
Proof. The eigenvalues of A(5, 4), A(6, 4) and A(7, 4) are determined by a computer; these are

{−4[1], −3[12], −2[28], −1[4], 0[30], 1[4], 2[28], 3[12], 4[1]},

{−4[42], −3[48], −2[39], −1[32], 0[45], 1[48], 2[42], 4[48], 6[15], 8[1]}, and

{−4[225], −3[14], −2[105], −1[60], 0[84], 1[42], 2[150], 3[20], 4[42], 5[6] 6[73], 9[18], 12[1]},

respectively, which agree with the assertion. So we may assume that n ≥ 6.

We consider the following order for the cycle types of 4-permutations:

1111, 112, 22, 13, 4, 1111′, 121′, 31′, 111′1′, 21′1′, 112′, 22′, 11′1′1′, 11′2′, 13′, 1′1′1′1′, 1′1′2′, 2′2′, 1′3′, 4′.

We order the cells of the cycle-type partition according to the above ordering. From Theorem 7, the quotient
matrix Q of the cycle-type partition of A(n, 4) is computed as:

0 0 0 0 0 4n4 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2n4 0 0 0 2n4 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 4n4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 n4 0 0 0 0 0 0 3n4 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4n4

1 0 0 0 0 n5 0 0 3n5 0 3 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 n5 0 0 n5 0 1 0 2n5 2 0 0 0 0 0
0 0 0 1 0 0 0 n5 0 0 0 0 0 0 0 0 0 0 3n5 3
0 0 0 0 0 2 0 0 2n6 0 2 0 2n6 4 0 0 0 0 0 0
0 0 0 0 0 0 2 0 0 2n6 0 2 0 0 0 0 2n6 0 4 0
0 1 0 0 0 1 0 0 n5 0 n5 0 0 2n5 2 0 0 0 0 0
0 0 1 0 0 0 1 0 0 n5 0 n5 0 0 0 0 0 2n5 0 2
0 0 0 0 0 0 0 0 3 0 0 0 3n7 6 0 n7 3 0 0 0
0 0 0 0 0 0 1 0 1 0 1 0 n6 2n− 11 2 0 n6 1 1 0
0 0 0 1 0 0 1 0 0 0 1 0 0 2n5 n5 0 0 0 n5 1
0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 4n8 12 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 1 2 0 n7 3n− 19 2 4 0
0 0 0 0 0 0 0 0 0 0 0 2 0 2 0 0 2n6 2n6 2 2
0 0 0 0 0 0 0 1 0 1 0 0 0 1 1 0 2n6 1 2n− 11 2
0 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 n5 2n5 n5



.

By computation, we obtain the eigenvalues and eigenvectors of Q as given in Table 4.
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and P = SQS−1. For any eigenvalue λ of Q with multiplicity 1 and with eigenvector v, setting w = Sv, the

multiplicity of λ as an eigenvalue of A(n, 4) is obtained by Lemma 5 as

n(n− 1)(n− 2)(n− 3)
(w)21
w>w

.

However, if the multiplicity of λ for Q is larger than 1, we need to find an orthogonal set of eigenvectors for λ and
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