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We wish to issue an erratum for the paper [3]. The paper contains an error in Section 6
where it is shown that the model of random Boolean formulae into consideration does not
exhibit the Shannon effect. The proof is based on the construction of a sufficiently large
family of trees (representing only functions of small complexity) and containing trees from
a family Πx,y expanded once with some tree of a family Hx,y. The generating function
Hx,y(z) of Hx,y is described by an expression containing a multiple iteration of an operator
Ψ on the generating function P (z) of all trees [3, pp. 15–16].

On [3, p. 16] it is claimed that Ψ does not change the singularity η of P . This is
true and even the nature of the singularity is preserved: indeed the singular expansion
P (z) = α − β

√
1− z/η, as z → η, is transformed into Ψk(P )(z) = αk − βk

√
1− z/η.

However, the sequence βk tends to zero exponentially fast when k tends to +∞. The
consequence of this is that the constant c appearing in [3, Eq. (7)] as well as the subsequent
estimates on the same page depends on k (and hence on n, the number of variables, since
k = Θ(n2)) and actually tends to zero which flaws the proof of [3, Theorem 3].

We present here a correct proof based on the ideas presented in [2].
∗Supported by FWF grant SFB F50-03 and ÖAD, grant F03/2013.
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Proof of [3, Theorem 3]
Let us count the number of valid premise expansions of trees of size at most n2. All such
expansions thus compute functions of complexity at most n2. We will prove that the
limiting ratio of valid premise expansions of trees of size at most n2 tends to a positive
constant as n tends to infinity.

Note that one large tree can be a valid premise expansion of two different trees of
size at most n2. To avoid the multiple-counting of such trees, we restrict the family of
expansions as follows: in this section, we only consider premise expansions where the
expanding tree has exactly three subtrees, one labelled by the variable according to which
the expansion is done, and the two others being two implicational trees of size at least
n2. Let us denote by E the family of trees that are obtained by such a premise expansion
of a tree of size at most n2. Given such a tree, it is possible to find where the expansion
has been done, just by looking for the topmost internal node that has two subtrees of
size at least n2. This property ensures not to count several times the same tree in E by
expanding smaller trees.

To calculate the limiting ratio of E , we have to answer the following question: Consider
an implicational tree of size r. How many different valid premise expansions can be done
in this tree? A possible answer is based on the following bivariate generating function,
already introduced in the binary planar case (cf. [2]). First fix a variable y ∈ {x1, . . . , xn},

• T (u, z) is the generating function of implicational trees where z marks all nodes
and u marks the nodes having at least one ancestor labelled by y, counted with
multiplicity. This means that, given a tree t, each node having k ancestors labelled
by y contributes a multiplicative factor zuk to the weight of t.

• V (u, z) is the generating function of implicational trees where z marks all nodes and
u marks the nodes having at least two ancestors labelled by y, again counted with
multiplicity. This means that in a tree t each node having k ancestors labelled by y
contribute a multiplicative factor zuk−1 to the weight of t.

Now observe: Let F (z) = ∑
m>0 Fmz

m where Fm is the cumulative number of vertices in
all implicational trees of size m in which a valid y-premise expansion is possible. Then
F (z) = ∂u∆(1, z) where ∂u∆ := ∂/∂u∆ denotes the partial derivative of ∆(u, z) w.r.t. u.
Moreover, observe that by symmetry T (u, z) and V (u, z) do not depend on y.

We thus get the following lower bound (because we have restricted the expansions):

∑
f |L(f)6n2

Pn(f) >
n2∑
r=1

∑
y∈{x1,...,xn}

[zr]∂u∆(1, z) lim
m→+∞

[zm−r]Gy(z)
[zm]P (z) ,

=n
∑

[zr]∂u∆(1, z) lim
m→+∞

[zm−r]Gy(z)
[zm]P (z) (1)

where Gy(z) is the generating function of implicational trees having three subtrees, one
of them of size one, labelled by y, and the two others being implicational trees of size at
least n2. Of course, again by symmetry Gy(z) is independent of y.
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Lemma 1. The dominant singularity η of P (z) satisfies

η = 1
en
− 1

2e3n2 −
8e+ 9
24e5n3 +O

( 1
n4

)
.

Proof. The first two terms in the asymptotic expansion were given in [3, Eq. (3)]. Further
bootstrapping yields the next term.

Corollary 2. For large enough n we have

en > η−1
(

1− 1
2e2n

− 1
n2

)
and, for all m,

e−m

2 exp
(
−m
n2

(
1 + 1

4e4

))
6 ηm

(
n+ 1

2e2

)m
6 2e−m exp

(
− m

4e4n2

)
.

