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Abstract
The degree/diameter problem is to determine the largest graphs or digraphs of given
maximum degree and given diameter.

General upper bounds — called Moore bounds — for the order of such graphs and
digraphs are attainable only for certain special graphs and digraphs. Finding bet-
ter (tighter) upper bounds for the maximum possible number of vertices, given
the other two parameters, and thus attacking the degree/diameter problem ‘from
above’, remains a largely unexplored area. Constructions producing large graphs
and digraphs of given degree and diameter represent a way of attacking the de-
gree/diameter problem ‘from below’.

This survey aims to give an overview of the current state-of-the-art of the de-
gree/diameter problem. We focus mainly on the above two streams of research.
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However, we could not resist mentioning also results on various related problems.
These include considering Moore-like bounds for special types of graphs and di-
graphs, such as vertex-transitive, Cayley, planar, bipartite, and many others, on
the one hand, and related properties such as connectivity, regularity, and surface
embeddability, on the other hand.
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1 Preface to Second Edition

The first edition of this dynamic survey of the degree/diameter problem was published in
2005. During the intervening 6 or 7 years there has been a great deal of activity in this
research area so that now it is high time to produce a second edition of this survey.

As we shall see, there is a wealth of new theoretical results. These appear in the ap-
propriate places within the main text. In some cases, the new results have justified the
creation of new sections or subsections, as is for example the case of mixed Moore graphs,
or approximations of Moore graphs and digraphs.

Pleasingly, we find that there is now a more widespread knowledge and appreciation of
the degree/diameter and related problems, together with their associated Moore bounds.
This trend is not confined only to graph theorists. Indeed, since 2005, we have found many
new references in computer science, in particular, parallel and distributed processing [112],
[113], [130], [235], optical networks [88], interconnection networks [345], [346], [315], [354],
[193], [214], [219], P2P networks [194], [195], [234], [197], [198], [281], [295], etc.

We only list some of the references as an illustration of the growing practical importance
of the degree/diameter and related problems; however, we do not intend to include the
details in this survey since we aim to concentrate on the theoretical aspects.

In the second edition we have kept the basic structure of the survey the same as in the
first edition, except that we added several new topics and we separated some subtopics
as they have become more popular or important during the last 7 years. However, the
overall aims of the survey remain the same: to gather together material relevant to the
degree/diameter problem and to popularise it amongst researchers in graph theory.

An interesting new development occurred in 2009 when Loz, Pérez-Rosés and Pineda-
Villavicencio created CombinatoricsWiki

http://combinatoricswiki.org

a project aiming to present the latest concepts, results, conjectures and references in
various topics of Combinatorics. At present CombinatoricsWiki contains material about
the following topics: enumeration of Latin squares and rectangles, the cage problem or
degree/girth problem, the degree/diameter problem, the maximum degree-and-diameter-
bounded subgraph problem, minor-closed classes of matroids, Ramsey theory, extremal
Cy-free graphs.

Concerning the degree/diameter problem, CombinatoricsWiki contains the latest infor-

mation on the best current upper and lower bounds as follows. (a) Undirected case:
general graphs, Cayley graphs, bipartite graphs, vertex-transitive graphs, arc-transitive
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graphs, planar graphs, and toroidal graphs. (b) Directed case: general digraphs, and
vertex-symmetric digraphs.

CombinatoricsWiki relies on the whole research community to keep its content accurate
and up to date. Any researcher wanting to update a section can do so once he/she is
registered. For a researcher to register he/she needs to contact one of the moderators
of the relevant section. We believe the CombinatoricsWiki project provides an excellent
service and deserves to be supported by the research community in the degree/diameter
and other research areas in graph theory and combinatorics.

We would like to also mention the existence of a workshop series IWONT (International
Workshop On Network Topologies) which is largely devoted to the degree/diameter prob-
lem and related research areas. The establishment of the workshop coincided with the
publication of the first edition of this survey in 2005.

Finally, we would like to thank all those who have sent us their new papers on this topic

for this second edition of the survey and we would appreciate receiving more papers as
they emerge before the next edition.
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2 Introduction

The topology of a network (such as a telecommunications, multiprocessor, or local area
network, to name just a few) is usually modelled by a graph in which vertices represent
‘nodes’ (stations or processors) while undirected or directed edges stand for ‘links’ or other
types of connections.

In the design of such networks, there are a number of features that must be taken into
account. The most common ones, however, seem to be limitations on the vertex degrees
and on the diameter. The network interpretation of these two parameters is obvious:
The degree of a vertex is the number of the connections attached to a node, while the
diameter indicates the largest number of links that must be traversed in order to transmit
a message between any two nodes.

What is then the largest number of nodes in a network with a limited degree and diameter?
If links are modelled by undirected edges, this leads to the

e Degree/Diameter Problem: Given natural numbers A and D, find the largest pos-
sible number of vertices na p in a graph of maximum degree A and diameter < D.

The statement of the directed version of the problem differs only in that ‘degree’ is replaced
by ‘out-degree’. We recall that the out-degree of a vertex in a digraph is the number of
directed edges leaving the vertex. We thus arrive at the

e (Directed) Degree/Diameter Problem: Given natural numbers d and k, find the
largest possible number of vertices ngy in a digraph of maximum out-degree d and
diameter < k.

Research activities related to the degree/diameter problem fall into two main streams.
On the one hand, there are proofs of non-existence of graphs or digraphs of order close
to the general upper bounds, known as the Moore bounds. On the other hand, there is
a great deal of activity in the constructions of large graphs or digraphs, furnishing better
lower bounds on na p (resp., na).

Since the treatments of the undirected and directed cases have been quite different, we
divide further exposition into two parts. Part 1 deals with the undirected case and Part
2 with the directed one.

We first discuss the existence of Moore graphs (Section 3.1) and Moore digraphs (Section
4.1). These are graphs and digraphs which attain the so called Moore bound, giving the
theoretical maximum for the order of a graph (resp., digraph) of a given diameter and
maximum degree (resp., out-degree).

Then we present known results on the existence of graphs (Section 3.2) and digraphs
(Section 4.2) whose order is ‘close’ to the Moore bound, whenever the Moore bound

cannot be attained.
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The question of regularity of graphs close to the Moore bound is much more interesting
for directed graphs than for undirected ones, and so we include a section (4.3) on this
topic only in Part 2.

The next two sections (3.3 and 4.4) are then devoted to the constructions of large graphs
and digraphs. In Sections 3.4 and 4.5 we introduce and discuss several restricted versions
of the degree/diameter problem for graphs and digraphs.

Various related topics are listed in Sections 3.5 and 4.6. In Section 4.7 we deal with the

topic of mixed graphs, also known as partially directed graphs. Finally, in the Conclusion,
we present a short list of some of the interesting open problems in the area.
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3 Part 1: Undirected graphs

3.1 Moore graphs

There is a straightforward upper bound on the largest possible order (i.e., the number of
vertices) na p of a graph G of maximum degree A and diameter D. Trivially, if A =1
then D =1 and n;; = 2; in what follows we therefore assume that A > 2.

Let v be a vertex of the graph GG and let n;, for 0 < ¢ < D, be the number of vertices
at distance ¢ from v. Since a vertex at distance ¢ > 1 from v can be adjacent to at most
A — 1 vertices at distance ¢ + 1 from v, we have n;;; < (A — 1)n;, for all ¢ such that
1 <i < D—1. With the help of n; < A, it follows that n; < A(A—1)"1 for 1 <i < D.
Therefore,

D
nap=» n < 1+AFAA-1)+-- +AA-1)"!
=0

= 1+ AQ+(A—1) 4+ (A—1)P

14 A G A S 2 0
2D + 1 itA=2

The right-hand side of is called the Moore bound and is denoted by Ma p. The bound
was named after Edward Forrest Moore who first proposed the problem, as mentioned in
[205]. A graph whose order is equal to the Moore bound Ma p is called a Moore graph;
such a graph is necessarily regular of degree A.

The study of Moore graphs was initiated by Hoffman and Singleton. Their pioneering
paper [205] was devoted to Moore graphs of diameter 2 and 3. In the case of diameter
D = 2, they proved that Moore graphs exist for A = 2,3,7 and possibly 57 but for no
other degrees, and that for the first three values of A the graphs are unique. For D = 3
they showed that the unique Moore graph is the heptagon (for A = 2). The proofs exploit
eigenvalues and eigenvectors of the adjacency matrix (and its principal submatrices) of
graphs.

Because of the importance of the result we include an outline of the proof of rarity of
Moore graphs in the case of diameter two. Let A be the adjacency matrix of a graph of
degree A > 2, diameter D = 2 and order

n=Mrr=1+A+AA-1)=A*+1.

In such a graph, any two distinct vertices are connected by a unique path of length at
most two, which is equivalent to A satisfying the matrix equation

A+ A-(A-DI=J (2)
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where I and J are the identity and the all-one matrices of dimension n, respectively. Since
eigenvalues of A and J must satisfy the same polynomial equation and the spectrum of .J is
nt0"1, it follows that A has just two eigenvalues r, s distinct from A and these satisfy the
equation 72 +x — (A —1) = 0, that is, 7, s = (—1 4+ v4A — 3)/2. For multiplicities a, b of
r, s one obviously has a+b = A?, and the trace of A gives tr(A) = 1 x A+axr+bxs=0.
If r and s are irrational, then a = b and A = 2. If r, s are rational, then they must be
integral; also, then 4A — 3 = m?, for some positive integer m. Letting b = A? — a and
then substituting A = (m? + 3)/4 into the trace equation yields, after simplification, a
polynomial equation for m of the fifth degree (with parameter a) with leading coefficient
1 and absolute term equal to 15. It follows that m must be a divisor of 15 and hence
m € {1,3,5,15}, that is, A € {1,3,7,57}. Excluding A = 1 for trivial reasons, the
solutions 3 and 7 have unique realisation, namely, the Petersen graphs (which is easy to
prove by hand) and the Hoffman-Singleton graph (which is harder to prove and we refer
to [205] for details).

The known Moore graphs are all vertex-transitive; in addition, both the Petersen and the
Hoffman-Singleton graph are known to be non-Cayley graphs. No example of a Moore
graph of degree A = 57 and diameter D = 2 has been found yet; all one can say is that
its existence is ‘arithmetically feasible’. In contrast to the other Moore graphs, however,
it was shown by Higman in the 1960’s in one of his lectures for graduate students that
Moore graph(s) of degree 57 and diameter 2 cannot be vertex-transitive, cf. [81].

Investigation into the structure of the automorphism group(s) of the missing Moore
graphs(s) of degree 57 and diameter 2 was initiated by Makhnev and Paduchikh [247] and
rather deep results were obtained later by Macaj and Siran [246] by a mixture of spectral
techniques and rational group characters. Severe restrictions were proved in [246] on both
the abstract group structure (in terms of possible Sylow subgroups, for example) and on
the permutation action of the automorphism group of any such ‘missing’ Moore graph(s).
In particular, it follows from [246] that the order of the automorphism group any such
Moore graph (of diameter 2, degree 57 and hence with Mj7 2 = 3250 vertices) is bounded
above by 375 if the order is odd, and by 110 if the order is even; in both cases the bound
is surprisingly small compared to the order of the graph.

It turns out that no Moore graphs exist for the parameters A > 3 and D > 3. This was
shown by Damerell [114] by way of an application of his theory of distance-regular graphs
to the classification of Moore graphs. An independent proof of this result was also given
by Bannai and Ito [23]. Another independent proof of a partial result of the nonexistence
(degree at most 100 and diameter at most 100) was given by Plesnik [280].

Main results concerning Moore graphs can therefore be summed up as follows. Moore
graphs for diameter D = 1 and degree A > 1 are the complete graphs Ka,;. For
diameter D = 2, Moore graphs are the cycle C5 for degree A = 2, the Petersen graph (see
Fig. [1]) for degree A = 3, and the Hoffman-Singleton graph (see Fig. , drawn by Slamin
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[319]) for degree A = 7. Finally, for diameter D > 3 and degree A = 2, Moore graphs are
the cycles on 2D + 1 vertices Copy1.

Figure 1: Petersen graph.

Between the time of the publication of the Hoffman-Singleton paper (1960) and the time
of the publication of the results by Bannai-Ito and Damerell (both in 1973), there were
several related partial results published. For example, Friedman [169] showed that there
are no Moore graphs for parameters (A, D), where A = 3,4,5,6,8 and 3 < D < 300,
except, possibly, for the pair (5,7). He also showed that there are no Moore graphs with
parameters (3, D), when D > 3 and 2D + 1 is prime. Bosak [66] proved the nonexistence
of Moore graphs of degree 3 and diameter D, 3 < D < 8. For another contribution to
nonexistence proofs, see also Plesnik [286]. A combinatorial proof that the Moore graph
with A = 7 and D = 2 is unique was given by James [212]. Fan and Schwenk [147] gave a
simpler proof of the same. As an aside, a connection of Moore graphs with design theory
was found by Benson and Losey [42], by embedding the Hoffman-Singleton graph in the
projective plane PG(2,5%).

A problem closely related to the degree/diameter problem is the so-called degree/girth
problem, which can be posed as follows:

Degree/qgirth problem: Given natural numbers d > 2 and g > 3, find the smallest
possible number of vertices in a regular graph of degree d and girth g.

A regular graph of degree A, girth ¢ and minimum possible order is called a cage.
Tutte [334] was the first to study (A, g)-cages. However, researchers became really inter-
ested in this class of graphs when Erdés and Sachs [137] proved that a (A, g)-cage exists
for all A > 2 and g > 3. At present only a few (A, g)-cages are known. The state-of-the-
art in the study of cages can be found in the dynamic survey by Exoo and Jajcay [142].
See also the earlier survey by Wong [344].

The Moore bound represents not only an upper bound on the number na p of vertices
of a graph of maximum degree A and diameter D, but it is also a lower bound on the
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Figure 2: Hoffman-Singleton graph.
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number of vertices of a regular graph of degree A and girth 2D + 1 [58]. A (A, g)-cage of
order M p is therefore a Moore graph if g = 2D + 1.

In this connection, Singleton [317] proved that a graph of diameter D and girth 2D + 1
is necessarily regular.

Several other areas of research in graph theory turn out to be related or inspired by
the theory of Moore graphs; examples include antipodal graphs, Moore geometries, and
Moore groups.

A graph is antipodal if for each vertex x there exists a vertex z such that d(z,y)+d(y, z) =
d(z,z), for all vertices y of the graph. Sabidussi [297] showed that Moore graphs of
diameter 2 and degree 3, 7, or possibly 57 are ‘antipodal quotients’ of certain extremal
antipodal graphs of odd diameter.

Fuglister [170, [171] and Bose and Dowling [70] investigated finite Moore geometries which
are a generalisation of Moore graphs; other contribution to this area include Damerell and
Georgiacodis [116], Damerell [I15], and Roos and van Zanten [293, 294]. Finally, Fried
and Smith [167] defined a Moore group and proved results that limit the possible degrees
that Moore groups of fixed rank can have, by reducing the problem to the study of Moore
graphs.

We conclude this section by a summary of the known results about Moore graphs in Table
[ below.

Mazimum Degree A | Diameter D Moore Graphs
> 2 1 Complete graphs Ka1q
2 > 2 Cycles Cspiq
3 2 Petersen graph
7 2 Hoffman-Singleton graph
57 2 ?

Table 1: Moore graphs.

3.2 Graphs of order close to Moore bound

Since Moore graphs exist only in a small number of cases, the study of the existence of
large graphs of given diameter and maximum degree focuses on graphs whose order is
‘close’ to the Moore bound, that is, graphs of order Ma p —d, for § small. The parameter
0 is called the defect, and the most usual understanding of a ‘small defect’ is that § < A.

For convenience, by a (A, D)-graph we will understand any graph of maximum degree A
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and of diameter at most D; if such a graph has order M p — d then it will be referred to
as a (A, D)-graph of defect 6 or a (A, D, —§)-graph.

Erdés, Fajtlowitcz and Hoffman [I35] proved that, apart from the cycle Cy, there are no
graphs of degree A, diameter 2 and defect 1, that is, of order one less than the Moore
bound; for a related result, see Fajtlowicz [146].

This was subsequently generalized by Bannai and Tto [24], and also by Kurosawa and
Tsujii [230], to all diameters. Hence, for all A > 3, there are no (A, D)-graphs of defect
1, and for A = 2 the only such graphs are the cycles Csp. It follows that, for A > 3, we
have nap < Ma p — 2.

