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Abstract

We present generalisations of several MacWilliams type identities, including
those by Klgve and Shiromoto, and of the theorems of Greene and Barg that describe
how the Tutte polynomial of the vector matroid of a linear code determines the rth
support weight enumerators of the code. One of our main tools is a generalisation
of a decomposition theorem due to Brylawski.

1 Introduction

Since the 1963 article [8] by F. J. MacWilliams, coding theorists have paid considerable
attention to the support (Hamming) weight distribution of linear codes. In later years,
this interest has increased due to results such as those by Wei [16] on rth generalised
Hamming weights, Klgve [6] and Simonis [13] on rth support (Hamming) weight distri-
butions (effective length distributions in Simonis’ terminology), and Shiromoto [11] on
A-ply weight enumerators. Section 2 of this paper introduces notation and the various
enumerators, by presenting the MacWilliams identities [8] as well as their generalisations
by Klgve [6] and Shiromoto [11]. The two main results of this section, Theorems 3 and 7,
generalise these results. Proofs of these theorems appear in the later sections.

In Section 3, we generalise theorems due to Greene [5] and Barg [1] that describe
how the Tutte polynomial of the vector matroid of a linear code determines the rth
support weight enumerators of the code. We obtain two theorems which turn out to be
equivalent to each other and to the ‘Critical Theorem’ by Crapo and Rota [4]. The main
tool is a generalisation of the characterisation of Tutte-Groethendieck polynomials due to
Brylawski [3]. As applications of these theorems, we prove Theorems 3 and 7 of Section 2.

In Section 4, an alternative proof of Theorem 7 is presented. This proof relies on
coding-theoretical arguments rather than on matroid theory.

We assume a basic knowledge of matroid theory; for an excellent introduction to the
topic, see [10, 17, 18].
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2 Support enumerators of a linear code

Let I, be the finite field over ¢ elements and let £ denote a set of n > 1 distinct elements.
For purposes of readability throughout this paper, we will denote by {f.} 1 any multiset
{fc | e € A} whose elements f. are labeled by the elements e of A C E. A linear code
on I over [, is a subspace C of the vector space ]FqE v ={v.}g is a word of ]FqE , then
let the set S(v) = {e € E | v. # 0} denote the support of v. The (Hamming) weight
function w(v) = |S(v)| of a word v € F} is equal to the number of non-zero coordinates
of v.

For each i = 0,1, ... let A; be the number of codewords in C' with weight i. The support

weight enumerator
n
= E AiZZ
i=0

is the generating function of the sequence {4, };>0. J. MacWilliams [8] proved the following
fundamental identity between the support weight enumerators of a linear code and its

dual.

Theorem 1 (MacWilliams identity) [8/ If A(z) and B(z) are the support weight enu-
merators of a linear k-dimensional code C' C ]]?‘flLJ and of its dual C*, then

(14 (- 1) A7)

1
q* 1+(qg—1)z

B(z) = .

A generalisation of the support weight enumerator is the support enumerator A({ze} E)

given by
{Ze}E Z AE/ H Ze

E'CE eckE’

where Ap denotes the number of codewords whose support is £/ C E. By setting
z. = z for all e € E, we obtain the weight enumerator. The following theorem is the
MacWilliams identity for support enumerators. A proof will be provided in Section 4, but
for now remark that it follows from an equivalent result, Proposition 2 in [14], or from
stronger results such as Theorem 7 below or Theorem 14 in [9, Ch. 5. §6]. Note that we
obtain the MacWilliams identity by setting z, = z for all e € E.

Theorem 2 Let C C FZ be a k-dimensional linear code. If A({z.}g) and B({z.}g) are
the respective support enumerators of C' and the dual code C*, then

1 1—2z
B(t)e) = LTI+ - va))a( {20 1),
(tz}e) ¢* 1[0+ fa=1)z) ( I+ (g—1z/)r
eclk
A further generalisation of the support weight enumerator is the m-tuple support enu-

merator
{ze}E Z AE, H Ze

E'CE eckE’
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where Ag’f] denotes the number of ordered m-tuples of codewords in C' whose union of
supports is E’'. The corresponding MacWilliams identity for m-tuple support enumerators
is as follows.

