¢/3)d(G) < d(W1,Ws) < (1 +¢€/3)d(G). (1)

Fact 2.2 Every (e, G)-regular pair (Uy,Us) is e-regular.
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Claim 2.3 FEvery bipartite graph H = (V1 VH E) with |VH| = |V = m contains a
pair (Uy, Us) satisfying one of the following conditions:

1. |Uy|,|U3] = m/2 and (Uy,Us) is (e, H)-regular,
2. (U1, |Us| > me/2 and d(Uy,Us) > (1 +¢/3)d(H),
3. U], |Us] > m/4 and d(Uy,Us) > (1 + €2/12)d(H).

Assuming that H contains no pair satisfying conditions I or 2, and using the same
technique as in the proof of Claim 2.1, we can prove that H must contain a pair satisfying
condition &.

Applying Claim 2.3, one can prove Theorem 1.1 in the same way as we derived Theorem
1.3 from Claim 2.1 (see the Appendix for details). Note that the obtained e-regular pair
(U1, Us) has density at least (1 —¢/3)d. u

3 Upper bound

In this section we prove the upper bound for h(e, d,n) given in Theorem 1.5. To prove
that h(e,d,n) < u, we need to find a bipartite graph G with n vertices in each color class
and density at least d such that every subgraph of G' with u vertices in each color class
contains an e-hole. The following construction will be central for the proof.

Let k and t be positive integers, and [¢] denote {1,2,...,t}. Let G (k,t) = (V1, V2, E)
be the bipartite graph with

Vi={x=(21,29,...,2¢): 1 <2, <k 1<s<t}

‘/2:{}’:(917927---,%) . 1§ys§k71§5§t},
and xy € F if and only if x5 # y, for each s € [t], where x = (21, 29,...,2;) € V} and

y= (y17y27"'7yt) S ‘/2
Observe that G(k, t) is a bipartite graph with k" vertices in each color class and density

(%)t For G (k,t) we prove the following property. From now on we set n; = k' .

Lemma 3.1 Let k and t be positive integers and let 0 < € < 1/4k. For every Uy C W],
Us C 'V, such that

) e N2kt (14 4ek\*
mind0 100} = 1 () (240

there exists an e-hole in the subgraph of G (k,t) induced by the sets Uy and Us.
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Proof: ~ Suppose that there is no e-hole in the subgraph of G(k,t) induced by the sets
Uy, Us. We will estimate min{|Uy|, |Uz|} from above.
For each s = 1,2,...,t, the integer i € [k] is called rare with respect to s in Uj if

Hx € Uy :zs =i} < €|Uq].

Otherwise i is called frequent with respect to s. Let R! be the set of all rare values i € []
with respect to s in U; and F! be the set of all frequent values i € [k] with respect to s
in U;. Similarly, let F2 be the set of all frequent values i € [k] with respect to s in Us.
Note that F! N F? = () for each s € [t], since otherwise the vertices x € U; and y € U,
with z, = y, =i € F! N F? would form an e-hole between U; and Us.

Next we are going to prove that more than half of the vertices in U; have each less
than 2ek rare coordinates. At the same time we give an upper bound on the number of
such vertices which enables us to estimate |U].

For every x = (x1,...,%,...,2;) € V1, define Sy = {s:z, € RL}. Let V/ ={x € V;:
|Sx| < 2ekt} and Uy = Uy NVY.

Claim 3.2 )
U] > 310l @)
e \2ekt (2ek*t + 50 |FY '
U] < Vi) < 2ekt (57 ( e ) . 3)

Proof of Claim 3.2: To prove (2), we use a standard double counting argument. Con-
sider an auxiliary bipartite graph M = (Uy, [t], E(M)) in which a pair {x, s} € E(M) if
and only if z4 € R}, where x = (z1,22,...,2;) € U; and s € [t]. By the definition of R},
it is easy to see that degy (s) < ek|U;| for any s € [t]. Therefore there are fewer than
$|U1| vertices x € Uy which satisfy |Sx| = degar (x) > 2¢kt.