Let us now discuss the case of defect 6 = 2. Clearly, if A = 2 then the (A, D, —2)-graphs
are the cycles Cyp_1. For A > 3, only five (A, D, —2)-graphs are known at present: Two
(3,2, —2)-graphs of order 8, a (4,2, —2)-graph of order 15, a (5,2, —2)-graph of order 24,
and a (3,3, —2)-graph of order 20.

The last three of these graphs were found by Elspas [134] and are known to be unique; in
Bermond, Delorme and Farhi [46], the (3, 3)-graph was constructed as a certain product
of a 5-cycle with the field of order four. All these graphs are depicted in Figure [3]

Considering A = 3, D > 2, for (3, D, —2)-graphs Jergensen [217] proved that there are
exactly two non-isomorphic (3,2, —2)-graphs, and that there is a unique (3,3, —2)-graph.
Furthermore, he proved that these are the only (3, D, —2)-graphs for D > 2.

The uniqueness of the (4,2, —2)-graph was proved by Broersma and Jagers [75], while the
uniqueness of the (5,2, —2)-graph was proved by Nguyen and Miller [275].

For diameter 2 and defect 2, Miller, Nguyen and Pineda-Villavicencio [260], 262, 261]
proved the following results. When A > 6 is even, if A # 1 (mod 3) then there is no
(A,2,—2)-graph. When A > 7T is odd, if A # >+ 1+ 3 and A # [ +1 — 1, for each
positive integer [, then there is no (A, 2, —2)-graph.

Miller, Nguyen and Pineda-Villavicencio [260] conjectured that for A > 6 there are no
graphs of maximum degree A, diameter 2 and defect 2. Further support for the conjecture
was provided by Conde and Gimbert in [I05], where the authors proved that there are no
(A, 2, —2)-graphs for 5 < A < 50.

Considering the case of A =4, in an earlier work, Stanton, Seah and Cowan [327] proved
that a graph with maximum degree 4 and diameter D > 4 cannot have defect 2. Subse-
quently, Miller and Simanjuntak [267] provided several structural properties of (4, D, —2)-
graphs. A full proof of the non-existence of (4, D, —2)-graphs for D > 3 was obtained by
Feria-Purén, Miller and Pineda-Villavicencio [I53]. Structural properties of (5, D)-graphs
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(e)
Figure 3: Known graphs of defect 2. (a) and (b) the (3,2, —2)-graphs, (¢) the unique

(3,3, —2)-graph, (d) the unique (4,2, —2)-graph and (e) the unique (5,2, —2) graph (note
that this graph is formed by 3 copies of the graph (b)).
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of defect 2, D > 2, were obtained by Pineda-Villavicencio and Miller [285].

The paper [153] proved not only the nonexistence of (4, D, —2)-graphs for D > 3 but
also the nonexistence of (A, D)-graphs of defect 2 for all even A > 4 and D > 4; this
outcome, together with a proof on the non-existence of (4, 3)-graphs of defect 2 completed
the catalogue of (4, D)-graphs of defect 6 with D > 2 and 0 < 6 < 2. Such a catalogue is
only the second census of (A, D)-graphs of defect 2 known at present, the first being the
one of (3, D)-graphs of defect § with D > 2 and 0 < 6 < 2 [217].

The paper [153] also includes some necessary conditions for the existence of (A, D)-graphs
of defect 2 with odd A > 5 and D > 4, and the non-existence of (A, D)-graphs of defect
2 with odd A > 5 and D > 5 such that A = 0,2 (mod D). Based on these results, the
authors have conjectured that there are no (A, D)-graphs of defect 2 with A > 4 and
D > 4. Moreover, these results (together with [24]) imply that nss = 15, ns» = 24, and
ns s = 20.

In [274], Nguyen and Miller proved some structural properties of graphs of diameter 2
and maximal repeats, that is, graphs with the property that there exists a vertex with
unique paths of lengths at most the diameter to all the other vertices except one vertex to
which the number of walks of length at most the diameter is equal exactly to the defect
plus 1. Furthermore, in [276], they considered graphs with diameter 2 and defect 3. They
proved that such graphs must contain a certain induced subgraph, which in turn leads to
the proof that, for degree 6 and diameter 2, the largest order of a vertex-transitive graph
is 32.

Before leaving the topic of graphs of defect 2, we discuss a particular subclass of the
graphs of defect 2. For a graph I' of degree A with adjacency matrix A, we define the
polynomials Ga ,,(z) for z € R:

G&o(l‘) =1
Gan(z) =2 +1 (3)
Gami1(x) = 2Gam(x) — (A = 1)Gam—1(z) for m > 1

It is known that the entry (Gg.m(A))a,s counts the number of paths of length at most m
joining the vertices a and [ in T'; see [205], 24] [316].

Regular graphs with degree A and defect § satisfy the equation Ga p(A) = J, + B, where
A denotes the adjacency matrix of the graph in question, n its order, J,, the n x n matrix

whose entries are all 1’s and B a matrix with the row and column sums equal to ¢.

For Moore graphs (graphs with 6 = 0), the matrix B is the null matrix. For graphs with
defect or excess 1, B can be considered as the adjacency matrix of a matching with n
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Figure 4: Labelling of a (3,2, —2)-graph that produces the desired structure of the corre-
sponding defect matrix B.

vertices (see [24]), while for graphs with defect or excess 2, B can be assumed to be the
adjacency matrix of a union of vertex-disjoint cycles (see [126]). Figure [4] shows a (3, 2)-
graph of defect 2 labelled in such a way that the matrix B displays the aforementioned
structure.

Graphs with defect 2 having the adjacency matrix of a cycle of order n as the matrix
B are called graphs with cyclic defect. Hoffman asked whether the Mobius ladder on 8
vertices is the only graph of diameter 2 and cyclic defect. A positive answer was given
by Fajtlowicz [146]. What about such graphs of cyclic defect having a larger diameter?
Combining the results of Delorme and Pineda-Villavicencio [126] and Miller [257], it turns
out that the Mobius ladder is the only such graph for any diameter.

Little is known about graphs with defects larger than two. Omne of the few works in
this direction is by Nguyen and Miller [276], in which the authors provided structural
properties of graphs with diameter 2 and defect 3. Another work is by Miller and Pineda-
Villavicencio [265] who gave the complete catalogue of connected graphs of maximum
degree 3 and defect at most 4. This is the first such catalogue for a particular degree,
defect 4 and any diameter.

Some further upper bounds on the maximum number of vertices for graphs which are not
Moore were given by Smyth [323]. See also Buskens and Stanton [79], Buskens, Rogers
and Stanton [80], and Cerf, Cowan, Mullin and Stanton [89, [90] for work related to (small)
graphs of order close to Moore bound; see McKay and Stanton [251] for an early survey
of generalized Moore graphs.

In Sections 3.1 and 3.2, we have seen that for certain pairs (A, D) there exist graphs
of order close to (and in some cases equal to) the Moore bound. The situation for pairs
(A, D) not discussed above is largely unknown. In this connection, Bermond and Bollobés
[43] asked the following interesting question:

Is it true that for each positive integer c there exist A and D such that the order of the
largest graph of maximum degree A and diameter D is at most Ma p — c?
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3.3 Constructions of large graphs

Another way to study graphs close to the Moore bound is by constructing large graphs
in order to find improvements in the lower bound on the maximum possible order of
graphs for given D and A. This has been done in various ways, and often by considering
particular classes of graphs, such as vertex-transitive and Cayley graphs (which will be
discussed in more detail in the forthcoming sections).

The pioneers in the construction of large graphs were Elspas and Green [134]. In 1964
Elspas constructed, among others, a (4,2, —2)-graph and a (5,2, —2)-graph, while he
credited Green with producing a (3,3, —2)-graph.

In the quest for large graphs many ingenious techniques have been used, for instance, the
star product [45], the voltage assignment technique [29, [71l, [72] and graph compounding
[47]. Researchers have also made use of computers to find large graphs [129] 139 242].
An overview of these constructions is given in this section.

In a general sense we could divide all the known constructions into two wide categories:
general and ad hoc constructions. As general methods, below we present the constructions
of the de Bruijn graphs and Kautz graphs, while as ad hoc constructions, we give some of
the most relevant constructions for small diameters.

3.3.1 General overview

The undirected de Bruijn graph of type (t,k) has vertex set V' formed by all sequences
of length k, the entries of which are taken from a fixed alphabet consisting of ¢ distinct
letters. In the graph, two vertices (a1, as, . .., ax) and (b1, bo, . .., bg) are joined by an edge
if either a; = b;4q for 1 <1 < k—1, orif a;51 = b;, for 1 < i < k — 1. Obviously, the
undirected deBruijn graph of type (¢, k) has order t*, degree A = 2t and diameter D = k.
These graphs therefore give, for any A and D, the lower bound
AN D
NaD 2 (§> .

Kautz graphs of type (t,k) [222] are easily derived from de Bruijn graphs of type (¢, k).
Given a de Bruijn graph of type (¢, k), a Kautz graph of type (t, k) is obtained by deleting
words with two consecutive identical letters in the de Bruijn graph. The Kautz graph is
therefore an induced subgraph of the de Bruijn graph, and if £ > 3 and £ > 3, it has order
t(t — 1)*1 diameter k and maximum degree 2t — 2. Thus, for any D and even A, such
graphs improve the bound given de Bruijn graphs, and consequently, we have
AN D AN D-1
Nan>(3) +(3)

Independently, ignoring directions in the digraph construction of Baskoro and Miller [32]
produces graphs of even maximum degree A and diameter at most D; the order of these
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graphs is also AN D AN D-1
(3) +G)

A substantial progress was achieved by Canale and Gémez [84] by exhibiting, for an
infinite set of values of A, families of graphs showing that
A >D

NAD 2 (E

for all D > 3; the constant in the denominator can be replaced by 1.57 for D congruent
with —1, 0, or 1 (mod 6).

For completeness, we mention several related results. Certain extensions of deBruijn
graphs were studied by Canale and Gémez [85]. An adaptation of the digraph construction
of Imase and Itoh [208] also gives (A, D)-graphs of order at least [$]7. The list of general
lower bounds also includes constructions by Elspas [134], Friedman [168], Korn [228],
Akers [B] and Arden and Lee [13], all giving (A, D)-graphs of order

FA)A = 1)ET 4 g(a),
where f and ¢ depend on A but not on D.

Much better results have been obtained for small values of D. By far the best result is
furnished by Brown’s construction [76], with the help of finite projective geometries. Let
g be a prime power and let F' be the Galois field of order q. A projective point is any
collection of ¢ — 1 triples of the form (ta,tb, tc), where ¢t € F and (a,b,c) is a non-zero
vector in F3; any non-zero triple in this set is a representative of the point. Let P be the
set of all such points; it is easy to see that

Pl=¢"+q+1.

Let G be the graph with vertex set P, where two vertices are adjacent if the corresponding
projective points have orthogonal representatives. Since any two non-orthogonal repre-
sentatives are orthogonal to some non-zero element of 3, the graph G has diameter 2. In
general, G need not be regular but its maximum degree is always A = ¢ + 1. Therefore,
for each A such that A — 1 is a prime power, we have [76]

nA2 2 Az - A + 1. (4)

As observed by Erdds, Fajtlowicz and Hoffman [135], and by Delorme [120], this bound
can be improved to
nAQ}AQ—A—i—Q (5)

if A —11is a power of 2. In order to obtain a lower bound for the remaining values of A
one may use the result of [20] about gaps between primes, stating that for any sufficiently
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large x there is a prime p such that z — 2°°%% < p < . Using this fact, it was shown in
[318] that Brown graphs can be modified to give, for all sufficiently large A, the inequality

na > AZ o 2A1.525 (6)

The algebraic structure of Brown graphs and their automorphism groups have been in-
vestigated in great detail by Bachraty and Siran [19].

For larger diameter, it seems more reasonable to focus on asymptotic behaviour of na p
for fixed D while A — oco. Delorme [I19] introduced the parameter

— lim inf A D
Mp = 1111 11 A%OOF'

Trivially, up < 1 for all D, and p; = 1; the bound @ shows that ps = 1 as well. Further
results of Delorme [118] imply that pp is equal to 1 also for D = 3 and D = 5.

The above facts can be seen as an evidence in favour of an earlier conjecture of Bollobas
[62] that, for each € > 0, it should be the case that

naAD > (1 — S)AD
if A and D are sufficiently large.

The values of up for other diameters D are unknown. For example, for diameter 4 we
only know that u4 > 1/4; see Delorme [120] for more information.

3.3.2 Star product and compounding

A number of sophisticated constructions arose in the quest for large graphs of given degree
and diameter. We comment in some detail on two that seem to be most important: the
star product of Bermond, Delorme and Farhi [45 [46] and the compounding of graphs
introduced by Bermond, Delorme and Quisquater [47].

The concept of the star product of two graphs H and K was introduced by Bermond,
Delorme and Farhi [45] as follows. Fix an arbitrary orientation of all edges of H and let
E be the corresponding set of the fixed darts of H. For each dart uv € E, let ¢, be a
bijection on the set V' (K'). Then the vertex set of the star product H+ K is V(H) x V(K),
and a vertex (u, k) is joined in H * K to a vertex (v, 1) if and only if either u = v and kl
is an edge of K, or if uv € E and | = ¢y, (k).

Loosely speaking, the star product of H and K can be formed by taking |V (H)| copies

of K, whereby two copies of K ‘represented’ by vertices u,v € V(H) are interconnected
by a perfect matching (that depends on the bijection ¢,,), whenever uv € E.
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With the help of the star product, Bermond, Delorme and Farhi [45], [46] described several
families of large (A, D)-graphs for various values of A and D. An inspection of their
examples reveals, however, that in all instances they actually used a special case of the
star product that we describe next.

Let I' be a group and let S be a symmetric unit-free generating set S, meaning that
S~! = S and 1r # S. The Cayley graph C(T',S) is the graph with vertex set T', two
vertices a, b being adjacent if a='b € S. In the above definition of the *-product H * K,
take now K = C(I',S) and ¢uy(k) = guvun(k), where g, is an arbitrary element of '
and 1), is an automorphism of I'. In [45] 406], the authors used this special version of the
x-product mainly with Cayley graphs of cyclic groups and of the additive groups of finite
fields.

We now briefly comment on compounding. Roughly speaking, compounding of two graphs
G and H is obtained by taking |V (H)| copies of G, indexed by the vertices of H, and
joining two copies G, G, of G by a single edge (or a pair of edges) whenever uv is an
edge of H. Depending on particular positions of edges between copies of the graph G,
one may obtain various large graphs of given degree and diameter.

This method tends to give good results, especially in ad hoc combinations with other
methods. For instance, Fiol and Fabrega [159], and Gémez [180], considered compounding
combined with graphs on alphabets, where vertices are words over a certain alphabet and
adjacency is defined by various relations between words. Large graphs of diameter 6,
obtained by methods in this category, were given by Gémez [I81]. Other related results
were produced by Fiol, Yebra and Fabrega [166], and by Gémez and Fiol [185].

Several other ad hoc methods have been designed in connection with searching for large
(A, D)-graphs for relatively small values of A and D. As most of these methods are based
on graphs related in one way or another to algebraic structures (mostly groups), we will
discuss them in more detail in the next subsection.

Here we mention a method by Gémez, Pelayo and Balbuena [191] that produces large
graphs of diameter six by replacing some vertices of a Moore bipartite graph of diameter
six with graphs K} which are joined to each other and to the rest of the graph using a
special graph of diameter two. The degree of the constructed graph remains the same as
the degree of the original graph. In an extension to this work, Gémez and Miller [I8§]
presented two new generalizations of two large compound graphs.

By means of the compounding of complete graphs into a bipartite Moore graph of diameter
6, Gémez, Miller, Pérez-Rosés, and Pineda-Villavicencio [284] obtained a family of large
graphs of the same diameter. For maximum degrees A = 5,6,9,12 and 14, the members
of this family constitute the current largest known graphs of diameter 6.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #DS14v2 20



3.3.3 Graph lifting

Graph lifting has been well known in algebraic and topological graph theory for decades
[192]. Tt is well suited for producing large (A, D)-graphs since a number of other con-
struction methods can be reduced to lifting.

In order to describe the graph lifting construction, we will think of (undirected) edges as
being formed by pairs of oppositely directed darts; if e is a dart then e~! will denote its
reverse. The set D(G) of all darts of G then satisfies |D(G)| = 2|E(G)].

