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Fig. 8. Underlying graphs for the voltage graphs for polycyclic (v3) configurations with three orbits.

(3) The smallest triangle-free configuration is called the Cremona–Richmond
configuration. Its Levi graph is the Tutte 8-cage. Fig. 7 shows its rotational
realization together with the corresponding quotient graph. Even though the
configuration is highly symmetric, its quotient is not vertex transitive for any
automorphism.

Any cubic bipartite connected graph on 2n vertices can serve as the underlying graph of
a voltage graph of a polycyclic (v3) configuration. We will call it realizable if there exists
at least one voltage graph whose configuration is rotationally realizable.
The construction procedure for these graphs is relatively simple. The graphs with given

n consist of all simple connected bipartite graphs with 2n vertices and all connected
bipartite graphs with 2n − 2 vertices in which a digon is inserted at every possible edge.
If we restrict our attention to the vertex-transitive case there is a unique non-simple

family of graphs that is very useful for constructing polycyclic configurations.
LetΘ1 denote the graph consisting of two vertices and three parallel edges joining them.

In general, let Θn consist of vertices 0, 1, . . . , 2n − 1 and edges (2i, 2i + 1) and double
edges at (2i − 1, 2i) (addition is mod 2n); see Fig. 10.

Proposition 7. A connected bipartite cubic vertex-transitive graph is either simple or
isomorphic to some Θn, n ≥ 1.

Proof. All three possibilities for the local structure around a vertex of a cubic graph are
shown in Fig. 6. For a connected vertex-transitive graph G this structure must be the same
for each vertex. Case (c) in Fig. 6 implies that graph G is simple, case (b) implies that G
is isomorphic to some Θi , i ≥ 2, and case (a) shows Θ1. !
Case (n = 1). For n = 1 the only graph is the Θ1 graph. The derived configurations are
cyclic configurations; none of them is rotationally realizable overΘ1.

Case (n = 2). The case n = 2 consists of a single graph Θ2. It is obtained from Θ1 by
insertion of a digon at some edge. For a rotational realization; see Fig. 11.

Case (n = 3). There are three graphs available. From Θ2 we obtain Θ3 by inserting a
digon in a single edge and we get a graph of Fig. 7, the underlying graph of a Cremona–
Richmond configuration. Finally, K3,3 is the smallest simple bipartite graph having 6
vertices. It is the underlying graph of the Pappus configuration. See Fig. 8.