Theorem 3 If A" ({z.}g) and B ({z.}g) are the m-tuple support enumerators of a
linear k-dimensional code C' C ]FflLJ and of its dual C* for some m > 0, then

B ({z}p) = qum (TT(+ (@ = 1)) A ({ 1+ (1q; iel)ze }E) ‘

We will prove this result in Section 3.

Corollary 4 For each subset E' C E it holds that

> BEl=@mFE Y ARl

ENQE/ E//QE‘\E/

Proof. Set z. = 1 for each element e € E’ and z, = 0 for each element e ¢ E’. Now
apply Theorem 3. 0

Define the numbers Az[m} = Z Aggﬂ fori =0,...,n.
E':|E!|=i
Let the m-tuple support weight enumerator of C' be
given by the sum

Alml(z) = Z Az[m} 2.
i=0

Note that A™(z) may be obtained by setting all z, equal to z in A ({ze}E) As an im-
mediate corollary of Theorem 3, we obtain the following generalisation of the MacWilliams
identity by K. Shiromoto.

Theorem 5 [11]
If A™(2) and B™(2) are the m-tuple support weight enumerators of a linear k-
dimensional code C' C ]Ff;J and of its dual C+ for some m > 0, then

1 1—=2
B = (1 (A ()
A different generalisation of the support weight enumerator of a linear code C' involves
the rth support weight distribution {AZ@ | i > 0} of C' where
AN = [{C" | " is an r-dimensional subspace of C' and ) U S(v)) = i}|.
veC’
The rth support weight enumerator is the corresponding generating function

A (z) = Z Agr)zi :

>0
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The next theorem is the MacWilliams identity for the rth support weight enumerator, due
to T. Klgve [6]. Shiromoto [12] proved the equivalence between this result and Theorem 5,

and J. Simonis [13] has proved a result which is equivalent to both these results.
b1

Let [a], denote the product H(qa —q").
i=0

Theorem 6 [6] If A")(2) and B")(z) are the rth support weight enumerators of a linear
k-dimensional code C C ]Ff and of its dual C* for all r such that 0 < r < k, then the
following identity holds for all m > 0:

k

S Il B = (14 7 2)" Y A i m2)

r=0 q r=0 (q

To generalise the rth support weight enumerators, define the rth support distribution
{AY) | E' C E} of C where

AD) = [{C" | C" is an r-dimensional subspace of C' and U S(v) = E'}.

veC’

The rth support enumerator is the sum

A(r ({z}E) = Z AE, H Ze -

E'CE e€E’
Note that the support enumerator A({ze} E) is given by the sum

O({zebe) + (¢ = DAV ({zc}p) = 1+ (¢ = DAY ({z}p) -

The following theorem generalises both Theorem 2 and Theorem 6. The former may be
obtained by setting m = 1 and the latter may be obtained by setting z. = z for all e € E.

Theorem 7 If A" ({z.}r) and B" ({z.}g) are the rth support enumerators of a linear
k-dimensional code C C ]FflLJ and of its dual C* for all v such that 0 < r < k, then the
following identity holds for all m > 0:

Z[m]rB(r)({Ze}E) =
([0 =020) YA ({55,

eck r=0

Theorem 3 and Theorem 7 are equivalent. This follows from the following oft-proved
theorem (originally due to E. Landberg [7]).
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Theorem 8 Let C' be an r-dimensional subspace of Ff. The number of ordered m-tuples
of vectors (vy,...,vy) € C™ which span C' is independent of the actual subspace C.
Indeed, this number equals [m],.