Lemma 3. Let R(z) be the unique solution of R(z) =
(
n+ 1

2e2

)
z ·exp(R(z)) that satisfies

R(z) = ∑
m>0 Rmz

m with Rm > 0. Then for sufficiently large n and m we have

Rm >
η−m√
2πm3

(
1− 1

12m

)
exp

(
−m
n2

(
1 + 1

4e4 + 1
2e2n

))
.

Moreover, for m > 3, Pm > Rm.

The idea of the rest of the proof is to deal with R(z) instead of P (z), because it is
simpler to deal with and the coefficients R(z) are a good approximation of those of P (z).

Proof. Using Lagrange inversion [1, e.g. p. 127], we deduce

Rm =
(
n+ 1

2e2

)m mm−1

m! .

Using Stirling’s formula [1, p. 407] and Lemma 1, we get, for large enough m and for all n

Rm >
(en)m√
2πm3

(
1− 1

12m

)(
1 + 1

2e2n

)m
>

η−m

2
√

2πm3

(
1− 1

12m

)(
1− 1 + 4e4

4e4n2 −
1

2e2n3

)m
.

Thus, for large enough m and n we obtain

Rm >
η−m

2
√

2πm3

(
1− 1

12m

)
exp

(
−m
n2

(
1 + 1

4e4 + 1
2e2n

))
.

Let us now turn to the second statement of the lemma, that asserts that Rm is a lower
bound for Pm, when m > 3. By differentiating the functional equation satisfied by R(z),
we get:

R′(z) = R(z)
z

+R′(z) ·R(z). (2)
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This equation translates directly to a recurrence satisfied by the coefficients of R(z):

Rm+1 = 1
m
·
m−1∑
k=0

(k + 1)Rk+1Rm−k ∀m > 2, (3)

with the first coefficients R0 = 0 and R1 = n + 1/(2e2). Let us now introduce the
generating function S(z) satisfying S(z) = nz exp(S(z) + S(z2)/2). Since the functional
equation of S(z) is a truncation of the one satisfied by P , we must have Sm 6 Pm. By
differencing this functional equation we get

S ′(z) = S(z)
z

+ S ′(z) · S(z) + z · S ′(z2) · S(z)

which translates to

Sm+1 = 1
m
·

m−1∑
k=0

(k + 1)Sk+1Sm−k +
m−1

2∑
k=0

(2k + 1)S2k+1Sm−2k−1

 ∀m > 2, (4)

with initial condition S0 = 0 and S1 = n. Comparing (3) with (4) we deduce that the
sequence (Sm)m>0 grows faster than the sequence (Rm)m>0 if Sm > Rm for some m. But
indeed S3 = 3n3/2 +n2/2 and R3 = 3n3/2 + 9e−2n2/4 + 9e−4n/8 + 3e−6/16, thus S3 > R3
(for all n > 1). Hence, we get Pm > Sm > Rm for m > 3.

Let us now turn to the generating function Gy(z) that enumerates the trees used for
the valid y-premise expansions. Recall that those trees have a root with three children,
one being a single leaf y and the two other being both of size larger than n2.

Lemma 4. There exists a constant γ > 0 such that, for all (fixed) integer r > 0,

lim
m→+∞

[zm−r]Gy(z)
[zm]P (z) > γηr+2.

Proof. The generating function Gy(z) is given by

Gy(z) = nz2 1
2(G(z)2 +G(z2)) where G(z) =

∑
m>n2

Pmz
m,

the integer Pm being the coefficient of the generating function P (z) of all implicational
trees. Therefore, Gy(z) has the same dominant singularity η as P (z) and it is also of
square-root type, which implies that

lim
m→+∞

[zm]Gy(z)
[zm]P (z) = lim

z→η

G′y(z)
P ′(z) = nη2

2 2G(η) lim
z→η

G′(z)
P ′(z) = nη2G(η),

since limz→η
G′(z)
P ′(z) = limm→+∞

[zm]G(z)
[zm]P (z) = 1. We thus have to estimate

G(η) =
∑
m>n2

Pmη
m >

2n2∑
m=n2

Pmη
m.
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Using Lemma 3, there exists a constant γ̃ such that for large enough n, and for m ∈
{n2, n2 + 1, . . . , 2n2}:

Pm > Rm >
γ̃η−m√
m3

, and γ̃ 6
1

2
√

2π

(
1− 1

12n

)
· exp

(
−2− 1

2e2 −
1
e2n

)
.

Thus, using Euler-McLaurin’s formula, we deduce there exists a constant γ = (2−
√

2) · γ̃
such that:

G(η) > γ̃
2n2∑
m=n2

m−
3
2 >

γ

n
.

Therefore
lim

m→+∞

[zm]Gy(z)
[zm]P (z) > γη2.

And thus, using a transfer theorem [1, Chapter IV], the statement is proved.

