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An Alternating Sign Matriz (ASM) is a square matrix with entries in {0,1, —1} where
in each row and column the non-zero entries alternate in sign and sum up to 1. Combi-
natorialists are especially fond of these objects since they discovered that ASMs belong
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to the class of objects which possess a simple closed enumeration formula while at the
same time no easy proof of this formula is known. Mills, Robbins and Rumsey [MRR83]
introduced ASMs in the course of generalizing the determinant and conjectured that the
number of n x n ASMs is given by

n—1

H (37 + 1) (1.1)

j=0 (n+3)!

More than ten years later, Zeilberger [Zei96a| finally proved their conjecture. Soon after,
Kuperberg [Kup96] gave another, shorter proof which makes use of a connection to sta-
tistical physics where ASMs have appeared before in an equivalent form as a model for
plane square ice (siz vertez model). Subsequently, it turned out that also many symmetry
classes of ASMs can be enumerated by a simple product formula; a majority of the cases
were dealt with in [Kup02]. A standard tool to prove these results are determinantal
expressions for the partition function of the six vertex model. A beautiful account on the
history of ASMs is provided by Bressoud [Bre99).

Since an ASM has precisely one 1 in its first row, it is natural to ask for the number of
ASMs where this 1 is in a prescribed column. Indeed, it turned out that also this refined
enumeration leads to a simple product formula [Zei96b]. Hence, it is also interesting to
explore refined enumerations of symmetry classes of ASMs. The task of this paper is to
present our attempt to prove the first author’s conjecture [Fis09] on a refined enumeration
of vertically symmetric alternating sign matrices. While we are not yet able to complete
our proof, we are able to show how it naturally leads to a conjecture on a much more
general multivariate Laurent polynomial identity. Moreover, we present some partial
results concerning this conjecture and additional motivation why it is interesting to study
the conjecture.

A Vertically Symmetric Alternating Sign Matriz (VSASM) is an ASM which is invari-
ant under reflection with respect to the vertical symmetry axis. For instance,

00 1 00
10 -1 01
00 1 00
01 -1 10
00 1 00

is a VSASM. Since the first row of an ASM contains a unique 1, it follows that VSASMs
can only exist for odd dimensions. Moreover, the alternating sign condition and symmetry
imply that no 0 can occur in the middle column. Thus, the middle column of a VSASM
has to be (1,—1,1,...,—1,1)T. The fact that the unique 1 of the first row is always in
the middle column implies that the refined enumeration with respect to the first row is
trivial. However, it follows that the second row contains precisely two 1s and one —1.
Therefore, a possible refined enumeration of VSASMs is with respect to the unique 1 in
the second row that is situated left of the middle column. Let B, ; denote the number of
(2n+1) x (2n+1)-VSASMs where the first 1 in the second row is in column 7. In [Fis09],
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the first author conjectured that

5 G5 H (3j — 1)(2j — 1)!(6) — 3)!

SR R T

=1,...,n. (1.2)

Let us remark that another possible refined enumeration is the one with respect to the

first column’s unique 1. Let B; ; denote the number of VSASMs of size 2n + 1 where

the first column’s unique 1 is located in row 7. In [RS04], A. Razumov and Y. Stroganov
showed that

n—1 . i—1 2n+r—2\ (dn—r—1

B* _H(Bj—l)(Qj_l 6j_3 Z z+r 1(2n71)(2n71)

ng . 4n—2 )
(47 = 2)(47 - D! r=1 (2n—1)
(1.3)

Interestingly, the conjectured formula (1.2) would also imply a particularly simple linear
relation between the two refined enumerations, namely

i=1,....2n+1.
j=1

Bui=Bi+Bii, i=1,....,n

To give a bijective proof of this relation is an open problem. Such a proof would also
imply (1.2).

Our approach is similar to the one used in the proof of the Refined Alternating Sign
Matrix Theorem provided by the first author in [Fis07]. We summarize some relevant
facts from there: Let A, ; denote the number of n x n ASMs where the unique 1 in the
first row is in column 4. It was shown that (A, ;)1<i<, is a solution of the following linear
equation system (LES):

" on—i—1
Api = ( o )( 1)t A, i=1,...,n,
| ; )=t " (1.4)

An,i = An,n—‘rl—ia 1=1,...,n.