For a finite group I', a mapping a : D(G) — I' will be called a woltage assignment if
a(e™) = (a(e))™!, for any dart e € D(G). The pair (G, «) determines the lift G* of G.
The vertex set and the dart set of the lift are V(G*) = V(G) xI' and D(G*) = D(G) x T,
In the lift, (e, g) is a dart from the vertex (u, g) to the vertex (v, h) if and only if e is a
dart from u to v in the base graph G and, at the same time, h = ga(e). The lift is an
undirected graph because the darts (e, g) and (e™!, ga(e)) are mutually reverse and form
an undirected edge of G®.

Figure p| shows an example of a base graph with ordinary voltages in the group Z5 x Z;
which lifts to the Hoffman-Singleton graph, displayed in Fig. ; the function p(7) in Fig.
can be any quadratic polynomial over Z;5 in the variable i, as follows from [306].

Figure 5: The base graph for the Hoffman-Singleton graph.

It is known [192] that a graph H is a lift (of a smaller graph) if and only if the automor-
phism group of H contains a non-trivial subgroup acting freely on the vertex set of H.
This condition is in fact satisfied for most of the current largest examples of (A, D)-graphs,
and hence most of these can be described as lifts.

The latest examples of reformulating an existing construction in terms of lifts are the
largest known (A, D)-graphs for the pairs (3,7), (3,8), (4,4), (5,3), (5,5), (6,3), (6,4),
(7,3), (14,3), and (16,2), initially obtained by Exoo [139] by computer search. Having
mentioned computers, we note that the diameter of the lift can be conveniently expressed
in terms of voltages on walks of the base graph [71]; besides its theoretical importance,
this fact can be used to design efficient diameter-checking algorithms.

The cases when the base graphs are bouquets of loops (possibly with semi-edges, i.e.,
‘dangling’ non-loop edges incident with just one vertex) are of particular importance,
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since their lifts are Cayley graphs. A more colloquial but equivalent definition of a Cayley
graph was given in the previous subsection. While Cayley graphs are always lifts of
single-vertex graphs, in many instances quite complex Cayley graphs (such as the Cayley
graphs of certain semidirect products of Abelian groups considered in [129]) can actually
be described as ordinary lifts of smaller Cayley graphs, with voltages in Abelian (mostly
cyclic) groups; see [72].

For more general base graphs, there exist convenient sufficient conditions [72] for a lift
to be a vertex transitive (or a Cayley) graph, which can be successfully used to produce
large vertex transitive (A, D)-graphs by lifts. Results for vertex-transitive and Cayley
graphs will be surveyed in Subsections 3.4.1 and 3.4.2. We conclude this subsection with
a remark relating lifts of graphs with the x-product G x H: If H is a Cayley graph and if
the group values on the edges of GG are taken in the Cayley group of H then G * H is just
a lift of G.

3.3.4 Tables of large graphs

Needless to say that in many cases the largest currently known (A, D)-graphs have been
found with the assistance of computers. It is clear that computation of diameter is much
easier in the case of graphs that admit a lot of symmetries; here of particular advantage
are vertex-transitive graphs which we will discuss in the next subsection. At this point
we note that Toueg and Steiglitz [333] present a local search algorithm for the design of
small diameter networks, for both directed and undirected graphs. The resulting graphs
tend to have small diameter and small average shortest distance.

It is clear that discovering large graphs through computer search involves dealing with
large search spaces. Therefore, techniques are needed to reduce such search spaces, allow-
ing that some heuristic methods for combinatorial searches could be used later.

Before 2006 the most encouraging results had been obtained by Dinneen and Hafner [129],
who used computer search and clever techniques to reduce the search space. Their large
graphs were Cayley graphs of semidirect products of cyclic groups and other types of
groups.

In order to obtain large (A, D)-graphs, authors are currently relaxing the symmetry con-
ditions, and are therefore considering a wider spectrum of graphs. In this area Exoo [139]
obtained a family of large graphs by seeking graphs whose order is a small integral multiple
of the size of the respective automorphism group.

At present the table of the largest known graphs (see [239]) shows that most of the entries
have been obtained by Loz and Siran [242] and Loz and Pineda-Villavicencio [241]. These
are two examples of searches for large graphs that have not been restricted to Cayley
graphs; only some of the obtained graphs are Cayley.
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The paper [241] gives a complete overview of the state-of-the-art methodology that can
be used to construct large graphs of bounded degree and small diameter.

Descriptions of many new constructions, often accompanied by a new corresponding ta-
ble of the largest known values of (A, D)-graphs, are published frequently. These include
constructions by Alegre, Fiol and Yebra [8], Bar-Yehuda and Etzion [26], Bermond, De-
lorme and Farhi [45] [46], Bermond, Delorme and Quisquater [48] 49, 511, 50], Campbell
et al. [83], Carlsson, Cruthirds, Sexton and Wright [87], Chudnovsky, Chudnovsky and
Denneau [93], Chung [94], Comellas and Gémez [103], Delorme [I18], [120], Delorme and
Farhi [122], Dinneen and Hafner [129], Doty [I31], Gémez, Fiol and Serra [I86], Gémez,
Fiol and Yebra [I87], Hafner [200], Memmi and Raillard [252], Smyth [322], and Storwick
[328].

Table [2|shows a summary of current largest known graphs for degree A < 16 and diameter
D < 10. These graphs provide the best current lower bounds on the order of graphs for
given values of degree and diameter. This table can be found on the website

http://maite71.upc.es/grup_de_grafs/grafs/taula_delta_d.html

which is updated regularly by Francesc Comellas. A latex file of this table can be obtained
upon request from Charles Delorme at email “cd@Iri.fr".

More recently, in 2009 Eyal Loz, Hebert Pérez-Rosés and Guillermo Pineda-Villavicencio
created CombinatoricsWiki

http://combinatoricswiki.org

a project aiming to present the latest concepts, results, conjectures and references in
various topics of Combinatorics. At present CombinatoricsWiki contains material about
various topics, including the degree/diameter problem.

Before going on to consider some restricted versions of the degree/diameter problem, we
shall now summarise all the known exact solutions of the degree/diameter problem.

Due to the complete graphs and cycles of odd length we have na; = A +1 and ngp =
2D + 1. There are only a few exact values of na p known for A, D > 2. We have the
values of na o involving Moore graphs, nszs = 10, ny o = 50. We also have the values of
n3s = 20, ngo = 15 and ns o = 24. The latest two known values of na p were obtained as
follows.

For maximum degree 3 and diameter 4 the Moore bound is M;4 = 46. Jgrgensen [210]
and [217] proved that there is no (3,4)-graph of defect 2 or 4, and Buset [78] showed
that there is no (3, 4)-graph of defect 6. Therefore, the two known non-isomorphic (3, 4)-
graphs of defect 8 constructed by Doty [131] and by von Conta [110] are maximal, and
thus, ng 4 = 38.
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D} 2] 3 4 5 6 7 8 9 10
A
3 10 20 38 70 132 196 336 600 1250
4 15 41 98 364 740 1320 3243 7575 17703
5 24 72 212 624 2772 5516 17030 57 840 187056
6 32 111 390 1404 7917 19 383 76 461 331 387 1253615
7 50 168 672 2756 11988 52768 249660 1223050 6 007 230
8 57 253 1100 5060 39672 131137 734 820 4243100 24897161
9 74 585 | 1550 8268 75 893 279616 1686 600 12123 288 65 866 350
1 0 91 650 | 2286 | 13140 134 690 583 083 4393 452 27997191 201 038 922
1 1 104 715| 3200 | 19500 156 864 1001 268 7442 328 72933102 600 380 000
12 133 786 | 4680 | 29470 359772 1999 500 15924 326 158 158 875 1506 252 500
13 162 851 | 6560 | 40260 531 440 3322080 29927790 249155760 3077200700
14 183 916 | 8200 | 57837 816 294 6 200 460 55913932 600123 780 7041746 081
15 187 | 1215 | 11712 | 76518 | 1417248 8 599 986 90001236 | 1171998164 | 10012349898
1 6 198 | 1600 | 14640 | 132496 | 1771560 | 14882658 | 140559416 | 2025125476 | 12951451931

Table 2: The order of the largest known graphs of maximum degree A and diameter D,
CombinatoricsWiki, accessed on 10 March 2013.
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For maximum degree 6 and diameter 2 the Moore bound is Mg, = 37. By computer
generation, Molodtsov [270] showed that ngs = Mso — 5 = 32, and presented the 6
non-isomorphic graphs of degree 6 and diameter 2.

3.4 Restricted versions of the degree/diameter problem

The study of large graphs of given degree and diameter has often been restricted to
special classes of graphs. The most obvious candidates here are vertex-transitive and
Cayley graphs, suitable because of their quick computer generation as well as from the
point of view of diameter checking. Other special classes, for which the degree/diameter
problem has been considered, include bipartite graphs and graphs embeddable in a fixed
surface (most notably, planar graphs).

3.4.1 Vertex-transitive graphs

Let vta p be the largest order of a vertex-transitive (A, D)-graph. As mentioned in
Subsection if a Moore graph of degree 57 and diameter 2 does exist, then it cannot be
vertex-transitive [81]. Although vertex-transitivity is a rather restrictive property, until
recently there was no better general upper bound on vta p than the bounds listed in the
previous sections. The situation has improved by the latest results of Jajcay, Macaj and
Siran [213] by which for any fixed A > 3 and ¢ > 2 there exists a set S of natural numbers
of positive density such that vita p < Map — ¢, for all D € S. This represents at least
a partial progress towards answering the question of Bermond and Bollobds appearing at
the end of Subsection at least for vertex-transitive graphs.

For A = 3, the values of vt p have been determined for D < 8 by Potoc¢nik, Spiga and
Verret [288] from their census of cubic vertex-transitive graphs of order up to 1280; the
same work implies lower bounds on vtz p for 9 < D < 12. With the exception of D = 6,
9 and 10, the values and bounds on vt3 p from [288] are obtained by Cayley graphs. In
this connection it is worth mentioning that Conder [I09] generated all cubic arc-transitive
graphs on up to 2048 vertices. With the exception of the graphs in the censuses of [28§]
and [109], to our knowledge so far no further study has been carried out in the study of
vertex- and arc-transitive cubic graphs of a given diameter.

As regards lower bounds, a number of the existing examples of large (A, D)-graphs are
vertex-transitive; many of them actually are Cayley graphs and they will be discussed
in the next subsection. In this subsection we will therefore focus on vertex-transitive
non-Cayley graphs, or on vertex-transitive graphs for which possibilities of a Cayley rep-
resentation have not yet been investigated.

For diameter 2, the best result here seems to be the one of McKay, Miller and Siran [249]
who showed that

vipg > §<A + %)2 (7)
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for all degrees of the form A = (3¢ — 1)/2, where ¢ is a prime power congruent to 1
(mod 4). The graphs that prove the inequality are quite remarkable: They are all
vertex-transitive but non-Cayley; the graph corresponding to the value ¢ = 5 turns out
to be the Hoffman-Singleton graph, and for ¢ = 9, the corresponding (13, 2)-graph has
order 162, just 8 off the Moore bound M35 = 170.

The result of [249] was further extended by Siraii, Siagiova and Zdimalové [318] by showing
that via > 2¢* for all odd A > 5, where ¢ is the largest prime power such that ¢ = 5
mod 8 and (A +1)/2 < ¢ < (2A+1)/3.

The construction of McKay-Miller-Siréni graphs [249] relies on a suitable lift of the com-
plete bipartite graph K ,. A simplified version (in the form of a lift of a dipole with ¢
edges and (¢ — 1)/4 loops at each of its two vertices) was presented by Siagiova [306],
based on her results about compositions of regular coverings [305, 308]. In this connection
it is interesting to mention another result of Siagiové [307], who showed that, among all
regular lifts of a dipole of degree A, the maximum order of a lift of diameter 2 is, for
sufficiently large A, bounded above by

(4(10 + v/2)/49)A? ~ 93A2%,

This compares well with the Moore bound Ma 5 = A? +1, and is larger than the bound
from , which is approximately .89AZ2.

It is also worth noting that the graphs of McKay-Miller-Sirafn are very rich in symmetries;
their full automorphism groups were determined by Hafner [201], using ideas related to
combinatorial geometry.

The results of [249] and [72] strongly suggest that computer search over lifts of small
graphs, using various voltage assignments, may lead to further new examples of highly
symmetric large graphs of given diameter and degree.

For larger diameters the record-holders are the graphs of Faber-Moore-Chen type, studied
in detail by Macbeth, Siagiov4, Sirdii and Vetrik [245]. These graphs are obtained from the
digraphs of Faber, Moore and Chen [144] simply by ignoring directions and suppressing
parallel edges resulting from (directed) cycles of length 2. Up to a set of isolated exceptions
these graphs are vertex-transitive but not Cayley, by [245], and furnish the bound vta p >
(A +3)/2)!/((A+3)/2 — D)! for all pairs (A, D) in the range 3 < D < 0.3A; we have
used the factor of 0.3 to simplify the result and refer to [245] for the exact formulation.
A slight strengthening (but not in asymptotic terms) of this bound can be obtained from
the work of Gémez [I78] who improved the original construction of [144].

Large vertex-transitive graphs of given degree and diameter can also be obtained from the
digraphs constructed by Comellas and Fiol in [T01] as described in Subsection 4.5.1 of this

survey, again by ignoring directions. There appears to be no good way of comparing the
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constructions of Faber-Moore-Chen and Comellas-Fiol in general, for reasons discussed in
detail in [245]. However, for a few infinite classes where a comparison can be done it turns
out [245] that the Faber-Moore-Chen type graphs are larger than the Comellas-Fiol type
graphs. A possible merger of the two constructions for digraphs was studied by Gémez
[T79], but it appears to give no better bounds for graphs by suppressing edge directions.

3.4.2 Cayley graphs

Let Ca,p denote the largest order of a Cayley graph of degree A and diameter D. Obvi-
ously, Ca p < vta p in general, with strict inequality for some pairs (A, D), such as (3, 2)
and (7,2) due to the existence of the Petersen graph and the Hoffman-Singleton graphs
which are vertex-transitive but non-Cayley, and (3,6) due to [288]. Since the work of
Jajcay, Macaj and Siran [213] mentioned at the beginning of Subsection applies also
to Cayley graphs, it follows that for any fixed A > 3 and ¢ > 2 there exists a set S of
natural numbers of positive density such that Ca p < Map —c for all D € S. For the
remaining pairs (A, D) with A > 3 we currently do not have a better upper bound on
CA,D than MAJ) — 2.

We proceed by surveying lower bounds on Ca p. The best available result for diameter
2, obtained by Siagiova and Siran [312], states that for any degree A from the set D =
{22mHn 4 (24 6)2mT — 6, m = 1, u € {0,1}} one has Cap > A% — 64/2A%2. This
means that, at least for degrees A € D, the Moore bound Ma o can be approached
asymptotically by Cayley graphs. Since the set D is rather sparse, it does not allow for
good approximations by adding generators. With the help of results on gaps between
primes mentioned in Subsection , Siran, Siagiovd and Zdimalova [318] improved an
earlier result of the first two authors [311] by showing that Ca o > (1/2)A? — 1.39A52
for every sufficiently large A. This is much weaker than the result of [312] but applies to
all sufficiently large degrees.

For larger diameters the best currently known general results were obtained by Macbeth,
Siagiové, Siran and Vetrik [245] which, in a simplified form, says that Ca p = D((A —
3)/3)P for A > 5 and D > 3, and by Macbeth, Siagiova and Siran [244] who established
the bound Ca p = D((A—2)/3)P — D for A, D > 3 using just Cayley graphs of metacyclic
groups. Using the same type of groups as in [245] but with somewhat different generating
sets, Vetrik [335] showed that Caz > (3/16)(A — 3)3, Cas = 32((A —8)/5)* and Ca 5 >
25((A —7)/4)° for all A > 10.

An important stream of research in Cayley graphs, one that is closely related to the
degree/diameter problem, is bounding the diameter of a Cayley graph in terms of a
logarithm of the order of the group. The relation relies on the fact that, for k¥ > 3 and
d > 2, we have Ma p < AP and therefore also n < AP for n = na p. It follows that, for
the diameter of a graph of order n, we always have

D >bxlogn, where b=1/logA.
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Although taking logarithms results in a substantial loss of precision, it is still reasonable
to ask about upper bounds on the diameter D in terms of the logarithm of the largest
order a (A, D)-graph; as indicated earlier, this has been considered primarily for Cayley
graphs.