Let C C IFf be a linear code and let £’ C E. The family of ordered m-tuples of vectors
in C', whose union of supports is £/, may be partitioned into m+ 1 blocks, according to the
dimension r of the span of the m vectors. Furthermore, Theorem 8 stipulates that there

are precisely [m], m-tuples (vy,...,v,) of codewords of a fixed code C’ of dimension r
such that vy,..., v, span C’". Together, these two observations imply
k
Proposition 9 For each subset E' C E it holds that Ag’f] = Z[m]rAg,). Hence,
r=0
k
A ({2} ) = Sl AD ({2} ).
r=0

The equivalence of Theorems 3 and 7 now follows. By setting m = 1, the equivalence
of Theorems 5 and 6 is therefore also re-proved.
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3 The vector matroid of a linear code

Let G be a generator matrix for a linear code C' C FY. The vector matroid M¢ = M|G]
is the matroid over E whose independent sets are the linearly independent columns of G.
The code C' and the matroid M are quite closely related. For instance, it is easy to
show that M is independent of the chosen generator matrix G' and that the dual matroid
corresponds to the dual code:

ME = M. However, the code C' contains more information than the matroid M.
Indeed, a matroid M may, over the same field, be the vector matroid of several linear
codes which are not monomially equivalent. The results in this section demonstrate how
some of the matroid’s properties determine many properties of the codes, in particular
the various enumerators mentioned in the previous section.

The characteristic polynomial P(M; \) of a matroid M on the set £ may defined by

the sum
P(M:)\) = Z(_l)\AI/\r(E)—r(A)
ACE
where 7 is the rank function of M. The rank generating function R(M;z,y) of M is
defined by the sum
R(M;z,y) = 3 "By lal=r(4)
ACE

Note that P(M;)\) = (—=1)"®)R(M; -\, —1). By an easy application of the identity
r(E)+r*(A) =|A|+r(E\ A) one may show the duality identity

RM™;z,y) = R(M;y, ).

The following celebrated theorem by H. Crapo and G.-C. Rota describes the set of supports
S(C) of a linear code. We have restated the theorem slightly, in a manner similar to that
of Greene [5].

Theorem 10 [4] The m-tuple support enumerator of a linear code C C ]Ff s given by
"({zde) = Y PMe/(EN A)sq™) ][] =
ACFE ecA

In particular, the following corollary is obtained by setting m = 1. This result has
been derived independently in [2].

Corollary 11 The support enumerator of a linear code C' C IFqE s given by

A({zde) = Y PMo/(E\ A)q) [ -

ACFE ecA

The main importance of Theorem 10 and Corollary 11 is the fact that the matroid M¢
determines the structure of the set of supports of C'. In turn, this implies that the
codes representing M over F, share a common set of supports of codewords. Indeed,
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Theorems 16 and 17 below state that the m-tuple support enumerator and rth support
enumerator of any linear code which represents M over F, may be obtained by evaluating
certain polynomials associated with M.

C. Greene expresses the support weight enumerator A(z) of a code C' as an evaluation
of the rank generating function R(Mg¢;x,y) of the matroid M, as follows.

Theorem 12 /5] Let C' C ]Ff be a k-dimensional linear code. Then the support weight
enumerator A(z) of C is given by
1—2
A(z) = (1— ’““*’“R( e )
() = (1= 2" R (Mes 12,
The application of the duality identity R(M¢g1;x,y) = R(Mc;y, x) allows Greene to
re-prove Theorem 1. This procedure is repeated by A. Barg [1] who expresses rth support

weight enumerators A")(z) by the rank generating function and uses this to re-prove
Theorem 6.

Theorem 13 [1] Let C C FZ be a k-dimensional linear code. If A™)(z) is the rth support
weight enumerator of C' where 0 < r < n, then it holds for all m > 0 that

i[m]rA(r)(Z) =(1- Z)kz"*kR<Mc; q"z ’ 1— z)

1—=2 z
r=0

We will also follow this method, in order to express the rth support enumerator in
terms of matroid properties. For this purpose, we will generalise the rank generating
function. Let R be a domain and let R(X) be the ring of rational forms over R. Associate
to each element e € E an indeterminate variable z, over R. If g and h are functions
on R(X), then define a generalised rank generating function R,n(M;x,y,{z.}r) by the

sum
Zx —r(A) |A\T(A<nge>thf

ACE ecA fEA

Note that we obtain the usual rank generating function by letting g and h be the identity
function, and setting z, = 1 for all e € E. L. Traldi [15] has independently investigated a
closely related polynomial (a generalised Tutte polynomial for doubly weighted matroids).

