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Abstract

Given a graph G, an obstacle representation of G is a set of points in the plane representing
the vertices of G, together with a set of connected obstacles such that two vertices of G are
joined by an edge if and only if the corresponding points can be connected by a segment which
avoids all obstacles. The obstacle number of G is the minimum number of obstacles in an
obstacle representation of G. It is shown that there are graphs on n vertices with obstacle
number at least Q(n/logn).
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1 Introduction

Consider a set P of points in the plane and a set of closed polygonal obstacles whose vertices
together with the points in P are in general position, that is, no three of them are on a line. The
corresponding visibility graph has P as its vertex set, two points p,g € P being connected by
an edge if and only if the segment pg does not meet any of the obstacles. Visibility graphs are
extensively studied and used in computational geometry, robot motion planning, computer vision,
sensor networks, etc.; see [4], [Z]], [12], [13], [21].

Alpert, Koch, and Laison [2] introduced an interesting new parameter of graphs, closely related
to visibility graphs. Given a graph G, we say that a set of points and a set of polygonal obstacles as
above constitute an obstacle representation of G, if the corresponding visibility graph is isomorphic
to G. A representation with & obstacles is also called an /-obstacle representation. The smallest
number of obstacles in an obstacle representation of G is called the obstacle number of G and is
denoted by obs(G). Alpert et al. [2] proved that there exist graphs with arbitrarily large obstacle
numbers.

Using tools from extremal graph theory, it was shown in [16]] that for any fixed A, the number of
graphs with obstacle number at most /4 is 2° ("), Notice that this immediately implies the existence
of graphs with arbitrarily large obstacle numbers.

In the present note, we establish some more precise estimates.

Theorem 1. (i) For any positive integer h, the number of graphs on n (labeled) vertices that admit
a representation with h obstacles is at most

20(hnlog2n) ‘
(ii) Moreover, the number of graphs on n (labeled) vertices that admit a representation with a set
of obstacles having a total of s sides, is at most
20(nlogn+slogs) ‘
In the above bounds, it makes no difference whether we count labeled or unlabeled graphs,
because the number of labeled graphs is at most n! = 20(%987) times the number of unlabeled ones.
It follows from Theorem[I] (i) that for every n, there exists a graph G on n vertices with obstacle

number
obs(G) = Q (n/log*n).

Indeed, as long as 20(hmlog?n) js smaller than 22 (”2), the total number of (labeled) graphs with n
vertices, we can find at least one graph on n vertices with obstacle number 4.
Here we show the following slightly stronger bound.

Theorem 2. For every n, there exists a graph G on n vertices with obstacle number

obs(G) = Q (n/logn).
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This comes close to answering the question in [2] whether the obstacle number of every graph
with n vertices is at most O(n). However, we have no upper bound on the maximum obstacle
number of n-vertex graphs, better than O(n?). In fact, we conjecture that the truth is somewhere
around n>.

Our next theorem answers another question from [2]].

Theorem 3. For every h, there exists a graph with obstacle number exactly h.

A special instance of the obstacle problem has received a lot of attention, due to its connection
to the Szemerédi-Trotter theorem on incidences between points and lines [20], [19], and other
classical problems in incidence geometry [15]. This is to decide whether the obstacle number
of K,, the empty graph on n vertices, is O(n) if the obstacles must be points. This question
is commonly called “the blocking conjecture”; for related problems, see the survey by Pér and
Wood [[17]. The best known upper bound is n20(V1ogn) ig due to Pach [14] (see also Dumitrescu
et al. [S)], Matousek [10], Aloupis et al. [1]], and Stanchescu [18] for a related result), while a
superlinear lower bound is conjectured by most experts.

It is an interesting open problem to decide whether the obstacle number of planar graphs can be
bounded from above by a constant. For outerplanar graphs, one obstacle is enough, as shown in [2].
Fulek, Saeedi, and Sar16z [6] have also proved that every outerplanar graph has a representation
with at most five convex obstacles.

Theorem i is proved in Section i+ 1, 1 <i < 3.