Now we prove (3). Let L C [t] with |L| < 2ekt. Then by the definition of Sy,

{xevi:Se=r} <[[IR} ] IF)I

qeL set]\L

vii< >0 EHCTT IR (4)

LC[t],|L|<2¢ekt set]\L

Hence

Since the geometric mean is not larger than the arithmetic mean, we obtain

w<mis @ <kl+2§:1!F;’)t. -

1<2ekt

Since | < 2ekt < t/2, we have (}) < (,),) < (2&)26]“’ and

e\ 2¢kt 2€k2t+zt7 |F}| ¢
I < _ s=11"s
Vil < 2ekt (57) ( t ) ’ ©)
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which completes the proof of the claim. [ |

Now we continue the proof of Lemma 3.1. By Claim 3.2

2kt [ ekt to !
U] < 20 < 2V < et () (A2 BT (7)
2ek t
Similarly,
e \2¢kt 2kt + 31 |F2| '
dekt <—) s=1 51 )

Since F} N F2 = () for each s € [t], we have 1| |[F} < % or Y'_| |F?| < % Therefore,

¢
: e \2ekt [ 2ekt 4+ X
min{|U], |Us|} < 4ekt (ﬂ) (% ()
2¢ekt L t
- () e (5]

Applying the inequality 4ekt < (1 + 4ek)’, we finally obtain that

. e 2¢ekt o k ¢
min{|Uy|, |Us]} < <ﬂ) (1 + 4ek) (5) (11)
e \2kt (14 dek\*
- m(i%) ( V2 )’ (12)
which completes the proof. [ |

Now for any n > nq, let r and ¢, where 0 < g < nq, be the positive integers such that
n = rny +¢q. We “blow up” the graph G(k,t) in the following sense: fix any ¢ vertices
in each color class, and replace each of them by r + 1 new vertices. At the same time
replace every other vertex by r new vertices. Finally, replace every edge of G(k,t) by
the corresponding complete bipartite graph (K, ,, K,11,, or K,41,41). Denote this new
graph by G, (k,t) = (V*, V5", E)). It is easy to see that

r (E%i)igﬂGdh@)§r+l(E%i)ﬁ (13)

r+1 r

For this graph we now prove the following lemma which is very similar to Lemma 3.1.
Recall that n; = k.

Lemma 3.3 Let k and t be positive integers and let 0 < € < 1/4k. For every n > ny,
and for all Uy C V", Uy C V' such that

. e \2kt (14 4ek\ >
Hllrl{|U1|, |U2|} Z 2n <ﬂ) (7) s

there exists an e-hole in the subgraph of G, (k,t) induced by the sets Uy and U,.
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Proof: ~ Assume that there is no e-hole in the subgraph of G, (k,t) induced by the sets
Uy, Us. For each s € [t] , define rare and frequent values i € [k] with respect to s, for U
and Us, in the same way as in the proof of Lemma 3.1. We follow the lines of the proof
of Lemma 3.1. The only novelty is to multiply the right hand side of equations (4) — (11)
by r + 1. Therefore, we have

_ e \2kt (1 +4dek\*
min{|Uy|, |Us|} < (r+ 1)ng <ﬂ) ( 7 ) :
Since (r 4+ 1)/r <2, and thus (r 4+ 1)n; < 2rny < 2(rny + ¢) = 2n, we obtain
_ e \2kt (14 dek\*
min{|Uy], |Ua|} < 2n <ﬂ) ( v ) . (14)
u

The goal of blowing up G(k,t) was to obtain graphs with more vertices than n; and
still having e-holes in large subgraphs. Next we consider a random “contraction” of G(k, t)
to obtain graphs with fewer than n; vertices and with the same property.

From now on, to make our description simpler, we set

k
a = log, P 0 = logy, 2—2¢k log,, %

ek —2log, (1+4€k), ng = max{ni’am, n?é/Q}.

