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Abstract

Beaton et al. (2011) analytically proved that the number of directed column-
convex permutominoes of size n is given by (n + 1)!/2. In this paper, we provide a
different proof of this statement using a bijective method. More precisely, we present
a bijective correspondence between the class D,, of directed column-convex permu-
tominoes of size n and a set of permutations (called dec-permutations) of length
n + 1, which we prove to be counted by (n 4 1)!/2. The class of dcc-permutations
is a new class of permutations counted by half factorial numbers, and here we show
some combinatorial characterizations of this class, using the concept of logical for-
mulas determined by a permutation [4] and the notion of mesh pattern [7].

1 Introduction

Let P be a polyomino without “holes”, i.e. a polyomino whose boundary is a single loop,
and having n—1 rows and n—1 columns, n > 2; we assume without loss of generality that
the south-west corner of its minimal bounding rectangle is placed at (1,1). We recall that
P is a permutomino if for each abscissa (ordinate) between 1 and n there is exactly one
vertical (horizontal) bond in the boundary of P with that coordinate, and n — 1 is called
the size of the permutomino. A permutomino of size n — 1 can be equivalently defined
by a pair (m(P),m(P)) of permutations of length n (see Fig.1). These permutations
are called the first and the second component of P, respectively. We refer to [3, 9, 11]
for more detailed definitions on polyominoes and on permutominoes, and to [6] for basic
definitions on permutations.

Permutominoes were introduced in [13] in some algebraic context and then they were
considered by F. Incitti, in the study of the ﬁ—polynomials associated with a pair (7, m2)
of permutations [12]. The most significant results on the enumeration of column-convex
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T,=(1,7,53,8,2,6,4) T,=(7,5,8,1,6,3,4,2)

Figure 1: A permutomino of size 7 and the two associated permutations.

permutominoes was obtained in [2], where the authors determined a direct recursive con-
struction for the column-convex permutominoes of a given size, leading to a functional
equation. However they were not able to solve the equation in order to obtain the gener-
ating function of column-convex permutominoes. By using numerical analysis they were
led to conjecture that the number f, of column-convex permutominoes of size n has the
following asymptotic behavior:

Fo o~k (n+ 1R

where k = 0.3419111 and h = 1.385933. Exact results have been obtained for some classes
of convex permutominoes [3, 9, 11], and in particular the number of convezr permutominoes
of size n was proved to be equal to:

2(n+3)4m2 — g (2:) n> 1. (1)

We point out that (1) was proved independently in [5] and in [9], by using analytical
techniques. Recently, a bijective proof of (1) was given in [8] by encoding convex permu-
tominoes in terms of lattice paths.

Permutominoes have recently been studied in some different research areas, such as
discrete and computational geometry: in fact they have been considered by Tomas and
Bajuelos under the name of grid n-ogons [1]. Later Eppstein [10] introduced the concept
of zyz-graph, which is any 3-regular graph which can be embedded into 3-dimensional
Cartesian coordinates, in such a way that two vertices are adjacent if and only if two of
their three coordinates lie on an axis-parallel line and such that no three points lie on
the same axis-parallel line. Eppstein pointed out that xyz-graphs can be considered as a
generalization of permutominoes to 3-dimensions.

In this paper we consider the class D, of directed column-convexr permutominoes of
size n > 1. We recall that a polyomino is said to be column-convex if all its columns are
connected, and north-east directed (briefly, directed) if all its cells can be reached from a
distinguished cell — called the source — by means of a path, internal to the polyomino,
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which uses only north and east unit steps (see Fig. 2 (a)). The authors of [2] analytically
proved that the number of directed column-convex permutominoes of size n is (n+1)!/2.

At the recent conference GASCom 2012, held in Bordeaux, we have been asked for
a direct combinatorial explanation of this enumerative result. The simpler proof of this
fact would consist in a bijective correspondence between D,, and one of the several known
occurrences of classes permutations counted by (n + 1)!/2. Unfortunately, we have not
been able to find one such a “natural” correspondence, so we were motivated to look for
a more complex proof.

In this paper, we reach this goal by proving that:

- every directed column-convex permutomino P is uniquely determined by its second
component my(P);

-theset P, = {m(P) : P € D,} is in bijective correspondence with the set S, 1\ P},
where S,, denotes, as usual, the set of permutations of length n.