Proposition 14 Ry (M 2,y,{zc}p) = Bng(M;y, 7, {z} ).
Proof. We apply the identity r(E) +r*(A) = |A| +r(E\ A):
Rg,h(M*; T, Y, {ZG}E)

=Y @@yl <H9 2 ) I 7z5)

ACE ecA fEA
_ Z I B\AI=r (B\A) r(B)=r(B\A) <Hg 2 ) H h(zy)
ACE ecA fEA
_ Z 7 (B)=r(4) \A|—r(A><H h(ze)) H en
ACE ecA fEA
= Rh,g(M;yax7 {Ze}E')' O
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The following theorem generalises the characterisation [3] of Tutte-Groethendieck poly-
nomials of a matroid due to T. Brylawski. A result which is closely related to the first
part of Theorem 15 appears in [15].

Theorem 15 If g and h are functions in R(X), then the generalised rank generating
function R, , is the unique function f(M,x,y,{z.}r) on a given minor-closed class A of
matroids M and variables © Uy U {z.} g which satisfies the following conditions:

1. f(UO,lu z,y, Ze) - yg(ze) + h(Ze) and
f(Ul,la z,Y, Ze) = g(ze) + .Th(Ze),'

2. If e is a loop or a coloop of M, then
f(Ma z,y, {Ze/}E> = f(M(e)a Ty, Ze)f(M \ €T,Y, {Ze/}Efe)

3. If e is a neither a loop nor a coloop of M, then
f(M7 x,Y, {Ze’}E) =
h(Z€>f(M\€, z,y, {Ze’}E'fe) + g(ze)f(M/ea z,y, {Ze’}E'fe»
Furthermore, if g(x) and h(z) are functions in R(X) such that g(x),h(z) # 0, and

fM,z,y, {2} r) is a function satisfying conditions 2 and 3, then for all e € E it holds
that f(M,x,y,{ze}E) is equal to

f(Ul,la z,Y, Ze) - g(Ze) f(UO,la x,Y, Ze) B h(ze)
h(ze) ’ 9(ze)
Proof. The proof is straightforward.
Ryn(Up1, 2,4, 2e) = xr(e)—r(@)y\wl—r(w)h(ze) + xr(e)—r(e)y\el—r(e)g(ze)
= h(z) +yg(z.) and
Ryn(Upy, 2,9, 2) = xr(e)—r(@)y\wl—r(w)h(ze) + xr(e)—r(e)y\el—r(e)g(ze)
= g(2e) + zh(ze)

Rgﬁ(M;

) {Ze’}E)-

so R, satisfies condition 1. To show that R, also satisfies conditions 2 and 3, observe

that
By (M, 2.y, (k) = D @@ Oyli=r O (T () T hz)
ACE e'€A feA
> (TT o)) (IT #)F(a)
ACE—e €'€A f¢AUe

where F(A) = h(z,)a" M=y AI=r(A) 4 gz, )grM)=r(AUe)y [AVel=r(4Ue) Ty order to evalu-
ate F'(A) further, we must distinguish between three cases: e is either a loop, a coloop,
or neither of these. Suppose that e is a loop. Then r(M) = r(M\e) and ry(A) =
rm(AUe) =7rpape(A) for all subsets A C E — e so
F(A) = yh(z)z" rMA) =T e (A) g IAI=Tanne(A) 4
yg(z)a" MO Tan(A) - rane(4)

= (h(ze) + yg(ze))(wr(M\e)’W\e(A’y‘A"’”M\e(A)) .
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Since h(Ze) + yg(’ze) = Rg,h(UO,la LY, Ze) = Rg,h(M(e)a z,y, Ze)a we see that
Rg,h(Ma x,Y, {Ze/}E> = Rg,h(M (6)7 z,Y, Ze)Rg,h(M \ €,T,Y, {Ze/}Efe)'

The two remaining cases are similar, and R, j, satisfies conditions 1 and 2. The conditions
1, 2, and 3 recursively define R, ;, which proves the uniqueness of the function R, .