From a result of Babai and Erdds [14], it follows that there exists a constant ¢, such
that, for any finite group G, there exists a set of ¢t < clog|G| generators, such that the
associated Cayley graph has diameter at most t. This settles the general question about
an upper bound on D, at least in terms of a constant multiple of the logarithm of Cx p,
the largest order of a Cayley graph of degree A and diameter D. Further refinements
have been obtained for special classes of groups, with emphasis on reducing the size of
the generating sets (and hence reducing the degree).

Babai, Kantor and Lubotzky [16] gave an elementary and constructive proof of the fact
that every nonabelian finite simple group G contains a set of at most seven generators
for which the diameter of the associated Cayley graph is at most clog |G|, for an absolute
constant ¢. For projective special linear groups G = PSL(m,q), this was improved by
Kantor [220] by showing that, for each m > 10, there is a trivalent Cayley graph for G of
diameter at most clog |G].

For an arbitrary transitive subgroup G of the symmetric group of degree r and any sym-
metric generating set of G, Babai and Seress [I8] proved that the diameter of the corre-
sponding Cayley graph is at most

exp((rInr)2(1 + o(1))).
Note that this bound is quite far from
log |G| = log (r!) =~ crlogr;

however, the strength of the statement is in that it is valid for arbitrary groups and
generating sets. An earlier result by the same authors [I7] states that if G is either
the symmetric or the alternating group of degree r, then, for an arbitrary symmetric
generating set, the corresponding Cayley graph of G has diameter not exceeding

exp((r —Inr)Y2(1 + o(1))),

which is better than the previous bound (however, for more special groups). By proba-
bilistic arguments, Babai and Hetyei [I5] showed that, for almost every pair of random
permutations (pi,p2) from the symmetric group of degree r, the diameter of the Cay-
ley graph of the group G' = (pi,ps) with generating set S = {pi' p3'} is less than
exp((3 + o(1))(Inr)?). Since such a group almost surely (for r — oo) contains the al-
ternating group of degree r, this result (at least in a probabilistic sense) is substantially
stronger than the previous two bounds. Nevertheless, it is still far from the conjectured
[17] upper bound r¢ for the diameter of any Cayley graph of the symmetric group of
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degree r, for an absolute constant ¢. Another remarkable and still unresolved conjecture
of Babai [I§] states that there is an absolute constant ¢ such that for any group G the
diameter of any Cayley graph for G is bounded above by (log|G])°.

In terms of computer generation, note that roughly one half of the values in Table [2| have
been obtained from Cayley graphs. A description of computer-assisted constructions of
large (A, D)-graphs (for manageable values of A and D) from Cayley graphs of semidirect
products of (mostly cyclic) groups can be found in Hafner [200]. Later, Brankovi¢ et al.
[72] showed that the constructions of [200] can be obtained as lifts of smaller Cayley
graphs with voltage assignments in smaller, mostly cyclic, groups. Researchers who have
contributed in the quest for large Cayley graphs of given degree and diameter also include
Campbell [82], and Akers and Krishnamurthy [6].

To conclude on a more general note, it is worth mentioning that Lakshmivarahan, Jwo
and Dhall [231] produced a survey of Cayley graph network designs. Apart from the
usual properties of order, degree and diameter, they also consider shortest path distance,
vertex-transitivity, arc-transitivity and several forms of distance transitivity. The survey
emphasises algebraic features, such as cosets, conjugacy classes, and automorphism ac-
tions, in the determination of some topological properties of over 18 types of networks.
Cayley graphs have been used numerous times as a tool for the design and analysis of
interconnection networks, for an example see Schibell and Stafford [301].

3.4.3 Abelian Cayley graphs

Further restrictions on the classes of groups yield better upper bounds. We discuss here
in more detail the Cayley graphs of abelian groups. Let ACa p denote the largest order
of a Cayley graph of an abelian group of degree A and diameter D. Inequalities for such
graphs are often stated in terms of the number of generators of the reduced generating
set rather than the degree. Given a Cayley graph C(I', S), the reduced generating set is a
subset S’ of S such that, for each s € S, exactly one of s, s~! appears in S’. If the reduced
generating set has d elements then the degree of the Cayley graph is equal to A = 2d —d’,
where d’ is the number of generators of order two in S.

Investigations of large abelian Cayley graphs of given size of reduced generating set and
given diameter can be based on the following simple but ingenious idea (see [132] for
genesis and background). Any finite abelian group I' with a symmetric generating set S
and a reduced generating set S” = {g1,...,94} of size d is a quotient group of the free
abelian d-generator group Z? by the subgroup N (of finite index), that is, the kernel of
the natural homomorphism Z¢ — T', which sends the unit vector e; € Z¢ onto ¢,. For
any given D, define

Wd,D = {(xl,...,l'd) € Zd’ |I1| +.o.F |l’d| < D}
Then the Cayley graph C(I', S) has diameter at most D if and only if Wy p + N = Z¢.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #DS14v2 29



D} 21 3| 4 5 6 7 8 9 10
A
3 8 14 24 60 72 168 300 506 820
4 13 30 84 216 513 1155 3080 7550 17608
5 18 60 210 546 1640 5500 16 965 57 840 187056
6 32 108 375 1395 5115 19383 76 461 331387 1253615
7 36 168 672 2756 11988 52768 249 660 1223050 6007 230
8 48 253 | 1100 5060 23991 131137 734 820 4243100 24 897161
9 60 294 | 1550 8200 45612 279616 1686 600 12123 288 65 866 350
1 0 72 406 | 2286 | 13140 81235 583 083 4393 452 27997191 201038922
1 1 84 486 | 2860 | 19500 139 446 1001 268 7442 328 72933102 500605110
12 96 605 | 3775 | 29470 229087 1999 500 15924 326 158 158 875 1225374192
13 112 680 | 4788 | 40260 346126 3322080 29927790 233660 788 2129329324
14 128 87316510 | 57837 530 448 5600532 50128239 579328377 7041746 081
15 144 972/ 7956 | 76518 787116 8599 986 88256520 | 1005263436 | 10012349898
1 6 155 | 1155 | 9576 | 100650 | 1125264 | 12500082 | 135340551 | 1995790371 | 12951451931

Table 3: The order of the largest known Cayley graphs of maximum degree A and diameter
D, CombinatoricsWiki, accessed on 10 March 2013.
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This has two immediate consequences. Firstly, Wy p| is an upper bound on AC54 p.
Secondly, if N is a subgroup of Z¢ of finite index with the property Wyp + N = Z¢
then N determines a d-dimensional lattice that induces ‘shifts’ of the set W, p which
completely cover the elements of Z%; the index [Z¢ : N] = |I'| (which is a lower bound
on ACy;p) is also equal to the absolute value of the determinant of the d-dimensional
matrix formed by the d generating vectors of N. The search for bounds on AC5; p can
therefore be reduced to interesting problems in combinatorial geometry [132].

An exact formula for |W, p| (which, as we know, is automatically an upper bound on
ACy,p) was given, for example, by Stanton and Cowan [326]. A general lower bound
on ACy, p, based on a thorough investigation of lattice coverings discussed above, was
obtained by Dougherty and Faber [132]. We state both bounds in the following form:
There exists a constant ¢ (not depending on d and D), such that for any fixed d > 2 and

all D,
cx 24 ;
T e D"+ O(D*) < ACup < Z (N)(7) ®)

Note that the upper bound can be considered to be the abelmn Cayley Moore bound for
abelian groups with d-element reduced generating sets. It differs from the Moore bound
M4 p rather dramatically; if the number of generators d is fixed and D — oo then the
right hand side of (8] has the form

2¢D4/d!l + O(D1),

Exact values of ACy;p are difficult to determine. With the help of lattice tilings,
Dougherty and Faber (and many other authors, also using different methods — see [132])
showed that, for d = 2, there actually exist ‘abelian Cayley Moore graphs’, that is,

ACyp = |Wyp| =2D*+2D + 1;

the analysis here is facilitated by a nice shape of the set Wy p C Z2%. For d = 3, the same
type of analysis [132] gives

ACs.p > (32D +48D%) /27 + f(D),

where f(D) is a linear function that depends on the residue class of D mod 3; the abelian
Cayley Moore bound here is

ACsp < [Wap| = (4D* +6D?* +8D + 3)/3.
A table of exact values of ACs p for D < 14 is included in [132].

It should be noted that the method of lattice-induced shifts of the sets Wy p tends to be
manageable for small values of d while D — oo, as can be seen from . At the other
end of the spectrum, for diameter D = 2, a folklore result says that

A+2 A+21 ()

ACas > 12571125
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This can be obtained from a Cayley graph for the product of cyclic groups Z|at2)/2] X
Z[(a+2)/2], With the generating set consisting of all pairs (1, 22), in which exactly one of
T1, T is equal to 0. This, however, is far from the upper bound ACxr, < A%/2 4+ A +1
that can be obtained by simple counting. An unstated folklore conjecture asserts that
one should have ACx 5 &~ A?/2 for all A; computational evidence due to McKay [248] has
confirmed this for all A < 16.

The current best general result in this direction is the inequality
ACpqo > (3/8)A% — 1.45D5%°

for all sufficiently large A, proved by Siran, Siagiové and Zdimalové [318] by way of
extending an earlier result of Macbeth, Siagiovd and Siran [244] stating that ACx, >
(3/8)(A% — 4) for all A of the form 4g — 2, where ¢ is an odd prime power. Another
result of [244] in this direction is the inequality ACao > (A +1)?/3 for A = 3¢ — 1 and
q an odd prime power. Since the last two results refer to different degrees, one cannot
compare them by just looking at the multiplicative constants at the A? term, especially
for relatively small values of A.

A completely different type of a bound on ACx p for D < A was found by Garcia and
Peyrat [172] with the help of covering codes; for A large enough and for 4 < D < A they

showed that
AD-217

21D!
Using similar groups as in [244], Vetrik [336] proved a bound for diameter 3 of the form
ACaz3 > (9/128)(A + 3)*(A — 5) for A = 8¢ — 3 and ¢ a prime power; trick developed
in [318] in conjunction with the prime-gap result of [20] again allow to conclude that
AChz = (9/128)A% + O(D*5% for all sufficiently large A.

AChp >

We conclude by mentioning the work done to find the largest order CCa p of a Cayley
graph of a cyclic group with degree A and diameter D; obviously, CCa p < ACa p. This
is of special interest for diameter 2, as the expectation is that CCap &~ A?/2 for all
sufficiently large A.

Macbeth, Siagiové and Siran [244] proved that CCa s = (9/25)(A+3)(A —2) for all A =
5p — 3, where p is a prime such that p = 2 mod 3, and also that CCa o > A%/3+O(A%?)
for A = 3p + O(/p) for the same set of primes. Using the same type of groups but
with modified generating sets, Vetrik [330] showed that CCa s > (13/36)(A + 2)(A —4)
for A = 6p — 2, where p is a prime such that p # 13 and p #Z 1 mod 13. We reiterate
that since these results refer to different degree sets, comparison by just looking at the
leading terms may be misleading. No results for large Cayley graphs of cyclic groups for
diameters larger than 2 have been known at the time of writing this survey.

We note that inequalities which include assumptions of the form A = f(q) where ¢ is a
prime or a prime power satisfying some extra congruence relations cannot be converted
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to inequalities valid for all A using results of [20] on gaps between primes, since no such
‘gap results’ appear to be available for primes subject to congruence restrictions.

3.4.4 Bipartite graphs

As in the case of the degree/diameter problem for general graphs, research activities
concerning the degree/diameter problem for bipartite graphs include both proofs of the
non-existence or otherwise of bipartite graphs of order close to the bipartite Moore bound,
and constructions of large bipartite graphs.

The ‘bipartite Moore bound’, that is, the maximum number Ba p of vertices in a bipartite
graph of maximum degree A and diameter at most D, was given by Biggs [58]:

20A —1)P -1

N if A>2.

BQ’D =2D and BA,D =

Note that the bipartite Moore bound represents not only an upper bound on the number
of vertices of a bipartite graph of maximum degree A and diameter D but it is also a
lower bound on the number of vertices of a regular graph G of degree A and girth g = 2D
[58]. A (A, g)-cage of order Ba p is therefore a bipartite Moore graph if g = 2D.

Bipartite graphs satisfying the equality are called bipartite Moore graphs. For degrees 1
or 2, bipartite Moore graphs are Ky and the 2D-cycles, respectively. When A > 3 the
possibility of the existence of bipartite Moore graphs was settled by Feit and Higman [148)]
in 1964 and, independently, by Singleton [316] in 1966. They proved that such graphs
exist only if the diameter is 2, 3, 4 or 6.

For D = 2 and each A > 3 the bipartite Moore graphs of degree A are the complete
bipartite graphs of degree A. For D = 3,4,6 bipartite Moore graphs of degree A have
been constructed only when A — 1 is a prime power [4I]. Furthermore, Singleton [316]
proved that the existence of a bipartite Moore graph of diameter 3 is equivalent to the
existence of a projective plane of order A — 1.

On the other hand, for D = 3, there are values of A with no bipartite Moore graphs.
The question of whether or not bipartite Moore graphs of diameter 3, 4 or 6 exist for
other values of A remains open, and represents one of the most famous problems in
combinatorics.

In view of the scarcity of bipartite Moore graphs, we next turn our attention to bipartite
graphs of small defect. Note that if the defect is less than

1+ (A=1) 4+ (A-1)P?
then the graph must be regular. Since the required graph is to be also bipartite, it follows

that in such a case the defect cannot be odd.
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(@) (b)

Figure 6: (a) the unique bipartite (3,3, —2)-graph and (b) the unique bipartite (4, 3, —2)-
graph.

Concerning bipartite graphs of defect 2, it was proved by Delorme, Jorgensen, Miller,
and Pineda-Villavicencio [124] that the known bipartite (3, 3)-graph and bipartite (4, 3)-
graph are unique. Moreover, they gave several necessary conditions for the existence of
bipartite (A, 3)-graphs of defect 2, including the fact that either A or A — 2 must be
a perfect square. The story of defect 2 was almost completed by Delorme, Jgrgensen,
Miller, and Pineda-Villavicencio [125], and Pineda-Villavicencio [283], which proved the
nonexistence of such graphs for A > 3 and D > 4. Thus, bipartite graphs of defect 2
can possibly exist only for diameter 3. Figure shows the known bipartite graphs of
defect 2.

The paper [283] went on to suggest the following conjecture: For a given Ay and §y =
f(Ag) there exists a constant Dy > Dy such that regular bipartite (Ag, D, —do)-graphs
with D > D; do not exist.

Bipartite graphs of defect 4 were studied by Feria-Purén and Pineda-Villavicencio [154]
and by Feria-Purén, Miller, and Pineda-Villavicencio [152]. In [I54] the authors provided
the following results: (1) several necessary conditions for the existence of bipartite (A, D)-
graphs of defect 4, (2) the complete catalogue of bipartite (3, D)-graphs with D > 2
and 0 < 0 < 4, (3) the complete catalogue of bipartite (A, D, —e¢)-graphs with A > 2
5< D <187 (D #6) and 0 < € <4, (4) and a proof of the non-existence of all bipartite
(A, D, —4)-graphs with A > 3 and odd D > 5.

Then, the follow-up paper [152] proved the optimality of the bipartite graph of degree 7,
diameter 3 and defect 6 found by Hafner and Loz independently, and the non-existence
of bipartite graphs of degree A > 3, diameter D > 5 and defect 4. Thus, bipartite graphs
of defect 4 exist only for diameters 3 and 4. Figure shows all the known bipartite
graphs of defect 4.
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Figure 7:  (a) — (d) all the bipartite (3, 3)-graphs of defect 4, (e) the unique bipartite
(3,4)-graph of defect 4, (f) — (g) all the bipartite (4, 3)-graphs of defect 4, and (g) the
only known bipartite (5, 3)-graph of defect 4.
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At present there are only a few exact values of by p known. In particular, considering
bipartite Moore graphs for D = 2 and any A > 2, we have bao = Bao. For D = 3,4
and 6, whenever A — 1 is a prime power, the value of ba p equals Ba p. Additionally, we
know that b3 5 = Bss — 6 and by 3 = By 3 — 6. The value of b3 5 corresponds to an optimal
bipartite graph of degree 3, diameter 5 and order 56 found by Bond and Delorme [64],
whose optimality was proved by Jergensen [216]. A bipartite graph of order b;3 = 80
was independently constructed by Hafner and Loz, and its optimality was settled by
Feria-Purén, Miller, and Pineda-Villavicencio [152].