In view of Lemma 4, using a direct lower bound based on Equation (1), we get

∑
f |L(f)6n2

Pn(f) >
n2∑

r= n2
2

∑
y∈{x1,...,xn}

γηr+2 [zr]∂u∆(1, z). (5)

Lemma 5.

∂u∆(1, z) = (n− 1)P (z)
n− (n− 1)P (z)(S2(z)− S1(z)) + zP ′(z)

n− (n− 1)P (z) , (6)

where S1(z) = ∑
i>2 ∂uV (1, zi) and S2(z) = ∑

i>2 ∂uT (1, zi).

Proof. In order to study ∂u∆(1, z) we must establish the functional equations satisfied by
T and U . The derivation is the same as in the paper [2]. First,

T (u, z) = (n− 1)z exp
∑
i>1

T (ui, zi)
i

+ uz exp
∑
i>1

T (ui, uizi)
i

 .
Since T (1, z) = P (z), we thus deduce

∂uT (1, z) = z exp
∑
i>1

P (zi)
i

(n− 1)
∑
i>1

∂uT (1, zi) + 1 +
∑
i>1

∂uT (1, zi) +
∑
i>1

P ′(zi)zi
 .

In view of [3, page 5, first display], we have
∑
i>1

P ′(zi)zi = zP ′(z)
P (z) − 1,

and using the functional equation satisfied by P , we get

∂uT (1, z) = P (z)
n

(
n∂uT (1, z) + nS2(z) + zP ′(z)

P (z)

)
,
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where S2(z) = ∑
i>2 ∂uT (1, zi). Finally,

∂uT (1, z) = P (z)
1− P (z)

(
S2(z) + zP ′(z)

nP (z)

)
.

Secondly,

V (u, z) = (n− 1)z exp
∑
i>1

V (ui, zi)
i

+ z exp
∑
i>1

T (ui, zi)
i

 ,
which implies, after similar calculations as for T (u, z),

∂uV (1, z) = P (z)
n− (n− 1)P (z)((n− 1)S1(z) + S2(z) + ∂uT (1, z)),

where S1(z) = ∑
i>2 ∂uV (1, zi). Finally,

∂u∆(1, z) = (n− 1)P (z)
n− (n− 1)P (z)(S2(z)− S1(z)) + zP ′(z)

n− (n− 1)P (z) .

In order to complete the proof, we will derive a lower bound for the r-th coefficient
of ∂u∆(1, z). Let us first note that the r-th coefficient of S2(z)− S1(z) is positive (for all
positive r). Thus, using Lemma 5, we obtain [zr] zP ′(z)

n−(n−1)P (z) 6 [zr]∂u∆(1, z).

Lemma 6. Asymptotically when n tends to infinity, if r = Θ(n2), then

1
n

[zr−1] R′(z)
1− n−1

n
R(z) = Ω

(
η−r

n

)
.

Proof. Set

σr = 1
n

[zr]
n∑
i=2

(
1− 1

n

)i
R′(z) ·R(z)i.

Obviously, we get the next lower bound:

1
n

[zr−1] R′(z)
1− n−1

n
R(z) > σr−1.

Using the functional equation of R(z) or the recurrence for its coefficients (cf. Eq. (2)
and (3)) in the proof of Lemma 3) it is easy to see that, for all i > 2,

[zr−1]R′(z) ·R(z)i = (r − 1)Rr − [zr−1]
i∑

k=2
R(z)k.

Consider the case where i 6 n and r = Θ(n2), when n tends to infinity. We will show that
the second term of the r.-h. side is negligible: First observe that (r− 1)Rr = Θ(r−1/2η−r)
(by Lemma 3).
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Second, let k ∈ {2, · · · , n}. Using Lagrange inversion (see for example Eq. (14) of [1,
p. 732]) yields

i∑
k=2

[zr−1]R(z)k =
i∑

k=2

1
r − 1[Rr−2]k

(
n+ 1

2e2

)r−1
Rk−1 exp((r − 1)R)

6
i

r − 1

(
n+ 1

2e2

)r−1 i∑
k=2

(r − 1)r−k−1

(r − k − 1)!

6
i2

r − 1

(
n+ 1

2e2

)r−1 (r − 1)r−3

(r − 3)! 6 i2
(
n+ 1

2e2

)r−1 (r − 1)r−2

(r − 1)! ,

because the sequence (xk/k!)k is increasing while k 6 x. Thus, using Stirling’s formula [1,
p. 407] and Lemma 1, we conclude, for r = Θ(n2), that ∑i

k=2[zr−1]R(z)k = O (r−1η−r).
Consequently, σr−1 = Ω (n−1η−r).

Using the previous lemma and Eq (5) we conclude that ∑f |L(f)6n2 Pn(f) = Ω(1) as n
tends to infinity, and thus [3, Theorem 3] is proved.
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