Suppose that g(z) and h(z) are functions on R(X) such that g(z), h(z) # 0, and that
J(M,z,y,{z}r) is a function which satisfies conditions 2 and 3 for all M € A. Let Fj
and F) denote the terms

f(U0717 x,Y, Ze) - h(ZE) f(Ul,h €,Y, 26) - 9(26)
9(2) and h(z) ’

respectively.

First note that f(M, z,y, {ze } ) is equal to R, ,(M; F1, Fy,{ze' } ) for M = Uy 1, Uy 1.
Now let M € A be a given matroid on F, and let e be an element of E. Assume that
fM' 2, y,{ze}E) is equal to Ry ,(M’; Fy, Fy,{ze} ) for the minors M' = M\e”, M/e"
of M where €” # e is some element of E. Suppose that e’ is a loop of M. By assumption
and by two applications of condition 2, it follows that

Rg,h(M; Fy, Fo, {Ze'}E)

Ryn(M(€"); Fi, Fo, zen) Ry n(M\e"; Fi, Fo, {ze' } p—er)
= fM(e"); Py, Fo, zen) f(M\E"; By, Fo, {zer fp—en)
= f(M; Fy, Fo, {Ze/}E) .

The cases in which e” is either a coloop or an element which is neither a loop nor a coloop
are similar. The theorem now follows by induction on |E|. O

Let C' C IFqE be a linear code. A puncturing C'\ E' of C' by the coordinate set E' C E is
the code obtained by deleting from each vector v € C' the entries corresponding to E'. A
shortening C'/E' of C' by the coordinate set £’ C E' is the code obtained by first removing
from C' all vectors v € C whose support contain elements of E’, and then shortening

by E'. Note that C'\ E’ and C'/E’ are subspaces of Ff\E/ and that
Maeve = Me '\ E' and Me/pr = Mc/E'.

Any code C’ obtained from a linear code C' by a sequence of shortenings and puncturings
is a minor of C'. The corresponding matroid M¢ is a minor of M.
The following theorem generalises Theorem 12 for the m-tuple support enumerator.

Theorem 16 Let C C IFqE be a k-dimensional linear code. Then

A[m] ({Ze}E> = Rl—x,x(MC; qm’ 17 {ZG}E)‘

In particular, A({ZG}E) = Ri_p.(Mciq, 1, {z}E).
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Proof. Let M be the support matroid of each minor C” of C'. Consider the m-tuple
support enumerators A ({z}#) as a function A™ on the family of all minors C” of C.
In order to apply Theorem 15, we must show that A™ may be regarded as a function on
the family of all minors M’ of M. First, note that

AR () =1 and AJY (2) = 1+ (g™ — 1)z (3.1)

are well-defined since these are the only corresponding support enumerators of the mi-
nors C’ of C' which have only one coordinate.

Suppose that C" C ]Ff' is a minor of C' and let E” and ¢’ be a subset and a member,
respectively, of the set of coordinates E’ of C’'. If € is a loop of M, then €’ is not
contained in any of the supports of C’ so

AL {2y p) = AL ({zey prew) = AR (2) ABL ({2} o). (3.2)

If ¢ is a coloop of M, then €' is the support of some codeword v € C’. If € is not
contained in E”, then the number Ag’ﬁ] is the same for C” as for C"/e. However, if ¢ is
contained in E” then consider an m-tuple (vy,...,v,,) of codewords of C"\ ¢’ such that
U, S(v;) = E” —¢€'. By appending to each codeword v; one of the g elements of F, as the
(¢’)th coordinate, ¢™ new m-tuples are formed, of which only one does not have a union
of supports which contains e’. Conversely, any m-tuple (vq,...,v,,) of codewords of C’
such that U™, S(v;) = E” can be obtained in this manner. Note that C'/e’ = C"\ ¢’ since