The non-existence of bipartite Moore graphs of diameter 3, and degrees 7 and 11, re-
spectively, follows from the non-existence of projective planes of orders 6 and 10. The
non-existence of a projective plane of order 6 follows from Bruck, Ryser and Chowla’s the-
orem on symmetric designs [296], while the non-existence of a projective plane of order
10 was proved by Lam et al. [232] using computer search.

3.4.5 Constructions of large bipartite graphs

In the past many constructions of large bipartite graphs were proposed by Delorme and
his collaborators.

Bond and Delorme [64, 65] gave new constructions of large bipartite graphs with given
degree and diameter, using their concept of a partial Cayley graph. Other constructions
of large bipartite graphs were found by Delorme [I18], 119], using bipartite versions of
operations described earlier, most notably, *-product and compounding.

In the same papers, Delorme also studied the asymptotic behaviour of the problem by
introducing the parameter

ba.p
9AD-1
where ba p is the largest order of a bipartite (A, D)-graph. Comparing this with the
bipartite Moore bound, we see that 5p < 1 for all D; so far, it is only known [I18| [119]
that equality holds for D = 2, 3,4 and 6.

Op = lim infa_,o

So far, specific constructions for certain degrees or girths have produced the best results;
see, for instance, [12, 140}, 142]. For cubic graphs of girths greater than 8, Biggs [60]
gave an account of the degree/girth problem. Additionally, computer search has played
a significant role in this area; see, for example, [74], 250, 253, 142].

Loz, Pérez-Rosés and Pineda-Villavicencio [240] adapted the voltage-assignment-based
method developed by Loz and Sirdn [242] for general graphs to the case of bipartite
graphs; this resulted in updating more than one third of the table of the largest known
bipartite graphs.
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D} 3| 4 ) 6 7 8 9 10
A
3 14 30 56 126 168 256 506 800
4 26 80 160 728 840 2184 4970 11748
5 42 170 336 2730 3110 9234 27936 90 068
6 62 312 684 7812 8 310 29790 117 360 452032
7 80 346 | 1134 8992 23 436 80940 400160 1987 380
8 114 800 | 1710 39 216 40 586 201 480 1091 232 6927 210
9 146 | 1170 | 2496 74 898 117648 449 480 2961536 20017 260
1 0 1821640 | 4000| 132860 224694 1176 480 7057 400 50331156
1 1 190 | 1734 | 5850 | 142464 398 580 2246 940 15200 448 1305921354
12 266 | 2928 | 8200 | 354312 664 300 4650100 30001152 300 383 050
13 270 | 3064 | 11480 | 374452 | 1062936 5314680 50990610 617 330936
14 366 | 4760 | 14760 | 804468 | 1771560 | 14172480 95087738 | 1213477190
15 3701 4946 | 20496 | 842048 | 2480184 | 14172480 | 168016334 | 2300326510
16 394 | 5134 | 27300 | 884062 | 4022340 | 36201060 | 288939118 | 4119507 330

Table 4: The order of the largest known bipartite graphs of maximum degree
diameter D, CombinatoricsWiki, accessed on 10 March 2013.
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3.4.6 Graphs on surfaces

Let & be an arbitrary connected, closed surface (orientable or not) and let na p(S) be
the largest order of a graph of maximum degree at most A and diameter at most k,
embeddable in S. Let Sy be a sphere.

The planar (or, equivalently, spherical) version of the degree/diameter problem was con-
sidered by several authors. Seyffarth [303] proved that such graphs with maximum degree
A and diameter two have no more than 3/2A + 1 vertices and showed that such graphs
do exist.

Hell and Seyffarth [204] have shown that, for diameter 2 and A > 8, we have
3
TZAQ(S()) = L§AJ -+ 1.
For A < 7, the exact values of na 2(Sp) were determined by Yang, Lin and Dai [349].

Subsequently, Fellows, Hell and Seyffarth [149] established upper and lower bounds for
planar graphs of diameter 3 and any maximum degree A as

9
The case A = 3 was also considered by Tishchenko [331]. For planar graphs with general
diameter D and with A > 4, the authors in [149] (see also [150]) apply a special case of

a theorem of Lipton and Tarjan [236], to show that

na.p(Se) < (6D + 3)(2Al2) +1) .

An interesting generalisation of the result of [204] to arbitrary surfaces was obtained by
Knor and Siran [226]. Let S be an arbitrary surface (orientable or not) other than the
sphere, and let As = 28(2 — x(8))? + 2. Then, for diameter D = 2 and any maximum
degree A > Ag,

7’LA72(S) = nAVQ(SO) = LSAJ + 1.

The striking fact here is that this bound is, for A > Ag, independent of the surface &
and is the same as for the plane! The bound can therefore be considered to be the surface
Moore bound for A > Ag.

In [226], it is also shown that, for all A > Ag, there exist triangulations of S of diameter
2, maximum degree A, and order [(3/2)A] + 1; moreover, these ‘surface Moore graphs’
are not unique. The largest order of graphs of diameter 2 and degree at most 6 on surfaces
with Euler characteristic > 0 was determined by Tishchenko [332].
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When the diameter is even, Tishchenko completely solved the degree/diameter problem
for planar graphs, providing the exact value of pa p for large A. Indeed,

B BA(A — 1)d —1
PA2d = Q(A — 2)

Tables compiling the largest known planar graphs are maintained in CombinatoricsWiki
[239] and by Preen [289].

Siagiové and Simanjuntak [310] considered bounds on the order of graphs of arbitrary
maximum degree A > 3 and arbitrary diameter D, embeddable in a general surface of
Euler genus . Setting cs p = (6D(e + 1) + 3), their result can be stated in the form

A((A =151 —2)
A—2 '

<nap(S)<csp

In view of these bounds, the authors of [310] raise the natural question of the existence
and the value of the limit of na p(S)/AP/2 as A — oo.

The degree/diameter problem has also been studied for graphs embedded on a torus, that
is toroidal graphs. Note all planar graphs are a proper subclass of toroidal graphs. A
table compiling the largest known toroidal graphs is maintained by Preen [290].

3.5 Related topics

The relationships between parameters such as order, diameter, minimum degree and max-
imum degree have been considered by Chung [95]. She reviews the status of a number of
interrelated problems on diameters of graphs, including:

e degree/diameter problem
e order/degree problem

e given n, D, D', s, determine the minimum number of edges in a graph on n vertices
of diameter D having the property that after removing any s or fewer edges the
remaining graph has diameter at most D’

e as above but with a constraint on the maximum degree

e for a given graph, find the optimum way to add ¢ edges so that the resulting graph
has minimum diameter

e for a given graph, find the optimum way to add ¢ vertex disjoint edges to reduce
the diameter as much as possible.
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A variety of interrelated diameter problems are discussed by Chung in [94], including
determining extremal graphs of bounded degrees and small diameters, finding orientations
for undirected or mixed graphs to minimise diameters, investigating diameter bounds for
networks with possible node and link failures, and algorithmic aspects of determining the
diameters of graphs.

In her study of properties of eigenvalues of the adjacency matrix of a graph, Chung [90]
proved that the second largest eigenvalue (in absolute value) A is related to the diameter
D by means of the inequality

D < [log(n — 1)/log(A/A)].

Bermond and Bollobés [43] studied the following extremal problem: Given integers n, D,
D', A, k and [, determine or estimate the minimum number of edges in a graph G of
order n and with the following properties: (i) G has maximum degree at most A, (ii) the
diameter of G is at most D, (iii) if G’ is obtained from G by suppressing any k of the
vertices or any [ of the edges, the diameter of G’ is at most D'.

Bollobas [62] considered another extremal problem on diameters: given diameter and
maximum degree, find the minimum number of edges.

Goémez and Escudero [184] investigated constructions of graphs with a given diameter D
and a given maximum degree A and having a large number of vertices, whose edges can
be well coloured by exactly p colours. They include a table of such digraphs for D < 10
and p < 16.

The two additional parameters that have been considered most systematically in relation
with the degree/diameter problem are girth (= length of the shortest cycle) and connec-
tivity; we consider them in separate subsections, after taking a short detour in the next
subsection to consider how we can get close to the ideal of Moore graphs.

3.5.1 Approximating Moore graphs

Since Moore graphs exist for only a few combinations of the degree and diameter values,
we are interested in studying the existence of large graphs which are in some way ‘close’
to Moore graphs. Given that we are dealing with three parameters, namely, order, degree
and diameter, in order to get close to Moore graphs, we may consider relaxing each of
these parameters in turn. An initial discussion on the relaxation of the three parameters
was presented by Miller and Pineda-Villavicencio in [264], and is described next.

Relaxing the order: Here we look for graphs of given maximum degree A and diameter
D, whose order is Ma p — 6. As mentioned earlier, the parameter § is called the defect

and such a graph is called a (A, D, —§)-graph.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #DS14v2 40



Relaxing the order corresponds to the degree/diameter problem. This is the direction that
has traditionally been considered when trying to approximate the idea of Moore graphs.

Relazing the degree: As the maximum degree is a global measure of the degrees of the
vertices of a graph, we could choose a finer measure, the degree sequence. This approach
could be dealt with in several ways. A graph could be considered to be close to a Moore
graph if it has Ma p vertices, diameter D and if, for example,

(i) the number 0 of vertices of degree A + 1 is the smallest possible, while the rest of
the vertices all have degree at most A, or

(7i) there is one vertex of degree A + §, § as small as possible, while the rest of the
vertices all have degree at most A, or

(i77) the average degree of a vertex is A + ¢, ¢ as small as possible.

Relazing the diameter: As the diameter is a global measure of the distances between
the vertices of a graph, we could choose a finer measure, the eccentricity. Relaxing the
diameter could mean, for example, that a graph is close to a Moore graph if it has Ma p
vertices, maximum degree A and if

(7) the number § of vertices with eccentricity equal to D + 1 is the smallest possible,
while the remaining vertices all have eccentricity at most D, or

(7i) the average eccentricity of a vertex is D + §, d as small as possible.

A relaxation of the diameter was first considered by Knor [224] in the context of digraphs.
In that paper Knor studied the so-called radially Moore digraphs and showed that for
every diameter and every maximum out-degree there exists a corresponding radially (or
radial) Moore digraph.

Interestingly, the undirected version of this problem has proved to be much more difficult
and it is not clear whether or not there exists an undirected radial Moore graph for
all possible values of degree and diameter. A radial Moore graph (or, a radially Moore
graphs G, has radius D = rad(G), diameter at most D + 1 degree A and Ma p vertices.
Capdevila, Conde, Exoo, Gimbert and Lépez [86] consider the existence of radial Moore
graphs and they note that such graphs exist for radius 2 and any degree. They also
consider some natural measures of how well a radial Moore graph approximates a Moore
graph.

Using de Bruijn graph, Exoo, Gimbert, Lépez, and Gémez [141] gave a nice construction
of radial Moore graphs of diameter 3 for all degrees greater than or equal to 22. This,
together with earlier constructions by Knor [225], ensures that radial Moore graphs of
diameter 3 exist for every degree. The only other radial Moore graphs are known for the
values of (A, D) = (3,4), (3,5), (4,4) and (5,4). These graphs were obtained using the
algorithm described in [86] and their computer representations are available at
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For all the remaining values of degree and radius the question of the existence or otherwise
of radial Moore graphs is totally open.

3.5.2 Girth

Biggs [59] studied the number of vertices of a regular graph whose girth and degree are
given. If the degree is D > 3 and girth ¢ = 2r 4+ 1, » > 2, then there is a simple lower

bound D

D)y=1+——(D-1)"-1
for the number of vertices. It has been proved by Bannai and Ito [23], and by Damerell
[114], that the bound can be attained only when g = 5 and D = 3,7 or 57. For related

work, see also Biggs and Ito [61].

On the other hand, attempts to find general constructions for graphs with given girth and
degree have yielded only much larger graphs than the lower bound. Bollobas [62] gives
an overview of the problem and presents open questions regarding the behaviour of the
number of excess vertices n—ng(g, D), where n is the smallest possible order. Cubic (that
is, trivalent) graphs of a given girth and with the smallest possible number of vertices have
been known as cages. For a survey article about cages, we recommend Wong [344]; for
later results, the interested reader should consult Exoo [140] and Exoo and Jajcay [142].

Using matrix theory, Bannai and Itoh [24] proved that there do not exist any regular
graphs with excess 1 and girth 2r +1 > 5, and that, for » > 3, there are no antipodal
regular graphs with diameter » + 1 and girth 2r + 1.

Dutton and Brigham [133] gave upper bounds for the maximum number of edges e possible
in a graph depending upon its order n, girth g (and sometimes minimum degree §).

3.5.3 Connectivity

Chung, Delorme and Solé [97] define the k-diameter of a graph G as the largest pairwise
minimum distance of a set of k vertices in G, i.e., the best possible distance of a code of
size k in G. They study a function N(k, A, D), the largest size of a graph of degree at
most A and k-diameter D, and give constructions of large graphs with given degree and
k-diameter. They also give upper bounds for the eigenvalues, and new lower bounds on
spectral multiplicity.

A parameter which is believed to be particularly important in networks is the reliability
of the network: it is desirable that if some stations (resp., branches) are unable to work,
the message can still be always transmitted. This corresponds to the connectivity (resp.,
edge-connectivity) of the associated graph. It is well known that the connectivity is less
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than or equal to the edge-connectivity, which is less than or equal to the minimum degree
of the graph.

Seidman [302] gives an upper bound for the diameter of a connected graph in terms of
its number of vertices, minimum degree and connectivity. Earlier results in this direction
were also obtained by Watkins [341] and Kramer [229].

Bauer, Boesch, Suffel and Tindell [40] introduced the notion of super-A graphs for the
study of network reliability. A graph is super-\ if every edge cut of minimum size is an
edge cut isolating a vertex. Soneoka [324] surveyed sufficient conditions for connectivity
or edge-connectivity to be equal to the minimum degree. Additionally, the author proved
a sufficient condition for super-A in terms of the diameter D, order n, minimum degree
and maximum degree A. He proves that a graph is super-A if

n=0((A=1D)P=1D/(A=2)+1)+(A—-1)P1
The bounds are best possible for graphs with diameter 2,3,4 and 6.

Fiol [I55] considers the relation between connectivity (resp., superconnectivity) and other
parameters of a graph GG, namely, its order n, minimum degree, maximum degree, diam-
eter, and girth.

Using the same parameters, Balbuena, Carmona, Fabrega and Fiol [21] show that the con-
nectivity, as well as arc-connectivity, of a bipartite graph is maximum possible, provided
that n is large enough.

Quaife [291] gives an overview and some new results concerning the optimisation problem
of the order of a graph given maximum degree, diameter and another parameter p which
expresses a redundancy. An undirected finite graph G is a (A, D, u)-graph if, for each pair
of distinct vertices of GG, there exist at least p edge-disjoint paths joining these vertices,
each path consisting of k or fewer edges. The original (A, D) problem is then the (A, D, 1)
problem.

Other papers relating the order of a graph, its maximum degree and diameter (and pos-
sibly other parameters) with the connectivity of a graph, include the studies by Fiol
[155], 156], Fiol, Fabrega and Escudero [I58], Bermond, Homobono and Peyrat [55], [56].

We conclude the first part of this survey by a new subsection on a recent generalisation
of the degree/diameter problem.

3.6 Degree/diameter problem inside a host architecture

An interesting new direction in the degree/diameter problem was recently initiated by
Dekker, Perez-Roses, Pineda-Villavicencio and Watters [I17]. They proposed the follow-
ing problem.
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e MaxDDBS Problem: Given a connected undirected host graph G, an upper bound
A for the maximum degree, and an upper bound D for the diameter, find the largest
connected subgraph S with maximum degree < A and diameter < D.

MaXDDBS is a natural generalization of the degree/diameter problem and which can
be seen as MAXDDBS when G is the complete graph K, for sufficiently large n. After
introducing the problem in [I17], the authors went on to discuss various practical appli-
cations and, since it is computationally hard, give a heuristic approximation algorithm to
solve it.

Regarding its computational complexity, MAXDDBS is known to be NP-hard, since it
contains other well-known NP-hard problems as subproblems. In fact, restricting the
search to only one constraint (either on the degree or the diameter), is enough to ensure
NP-hardness [215]. The Largest Degree-Bounded Subgraph Problem is NP-hard as long as
we insist that the subgraph be connected, but can be solved in polynomial time otherwise
(Problem GT26 of [I73]). On the other hand, the Maximum Diameter-Bounded Subgraph
becomes the Maximum Clique for D = 1, which was one of Karp’s original 21 NP-hard
problems [221]. MAXDDBS also turns out not to be in ApPX, the class of NP-hard
optimization problems for which there is a polynomial-time algorithm with a constant
approximation ratio.