Moreover it was proven that the solution space of this system is one-dimensional. The
LES together with the recursion

n—1
Apy = ZAn—u (1.5)
i=1

enabled the first author to prove the formula for A, ; by induction with respect to n.
The research presented in this paper started after observing that the numbers B, ;
seem to be a solution of a similar LES:

n—1 .
3n—1i—2 ,
Bn,n—i :Z ( ' / Z ‘ >(_1)]+n+1Bn7n—j7 L= -n, —7’L+1,...,TL— 17

—1
=~ 7

Bn,n—i :Bn,n+i+17 1= —n, —n+1,...,n— 1.
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Here we have to be a bit more precise: B,,; is not yet defined if i =n+1,n+2,...,2n.
However, if we use for the moment (1.2) to define B,,; for all i € Z, basic hypergeometric
manipulations (in fact, only the Chu-Vandermonde summation is involved) imply that
(Bn.i)1<i<2n is a solution of (1.6); in Proposition 2.1 we show that the solution space of
this LES is also one-dimensional. Coming back to the combinatorial definition of B, ;,
the goal of this paper is to show how to naturally extend the combinatorial interpretation
of B,; toi=mn+1,...,2n and to present a conjecture of a completely different flavor
which, once it is proven, implies that the numbers are a solution of the LES. The identity

analogous to (1.5) is
n—1
Bn,l — Z Bn—l,i‘
i=1

The Chu-Vandermonde summation implies that also the numbers on the right-hand side
of (1.2) fulfill this identity, and, once the conjecture presented next is proven, (1.2) also
follows by induction with respect to n.
In order to be able to formulate the conjecture, we recall that the unnormalized sym-
metrizer Sym is defined as Symp(xy,...,2,) = > p(Toq),-- - Towm))-
oES)

Conjectre 1.1. For integers s,t > 1, we consider the following rational function in

Rly vy Rstt—1
s s+t—1
o 25—2i—t+1 —1yi—1 2i—2s—t —1ys
Poi(z1, .0y 2sqto1) i= | | z; (1—27) | | z; (1—27)
i=1 i=s+1

1—2,+ 2,2

x ] I P P~q
2q— 2

1<p<q<s+t—1 q p

and let Rgi(z1,. .., 2spe—1) :=Sym Py (21, ..., 2544-1). If s < t, then

-1
Rs,t(zl, ceey Zertfl) = Rs,t(Zb ey Bi—1y % 5 Rl e :Zs+tfl)

forallie{1,2,...,s+t—1}.

Note that in fact the following more general statement seems to be true: if s < ¢, then
s+t—1

Ry i(21,...,25+4-1) i a linear combination of expressions of the form [ [(z; — 1)(1 —
j=1

z; DIER i; = 0, where the coefficients are non-negative integers. Moreover, it should be

mentioned that it is easy to see that Rs¢(21, ..., 2s4¢—1) is in fact a Laurent polynomial:

Observe that

ASym (Ps,t(Zh e 7Zs+t71) H (Zj - Zz))
1<i<j<s+t—1
Rs,t(zla Ce 7Zs+t—1) = H

(Zj — z;)
1<i<j<s+t—1
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with the unnormalized antisymmetrizer

ASymp(xq,...,x,) = Z SEN O P(To(1ys - - -5 Ta(n))-

0ESH
The assertion follows since Py (21, ..., Zs+1-1) 11 (zj — #;) is a Laurent polynomial
1<i<j<s+t—1
and every antisymmetric Laurent polynomial is divisible by IT (25 — 2i).

1<i<j<st—1
We will prove the following two theorems.