¢’ is the support of some codeword. Hence,

A[CT'VIL] ({Ze}E’) = A[C??;L}/e/({ze}E’—e’) + (qm - 1)26/14[677}]\6/ ({Ze}El_e/)
= (1 + (qm — 1)26/)14[677}]\6/ ({Ze}El_e/)
— ijﬂl (Ze/)A[g}}\e/ ({Ze}El_el) . (33)

Now, suppose that €’ is neither a loop nor a coloop. If €’ is not contained in E”, then the
numbers of codewords whose support equals E’ are identical for C” and for C’/e’. On the
other hand, if ¢’ is contained in E”, then the number of m-tuples of codewords of C"\ €
whose union of supports equals E” — ¢’ is equal to the number of m-tuples of codewords
of ¢ whose union of supports equals either E” or £’ — ¢’

From this, it follows that

AG ({2} ) = (U= 2) AG ({zeh o) + 2 AGN, ({ze} £-0r). (3.4)

By induction, the identities (3.1), (3.2), (3.3), and (3.4) show that

A[gﬂ ({zc}#’) depends only on the matroid Mcr. Hence, condition 2 in Theorem 15
is satisfied by the identities (3.2) and (3.3), and identity (3.4) satisfies condition 3 in
Theorem 15 for the functions g : * — 1 —x and h :  — x on R(X). Theorem 15
concludes the proof. O
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As an immediate application of Proposition 14 and Theorem 16, we may prove Theo-
rem 3 as follows.

B[m] ({Ze}E>
= Riye(Moi3q™, 1, {2} 5)

= RoyoMei1,g" {zebp) = D0 (¢ (] =) [T - =)

ACE e€A fEA
_ km Z 7‘ E)—r(A) <H qm2e> H(l — Ze)
ACE e€A feA
_ qkim (ell(l +(¢" - 1);;6)) fi—va (Mc; 7" 1’{ 1+ (1q; iel)ze }E>
- (I o) (), ) D

The support generalisation of Theorem 13 is described in the following theorem.

Theorem 17 Let C be a k-dimensional subspace of IFqE. Then for each m > 0 it holds
that

k
Z[m]rA(r) ({Ze}E') = lex,x(MC; qm’ 17 {Ze}E'> .
r=0
Proof. Theorem 17 follows immediately from Proposition 9 and Theorem 16. U

Furthermore, Theorem 22 follows from Theorem 16, Theorem 17, and Lemma 21. In
turn, Theorem 22 implies that Theorem 12 and Theorem 13 are equivalent.

Theorem 7 follows as an immediate corollary from Proposition 14 and Theorem 17.

To conclude, we prove that the two latter theorems are also equivalent to Theorem 10:

Rl—x,x(MC7 qm’ ]-7 {ZG}E)

= 2@ (TI0-=0) [T

ACE e€A feA
_ Z(qm)r(m—r(m(Z DET] Z) I
ACE BCA eeB f2A
— Z Z 1)IBl(gm)rB)=rA) H Z
ACE BCA e€cBU(E\A)
_ Z <Z 1)1Bl () (B)=r(B\D)= (r(BUENA) —r(E\A) ) H'Ze'
ACE BCA ecA
Hence,
Riya(Mo, g™ 1, {z) = Y P(Mo/(E\ A);q™) [ ] 2 D
ACE ecA
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4 An alternative proof of Theorem 7

This section contains an alternative proof of Theorem 7 which does not depend on matroid
theory. The proof relies on Theorem 2 which, as mentioned in Section 2, follows easily
from a number of results. To make this section self-contained, however, a direct proof of
Theorem 2 is provided.

It is perhaps of interest to note that these proofs differ only very slightly, in an obvious
way, from one of the two original proofs [8] of the MacWilliams identity, and from Klgve’s
proof [6] of Theorem 6.