Note that ng < n; when k£ > 3, and under this notation,

N0 = d(G (k1)) = (%)t

5 ( e )261“ 1+ 4ek\*
n’=(=— .
! 2¢k V2
Lemma 3.4 Let k > 3 be a positive integer, 0 < € < 1/4k, and t > ty = to(k,€). Then,

for every ng < n < ny, there exists a graph G, = (V{*, V3", E™) with n vertices in each

and

color class such that

k—1
n;¢ <d(G,) < ny <, (15)
k—1
and for all Uy C V" |, Uy C VJ* with
. e \2¢kt (1 + dek\
mln{|U1|,|U2|}Z4n <ﬂ) (7) )

there exists an e-hole in the subgraph of G,, induced by the sets U; and U, .
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Proof: ~ We define a random subgraph G*(k,t) = (V{*, V5, E*) of G(k,t) by choosing
uniformly an n-element subset V}* of V;, and independently, an n-element subset V" of
V5, and including to E* all edges of G(k,t) with one endpoint in V}* and the other in V.

For each v € Vi, let N(v) denote the neighborhood of v in G(k, t). Then |N(v)NV5|is a
random variable with hypergeometric distribution of expectation E(|N(v) N V5|) = nny®.
Applying Chernoff’s inequality ([7], page 27, formula (2.9)),

1 —a ygp 2
Prob <E|v e Vi |IN(v) N V5| — nng®| > Ennfa) < 2pqe /3R (16)

Define
F={n=(F,...,F,) where F; C [k], i=1,...,t}.

Clearly, | F| = 2k = p"¥ "% For every 7 € Fand x = (21, ..., 25, ..., 24) € Vi, i = 1,2,
define ST = {s: x5 € [k] \ Fi} and Vj(7) = {x : |ST| < 2¢kt}.

For each m € F, and i = 1,2, |V;(w) N V;*| is a random variable with hypergeometric
distribution. If [V;()| < ni™%, then

E(|V; (m) N V;]) = —|Vi(m)| < nny? (17)
1
Therefore, by Chernoft’s inequality (([7], page 28, formula (2.10)),

kIn2/Ink
Prob (3m € F and Ji € {1,2} : |Vy(m)| < n}™° but |Vi(r) N V;*| > 2nn;°) < nlié,

Ty
where ¢ =In2 —1/2.

Since nn;® > max{n®? n®/?} and §,« do not depend on t, for sufficiently large ¢ the
right hand side of (16) and (18) are each smaller than 1/2, yielding the existence of an
induced subgraph G,, = G(k,t)[V;*, V3'] of G(k,t) with |[V*| = |V3'| = n, which satisfies
(15) and such that

5/2
Y

Vi€ Fi=1,2:|Vi(m)] > ni™ or |Vi(m) N V"] < 2nny®. (19)

Now take any U; C V{*, Uy C V' with no e-hole between U; and U,. These two sets
determine, as in the proof of Lemma 3.1, two sequences 7! and 72 of sets of frequent
values F} and F? such that F} NF? =0, s =1,...t. Let U/ = |Vi(7") N V| be defined
as in the proof of Lemma 3.1. Then, as it was shown in that proof, |U;| < 2|U/|, and

min{[ Vi (xh)][, [Va(m?)[} < ni~°.
Hence, by (19),
Uil < 20 =2|Vi(z") N V"] < dnny®
e \2kt (14 dek\*
- ()
2¢k V2
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for : = 1 or ¢ = 2, a contradiction. [ |
Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5: Fix any 0 < € < ¢y, and let k > 3 be the integer such that

< — 2
Bkt 1) = 25k (20)

Fix any 0 < d < dy < 1/8, and let ¢ be the integer such that

1 /k—1\" 1 /k—1\'
Y cae (52 -

Observe that k < t, since otherwise

L k—1\"_1/k-1\"_1
Sl >_(—) >=->d,
2 k -2 k — 8
a contradiction.
Now recall that ny = max{n:fé/ 2, n?a/ 2} and consider two separate cases.

Case 1. n >n; =kt
Take the blown-up graph G, (k,t). By (13), we have

A(Go(k, 1)) > — (%)t > % (%)t > d.