We point out that the objects of P/, called dcc-permutations, are a nontrivial set of
permutations counted by half the factorial numbers, and they have not been considered
yet in the literature. So, in the second part of the paper we study some combinatorial
properties of this set. In particular, we succeed in giving an alternative characterization
of dce-permutations, using the concept of logical formulas determined by a permutation,
recently introduced in [4]. Thank to this result, we are finally able to characterize the set
dce-permutations as a class of permutations avoiding two mesh patterns [7].

2 Enumeration of directed column-convex permutomi-
noes

Throughout the paper .S,, will denote the set of permutations of length n, D,, the set of
directed column-convex permutominoes of size n, and P/, (resp. P/) the set of first (resp.
second) components of permutominoes in D,,_;. Clearly, P),, P C S,.

Given m = (w(1),...,m(n)) € S,, we will use the graphical representation of m made
with the points (¢, 7(7)), and, by abuse of notation, we will often refer to the point 7 (i) of
7, to mean the point (i,7(7)). If n > 1, m(1) # 1, and j is the index such that 7(j) = 1,
let R(7) (briefly, R) be the array of right-to-left minima of 7 and R(7) (briefly, R) be the
array of the entries (7(j7 —1),7(j),...,m(n)) of # minus the points which are right-to-left
minima of 7. The rightmost element of R () will be referred to as L(n) (briefly, L). So,
for instance, referring to 7 = (6,12,8,1,11,2,3,5,9, 7,10, 4) represented in Fig. 2 (a), we
have R = (1,2,3,4), R = (8,11,5,9,7,10), and L = 10.

We start encoding a directed column-convex permutomino of size n — 1 by means of
a permutation of length n.

Proposition 1. A directed column-convex permutomino P is uniquely determined by its
second component mo(P).
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Proof. The proof follows from the observation that the permutation mo(P) (briefly, o)
forces the vertices of P to be connected in a unique way. More precisely (see Fig. 2 (a)):

a) my(1) is connected with my(i) = 1, because P is a directed polyomino;

b) the entries of 7wy which are right-lo-left minima — i.e., the elements of R(my) — have
to be connected in sequence because P is directed. In the graphical representation

we will always depict the path connecting the right-to-left minima by means of a
dashed line;

c) there is a unique way to connect the remaining entries of 7y, since P is a column-convex
permutomino.

(a) (b) (©

Figure 2: (a) A directed column-convex permutomino, and its second component w5 € P/;
(b) The permutation corresponding to m, through the mapping ¢—'; (c) A permutation
that does not satisfy condition 7).

The permutations of P/ will be then called directed column-conver permutations
(briefly, dec-permutations).

Definition 2. Let 7 € 5, such that (1) # 1; for each X € R — {L}, let Y be the
leftmost point of R on the right of X, and Z the leftmost point of R on the right of Y.
We set Zx = 7.

Figure 2 (b) depicts a permutation, the point X = 4, and the point Zx = 7. Observe
that possibly Zx = w(n).

Theorem 3. A permutation 7 of length n is a dcc-permutation if and only if the following
properties hold:

i) (1) #1;

ii) for each point X € R(n) — {L}, we have X > Zx;

iii) L > m(n).
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Proof. We start observing that the three properties are independent; in particular, condi-
tion i7) can be regarded as a degenerate case of condition i7) where X = L and Zx = m(n).
In any case, our proof turns out to be simpler if we keep conditions i) and iii) separated.

Let P be a directed column-convex permutomino. We have already observed that the
elements of the set R(m2(P)) identify the lower path of P and the remaining elements
of mo(P) identify the other part of the boundary of P (the upper path). It is clear that
mo(P) must satisfy ¢), éi), and ii), since the violation of any of the three conditions
would cause the two sub-paths to cross themselves. Figure 2 (b) shows a permutation
not satisfying condition ¢i), while Figure 2 (c) shows a permutation satisfying i) but
not 7i¢). The reader can check that in both cases it is not possible to construct a directed
column-convex permutomino such that mo(P) = 7, then 7 is not a dcc-permutation.

Conversely, let ™ be a permutation satisfying i), #7) and 4i7). In this case, we can build
the corresponding directed column-convex permutomino P according to the rules a), b)
and ¢) in Proposition 1.

We just need to prove that the upper path and the lower path cannot cross themselves.
In practice, provided (1) # 1, Figure 3 shows that if the upper path and the lower path
cross themselves, then we run across the violation of one or both conditions i) or #ii).
Now, by construction, we have mo(P) = 7, then 7 is a dce-permutation.

