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4. The Combinatorial Rank 2 Spiders

For convenience, let C with # e (C or (C(q,qι/2,qι/3,...) be the ground field. The un-
clasped combinatorial rank 2 spiders describe the invariants of tensor products of the
two fundamental representations V(λ\) and V(λ2) of each of the Lie algebras A2, B2,
and G2. These two representations are duals of each other for A2 and are self-dual
in the other two cases. The strand set for the combinatorial A2 spider is defined as the
free semigroup of strings of symbols
" + " and "—," which correspond to V(λ\) and V(λ2), respectively. The dual
of a sign string is given by reversing the string and flipping the signs; for
example,

In the B2 and G2 spiders, the strand set is the free semigroup of strings of self-dual
symbols " 1 " and "2," so that duality is just string reversal.

Given a sign string s — s\ sn, define the A2 basis web set B(s) to be the
set of non-elliptic, bipartite, trivalent graphs properly embedded in a disk with
boundary points labelled s\,...,sn in counter-clockwise order. By a trivalent graph
properly embedded in a disk, we mean a 1-dimensional subset of the disk lo-
cally modelled by the following five allowed neighborhoods of a point in the
disk:

The allowed neighborhoods might be called empty disk, strand, trivalent vertex,
empty boundary, and endpoint. Such a graph is bipartite if its endpoints are signed
and its edges are oriented in such a way that the in-degree at each vertex is either
0 or 3, and such that edges point towards positive vertices and away from negative
ones. Finally, such a graph is non-elliptic if all internal faces have at least six sides,
where an internal face is a component of the complement of the graph that does
not touch the boundary of the disk. These graphs, henceforth called basis webs, are
considered up to isotopy relative to the boundary. For example, the 6 elements of
B(+ + + ) are

+ + + + + + + +