Proof of Theorem 2. Let x be a non-trivial character of F, and define g(u) for u € F;
by the sum

Z x((u,v)) H Ze .

veFE e€S(v)

We will now express the sum ) . g(u) in two different ways and then identify the
support enumerators A({z.}r) and B({z.}g). The first expression:

2000 =2, 2 xlfw) ]I =

ueC uGCve]FE eeS(v
=-> (11 ze)Zx u, v)
veFE  e€S(v ueC

If v € C*, then the inner sum equals |C|. On the other hand, if v ¢ C*,
then (u,v) assumes all values of I, an equal number of times, whence the inner sum

is 0. Therefore,
gy =1C1 > ] z==ICl-B({z}z). (4.1)

ueC veCL eeS(v)

For the second expression, consider g(u):

veFE e€S(v)
=2 11 xuevo:
veFF e€S(v)
= H(l + Z X(ueve)ze> )
ecE ve€Fg —0
If u, = 0, then the inner sum equals (¢ — 1)z.. Otherwise, the inner sum equals
Ze Z x(a) = —z.. Hence,
a€lfg—0
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S o =S (TT 0+ -1=)) [T 0 -

ueC ueC e¢S(u) e€S(u)
1—-2z
~(TTa+@=-02))> T o
eck ueC e€S(u) 1 T q N 1

- ([0t 1>Ze>>A({ﬁ}E) |

By noting that |C| = ¢*, we may combine the above expression of > - g(u) with the
expression (4.1) to obtain the identity stated in the theorem. O

In order to prove Theorem 7, a few initial lemmas are required. Let G be a generator
matrix for C' of rank k£ and for all [ let F; denote the family of [-dimensional subspaces
of IF’;. Any r-dimensional subspace D of C' may be represented by a generator matrix of
the form MG where M is a r X k matrix of rank r which is uniquely determined up to
row operations. Conversely, any such matrix MG generates a r-dimensional subspace D
of C'. Therefore, if Up denotes the subspace of IF’; which is dual to the row space of M,
then

Lemma 18 Foranyr < k, the map D — Up defines a bijection between the r-dimensional
subspaces of C and Fj,_,.

Let G, and (MG). denote the column of G and MG,
respectively, which corresponds to the element e. Define for each set U C ]F’; a corre-
sponding set s(U) = {e | G. € U}.

Lemma 19 If D is a subspace of C, then U S(v) = E\s(Up).

veD

Proof. E\ U S(w)={e| (MG). =0} ={e| M(G,) =0} = s(Up). O

veD
Let C™ = {vG | v € F. } be the code generated by G over Fym

Lemma 20 The support enumerator for C™ is

An({ze}E) = i[ . Ze.

r=0 U€.7:k re¢s(U)

Proof. Let U = {y € F%, |Vz € F* : (2,y) = 0if and only if z € U}.
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Ifye U, then S(yG) = {e | y(G.) # 0} = E\s(U). Note also that if U € F,, then
|U| = [m]i—r. Since {U | U is a subspace of F; } partitions F¥,, it follows that

Am({ze}E): Z H Ze = Z H Ze
)

veC(m) eeS(v) xGF’;m e€S(zG

IR (S 3 3 38 | I

r=0 UEF, yel e€s(yC) UEF, yel) egs(U)

From Lemmas 18, 19, and 20, we obtain the following lemma.

Lemma 21 The support enumerator for C™ is

k

Am({zede) =) (Ml AP ({2} p).

r=0

Note that Proposition 9 may be extended by Lemma 21 as follows.

Theorem 22 A" ({z.}5) = A, ({2.}5) = Z[m]rA(r)({ze}E).

r=0

Theorem 22 also follows from Theorem 16, Theorem 17, and Lemma 21.

Also note that Theorem 17 may be re-proved without the (indirect) use of Theorem 8.
Since the matroids Mg and M) are identical, and O™ is a code over Fym , it follows
from Theorem 16 and Lemma 21 that

k

Sl AY ({z}5) = An({z:)5)

r=0
= le:t,x(MC(m) ; qm7 17 {Z€}E>
= Rl—ac,ac(MC; qm’ ]-7 {ZG}E) :

Proof of Theorem 7. We apply Theorem 2 and Lemma 21:

i[m]rB(r)({Ze}E> = Bm({Ze}E)
_ qkim (g(l +(¢" - 1>Ze))Am ({ 1+ (lq; i61)% }E)
“w(llos o) ()
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