O

(b)

Figure 3: The two possible ways that the upper and the lower path may cross themselves;
the encircled points need not be present, while there is necessarily a right-to-left minimum
C of m, since otherwise X itself would be a right-to-left minimum.

Our aim is now to determine the number of dcc-permutations of length n, which —
by Proposition 1 — is equal to the number of directed column-convex permutominoes of
size n — 1.

Theorem 4. Forn > 2, the number of dcc-permutations of length n is %‘
Proof. To prove this statement, we determine a bijective correspondence
¢:S, \Pl— P!
So, let 7 € S, \'P". We distinguish three cases, depending on whether 7 violates condition

i), i1) (and not 7) or ii) (and not i), i7)):
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(1) 7(1) = 1. In this case, » maps 7 = (1,7(2)...7(n)) onto the permutation 7’ =
(m(2)...m(n),1). Clearly, since 7'(n) = 1, 7’ satisfies properties i), i) and iii), so
' e Py

(2) 7 satisfies 4) but not 7). In this case there is at least an element X € R — {L}
such that X < Zx, as depicted in Figure 2 (b). So, let X’ be the leftmost of these
elements (clearly X’ # 1) and set ¢(m) to be equal to the permutation obtained
from 7 by exchanging X’ with m(n) (see Fig. 2 (a)).

(3) m satisfies ) and 4i) but not iii), i.e. L < m(n) (asin Fig. 4 (b)). In this case ¢(7) is
obtained from 7, by exchanging L with m(n). Figure 4 (a) shows the permutation
obtained from that in Fig. 4 (b).

(a) (b)

Figure 4: (a) A directed column-convex permutomino, and the associated permutation
mo(P) € P”; (b) The permutation m = ¢~!(my), where L(m) < m(n) (condition #i) is not
satisfied).

Now we prove that the obtained permutation 7’ = ¢(7) is a dcc-permutation, i.e. it
satisfies conditions 1), i7), and ¢iz) of Theorem 3.

First, we assume that = falls in case (2). We observe that the set of right-to-left
minima of 7’ = ¢(7) is precisely

R(r') = {P: P is a right-to-left minimum of 7 and P < X'} U{X'},

and that all points in R(7’) lying on the right of 7(n) are greater than all points of R(7'),
thus 7" satisfies ii), and 7i7). Case (3) is analogous to the previous one, it suffices to
replace X’ by L.

Finally, we need to prove that ¢ is a bijection. This is trivial if 7/(n) = 1, since we
fall in case (1). Otherwise, we can invert the function ¢ as follows: let us consider a dec-
permutation 7’ = ¢(w) = (7'(1),...,7'(n)); let U be the rightmost right-to-left minima
of 7' different from 7/(n), and V the rightmost element in R(7’) on the left of U. The
points U and V' have been marked in Figure 2 (a) and Figure 4 (a). By exchanging V'
with 7/(n) we obtain the permutation 7 .

By construction 7" is not a dcc-permutation; more precisely we can prove that 7" = 7,
since:
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e if 7 does not satisfy i), then 7'(n) is just the leftmost element X € R(x") — {L}
such that X < Zx;

e if 7" satisfies i) but not iii), then 7/(n) is the rightmost element X which is not a
right-to-left minima (i.e. L).

It follows that ¢ is a bijection. m

3 Combinatorial characterizations of dcc-permutations

Theorem 4 tells us that the set of dec-permutations is a new class of permutations counted
by half factorial numbers. Despite several efforts, we have not been able to relate such a
class with any of the known classes counted by these numbers. This is why we believe it
interesting to determine some combinatorial properties, and some alternative characteri-
zations of dcc-permutations.

Let us recall that a permutation 7 is called decomposable if there is an index i < n
such that (m(1),...,7(i)) is a permutation. Similarly, 7 is R-decomposable if its reverse
7" is decomposable.

We also need to recall some basic concepts and definitions from [4], where the au-
thors introduced the notion of logical implications associated with a permutation, and
used these implications to characterize the set of the first components of column-convex
permutominoes. Let P be a column-convexr permutomino of size n, let m;(P) (briefly, )
be the first component of P, and let U; = (i,71(7)), 1 < ¢ < n+ 1, be the points of the
graphical representation of ;. As in the previous section, we call upper (resp. lower) path
of P the part of the boundary of P running from U; to U,,; and starting with a north
step (resp. east step). It follows from the definition that the upper path remains strictly
above the lower path except at the points U; and U, ;1. To any point U; = (i, m1(i)) we
associate the value

1 if U; belongs to the upper path,
v(Ui) =

0 otherwise.