“r+1

Thus, by Lemma 3.3

e \2kt (1 + dek\

Case 2. ng <n<mny
Take the graph G,, satisfying Lemma 3.4. By (15), we have, again,

k—1
d(Gp) > ny® >d.
Thus, by Lemma 3.3
e \2kt (14 dek\*

Combining these two cases, we conclude that (23) holds for every n > ny. By reshaping
the right hand side of (23), we arrive at

h(e,d,n) < 4n (% (%)Hly (24)

< 4And?, (25)
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where (1 . In k))
t(In2 —2ekln 5 —2In (1 + 4e
O = 2k - . (26)
In2+(t+1)n=5

In what follows we will be relying on (20) and the well-known inequalities
z/2<In(l+4+z) <z (27)

valid for 0 < x < 1. First notice that

lnkﬁlgki1§ki1<75e (28)

and
1n2+(t+1)1nkf1 <1475t + e < 100(¢ + 1)e. (29)

Also

e 1
In2 — 2ekIn — — 21In (1 + 4ek — 30
n ekln o— n(l+ e)>10 (30)

when € < 1/25k. Indeed, ¢(z) =In2 —2In ¢ —2In(1 + 27) is decreasing when z < 1 and
¢(2/25) > 1/10.
Combining (25), (26), (29), (30) and the fact that t/(t + 1) > 1/2, we have

h(e,d,n) < 4nd"/?0% (31)
2t
It remains to estimate ng = max{n:lw 2, ni’a/ *1. Observe that nf = (%)%kt < V2 ) and

n{ = (i)t We have

k—1
- ()" ()
_ [2 (%)t] n (33)
< (1/d)", (34)

where
3t [In2 — 2k In 55 — 2In(1 + 4ek)]

k
2tlnm +2In2

’]’] =
Applying (27) and (20), we have

In 2 1
3ln <3kn2 < —.

TS Sk — 1) 12¢

THE ELECTRONIC JOURNAL OF COMBINATORICS 9 (2002), #R1 13



So, by (34), we obtain

n3% < (1/d)V 12 (35)
We also have
soa_ K\ F T
n** = (ﬁ) < [2 (ﬁ)] < (1/d)*>. (36)
Comparing (35) and (36), it is easy to see that n3% > p2?  gince 1/(12¢) > 3/2 when
¢ < 1/50. Hence, ng < (1/d)"129. u

4 Applications

As an immediate application of our Theorem 1.3, we improve slightly an upper bound on
the cycle partition number of an r-edge-colored K, , discussed in [6]. The cycle partition
number of an r-edge-colored graph G is defined to be the minimum £ such that whenever
the edges of G are colored with r colors, the vertices of G can be covered by at most k
vertex-disjoint monochromatic cycles. Erdés, Gyarfas, and Pyber ([3]) proved that the
cycle partition number of r-colored complete graphs K™ is O(r?Inr). They also raised
the question whether the cycle partition number for the complete bipartite graph K, ,,
is independent of n. In [6], Haxell proved that the upper bound on the cycle partition
number for an r-edge-colored K, , is O((rInr)?) ([6]). Replacing Lemma 2 from [6] by
our Theorem 1.3, this can be improved to O(r?Inr). We omit the details.

We conclude the paper with another application leading to what we believe is an
interesting problem. Let B(m,A) be the family of all bipartite graphs with m vertices
in each color class and maximum degree at most A. We say that a graph G is (m, A)-
universal if G contains a copy of H for every H € B(m,A). In [1] and [2] the problem
of finding minimum M = M (m) for which there exists an (m, A)-universal graph with M
edges is investigated. Here we apply Theorems 1.3 and 1.4 to a related problem.

Given A > 1,0 < d < 1 and n, let g(A,d,n) be the largest integer m such that
every bipartite graph G with n vertices in each color class and at least dn? edges is
(m, A)-universal.

Proposition 4.1 For all A > Aq and d < dy, there is ng such that for all n > ny,

%,n/dC1(d/2)A Sg(A,d,n) S 4ndC2A/lnA’

where ¢; and ¢y are absolute constants.

Proof:  For the proof of the upper bound we need to find, for every n > ng, a bipartite
graph G with n vertices in each color class and d(G) > d, as well as a graph Hy € B(m, A)
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such that Hy € G. As G we will use the graph considered in the proof of Theorem 1.5
which is known to contain an e-hole in every m by m subgraph, where m = 4nd®/¢.