Theorem 1.2. Let Rs¢(21,. .., 2s4¢-1) be as in Congecture 1.1. If

Rsyt(zl, e ,ZSth,l) = Rs’t(zfl, ey Z;—i}t—l)
forall 1 < s <t, then (1.2) is fulfilled.
Theorem 1.3. Let R, (21, .., 2s+4—1) be as in Conjecture 1.1. Suppose

Rei(z1, .oy 2s1t-1) = Rs,t(zl_l, . ,z;rltfl) (1.7)
ift=sandt=s+1,s>1. Then (1.7) holds for all s,t with 1 < s < t.

While we believe that (1.2) should probably be attacked with the six vertex model
approach (although we have not tried), we also think that the more general Conjecture 1.1
is interesting in its own right, given the fact that it only involves very elementary math-
ematical objects such as rational functions and the symmetric group.

The paper is organized as follows. We start by showing that the solution space of (1.6)
is one-dimensional. Then we provide a first expression for B,, ; and present linear equation
systems that generalize the system in the first line of (1.4) and the system in the first line
of (1.6) when restricting to non-negative i in the latter. Next we use the expression for
B, ; to extend the combinatorial interpretation to ¢ = n+1,n+2,...,2n and also extend
the linear equation system to negative integers i accordingly. In Section 6, we justify the
choice of certain constants that are involved in this extension. Afterwards we present a
first conjecture implying (1.2). Finally, we are able to prove Theorem 1.2. The proof
of Theorem 1.3 is given in Section 9. It is independent of the rest of the paper and, at
least for our taste, quite elegant. We would love to see a proof of Conjecture 1.1 which is
possibly along these lines. We conclude with some remarks concerning the special s = 0
in Conjecture 1.1, also providing additional motivation why it is of interest to study these
symmetrized functions.

2 The solution space of (1.6) is one-dimensional

The goal of this section is the proof of the proposition below. Let us remark that we use
the following extension of the binomial coefficient in this paper

z(@=1)--(z—j+1) ¢ .
=3, * & 21)
J 0 if 7 <0,
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Proposition 2.1. For fized n > 1, the solution space of the following LES

n—1 .
3n—1i—2 .
Yoi= E (n B )(—I)JJF"HYM, i=-n,—n+1,...,n—1,
— J—1
J=i
Yoi=Yn i1, 1=-n,—n+1...,n—1,

in the variables (Y, ;)—n<i<n—1 1S one-dimensional.

Proof. As mentioned before, the numbers on the right-hand side of (1.2) are defined for
all i € Z and establish a solution after replacing ¢ by n —4. This implies that the solution
space is at least one-dimensional. Since

n—1 . n—1 ;
—i—=2 , —1—2 ;
= X (M) e = T (T D e,

=, J—1 =, —j—1—1

it suffices to show that the 1-eigenspace of

(&)
—Jj—i—1 —n<i,j<n—1

is 1-dimensional. So, we have to show that

dn—i—1 |
rk(( e )(—1)9+1—5i7j) —on—1.
2n—1—74+1 1<ij<on

After removing the first row and column and multiplying each row with —1, we are done
as soon as we show that

dn —1—1 .
((2” —t—J+ 1)( ) J)Qgi,ngn 7

If n = 1, this can be checked directly. Otherwise, it was shown in [Fis07, p.262] that

o — i — 1 A S
m—i—j+1 2<i,j<m J—1 1<i,j<m—2

when m > 3, whereby the last determinant counts descending plane partitions with no
part greater than m — 1, see [And79]. However, this number is given by (1.1) if we set
n =m — 1 there. O]

3 Monotone triangles and an expression for B, ;

A Monotone Triangle (MT) of size n is a triangular array of integers (a;;)1<j<i<n, Often
arranged as follows
ay1
a2 1 29

a/n71 DY . .. an7n
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o 0 o1 0 0 0 0 0 4

01 0-10 1 0 0 0 o 6

o 00 0 0 0 1 0 0] & 9 6 -

o 0 0o 1 0 0 -1 1 0 9 4 6 3
1 -11 -11 -1 1 —-11

Figure 1: Upper part of a rotated VSASM and its corresponding Monotone Triangle.

with strict increase along rows, i.e. a;; < a; j4+1, and weak increase along North-East- and
South-East-diagonals, i.e. a;+1; < a;j < @i41,41. 1t is well-known [MRR83] that MTs
with n rows and bottom row (1,2...,n) are in one-to-one correspondence with ASMs of
size n: the i-th row of the MT contains an entry j if the first ¢ rows of the j-th column
in the corresponding ASM sum up to 1.