2  Proof of Theorem

We will prove the theorem by a simple counting method. Before turning to the proof, we introduce
some terminology. Given any placement (embedding) of the vertices of G in general position in the
plane, a straight-line drawing or, in short, a drawing of G consists of the image of the embedding
and the set of open line segments connecting all pairs of points that correspond to the edges of
G. If there is no danger of confusion, we make no notational difference between the vertices of G
and the corresponding points, and between the pairs uv and the corresponding open segments. The
complement of the set of all points that correspond to a vertex or belong to at least one edge of G
falls into connected components. These components are called the faces of the drawing. Notice
that if G has an obstacle representation with a particular placement of its vertex set, then

(1) each obstacle must lie entirely in one face of the drawing, and

(2) each non-edge of G must be blocked by at least one of the obstacles.

We start by proving a result about the convex obstacle number (a special case of Theorem [2)),
as the arguments are simpler here. Then we tackle Theorem [T|using similar methods.

Following Alpert et al., we define the convex obstacle number obs.(G) of a graph G as the
minimal number of obstacles in an obstacle representation of G, in which each obstacle is convex.

Claim 4. For every n, there exists a graph G on n vertices with convex obstacle number

obs.(G) >  (n/logn).
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The idea is to find a short encoding of the obstacle representations of graphs, and to use this
to give an upper bound on the number of graphs with low obstacle number. The proof uses the
concept of order types. Two sets of points, P; and P, in general position in the plane are said to
have the same order type if there is a one to one correspondence between them with the property
that the orientation of any triple in P; is the same as the orientation of the corresponding triple in
P,. Counting the number of different order types is a classical task.

Theorem A. [Goodman, Pollack [8]]] The number of different order types of n points in general

position in the plane is 20(M1ogn),

Observe that asymptotically the same upper bound holds for the number of different order types of
n labeled points, because the number of different permutations of n points is n! = 20(nlogn)

Proof of Claim 4} We will give an upper bound for the number of graphs that admit a representa-
tion with at most /4 convex obstacles. Let us fix such a graph G, together with a representation. Let
V be the set of points representing the vertices, and let Oy,.. ., O;, be the convex obstacles. For any
obstacle O;, rotate an oriented tangent line ¢ along its boundary in the clockwise direction. We can
assume without loss of generality that ¢ never passes through two points of V. Let us record the
sequence of points met by £. If v € V is met at the right side of ¢, we add the symbol v* to the
sequence, otherwise we add v—. (See Figure 1.)

2 2 2 2
1 |/ 1 1
3 3 3. 3
(a) Empty (c) 2+1~ d) 2+172- (e) 2717273+
2. 2
I\ 1 1
3% 3
(f) 2+1-2-3+1+ (2 (h) 2+1-273F1+3~
217273113~

Figure 1: Parts (a) to (g) show the construction of the sequence and (h) shows the visibilities. The
arrow on the tangent line indicates the direction from the point of tangency in which we assign
+ as a label to the vertex. The additional arrow in (a) indicates that the tangent line is rotated
clockwise around the obstacle.

When ¢ returns to its initial position, we stop. The resulting sequence consists of 2n characters.
From this sequence, it is easy to reconstruct which pairs of vertices are visible in the presence
of the single obstacle O;. Hence, knowing these sequences for every obstacle O;, completely
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determines the visibility graph G. The number of distinct sequences assigned to a single obstacle
is at most (2n)!, so the number of graphs with convex obstacle number at most 4 cannot exceed

((2n)")* < (2n)?". As long as this number is smaller than 2('5), there is a graph with convex
obstacle number larger than /. U

To prove Theorem (I we will need one more result. Given a drawing of a graph, the complexity
of a face is the number of line-segment sides bordering it. The following result was proved by
Arkin, Halperin, Kedem, Mitchell, and Naor (see Matousek, Valtr [9]] for its sharpness).

Theorem B. [Arkin et al. [3]] The complexity of a single face in a drawing of a graph with n
vertices is at most O(nlogn).

Note that this bound does not depend on the number of edges of the graph.

Proof of Theorem|l| First we show how to reduce part (i) of the theorem to part (ii). For each graph
G with n vertices that admits a representation with at most / obstacles, fix such a representation.
Consider the visibility graph G of the vertices in this representation. As explained at the beginning
of this section, each obstacle belongs to a single face in this drawing. In view of Theorem B, the
complexity of every face is O(nlogn). Replacing each obstacle by a slightly shrunken copy of the
face containing it, we can achieve that every obstacle is a polygonal region with O(nlogn) sides.
We have log(hnlogn) = O(logn), since i < (3), so we are done.