The points U; and U,,; belong both to the upper and the lower paths, and, for our
convenience, we set v(U;) = 0, and v(U,11) = 1. Clearly, a column-convex permutomino
P is uniquely determined by m;(P), and by the array v(m) = (v(Uy),...,v(Uyt1)). For
instance, the column-convex permutomino P in Fig. 5 (a) is uniquely determined by its
first component m(P) = (2,6,3,5,1,7,4) and by the valuation v(m) = (0,1,0,1,0,1,1).

Definition 5. Let U;, U; € U, we say that the pair (U;, U;) forms an inversion if and only
is i < j and m(i) > 7(j). Moreover, we say that the array [U;, U;] = (U;, Uit1, ..., U;) is
a locally decomposable (R-decomposable) permutation if the normalization of (7 (i), (i +
1),...,7(j)) is a decomposable (R-decomposable) permutation.
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(b) ()

Figure 5: Two column convex permutominoes having m = (2,6,3,5,1,7,4) as their first
component: (a) non north-west directed; (b) north-west directed; (c¢) a valuation which
does not satisfy F(m).

For any given 7 € S,, we define a set of logic implication formulas F () on the variables
U={U,...,U,}. We point out that each variable uniquely refers to a point of m, and
from now on, we will use indifferently the symbol U; for a point or for the corresponding
variable.

Definition 6. Given U;,U; € U we set U; — U; € F(x) if (U;, U;) is an inversion and the
array [U;, U, is locally R-decomposable.

Given a valuation v, and two points A, B, the valuation of A — B is defined as follows:
v(A — B) =0 if and only if v(A) =1 and v(B) =0.

The reader may observe that this is just the standard valuation of the implication A — B
adopted in propositional calculus. If v(A — B) = 1 we say that v satisfies A — B. Now,
we say that v satisfies a set of implications F if it satisfies all the implications of F. We
say that F () is satisfiable if there is at least a valuation v of m which satisfies all the
formulas of F ().

So, for instance, referring to m = (2,6, 3,5,1,7,4), depicted in Fig. 5 (a), we have that
F(m) ={Us — Us, Uy — Uy, Us — U UyUsUy, Uy — Ug}. The reader can check that the
valuations vy (7w) = (0,1,0,1,0,1,1), and v = (0,1,1,1,0, 1, 1) satisfy F(7) (in fact they
correspond to the permutominoes in Fig. 5 (a), (b), respectively), whereas the valuation
vs(m) = (0,0,0,1,0,1,1) does not satisfy F(r); in fact, as depicted in Fig. 4 (c), if we
build the the upper and lower paths according to vs, we have that paths cross themselves.

In [4] the authors proved that the set of permutations
C'(n) = {m(P) : P is a column-convex permutomino of size n}

can be characterized in terms of the satisfiability of the associated set of implications.

Theorem 7. A permutation m € C'(n) if and only if F(7) is satisfiable.
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We can use the concept of logical formulas associated with a permutation, and in par-
ticular Theorem 7, in order to provide an alternative characterization of dcc-permutations.
Before proceeding we just need to observe that, given a permutomino P, the first compo-
nent of P is just the reverse of the second component of the polyomino PM obtained by
reflecting P with respect to the y-axis. Moreover, a permutomino P is north-east directed
column-convex if and only if P is north-west directed column-convex.

Definition 8. Given a permutation 7, let © be the valuation of 7 defined as follows:
0(U;) = 0 if and only if U; is a left-to-right minimum.
Using Proposition 1 and Theorem 7 we can state:

Proposition 9. A permutation m of length n is a dcc-permutation if and only if the
valuation v satisfies F(m").