In order to see that (2n + 1) x (2n + 1) VSASMs correspond to MTs with bottom
row (2,4,...,2n), rotate the VSASM by 90 degrees. The (n + 1)-st row of the rotated
VSASM is (1,—1,1,...,—1,1). From the definition of ASMs, it follows that the vector of
partial column sums of the first n rows is (0,1,0,...,1,0) in this case, i.e. the n-th row of
the corresponding MT is (2,4, ...,2n). Since the rotated VSASM is uniquely determined
by its first n rows, this establishes a one-to-one correspondence between VSASMs of size
2n+1 and MTs with bottom row (2,4, ...,2n). An example of the upper part of a rotated
VSASM and its corresponding MT is depicted in Figure 1.

The refined enumeration of VSASMs directly translates into a refined enumeration of
MTs with bottom row (2,4, ...,2n): from the correspondence it follows that B,,; counts
MTs with bottom row (2,4, ...,2n) and exactly n+1—1 entries equal to 2 in the left-most
North-East-diagonal (see Figure 1).

The problem of counting MTs with fixed bottom row (ki,...,k,) was considered in
[Fis06]. For each m > 1, an explicit polynomial a(n;ky,...,k,) of degree n — 1 in each
of the n variables ki, ..., k, was provided such that the evaluation at strictly increasing
integers k1 < ky < --- < k, is equal to the number of MTs with fixed bottom row
(k1,...,k,) — for instance «(3;1,2,3) = 7. In [Fisll], it was described how to use the
polynomial a(n;ky, ..., k,) to compute the number of MTs with given bottom row and a
certain number of fixed entries in the left-most NE-diagonal: Let

Eyf(x) = f(z+1),

Apf(x) = (Ey —id)f(z) = f(z + 1) — f(2),

0o f(2) = (id =E;") f(z) = f(x) = f(z — 1)
denote the shift operator and the difference operators. Suppose ki < ko < --- < k,, and
1 > 0, then o

(=D)AL a(ns ki, .. k)

is the number of MTs with bottom row (k; — 1, ks, ..., k,,) where precisely i + 1 entries in
the left-most NE-diagonal are equal to k; — 1 (see Figure 2). There exists an analogous
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result for the right-most SE-diagonal: if &y < --- < k,_1 < k,, then
S c(ni k... ky)

is the number of M'Ts where precisely i+ 1 entries in the right-most SE-diagonal are equal
to k, + 1 (see Figure 3). This implies the following formula

ko k3 e kn—l kn k1 ko te I{Jn_z K

Figure 2: (—=1)'Aj a(n;ky, ... ky) Figure 3: 0}, a(n;ky, ..., ky)

B yi = (—1)iA21a(n; ki1,4,6,...,2n)|k, =3
Let us generalize this by defining

C = (=1 AL a(n; k1, 2d,3d, ..., nd)|jy—gr1, dEZ,i>0,

n,t

which is for d > 1 the number of MTs with bottom row (d, 2d,3d,...,nd) and exactly
© + 1 entries equal to d in the left-most NE-diagonal. If d = 2, we obtain B,, ,_;, and it
is also not hard to see that we obtain the ordinary refined enumeration numbers A, ;1 if

d = 1. Next we prove that the numbers C’gli) fulfill a certain LES. For d = 1, this proves
the first line of (1.4), while for d = 2 it proves the first line of (1.6) for non-negative 1.