A case of special interest is when the host graph G is a common parallel architecture, such
as the mesh, the hypercube, the butterfly, or the cube-connected cycles. If there are any
constraints on communication time between two arbitrary processors, then MAXDDBS
corresponds to the largest subnetwork that can be allocated to perform the computation.
The case of the mesh and the hypercube as host graphs were already treated in [117],
where some bounds were found for the order of MAXDDBS in a k-dimensional mesh.
The problem was treated in more detail when the host graph is a mesh in [263] and the
bounds given in [I17] were refined for the order of the largest subgraph in arbitrary k > 1.
For the particular cases k = 3, A = 4 and k = 2, A = 3 the authors give constructions
that result in larger lower bounds.

In general, the initial results obtained in this degree/diameter subproblem tend to re-

sult in upper and lower bounds that are much closer than is the case in the general
degree/diameter problem.
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4 Part 2: Directed graphs

4.1 Moore digraphs

As in the case of undirected graphs, there is a natural upper bound ngj on the order of
directed graphs (digraphs), given maximum out-degree d and diameter k. For any given
vertex v of a digraph GG, we can count the number of vertices at a particular distance from
that vertex. Let n;, for 0 < i < k, be the number of vertices at distance ¢ from v. Then
n; < d°, for 0 < i < k, and consequently,

k
”d,k:Zni < 1+d+d>+---+dF
i=0

d—1

>
k+1 ifd=1

(10)

The right-hand side of , denoted by Mg, is called the Moore bound for digraphs. If
the equality sign holds in then the digraph is called a Moore digraph.

It is well known that Moore digraphs exist only in the trivial cases when d = 1 (directed
cycles of length k + 1, Cyyq, for any k£ > 1) or k = 1 (complete digraphs of order d + 1,
Ky, for any d > 1). This was first proved by Plesnik and Znam in 1974 [287] and later
independently by Bridges and Toueg who presented in 1980 a short and very elegant proof
[73].

Because of the importance of the result we include an outline of the proof of the rarity of
Moore digraphs, due to Bridges and Toueg.

Let A be the adjacency matrix of a digraph of degree d, diameter k and order n = My, =
1+d+---+d* In such a digraph, any two distinct vertices are connected by a unique
directed path of length at most &k (note that this means that there are no directed cycles
of length less than k + 1 in the digraph), which is equivalent to A satisfying the matrix
equation

I+A+-+ A =1 (11)

where [ and J are the identity and the all-one matrices of dimension n, respectively. Since
eigenvalues of A and J must satisfy the same polynomial equation and the spectrum of J
is nt0"~!, it follows that A has eigenvalue d corresponding to the eigenvalue n of J, and
some of the roots of

l+z+---+2°=0

zhtl_1
rz—1

=0.

corresponding to the eigenvalue 0 of J, that is,

k+

Since x # 0, we have zF™ — 1 = 0, and the solutions are complex numbers which come

in conjugate pairs, A;, A;, and \; = AF.
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Since there are no directed cycles of length less than k£ + 1 then the trace of A, tr(A’) =
0forl <y <k

Therefore we have tr(A4) = d + X'\, = 0 and tr(A4%) = d* + X' \F = 0.
Then —d = E;l;f)\z = 2?;11)\_1 = 2?;11)\f = _dk

This is possible only when d = 1 or k = 1 (the directed cycle of length k 4 1 or the
complete digraph on k + 1 vertices, respectively). Therefore, when d > 1 and k > 1 there
are no Moore digraphs.

Throughout, a digraph of maximum out-degree d and diameter k will be referred to as
(d, k)-digraph. Since there are no Moore (d, k)-digraphs for d > 2 and k > 2, the study
of the existence of large digraphs focuses on (d, k)-digraphs whose order is close to the
Moore bound, that is, digraphs of order n = Mgy — d, where the defect J is as small as
possible.

4.2 Digraphs of order close to Moore bound

We start this section with a survey of the existence of digraphs of order one less than the
Moore bound, that is, with (d, k)-digraphs of defect one; such digraphs are alternatively
called almost Moore digraphs.

For the diameter k = 2, line digraphs of complete digraphs are examples of almost Moore
digraphs for any d > 2, showing that n42 = My2 — 1. Interestingly, for out-degree d = 2,
there are exactly three non-isomorphic diregular digraphs of order M, — 1: the line
digraph of Kj plus two other digraphs (cf [258]), see Fig. [§l However, for maximum
out-degree d > 3, Gimbert [I74, [I76] completely settled the classification problem for
diameter 2 when he proved that line digraphs of complete digraphs are the only almost
Moore digraphs.

Conde, Gimbert, Gonzalez, Miret and Moreno [108] used concepts and techniques from
algebraic number theory combined with spectral techniques to prove that almost Moore
digraphs do not exist for any degree when the diameter is 3.

Subsequently, using a similar approach, Conde, Gimbert, Gonzalez, Miret and Moreno
[T07] were able to also prove that almost Moore digraphs of diameter 4 also do not
exist. Their proof relies on the irreducibility of a certain polynomial. Furthermore, they
have provided a very general result for the nonexistence of all almost Moore digraphs of
diameter at least 3 whenever the corresponding polynomial is irreducible [106].

On the other hand, focusing on small out-degree instead of diameter, Miller and Fris [25§]
proved that there are no almost Moore digraphs of maximum out-degree 2, for any k > 3.
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Figure 8: Three non-isomorphic diregular digraphs of order M;q — 1.

Moreover, Baskoro, Miller, Sirdn and Sutton [38] showed that there are no almost Moore
digraphs of maximum out-degree 3 and any diameter greater than or equal to 3.

The question of whether or not the equality can hold in ng) < Mgy — 1, for d > 4 and
k > 5, is open in general. A number of structural and non-existence results concerning
almost Moore digraphs (the (d,k)-digraphs of defect one) are based on the following
concept. If G is an almost Moore digraph then for each vertex v € V(G) there exists
exactly one vertex, denoted by r(v) and called the repeat of v, such that there are exactly
two v — r(v) walks of length at most k. If S is a set (resp. multiset) of vertices then r(5)
is the set or a multiset of all the repeats of all the elements of S. We denote by N*(u)
the set (or multiset) of the out-neighbours of a vertex u, and we denote by N~ (u) the set
(or multiset) of the in-neighbours of w.

If the almost Moore digraph G is diregular then the map r that assigns to each vertex
v € V(Q) its repeat r(v) is an automorphism of G. This follows from the Neighbourhood
Lemma of Baskoro, Miller, Plesnik and Zndm [35] which asserts that N*(r(v)) = r(N*(v))
and N~ (r(v)) = (N~ (v)) for any vertex v of a diregular almost Moore digraph. Moreover,
the permutation matrix P associated with the automorphism r (viewed as a permutation
on the vertex set of the digraph) satisfies the equation

IT+A+A+---+ A" =T+ P
where A is the adjacency matrix of G and J denotes the n x n matrix of all 1’s.

The rest of the results mentioned in this section have been proved with the help of repeats
(often combined with other techniques, most notably, matrix methods).

Miller and Fris [258] proved that there are no almost Moore digraphs for d = 2 and k& > 3.

Baskoro, Miller, Plesnik and Znam [35] gave a necessary divisibility condition for the
existence of (diregular) almost Moore digraphs of degree 3, namely that if a diregular
almost Moore digraph of degree 3 and diameter k > 3 exists then k + 1 divides §(3F —1).
Using this condition they deduce that such digraphs do not exist for infinitely many values
of the diameter (if k is odd or if 27 divides k + 1).
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Baskoro, Miller, Plesnik and Znam [34] considered diregular almost Moore digraphs of
diameter 2. Using the eigenvalues of adjacency matrices, they give several necessary
conditions for the existence of such digraphs. For degree 3, they prove that there is no
such digraph other than the line digraph of the complete digraph K, (a Kautz digraph).

For diregular digraphs, Baskoro, Miller and Plesnik [36] gave various properties of re-
peats and structural results involving repeats and especially selfrepeats (vertices for which
r(v) = v. These culminate in the theorem stating that for d > 3, k > 3, an almost Moore
digraph contains either no selfrepeats or exactly k selfrepeats, that is, an almost Moore
digraph contains at most one Cj,.

In [37] Baskoro, Miller and Plesnik gave further necessary conditions for the existence of
almost Moore digraphs. They consider the cycle structure of the permutation r (repeat)
and find that certain induced subdigraphs in a diregular almost Moore digraph are either
cycles or, more interestingly, smaller almost Moore digraphs. For £ = 2 and degree
2 < d < 12 they show that if there is a Cy then every vertex lies on a Cy (that is, all
vertices are selfrepeats or none is).

Baskoro, Miller and Siran [39] studied almost Moore digraphs of degree 3 and found that
such a digraph cannot be a Cayley digraph of an abelian group.

Gimbert [I75] dealt with the problem of (h, k)-digraphs, where there is a unique directed
walk of length at least h and at most k between any two vertices of the digraph and found
that such digraphs exist only when h = k and h = k — 1 if d > 2. In the cases of d = 2
or k = 2, it is shown, using algebraic techniques, that the line digraph L(Ky.1) of the
complete digraph Kjy.; is the only (1,2)-digraph of degree d, that is, the only digraph
whose adjacency matrix A satisfies the equation A+ A? = J. As a consequence, there does
not exist any other almost Moore digraph of diameter k& = 2 with all selfrepeat vertices
apart from the Kautz digraph.

Gimbert [174] used the characteristic polynomial of an almost Moore digraph to obtain
some new necessary conditions for the cycle structure of the automorphism r of such a
digraph. In particular, he applied the results to the cases of diameters 2 and 3 and proved
that there is exactly one almost Moore digraph for d = 4 and k = 2, the line digraph of
K5.

Inspired by the technique of Bridges and Toueg [73], Baskoro, Miller, Plesnik and Zndm
[35] used matrix theory (the eigenvalues of the adjacency matrix) to prove that there is
no diregular almost Moore digraph of degree > 2, diameter £ > 3 and with every vertex
a selfrepeat, that is, every vertex on a directed cycle Cy. Note that Bosdk [67] already
studied diregular digraphs satisfying the more general matrix equation

Aa+Aa+1+...+Ab:J, a<b7
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and he proved that for d > 1 such digraphs exist only if either b = a (de Bruijn digraphs
[77]) or b = a + 1 (Kautz digraphs [222], 223]). Thus the result of [35] is only the case
a =1and b = k > 3 but we mention it here because the proof is much simpler than
Bosék’s proof.

Cholily, Baskoro and Uttunggadewa [02] gave some conditions for the existence of al-
most Moore digraphs containing selfrepeat. The smallest positive integer p such that
the composition r?(u) = u is called the order of u. Baskoro, Cholily and Miller [30} B31]
investigated the number of vertex orders present in an almost Moore digraphs containing
selfrepeat. An exact formula for the number of all vertex orders in a graph is given, based
on the vertex orders of the outneighbours of any selfrepeat vertex.

There is a strong evidence that for diameter greater than 2, there are no almost Moore
digraphs. Teska, Kuzel and Miller [330] provided further structural conditions for digraphs
of defect 1 in the case when the digraph contains selfrepeats. Based on these conditions
they were able to establish the nonexistence of such digraphs for many combinations of d
and k values.

In 2011 Cholily [91] published a proof of the nonexistence of almost Moore digraphs
of diameter greater than 2. However, the proof assumes the validity of a very strong
conjecture which is of similar degree of difficulty as the conjecture of the nonexistence.

Although the nonexistence of almost Moore digraphs has been proved for many values
of d and k, we do not have an unconditional general proof. The conditional proof due

to Conde et al. [106] assumes the validity of the so-called cyclotomic conjecture, due to
Gimbert [174].

Conjecture 1 [17]] Let n > 2 and k > 1 be integers. Then

(1) If k is even then F, i (z) is reducible in Q[x] if and only if n | (k+2), in which case
F,.x(z) has just two factors.

(i1) If k is odd then F, (x) is reducible in Q[x] if and only if n is even and n | 2(k +2),
in which case F,, () has just two factors.

The case k = 2 of the cyclotomic conjecture was proved by Lenstra Jr. and Poonen [233]
and the cases k = 3 and k = 4 by Conde et al. in [108] and [107], respectively.

In [T06] the authors established that proving the cyclotomic conjecture implies the nonex-
istence of almost Moore digraphs.

The study of digraphs of defect 2 has so far concentrated on digraphs of maximum out-
degree d = 2. In the case of diameter k = 2, it was shown by Miller [255] that there
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are exactly five non-isomorphic diregular digraphs of defect 2. In [255], Miller proved the
non-existence of digraphs of defect two for out-degree 2 and diameter k > 3 by deriving a
necessary condition, namely, that k + 1 must divide 2(2**! — 3), the number of arcs in the
digraph of defect 2. Interestingly, this condition excludes many values of k. For example,
for 3 < k < 107 there are only two values (k = 274485 and k = 5035921) for which the
divisibility condition holds. Consequently, for all but these two values of k, 3 < k < 107,
it has been known for some time that digraphs of defect 2 do not exist for out-degree
d = 2. Miller and Siran [268] improved this result by showing that digraphs of defect 2
do not exist for out-degree d = 2 and all k > 3.

For the remaining values of £ > 2 and d > 3, the question of whether digraphs of defect 2
exist or not remains completely open; see Miller et al. [259, 268]. Our current knowledge

of the upper bound on the order of digraphs of out-degree d and diameter k is summarised
in Table [Bl

Diameter k Degree d Upper Bound of order ngy,
k=1 alld > 1 Mgq
k=2 d=1 M 5
all d > 2 Mgs —1

k=34 d=1 M
d=2 My —3
all d > 3 My —2

k>5 d=1 M i
d=2 My —3
d=3 Ms ) —2
all d > 4 Mgy —1

Table 5: Upper bounds on the order of digraphs of degree d and diameter k.

4.3 Diregularity of digraphs close to Moore bound

We shall next consider the question of diregularity of digraphs, given maximum out-degree
d and diameter k. To get a more complete picture, we make a short detour and briefly
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consider the much simpler issue of the regularity of undirected graphs.

For undirected graphs, if there is a vertex of degree less than A then the order of the
graph cannot be more than

nap=» m < 1+A-1D+A-1)A-1)+ -+ (A-1)A-1)""

= 1+ (A=DA+A-1) 4+ (A-1)PY

{1+(A—1)%:Mm—% if A > 2

. (12)
D+1=Mp—D if A =2

Obviously, it follows that graphs with the number of vertices ‘close’ to the Moore bound
cannot have any vertex of degree less than A, that is, the graphs are necessarily regular,
end of story. However, for directed graphs the situation is much more interesting.

The only strongly connected digraph of out-degree d = 1 is the directed cycle Cy,1. For

d > 1, if the maximum out-degree is d and if there is a vertex of out-degree less than d
then we have

k
nd,kzzni < 1+d=1)+d=-1Dd+--+(d—1)d*!
=0

= (l+d+d®+-+d)-(Q+d+d®+---+d)
Md,kz_Md,k—l- (13)

Therefore, a digraph of maximum out-degree d > 2, diameter k and order n = My — 0
must be out-regular if § < My;_,. However, establishing the regularity or otherwise of
the in-degree of digraphs (given maximum out-degree) is not so straightforward. Indeed,
there exist digraphs of out-degree d and diameter k, whose order is just two or three
less than the Moore bound and in which not all vertices have the same in-degree. These
graphs are out-regular but not in-regular.

For example, when d = 2, k = 2, n = 5 (that is, defect 2), there are 9 non-isomorphic
digraphs. Of these, 5 are diregular (see Fig. E[) and 4 are non-diregular (see Fig. .

It is interesting to note that there are more diregular digraphs than non-diregular ones
for the parameters n = 5, d = 2, k = 2, while for the next larger digraphs of defect 2,
namely, when n = 11, d = 3, k = 2, the situation is quite different: there are at least
four non-isomorphic non-diregular digraphs [319] but only one diregular digraph [27] (see

Figs. [11] and [12
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Figure 9: Five non-isomorphic diregular digraphs of order Ms 4 — 2.