With this approach, a natural candidate for Hy is then a graph with no large holes.
By considering a random bipartite graph with 2m vertices in each color class and with
edge probability A/(4m), a standard application of the first moment method yields the
existence of a graph Hy € B(m, A) which contains no 91n A/A-hole. Setting e =9In A/A,
this proves the upper bound with ¢, = ¢/9, where ¢ is the constant appearing in Theorem
1.5.

For the lower bound, in addition to Theorem 1.3, we use the following embedding
result.

A

Lemma 4.2 ([5], Lemma 2) FEvery bipartite, (0, o)-dense graph F with at least = "m

vertices in each color class is (m, A)-universal. |

Given A, d and n, set € = (d/2)* and

1
m = 571((1/2)A(112/E > —npd'/e,

N —

By Theorem 1.3, every bipartite graph GG with n vertices in each color class and at least
dn?® edges contains an (e, d/2)-dense subgraph F with at least 1nd'?/¢ = (d/2)~*m vertices
in each color class. By Lemma 4.2 with 0 = d/2, F'is (m, A)-universal and so is G. This
proves the lower bound with ¢; = 14. [ |

It seems to be a challenging problem to narrow the gap between the lower and upper
bound in Proposition 4.1. We believe that the upper bound is closer to the true value
of g(A,d,n). The proof of this fact, however, would require an essential strengthening of
the current graph embedding methods.

It is interesting to note that the nonbipartite version of graph G(k,t) which serves as
a basis for constructing a counterexample in Theorem 1.5, and consequently in the right
hand side of Proposition 4.1, was proved in [1] to be (k?, A)-universal if only k = k(A) is
sufficiently large.

Acknowledgment. We thank Andrzej Dudek and an anonymous referee for careful
reading of the manuscript.
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5 Appendix

At the end of Section 2, we sketched how to prove Theorem 1.1. Here we give all the
details of that proof.

Proof of Claim 2.3. Assuming that H contains no pair satisfying conditions 1 or 2,
we will prove that H must contain a pair satisfying condition 3.

Since, in particular, the pair (V, V,#) is not (e, H)-regular, there exist A} C V{#, B] C
VA with |A)| = |B}| > em satisfying either

d(A}, BY)) > (14 ¢€/3)d(H), (37)
or

d(A},By) < (1 —¢€/3)d(H). (38)
If (37) holds, then we have a pair satisfying condition 2. So (38) holds, and by an
averaging argument, we can take A; C A}, By C Bj satisfying |A;| = |B;| = §m and

d(Ay, By) < d(A},B}) < (1 —¢/3)d(H). Let Fy be the graph obtained by removing A,
from V{¥ and B; from V7.

We apply the same argument to Fj, and in general, after [ steps, | < 1/e, we define
[ disjoint pairs (Ay, B1),---, (A4, By) of size [A;| = |B;| = §m such that d(4;, B;) <
(1 —€/3)d(H), 1 < i < [. Assume that F] is obtained by removing Ué’:l Aj from V/f
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and ngl B; from Vj. By our assumption that H does not contain a pair satisfying
g . ! ! .
conditions 1 or 2, there exist A}, C V" \U;_; A;, Bj,; C V" \U;_; B; of size |4} | =
|B1| > e(1—=1e/2)m > $m satisfying d(A;H, Bj,,) < (1 —¢/3)d(H), and again we
can find Al+1 C AlJrl such that Bl+1 C BlJrl, |Al+1| = |Bl+1| —m and d(Al+1, Bl+1)

(1 —¢/3)d(H).