Proposition 3.1. For fized n,d > 1 the numbers (C’,(:?)Ogign,l satisfy the following LES

T, j_Z

n—1 .
d+1)—i1—2 ,
o@D Z (n( +1)—i )(_1)]+n+107(:l]).’ i=0,...,n—1. (3.1)

j=i
Proof. The main ingredients of the proof are the identities

a(n;ky, ko, .o k) = (=1)" ra(n; ke, ks, . ..k, kL — 1), (3.2)
an; ki, ke, ... k) =a(n; kg + e,k tc,... )k, +¢), c€Z. (3.3)

A proof of the first identity was given in [Fis07]. The second identity is obvious by
combinatorial arguments if ky < ko < --- < k, and is therefore also true as identity
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satisfied by the polynomial. Together with A, = E,d,, £, ! = (id —d,) and the Binomial
Theorem we obtain

ng?l) = (_ )ZA?clOC(na kl? 2d7 3d7 T ,nd)’k1:d+1
— L)AL a(n; 2d,3d, ... nd, ki — 1)l —a
— 1) g RS a(ng 2d, 3d, .. nd, Ky + d)|g —na—1
— 1) (i =0, "2 s d, 24, (= 1)d, K k=

A/_\/_\

A1) =i =2\ isjent it

( n(d + ; i >(_1)z+j+n+15]l;r]a(n;d,2d,...,(TL—1>d7k1)|k1=nd—1

0

(n(d+1)—l_2
j—

Vi

J

Z ) (1)t 16 a(nsd,2d, . .., (n — 1)d, k1) |k, —nd—1-
j=i

Since applying the d-operator to a polynomial decreases its degree, and «(n;ky, ..., k,)
is a polynomial of degree n — 1 in each k;, it follows that the summands of the last sum
are zero whenever j > n. So, it remains to show that

CYY = 6 a(n;d,2d, ..., (n —1)d, k1)|k —na—1. (3.4)

n,j

From the discussion preceding the proposition we know that the right-hand side of (3.4)
is the number of MTs with bottom row (d, 2d, ..., nd) and exactly j + 1 entries equal to
nd in the right-most SE-diagonal. Replacing each entry z of the MT by (n+ 1)d — x and
reflecting it along the Vertlcal symmetry axis gives a one-to-one correspondence with the
objects counted by C’ O

4 The numbers Cgi-) for 2 <0

In order to prove (1.2), it remains to extend the definition of C Jtoi=—n,...,—1in
such a way that both the symmetry C’m C’T(LQ)_i_l and the first hne of (1.6) is satisfied

for negative 7. Note that the definition of C’n , contains the operator A which is per se
only defined for ¢ > 0. The difference operator is (in discrete analogy to differentiation)
only invertible up to an additive constant. This motivates the following definitions of
right inverse difference operators:

Given a polynomial p : Z — C, we define the right inverse difference operators as

Ap(r) == p(a’)  and 76 p(e Zp (4.1)
where z, 2z € Z and the following extended definition of summation
0, b=a—1,
Z 1 (i)
Z (@), b+1<a—1,

i=b+1
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is used. The motivation for the extended definition is that it preserves polynomiality:
b
suppose p(i) is a polynomial in i then (a,b) — > p(i) is a polynomial function on Z2.

The following identities can be easily checked.
Proposition 4.1. Let z € Z and p : Z — C a function. Then
1. AFAY =id and *AMALp(x) = plx) —p(z + 1),
2. 0,70 =id and *5;'6,p(x) = p(z) —p(z — 1),
3. A, =E,0, and *A;'=FE'E * ",
4o DAY =EATA, and 6, AT = 2N, fory £,z

Now we are in the position to define higher negative powers of the difference operators:
Fori < 0and z = (2, zi11,.-.,2.1) € Z7" we let

AL = AN AR AT

zSt . 2 S—1zip1 §—1 z—1 5—1
§i =g Al gl

After observing that 0 'E ! = E-1E7125-1 we can deduce the following generalization
of Proposition 4.1 (3) inductively:
“Al = BIET2ETS B! 45t (4.3)
x Tz Zi+1 Z—-1 T
The right inverse difference operator allows us to naturally extend the definition of
o9 First, let us fix a sequence of integers x = (x;);<0 and set x; = (2, i1, ..., 2_1)

n,d

for 7 < 0. We define

o { (—1)%A;;1q(n; k1,2d,3d,...nd)|, .. i=0,....n—1
e (—=1)" X AL a(n; ky,2d,3d, . .. ,nd)|k1:d+1, i=-n,...,—1.
We detail on the choice of x in Section 6.