Figure 10: Four non-isomorphic non-diregular digraphs of order M;, — 2.
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Figure 11: The unique diregular digraph of order Mjq — 2.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #DS14v2 52



Figure 12: Four non-isomorphic non-diregular digraphs of order Ms, — 2.
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Miller, Gimbert, Siraii and Slamin [259] proved that every almost Moore digraph is direg-
ular. Miller and Slamin [269] proved that every digraph of defect 2, maximum out-degree
2 and diameter k > 3 is diregular. Slamin, Baskoro and Miller [320] studied diregularity
of digraphs of defect 2 and maximum out-degree 3. Miller and Slamin conjecture that all
defect 2 digraphs of maximum out-degree d > 2 are diregular, provided k > 3.

Dafik, Miller, Tliopolous and Ryjacek [I11] proved that all almost Moore digraphs are
almost diregular (a digraph of defect ¢ is almost in-regular if the number of vertices of
in-degree less than d is at most 0 and the number of vertices of in-degree greater than d is
also at most §; almost out-reqularity is defined as expected; a digraph is almost reqular if it
is both almost in-regular and almost out-regular). For maximum out-degree 3 they proved
that apart from the diregular case there is only one other possible in-degree sequence in
an almost Moore digraph of diameter greater than 2.

The question of diregularity or otherwise of digraphs with defect greater than 2 is com-
pletely open.

4.4 Constructions of large digraphs

The best lower bound on the order of digraphs of maximum out-degree d and diameter k
is as follows. For maximum out-degree d > 2 and diameter k > 4,

nap = 25 x 2874, (14)

This lower bound is obtained from the Alegre digraph [7] which is a diregular digraph of
degree 2, diameter 4 and order 25 (see Fig. , and from its iterated line digraphs. For
the remaining values of maximum out-degree and diameter, a general lower bound is

UZN> 2 dk + dk_l. (15)

This bound is obtained from Kautz digraphs, that is, the diregular digraphs of degree d,
diameter k and order d* + d*~1 [222]. Kautz digraphs, although defined in the literature
in various ways, are just iterated line digraphs of complete digraphs (as an example, see
the Kautz digraph on 24 vertices of degree 2 and diameter 4, in Fig. . Line digraph
iterations were also studied by Fiol, Alegre and Yebra [I57]; for a nice partial line digraph
technique, see Fiol and Lladé [164]. For an example of work related to Kautz and de
Bruijn digraphs, we refer to Barth and Heydemann [25]. A new family of digraphs that
includes both de Bruijn and Kautz digraphs was studied by Llado, Villar and Fiol [237].

In [208] 209], Imase and Itoh considered the minimum diameter problem and the lower
bound for diameter k, given the number of nodes n and the in- and out-degree of each
node being d or less. From the Moore bound, they obtained

k = [logg(n(d — 1) + 1)] = 1 = (n,d),
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Figure 13: Alegre digraph.

Figure 14: Kautz digraph.
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where 1 < d < n—1 and [z] denotes the minimum integer not smaller than z. In [208],
they gave the following construction of a (d, k)-digraph of order n with diameter k& =
[log,n]. For any n and d (1 < d < n—1), the vertex set of the digraph is {0,1,...,n—1},
and there is an arc from ¢ to j if and only if j = id + ¢ (mod n), ¢ =0,1,...,d — 1. The
diameter of the digraph is either equal to [(n, d) or is at most one more. If % <n<dP

or if n = d**(d”+1), b odd, b < m, then the construction achieves diameter equal to the
lower bound I(n, d).

The construction by Imase and Itoh [209] was improved by Baskoro and Miller [32] who
produced a construction for digraphs of d*=°(d® + 1) vertices for any b (note that the
construction in [209] worked only for b odd). The procedure makes use of de Bruijn
digraphs [77]. For other constructions based on adjacency defined by congruence relations,
we refer to Opatrny [279, 280], and to Gémez, Padré and Perennes [190].

Examples of large digraphs of given degree and diameter have also been constructed by
heuristic search, see e.g., Allwright [9].

The lifting method described in Subsection 3.3.2 is suitable for constructing digraphs as
well as undirected graphs. In fact, most of the concepts introduced in Subsection 3.3.2
apply to digraphs with no or just minor changes. Let G be a base digraph with arc set
A(G) and let T" be a finite group. This time, a voltage assignment on G in ' is any
mapping a : A(G) — T'; no extra condition on voltages is needed because edge directions
are a part of the description of the digraph G. The definition of the lift G¢ is formally
the same as in Subsection 3.3.2, and the lift is automatically a digraph.

For an example, we refer to Fig. that shows how the Alegre digraph can be obtained
as a lift of a base digraph of order 5, endowed with voltages in the group Zs.

Lifts of graphs implicitly appear in a number of constructions of large (d, k)-digraphs. To
our knowledge, the first to explicitly use lifts of graphs were Annexstein, Baumslag and
Rosenberg [10] in connection with their group action graphs. Such graphs were then later
studied by Espona and Serra [138] to produce large Cayley (d, k)-digraphs based on the
so-called de Bruijn networks. We recall that, given a group I' and an arbitrary generating
sequence Y of elements yi, 4, ..., yq of I', the Cayley digraph C(I',Y") has vertex set T,
and for each g € I' and each y; € Y, there is a directed edge from g to gy;.

We point out that the role of lifts in the context of digraphs is similar to the situation we
have encountered in undirected graphs, and the reasons are essentially the same. To name
a few of the advantages of lifts, the diameter of the lifted digraph can be expressed in terms
of voltages on walks of the base digraph [29], which can be used to design efficient diameter-
checking algorithms. Further, if a digraph contains a non-trivial group of automorphisms
acting freely on its vertex set, then the digraph is a lift of a smaller digraph. This remark,
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Figure 15: A base graph G with voltage assignment in Z5 and its lift, the Alegre digraph.

which directly follows from [192], applies to most currently known largest examples of
(d, k)-digraphs, and so most of them can be described as lifts. Likewise, all constructions
where incidence is defined by linear congruences are, in fact, lifting constructions.

Any Cayley digraph C(T",S) is a lift of a single-vertex digraph (with |S| directed loops
carrying voltages from the generating set S). Additionally, quite complex Cayley digraphs
that have appeared in the directed version of the degree/diameter problem (such as the
ones of certain semidirect products of Abelian groups considered in [129]) can be described
as ordinary lifts of smaller Cayley digraphs, with voltages in Abelian (mostly cyclic)
groups; see [72].

As regards transitivity, convenient sufficient conditions can be extracted from [72] for a
lift to be a vertex transitive (or a Cayley) digraph, which is suitable for producing large

vertex transitive (d, k)-digraphs by lifts.

The theoretical background for lifts in the study of large (d, k)-digraphs can be found
in Baskoro et al. [29] and Brankovié¢ et al. [72]. Some of the results of [29] were in
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particular cases strengthened by Zlatos [355], who proved several upper bounds on the
diameter of the lift in terms of some properties of the base digraph and the voltage group.
A number of his results give significantly improved upper bounds when the digraph is a
Cayley digraph and the voltage group is abelian.

Table [0] gives a summary of the current largest known digraphs for maximum out-degree
d < 13 and diameter k£ < 11.

4.5 Restricted versions of the degree/diameter problem

Unlike the undirected case, the restrictions of the degree/diameter problem for digraphs
that have been considered in the literature are mostly connected with vertex transitivity.
Issues such as biparticity and connectivity have received less attention so far.

4.5.1 Vertex-transitive digraphs

Let vtqy be the largest order of a vertex-transitive digraph of maximum out-degree d and
diameter k. Obviously, we have vty = My if d = 1 or if £ = 1. Moreover, as line
digraphs of complete digraphs are vertex-transitive, we also have vtgo = Myo — 1, for
all d > 2. Apart from this, there do not seem to be any general upper bounds on vt .
Constructions that yield lower bounds on vty rely mostly on coset graphs or on certain
compositions.

Let I' be a finite group, let A be a subgroup of I', and let X be a set of distinct A-coset
representatives, such that I' is generated by AUX, X NA =0, and AXA C XA. The
Cayley coset digraph Cos(I', A, X) has vertex set {gA; g € '}, and there is an arc from
g\ to hA if hA = gzA, for some x € X. It is an easy exercise to prove that Cayley coset
graphs are well defined, | X|-diregular, connected, and vertex-transitive.

For a prominent example, let I' = S;;; be the symmetric group acting on the set [d +
1] =41,2,...,d,d+ 1}, and let Ay be the subgroup of I' that pointwise fixes the subset
(k] ={1,2,...,k}, for some k, 2 < k < d. Further, for 2 < i < d+ 1 let & be the cyclic
permutation (i...21), and let X = {&; 2 < i < d+ 1}. It can be checked that the
above conditions on I', A, and X are satisfied; the Cayley coset digraph Cos(Sgy1, Ax, X)
is known as a cycle prefiz digraph (see Faber, Moore and Chen [144], and also Comellas
and Fiol [I01]). The cycle prefix digraphs Cos(Sy.1, Ak, X) are (d, k)-digraphs of order
(d+1)!/(d+1—k)! and they yield most of the entries of the lower triangular part in the
table of largest known vertex-transitive (d, k)-digraphs (see end of this subsection). In
particular,

Moderate improvements of the above lower bound can be obtained by removing certain
adjacencies in the cycle prefix digraphs; for details we refer to [101].
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We now give an example of a composition method [I0T]. We say that a digraph is k-
reachable if for every pair of its vertices u, v there exists a directed path from u to v of
length exactly k. For example, the Kautz digraphs of diameter k are (k + 1)-reachable,
and the cycle prefix (d, k)-digraphs are k-reachable for all k > 3. Now, let G be a digraph
with vertex set V. Let n > 2 and ¢ > 1 be integers. Form a new digraph G, ; on the
vertex set Z;, x V", with adjacencies given by

(7;,’(}0,...,1}1',...,1}71,1) — (Z'—i-j,’ljo,...,wi,...,Un,1>,

where j € {1,b}, for some b € Z,,, all indices on the vertices of G taken mod n, and w;
adjacent from v; in G. This construction was introduced by Comellas and Fiol [101] who
also proved the following result: If G is a vertex-transitive d-diregular k-reachable digraph
then G,,; is also a vertex-transitive digraph, diregular of degree 2d, of order nt|V|", and
of diameter at most kn + ¢, where ¢ is the diameter of the Cayley digraph C(Z;,, {1,b}).
The number b is then chosen to minimise ¢. If j is restricted to assume the value 1 only,
then the result is a vertex-transitive (d, k’)-digraph of order nt|V|" and of diameter at
most (k + t)n — 1. Both constructions yield certain record examples of vertex-transitive
digraphs of diameter between 7 and 11; we refer to [101] for details.

The current largest known orders of vertex-transitive digraphs for maximum out-degree
d < 13 and diameter k£ < 11 can be found on the website

http://maite71.upc.es/grup_de_grafs/grafs/taula_delta

which is updated regularly by Francesc Comellas. For an earlier version of the table, see
Comellas and Fiol [101].

See also the CombinatoricsWiki website [239]. Note that all the currently largest
known values for d > 5 and k > 5 are due to Gomez [178].

4.5.2 Cayley digraphs

Let Cyr and ACyy be the largest order of a Cayley digraph and a Cayley digraph of an
abelian group, respectively, of out-degree d and diameter k. Very little is known about
Car in general. Clearly, Cy1 = Mg, and for & > 3 we know only that Cyj, < Mgy but
we can say a little more in the case when k& = 2. As we know from [I74], for d > 3, we
have ngo = M2 — 1 and the unique digraph of out-degree d and diameter 2 is the line
digraph of the complete digraph on d + 1 vertices.

As in the undirected case, the study of large abelian Cayley digraphs of a given out-degree
(equal to the number of elements in the generating set) and given diameter can be based
on a combination of group-theoretic and geometric ideas, whose genesis and background
have been explained in [132].

The starting point is again the fact that any finite abelian group I" with an arbitrary (not
necessarily symmetric) generating set Y = {y1,...,yq} of size d is a quotient group of the
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free abelian d-generator group Z¢ by a subgroup N (of finite index) that is the kernel of
the natural homomorphism Z?¢ — I' which sends the unit vector e; € Z¢ onto ;.

Since this time we are discussing directed graphs, and therefore in our Cayley digraphs
we cannot use an inverse of a generator (unless it belongs to Y'), in our quotient group
we are allowed to use only linear combinations of the vectors e; with non-negative integer
coefficients. Therefore, for any given diameter k, define

Wéyk:{(xl,,xd)eZd, 1’1207 $1++Q3d<k}

Then the Cayley digraph C(T',Y’) has diameter at most k if and only if W), + N = Z%.
This allows us to conclude that [W,| is an upper bound on ACj.

The geometric connection lies again in the fact that any subgroup N of Z¢ of finite index,
with the property Wy, + N = Z? determines a d-dimensional lattice that induces ‘shifts’
of the set W, so that they completely cover the elements of Z? We also recall that
the index [Z¢ : N] = |T'| (which gives a lower bound on ACy;) is equal to the absolute
value of the determinant of the d-dimensional matrix formed by the d generating vectors
of N. This reduces the search for bounds on ACy, to interesting and deep problems in
combinatorial geometry (cf. [132]).

Unlike the undirected case, an exact formula for [Wj,| (which, as we know, is automati-
cally an upper bound on ACyy) is a matter of easy counting and it forms the right hand
side of below. A lower bound is much harder to obtain, and we present here the one
given in Dougherty and Faber [132], based on a deep study of lattice coverings. We give
both bounds as follows: There exists a constant ¢ (not depending on d and k) such that
for any fixed d > 2 and all £,

c kE+d

k' + Ok < ACyy, < : 16
Jdndyeeer +ORT) < ACax (16)
Note that the upper bound can be considered to be the abelian Cayley directed Moore
bound for abelian groups with d-element generating sets. Once again, this differs from the

Moore bound My, rather dramatically; if the number of generators d is fixed and k — oo
then the right hand side of has the form k?/d! + O(k41).

It should not come as a surprise that the exact values of ACy, are difficult to determine.
With the help of lattice tilings, Dougherty and Faber [132] (and others, mainly Wong and
Coopersmith [343]) showed that

ACyy = Woul = [(k + 2)*/3].

For d = 3 and k > 8, similar methods (see [132] for details and more references) yield the
bounds

0.084k* + O(k?*) < AC3; < 3(k + 3)3/25.
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A table of the current best values of AC5 . for k < 30 appears in [132] as well.

Large Cayley digraphs can also be obtained by lifting [29] [72] 355]. As a representative
example, we briefly summarise the work of Espona and Serra [I3§]. Let G be a connected
diregular digraph of out-degree d and let F = {F, F5,..., Fy} be a factorization of G
into directed factors F; of in- and out-degree 1 (that is, each F; is a union of directed
cycles, covering all vertices of GG). Each factor F; then defines, in a natural way, a
permutation ¢; of the vertex set of GG, where ¢;(v) is the vertex adjacent from v in
the factor F;. Let I' be the permutation group generated by the permutations ¢, ..., ¢4
and let X = {¢1,¢2,...,04}. Then the Cayley digraph C(I', X) is a lift of the original
digraph G. We note that this procedure can easily be translated into the language of
voltage assignments on G.

It was pointed out in [I38] that interesting large (d, k)-digraphs (such as butterfly di-
graphs) can be obtained by the above construction applied to various factorizations of the
de Bruijn digraphs. For more constructions of large Cayley digraphs of given degree and
diameter, see [4].

Since bounds on the diameter of a Cayley digraph in terms of a logarithm of the order of
the group are essentially the same as in the undirected case (Subsection 3.4.2), we do not
discuss them here.

4.5.3 Digraphs on surfaces

The planar version of the degree/diameter problem for digraphs was considered by Siman-
juntak and Miller [314]. They showed that a planar digraph of diameter 2 and maximum
out-degree d > 41 cannot have more than 2d vertices and that this bound is the best
possible. They conjecture that the same bound holds also for d < 40. The planar ver-
sion of the degree/diameter problem for k£ > 2 is totally open. Unlike in the undirected
case, directed graphs embeddable on a fixed surface, other than the sphere, have not been
considered from the point of view of the degree/diameter problem.

4.6 Related topics

In the directed case it seems that less attention has been paid to topics closely related
to the ones presented in the previous sections. We therefore only consider separately
approximating Moore digraphs and the connectivity issue, while other miscellaneous con-

tributions are summed up in Subsection [4.6.3|

4.6.1 Approximating Moore digraphs

Since Moore digraphs exist for only a few combinations of the degree and diameter values,
we are interested in studying the existence of large digraphs which are in some way ‘close’
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to Moore digraphs. Given that we are dealing with three parameters, namely, order,
maximum out-degree and diameter, in order to get close to Moore digraphs, we may
consider relaxing each of these parameters in turn.