Next we prove part (ii). Notice that the order type of the sequence S starting with the vertices
of G, followed by the vertices of the obstacles (listed one by one, in cyclic order, and properly
separated from one another), completely determines G. That is, we have a sequence of length N
with N < n+s. According to Theorem A (and the comment following it), the number of different
order types with this many points is at most

20(NlogN) < 2c(n+s) log(n+s)
for a suitable constant ¢ > 0. This is a very generous upper bound: most of the above sequences
do not correspond to any visibility graph G. [

Following Alpert et al., we define the segment obstacle number obsg(G) of a graph G as
the minimal number of obstacles in an obstacle representation of G, in which each obstacle is
a (straight-line) segment. If we only allow segment obstacles, we have s = 2n, and thus Theorem
1] (ii) implies the following bound.

Corollary 5. For every n, there exists a graph G on n vertices with segment obstacle number

obss(G) = 2 (nz/logn) :

In general, as long as the sum of the sides of the obstacles, s, satisfies slogs = 0((’;) ), we can

argue that there is a graph that cannot be represented with such obstacles.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R00 5



3 Proof of Theorem 2

Before turning to the proof, we need a simple property of obstacle representations.

Lemma 6. Let k > 0 be an integer and let G be a graph with n vertices that has an obstacle
representation with fewer than i obstacles. Then G has at least | 5| vertex disjoint induced

subgraphs of k vertices with obstacle number at most one.

Proof. Fix an obstacle representation of G with fewer than 5; obstacles. Suppose without loss of
generality that in this representation no two vertices have the same x-coordinate. Using vertical
lines, divide the vertices of G into |7 | groups of size k and possibly a last group that contains
fewer than k vertices. Let G1, G2, ... denote the subgraphs of G induced by these groups. Notice
that if the convex hull of the vertices of G; does not entirely contain an obstacle, then obs(G;) < 1.
Therefore, the number of subgraphs G; that have k points and obstacle number at most one is larger
than |7 | — 5z, and the lemma is true. O

We prove Theorem [2] by a probabilistic argument.

Proof of Theorem[2] Let G be a random graph on n labeled vertices, whose edges are chosen in-
dependently with probability 1/2. Let k be a positive integer to be specified later. According to
Lemmal6]

Prob|obs(G) < n/(2k)]

can be estimated from above by the probability that G has at least | 5; | vertex disjoint induced
subgraphs of k vertices such that each of them has obstacle number at most one. Let p(n,k) denote
the probability that G satisfies this latter condition.

Suppose that G has |n/(2k)] vertex disjoint induced subgraphs Gy, G,,... with |V(G;)| =k

and obs(G;) < 1. The vertices of Gy,Gy,... can be chosen in at most (}) /K] different ways.
It follows from Theorem [I|i) that the probability that a fixed k-tuple of vertices in G induces a
subgraph with obstacle number at most one is at most

~0(klog? K)—(5) _

For disjoint k-tuples of vertices, the events that the obstacle numbers of their induced subgraphs
do not exceed one are independent.
Therefore, we have

n\ [/ (2K)] N 5
) .(20(klog k)—(z))[n/(Zk) | < pnlogn—nk/4+0(nlog*k)

p(n,k) < (k

Setting k = |Slogn]), the right-hand side of the last inequality tends to zero. In this case, almost
all graphs on n vertices have obstacle number at least 5 > m, which completes the proof. [
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4 Proof of Theorem

Alpert, Koch, and Laison [2]] asked whether for every natural number 4 there exists a graph whose
obstacle number is exactly 4. Here we answer this question in the affirmative.

Proof of Theorem[3| Pick a graph G with obstacle number 4’ > h. (The existence of such a graph
was first proved in [2], but it also follows from Theorem[2]) Let n denote the number of vertices of
G. Consider the complete graph K, on V(G). Clearly, obs(K,,) = 0, and G can be obtained from
K, by successively deleting edges. Observe that as we delete an edge from a graph G/, its obstacle
number cannot increase by more than one. Indeed, if we block the deleted edge e by adding a very
small obstacle that does not intersect any other edge of G’, we obtain a valid obstacle representation
of G’ —e. (Of course, the obstacle number of a graph can also decrease by the removal of an edge.)
At the beginning of the process, K, has obstacle number zero, at the end G has obstacle number
h' > h, and whenever it increases, the increase is one. We can conclude that at some stage we
obtain a graph with obstacle number precisely A. [

The same argument applies to the convex obstacle number, to the segment obstacle number,
and many similar parameters.
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