If d > 1, it is possible to give a rather natural combinatorial interpretation of Cg? also
for negative ¢ which is based on previous work of the authors. It is of no importance for
the rest of the paper, however, it provides a nice intuition: One can show that for non-
negative 7, the quantity C’f;fi counts partial MT where we cut off the bottom ¢ elements of
the left-most NE-diagonal, prescribe the entry d + 1 in position 7 + 1 of the NE-diagonal
and the entries 2d, 3d, . .., nd in the bottom row of the remaining array (see Figure 4); in
fact, in the exceptional case of d = 1 we do not require that the bottom element 2 of the
truncated left-most NE-diagonal is strictly smaller than its right neighbor.

From (4.1) it follows that applying the inverse difference operator has the opposite
effect of prolonging the left-most NE-diagonal: if i < 0, the quantity C’fﬁi) is the signed
enumeration of arrays of the shape as depicted in Figure 5 subject to the following con-
ditions:
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e For the elements in the prolonged NE-diagonal including the entry left of the entry
2d, we require the following: Suppose e is such an element and [ is its SW-neighbor
and r its SE-neighbor: if [ < r, then | < e < r; otherwise r < e < [. In the latter
case, the element contributes a —1 sign.

e Inside the triangle, we follow the rules of Generalized Monotone Triangles as pre-
sented in [Riel2]. The total sign is the product of the sign of the Generalized
Monotone Triangle and the signs of the elements in the prolonged NE-diagonal.

N (] L]
4 4 L] L] L]
a e 2d 3 - nd
d+1 o o . T3
&
0& ¢ ¢ . T4l
qfé
O 2d 3d <o (n=1)d nd drl @
; ) ~ : . ) -
Figure 4: C,,; for ¢ > 0. Figure 5: €, ; for ¢ <0.

5 Extending the LES to negative 1

The purpose of this section is the extension of the LES in Proposition 3.1 to negative
7. This is accomplished with the help of the following lemma which shows that certain
identities for A}'ﬂa(n; ki,...,ky), i = 0, carry over into the world of inverse difference

operators.
Lemma 5.1. Let n,d > 1.

1. Suppose i > 0. Then
(—1)" Ay a(niki,2d,3d, . ond)|, . = 0 a(nid,2d, . (n=1)d k)|, _ 0

2. Suppose i < 0, and let x; = (z;,...,x_1) and y; = (yi,...,y_1) satisfy the relation
yj = (n+1)d — x; for all j. Then (see Figure 6)

(1) A} a(n;ki,2d,3d, . .. a”d)‘iﬁzdﬂ
=Ygy, a(nid,2d, ... (n = Dd, k)|, -

3. Suppose © = 0. Then
Ay alniky, . k) = (=1)" EL 6 a(ns ke, . kg, k).
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4. Suppose i < 0, and let x; = (x;,...,x_1) and y; = (y;,...,y_1) satisfy the relation
yi=x;+7—n+2 forall j. Then

Xi i

pa(nsky, o k) = (—1)"_1E,il_" y’ié,f;la(n; ko, ... kn,k1).

. 2d 3d nd d 2d o (n=1)d e

Figure 6: Symmetry of inverse difference operators if y; = (n +1)d — x;.

Proof. For the first part we refer to (3.4). Concerning the second part, we actually show
the following more general statement: if r = (n + 1)d — [ and i < 0, then

(1) XA} a(n; ky,2d, 3d, . .. ,nd)’klzl =Y, a(n;d,2d, ..., (n—1)d, k, (5.1)

) }kn:r :
We use induction with respect to 7; the case i = 0 is covered by the first part ("OAg1 =
id = yoagn). If © < 0, then, by the definitions of the right inverse operators and the
induction hypothesis, we have

(_1)1 XiA;‘clOZ(n; kla 2d7 3d7 T ’nd) |k1:l

= (1) A a(n; K, 24,34, .. nd)
K =l
=Y vngia(nid, 2d, ... (n— 1)d, k)
K=l
(n+1)d—I
_ Z Yi+1517;€1‘1a(n; d’ Qd, cey (77/ - 1)d7 k;z)