Figure 5 (b) depicts a north-west directed column-convex permutomino P whose
first component is the permutation 7 = (2,6,3,5,1,7,4). We can see that the valuation
0 =1(0,1,1,1,0,1, 1) satisfies F(7), hence 7" is a dcc-permutation. Clearly, the (unique)
north-east directed permutomino having 7" as its second component is just P, obtained
by reflecting PM with respect to the y-axis. Now we are ready to state our main result:

Theorem 10. A permutation © of length n is a dcc-permutation if and only if:
i)w(1) # 1,
ii) F(m") is satisfiable,

iii) for every implication U; — Uy belonging to F(n"), we have that U; is a left-to-right

Proof. (=) Let us assume that one of the three conditions is not satisfied:
i) if m(1) = 1 then clearly 7 is not a dcc-permutation;
ii) if F(7") is not satisfiable then 7" ¢ C'(n) then 7 is not a dcc-permutation;

iii) if there is an implication U; — U; belonging to F(n") where U; is not a left-to-
right minimum, then we have that, for all v satisfying F(7"), v(U;) = 0. Then
the valuation v does not satisfy F(n"), hence, by Proposition 9, m is not a dcc-
permutation.

(<) By Proposition 9 it is sufficient to prove that ¢ satisfies F(7"). Let us assume by
contradiction that it does not hold; then there is an implication U; — U; € F(n") such
that 0(U; — U;) =0, i.e. 0(U;) =1 (i.e., Uj is not a left-to-right minimum) and v(U;) = 0
(i.e., U; is a left-to-right minimum). Since U; is a left-to-right minimum, by Definition 6,
it follows that U; — Uy € F(n"). Then, by transitivity we have U; — U; € F(n"), which
contradicts hypothesis iii), since U; is not a left-to-right minimum. [
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The three conditions of Theorem 10 can be re-formulated in a more suitable way.

Corollary 11. A permutation m of length n belongs to P! if and only if n(1) # 1 and
there is not any point U; of m such that [U;, U,] is a locally decomposable permutation and
U; is not a right-to-left minimum.

The previous result can be used to provide a characterization of dcc-permutations in
terms of mesh patterns. We recall that mesh patterns are a generalization of bi-vincular
patterns in permutations, recently introduced in [7]. In a word, a mesh pattern (7, R) is
an occurrence of the permutation pattern = with additional restrictions specified by R on
the relative position of the entries of the permutation (see Fig. 6). These restrictions can
be suitably represented by means of shaded regions in the graphical representation of the
pattern, and say that no elements of the permutation are allowed in the shaded regions.

Theorem 12. A permutation m is a dcc-permutation if and only if ™ avoids the mesh
patterns:

My = (213,{(1,2),(1,3),(2,0),(2,1),(3,0),(3,1),(3,2),(3,3)})
My = (17 {(07 O)? (07 1)7 (17 0)})

represented below

IS

RRIEIS

() (b)

Figure 6: (a) The mesh pattern Mj; (b) The mesh pattern Mo.

Proof. (=) Let us distinguish the following two cases:

(a) m contains the pattern M,. In practice, it means that 7(1) = 1, so 7 is not a
dcc-permutation;

(b) m contains the pattern M;. In this case, there are three entries U;, U;, Uy, with
1 < j < k, that form such mesh pattern. Let us consider the point U;. Clearly, U; is
not a right-to-left minimum of 7, and [U;, U, is a locally decomposable permutation.
Then, according to Corollary 11, 7 is not a dcc-permutation.

(<) If w is not a dec-permutation, then, according to Corollary 11, two cases may occur:

(a) (1) = 1; in this case, m contains the pattern Mo;
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(b) there is at least a point U; of 7 such that is not a right-to-left minimum and [U;, U,,] is
a locally decomposable permutation; so let B be the rightmost point of these points,
and let A be the rightmost right-to-left minimum such that A < B and let C' be the
point U,, then the three points A,B and C' give rise to the mesh pattern M;.

]

Referring to Fig. 2 (b), (c) the three points A, B and C' which produce the pattern
M, have been encircled.

At the end of our study, we have found it interesting to focus our attention on the class
B, of permutations avoiding the mesh pattern Mj; using the previous considerations, the
enumeration of this class turns out to be straightforward.
Proposition 13. Forn > 2, |B,| =Y/ L.
Proof. Let B, be the complement of B, then |Bn‘ = n! — |B,|. Let S, be the set of
permutations of length n starting with 1, then |S, | = (n — 1)l. As a consequence of
Theorem 4 and Theorem 12 have that:

' . —
5 =1 = [Ba| = Sual + [Bu 0 Sua .

Now, we observe that B,, N Sp1 = B,,_1, then we have:

n! Zn il Z g

=0
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