After 1/e steps the sets Ul/6 Aj cover a half of Vi, and the sets Ujlfl B; cover a
half of V5. Set Vi = U;/:iAja Vo =U/L By, eo = e (Vi,Va) o1 = e (Vi, VT \ V2) L en =
e (Vi \ V1, V%), and e ze(WH\‘Z,VQ \VQ)

We claim that there exists a pair (Uy, Us) satisfying condition 3. Indeed, if

eo < (1—€*/4) d(H)m*/4,
then
€1+€2+€3:d(H)m2—€0 > 3 (1"‘—) d(H)—

and therefore, there exists ¢ € {1, 2,3} such that

62 m2
> 1+ —= H)—.
e_(+12)d()4

Let (Uy, Us) be the pair defining e;. It is easy to see that (Uy, Us) satisfies condition 3.
If eg > (1 — €2/4) d(H)m?/4, we define e;; = e (A;, B;). By the choice of pairs (A4;, B;),
we have e; < (1 — £)d(H) (%)2 for every ¢ < 1/e. Therefore

1/e 9 9
€ m 1 € €m 2
Zi:;ezg—% Z; e (A, B;) > (1—Z)d(H)T—Z<1_§>d(H)<7>
2

m

1- [pa

> ( €+12) d( )4

For any I C {1,...,1/e},|I| = 1/(2¢), we define

Y W

i€l je{l,..,1/e\I

Then ), e (I) counts each e;; (1/1(/2331) times, where ¢ # j. Therefore, there exists I such
that

o 2 1—e+ <) dm?/4 2 5
ZI ( (1/1 2¢)— ( 12> ( ) m

e (I) iy € - € €Z 1 + d(H)—
BT e T 5)

Set Uy = U,e; Ais U2 = U,y Bj- Then (Uy, Uz) is a pair satisfying condition 5. [ |
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Proof of Theorem 1.1. Let G = (V4, Vi, E) be a bipartite graph with |Vi| = |V2| = n
and density d. If G contains a pair (Uy, Us) satisfying condition 7 in Claim 2.3, then, due
to Fact 2.2, (U, Us) is an e-regular pair with |U| = |Us| > n/2 .

Assuming that G contains no pair satisfying condition 7 in Claim 2.3, and applying
Claim 2.3 to G, we can find either a subgraph G(1 ) C G with at least en/2 vertices in
each color class and density at least (1 + €/3)d, or a subgraph G(o1) C G with at least
n/4 vertices in each color class and density at least (1 + €/12)d.

Without loss of generality, we may assume that the former is true. If G(; ) contains
a pair satisfying condition 7 in Claim 2.3, then this pair is e-regular. So, again, assuming
that G0y contains no pair satisfying condition 7 in Claim 2.3, and applying Claim 2.3
to G(1,0) , we can find either a subgraph G(s,0) of G(1,) with at least n(e/2)* vertices in
each color class and density at least (1 + ¢/3)%d , or a subgraph G(1 1y of G(1,) with at
least ne/8 vertices in each color class and density at least (14 €/3)(1 + €%/12)d.

Suppose we have iterated this process (s1, s2) times, where s; is the number of times of
obtaining pairs satisfying condition 2in Claim 2.3, and s5 is the number of times obtaining
pairs satisfying condition & in Claim 2.3. Then we obtain a subgraph G, s,) of G with
at least n(e/2)%(1/4)%2 vertices in each color class and density at least (1+¢/4)™ (1 +
€2/12)%2d. Because the density of no graph is larger than 1, this process has to stop in
finite times. Let (¢1,t2) be the number of times we iterate before the process stops, then
(1+¢/3)" (1+€2/12)2d < 1.

At this point, we obtain an e-regular pair with at least % (e/2)" (1/4)" vertices in each
color class. It remains to estimate t; and t, from above. By the choice of 1, t5, we have
(1+¢/3)"d<1,and (1+¢/12)?d < 1, thus

In(1/d)
"= In(1+¢/3)

and

In(1/d)
S i+ /1)
Hence,
g(E/Q)tl (1/4)752 > gd¢ (39)
where In(2/e) In 4

O = Wt e3) (it /D)
Notice that In(1 + ) > /2 holds for 0 < x < 1. Therefore

61n(2/e) +481n2 c
€

<,

o < (40)

where c¢ is an absolute constant. Applying (40) to (39), we have
Se/2) (1/4)" = Zdol,

€2

[}

and consequently we have proved the existence of an e-regular pair in G with at least
%ndc/ < vertices in each color class. This completes the proof of Theorem 1.1. [ ]
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