Relaxed Moore digraphs were first considered by Tang, Miller and Lin in [329].

Relaxing the order means looking for digraphs of given maximum out-degree d and di-
ameter k, whose order is My, — 0. The parameter ¢§ is called the defect. Such a digraph
is called a (d, k) — digraph of defect § or a (d, k,—0)-digraph. This is the direction that
has traditionally been considered when trying to approximate the idea of Moore digraphs;
this is the degree/diameter problem.

Next we consider relaxing the degree. As the maximum degree of a graph is a global
measure of the out-degrees of the vertices of a graph, we could choose a finer measure,
the in- and out-degree sequences. This approach could be dealt with in several ways. For
example, a digraph could be considered to be close to a Moore digraph if it has Mg
vertices, diameter k and if

(7) the number of vertices of out-degree d 4 1 is the smallest possible, while the rest of
the vertices all have out-degree at most d, or

(77) there is one vertex of out-degree d + J, 0 as small as possible, while the rest of the
vertices all have degree at most d, or

(731) the average degree of a vertex is d + 9, 0 as small as possible.

We have not found any study which has considered such a relaxation of the maximum
degree for graphs close to the ideal of a Moore digraph.

Next we consider relaxing the diameter. As the diameter is a global measure of the
distances between the vertices of a digraph, we could choose a finer measure, the in- and
out-eccentricity. Relaxing the diameter could mean, for example, that a digraph is close
to a Moore digraph if it has My, vertices, maximum out-degree d and if

(7) the number of vertices with out-eccentricity equal to k + 1 is the smallest possible,
while the remaining vertices all have out-eccentricity at most &, or

(77) the average out-eccentricity of a vertex is k + d, d as small as possible.

A relaxation of the diameter was first considered by Knor [224]. In that paper Knor
studied the so-called radially Moore digraphs. Knor defined radially Moore digraphs (also
called radial Moore digraphs) as regular digraphs with radius k, diameter < s+ 1 and the
maximum possible number of nodes. He showed that, for every k and d, there exists a
regular radially Moore digraph of degree d and radius k. He also gave an upper bound on
the number of central nodes in a radially Moore digraph of degree 2.
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In [329] the authors built a Hybrid Simulated Annealing and Genetic Algorithm (HSAGA)
for the construction of digraphs which are in some sense ‘close’ to being Moore digraphs.

4.6.2 Connectivity

Homobono and Peyrat [206] considered the connectivity of the digraphs proposed by Imase
and Itoh. They proved that, provided the diameter is greater than 4, the connectivity
of these digraphs is d if n = k(d + 1) and ged(n,d) > 1; and d — 1 otherwise. Imase,
Soneoka and Itoh earlier proved that the connectivity is greater than or equal to d — 1
if the graph’s diameter is greater than 4. Homobono and Peyrat’s paper improves upon
this result.

Imase, Soneoka and Okada [210] considered the relation between the diameter k& and the
edge (resp., vertex) connectivity of digraphs. They found that diameter minimisation
results in maximising the connectivity and that all proposed small diameter digraphs
have a node connectivity either d — 1 or d.

A digraph is super-A\ if every edge cut of minimum size is an edge cut isolating a vertex.
Soneoka [325] proved a sufficient condition for super-\ in terms of the diameter k, order n,
minimum out-degree § and maximum out-degree d. He proves that a digraph is super-\
if
n>6((d'=1)/(d—1)+1)+d" .

The bounds are the best possible for digraphs with diameter 2 or 3. The sufficient con-
ditions are satisfied by many well-known digraphs, including the de Bruijn and Kautz
digraphs.

Fiol [I55] considers the relation between connectivity (resp., superconnectivity) and other
parameters of a digraph G, namely, its order n, minimum out-degree, maximum out-
degree, diameter, and a new parameter related to the number of short walks in G. Max-
imally connected and superconnected iterated line digraphs are characterised.

Fiol and Yebra [165] showed that the Moore-like bound for strongly connected bipartite
digraphs G = (ViU V4, A), d > 1,

Vi| + [Va| < 2(dF* —1)/(d*> — 1) for k odd;

V| + [Va| < 2(d*™ —d)/(d*> —1) for k even

is attainable only when £ = 2,3 or 4. The interested reader can find out more about
bipartite and almost bipartite Moore digraphs in studies by Fiol, Gimbert, Gémez and
Wu [I61], and Fiol and Gimbert [I60]; for multipartite version, see Fiol, Gimbert and
Miller [162].
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Balbuena, Carmona, Fabrega and Fiol [21] showed that the connectivity, as well as arc-
connectivity, of a bipartite digraph is the maximum possible, provided that n is large
enough.

Other papers relating the order of a digraph, its maximum out-degree and diameter (and
possibly other parameters) with the connectivity and/or super-connectivity of a digraph
include the studies by Fébrega and Fiol [145], Fiol [156] and Xu [347].

Along with connectivity, modified concepts of diameter were considered, such as the k-
diameter of k-connected graphs studied by Xu and Xu [348], or the conditional diameter
in superconnected digraphs looked at by Balbuena, Fabrega, Marcote and Pelayo [22].

4.6.3 Other related problems

Analogously to the generalisation of Moore graphs proposed by Cerf, Cowan Mullin and
Stanton [89], Sampels [299] proposed a generalisation of Moore digraphs and in the same
paper he constructed vertex-symmetric generalised Moore graphs. Fiol, Lladé and Villar
[163] considered the order/degree problem for digraphs; they constructed a family of
digraphs with the smallest possible diameter, given order and maximum out-degree.

Aider [I] studied bipartite digraphs with maximum in- and out-degree d (> 1) and diam-
eter k. He showed that the order of such a digraph is at most

1 — 1
dk+1 —d
2W if k is even.

The author then finds some pairs d and k, for which there exist bipartite digraphs of
the given order (‘bipartite Moore digraphs’) and some pairs for which there are no such
bipartite digraphs. Additionally, a variety of properties of such digraphs are established.

Gémez, Morillo and Padré [189] consider (d, k, k', s)-digraphs (digraphs with maximum
out-degree d and diameter k£ such that, after the deletion of any s of its vertices, the
resulting digraph has diameter at most k). The authors’ goal is to find such bipartite
digraphs with order as large as possible. They give new families of digraphs satisfying a
Menger-type condition, namely, between any pair of non-adjacent vertices there are s + 1
internally disjoint paths of length at most &', and they obtain new families of bipartite
(d, k, I s)-digraphs with order very close to the upper bound.

Munoz and Gémez [273] continued this research and obtained new families of asymptoti-
cally optimal (d, k, k', s)-digraphs.
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Morillo, Fiol and Fébrega [271], Morillo, Fiol and Yebra [272], Comellas, Morillo and
Fiol [104] used plane tessellations to construct families of bipartite digraphs of degree
two and with maximum order, minimum diameter, and minimum mean distance, defined
by k = > ijev dij/n?. The last parameter was also studied earlier by Wong [342], who
considered a subclass of digraphs in which the number of nodes is n and diameter is k;
he showed that the minimum values of diameter and the average distance are both of the

order of d%/n.

Unilaterally connected digraphs were studied from the perspective of the degree/diameter
problem by Gémez, Canale and Munoz [182 [183].

In the next subsection we consider a generalization of the degree/diameter problem which
will subsume both undirected and directed versions of the problem.

4.7 Partially directed graphs

In many real-world networks, a mixture of both unidirectional and bidirectional connec-
tions may exist (e.g., the World Wide Web network, where pages are nodes and hyperlinks
describe the connections). For such networks, mixed graphs provide a perfect modeling
framework.

While it would appear that the undirected and the directed versions of the degree /diameter
problem are sufficiently different from each other - indeed so much so that we have decided
to organise this survey into two separate parts - there is nevertheless a way of treating
both undirected and directed versions together in a unified manner.

Recall that the Moore bound for a directed graph of maximum out-degree d and diameter
kis My, =14+d+d*+---+d~.

Similarly, the Moore bound for an undirected graph of maximum degree d and diameter
k is Mng = 1+d+d(d—1)++d(d—1)kil

Nguyen and Miller [277] showed that both undirected and directed Moore graphs are
special cases of “mixed” (or “partially directed”) Moore graphs.

Partially directed Moore graphs (also called mized Moore graphs) were introduced and
investigated by Bosdk [68]. Bosdk [68] defines a partially directed Moore graph as a
simple, finite and homogeneous (each vertex is an endpoint of r undirected (two-way)
edges and is an origin and a terminal of z directed (one-way) edges, where r and z are
independent of the choice of a vertex) graph satisfying the condition: There exists exactly
one trail (an edge can be used only once and wrong way is not allowed) from any vertex
u to any vertex v of length at most the diameter. Bosdk found divisibility conditions
concerning the distribution of undirected and directed edges in mixed Moore graphs of
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diameter 2, and he produced some examples of mixed Moore graphs.

This line of research was continued by Nguyen, Miller and Gimbert [278] who proved
the equivalence of mixed tied graphs and mixed Moore graphs. A proper mixed graph
contains at least one edge and at least one arc. It is shown that all proper mixed tied
graphs must be totally regular.

With the exception of the graph of order n = 18 (see Figure, all the other known proper
mixed Moore graphs of diameter 2, constructed by Bosdk, can be considered isomorphic
to Kautz digraphs (see [222] and [223]) of the same degree and order. Indeed, they are the
Kautz digraphs Ka(d,2) with all digons considered as undirected edges. The following
conjecture was proposed by Bosdk [68] (Z,, denotes directed cycle on n vertices).

Conjecture 2 [68] Let d and k be integers, d > 1, k > 3. A finite graph G is a mized
Moore graph of degree d and diameter k if and only if either d = 1 and G is Zyyq1, or
d=2 and G is Copy1.

Nguyen, Miller and Gimbert [278] presented a combinatorial proof that Conjectureholds.
They also proved that all the known mixed Moore graphs of diameter 2 are unique.

Figure 16: The Bosék graph.

Let G be a mixed Moore graph of order n, degree d and diameter £ > 2. Then G is a
loopless totally regular graph. If z is the directed degree of G' and r is the undirected
degree of G then

n=M,y=1+E+r)+2zz+r)+r(z+r—1)+ - +z(z+r)" T +r(z+r-1FL

The right hand side is the Moore bound for mized graphs, or mized Moore bound. A mixed
graph of maximum (undirected) degree r, maximum out-degree z, diameter k and order
M, , 1 is called a mized Moore graph.
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Figure 17: The proper mixed Moore graph Ka(3,2) of order 12.

Note that M. ,x = Mgy when z =0 and M, ., = Mj, whenr =0 (d =1+ z).

Table [7] lists all the values of n < 100 with the corresponding possible values of r and z
such that a mixed Moore graph either exists or is not known not to exist. Clearly, unlike
in the case of directed Moore graphs which are all known, or the case of undirected Moore
graphs which are all known with the exception when the degree is 57 and diameter 2,
there are still many values of r and z, for which the existence of a mixed Moore graph of
diameter 2 has not been settled.

The most recent new result is due to Jorgensen [2I8] who has consructed a new mixed

Moore graph of diameter 2, undirected degree 3 and out-degree 7; this graph contains 108
vertices.
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n|d]| z|r lexistence uniqueness

3 11 1] 0 |Zs V

5 2 10| 2|Cs V

6 2 | 1]1|Ka(2,2) V

10 | 3 | 0 | 3 |Petersen graph vV

12| 3 | 2|1 |Ka(3,2) (Figure[) v

18 | 4 | 1 | 3 [Bosdk graph V

200 4 | 3|1 |[Ka(4,2) V

300 5 (4|1 |Ka(52) V

40 | 6 | 3 | 3 |unknown unknown
421 6 | 5|1 |Ka(6,2) V

50 | 7 | 0 | 7 |Hoffman-Singleton graph V

54 | 7 | 4 | 3 [unknown unknown
56 | 7 | 6 | 1 |[Ka(7,2) V
7218 | 7|1 |Ka(8,2) V

84 | 9 | 2 | 7 |lunknown unknown
881 9 | 6 | 3 lunknown unknown
9| 9 | 8|1 |Ka(9,2) V
104 | 10 | 3 | 7 junknown unknown
108 10 | 7 | 3 |Jorgensen graph unknown
1100 10 | 9 | 1 |Ka(10,2) V
126 11 | 4 | 7 junknown unknown
130 11 | 8 | 3 |unknown unknown
132 11 |10 | 1 |Ka(11,2) V
150 12 | 5 | 7 |unknown unknown
154 12 | 9 | 3 |unknown unknown
156 12 [ 11 | 1 |Ka(12,2) V
176 13 | 6 | 7 junknown unknown
180 13 | 10 | 3 [unknown unknown
182 13 [ 12| 1 |Ka(13,2) V
198 | 14 | 1 | 13 junknown unknown

Table 7: Feasible values of the parameters for proper mixed Moore graphs of order up to

200.
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5 Conclusion

In this survey we have presented results and research directions concerning the degree/diameter
problem.

Here we give a list of some of the open problems in this area.

1. Does there exist a Moore graph of diameter 2 and degree 577

2. At present we have only non-diregular examples of a digraph with n =49, d = 2 and

k = 5. Does there exist a diregular version of a digraph with the same parameters
n,d,k?

3. Is ngy monotonic in d and/or in k?

4. Find graphs (resp., digraphs) which have larger number of vertices than the currently
largest known graphs (resp., digraphs).

5. Investigate the various restricted forms of the degree/diameter problem, for example,
for vertex-transitive graphs, Cayley graphs, bipartite graphs.

6. Answer the question of Bermond and Bollobés (end of Section 3.2), which asks if,
for each integer ¢ > 0, there exist A and D, such that na p < Map —c.

7. Prove or disprove the conjecture of Bollobés (Subsection 3.3.1), stating that for each
e>0,nap>(1- e)AP | for sufficiently large A and D.

8. Is it true that na p = vta p, for infinitely many pairs of A > 3 and D > 27
9. Does there exist a radially Moore undirected graph for every diameter and degree?

10. Is there a mixed Moore graph of order 40, diameter 2, and such that each vertex is
incident with 3 undirected edges and each vertex is the starting point of 3 directed
arcs?

11. More generally, classify all proper mixed Moore graphs.

12. Prove the diregularity or otherwise of digraphs close to Moore bound for defect
greater than one.

13. Prove or disprove the following generalisation of the result of Knor and Sirain from
Subsection 3.4.6: For each surface S and for each D > 2, there exist a constant Ag
such that for each A > Ag, we have na p(S) = na, p(So).

14. Motivated by the result of Siagiova and Simanjuntak (Subsection 3.4.6), investigate
the existence of the limit of na p(S)/AP/2) as A — oco.

THE ELECTRONIC JOURNAL OF COMBINATORICS 20(2) (2013), #DS14v2 70



15. Are there any bipartite graphs of defect 2 when the diameter is 37
16. Classify graphs of defect 2 and diameter 2 or 3.
17. For D > 4 are there any graphs with defect 2, diameter D and odd degree?

18. Prove or disprove the nonexistence of all almost Moore digraphs of degree > 3 and
diameter > 5.

19. Consider the degree/diameter problem as a subgraph within a given host architec-
ture.

In conclusion, we would like to comment briefly on the relationships between the three
parameters that have featured heavily in this survey; namely, order, degree and diame-
ter. Throughout this survey, we have considered the degree/diameter problem, that is,
maximising the order of a graph, resp., digraph. However, considering the three parame-
ters of a graph: order, degree and diameter, there are two additional extremal problems
that arise if we optimise in turn each one of the parameters while holding the other two
parameters fixed, namely,

e Order/degree problem: Given natural numbers n and A, find the smallest possible
diameter D,, o in a graph of order n and maximum degree A.

e Order/diameter problem: Given natural numbers n and D, find the smallest possible
maximum degree A,, p in a graph of order n and diameter D.

The statements of the directed version of the problems differ only in that ‘degree’ is
replaced by ‘out-degree.

For both undirected and directed cases, most of the attention has been given to the
degree/diameter problem, some attention has been received by the order/degree problem
but the order/diameter problem has been largely overlooked so far. For more details
concerning the three problems and their relationships, see [254] 269] 256].

Although we tried to include all references to the degree/diameter problem and other
research related to the Moore bounds, it is quite likely that we have accidentally or out
of ignorance left out some references that should have been included. We apologise for
any such oversights. Fortunately, this is a dynamic survey and we will be updating it
periodically. We will very much appreciate finding out about any omissions, as well as
new results in the degree/diameter problem and related topics.
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