Kkl =(n+1)d—z;

Kl =(n+1)d—k}

The last expression is equal to the right-hand side of the claimed identity.
The third part follows from (3.2) and Proposition 4.1 (3). The last part is shown
by induction with respect to ¢; in fact ¢ = 0 can be chosen to be the initial case of the
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induction. If i < 0, then the induction hypothesis and (4.2) imply

z;
X; 7 . _ Xq i+1 .
AL a(nsky, .. k) = — E AT an by K, k)
l1=k1

T
o E n—1 mni+l—n y; i+1 .
— (_].) Ell y+15l1 Oé(Tl, k27...,kn7ll)
l1=k1
k1+i—n

— Z (=)t y"“éf;’la(n; koy ... kn,ly).

lhh=x;+i—n+2

The last expression is obviously equal to the right-hand side of the identity in the lemma.
O

Now we are in the position to generalize Proposition 3.1.

Proposition 5.2. Letn,d > 1. Fori <0, let x;,2z; € Z~" with z; = (n+2)(d+1) —x; —
7 — 4 and define

D\ =

n,i

{(—1)1‘A;‘€1a(n; k1,2d,3d,...nd)|, .., i=0,...n—1, 52)

(—=1)" A} a(n;ky,2d,3d, . .. ,nd)‘kl:dﬂ, i=-n,...,—1.

Then )
o@D _ Z (”(d +1)—i— 2) (_1)j+n+1D(d)'

n,: n,j
—1
= J

holds for all i = —n,...,n— 1.

Proof. To simplify notation let us define *Aj := A} for i > 0. Since the definition of
' and Dgg only differ in the choice of constants, the fact that the system of linear

n,i

equations is satisfied for ¢ = 0,...,n — 1 is Proposition 3.1. For i = —n, ..., —1 first note
that, by Lemma 5.1, (3.3) and E,;' %5, = *T1§1E 1 we have
d n—14+1 pi—n y; i .
Cl = (=) B Y a(nid,2d, . (0= 1)d, k)|,

where y; = (vi,...,y—1) with y; = z; + j + 2 — n — d. This is furthermore equal to

(—1)r g, MR st a(ngd, 2d,. ., (n — 1)d, k)

ki=nd—1
Now we use
n(d+1)—i—2 .
. . o d+1)—i—2 ;L
§=0
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and Proposition 4.1 (2) to obtain

n(d+1)—i—2 ,
n(d+1)—i—2 i v it
( f )(—1) s ysag Va(ngd, 2d, . (n = 1)d k)|,
=0
Since the (ordinary) difference operator applied to a polynomial decreases the degree,
the upper summation limit can be changed to n — 1 — 7. Together with Lemma 5.1 this

transforms into

n—1 .
n(d+1)—1i—2 i v i

= St
< (n(d+1)—i—2 :
- Z < il )(—1)”_1 “ Ay, a(n; Ky, 2d, 3d,...,nd)|k1:d+l.
=)
U
Now it remains to find an integer sequence (z;);<o such that Cq(fl) = C’ff)_i_l and
C,(fz) = sz) for negative 7.
6 How to choose the sequence x = (), <o
In the section, it is shown that C’,(LQB = 7(3)471 if we choose x = () ;<o with z; = —=2j+1,

j < 0. This can be deduced from the following more general result.

Proposition 6.1. Let x; = —2j+ 1, j <0, and set x; = (x;, Tit1,...,2_1) for all i < 0.
Suppose p : Z — C and let

. {(—1>5A;p(y>|y_3, i>0,
(—1) xiAZp(y)’yzg, 1 <0,

for i € Z. Then the numbers satisfy the symmetry ¢; = c_;_1.

Proof. We may assume ¢ > 0. Then

¢ = (-1)(E, - id)ip(y)}yzg = Z <d1 Z_ 3> (—1) 4+ p(dy),

d1=3

and
2i+3 2i+1

iy = (=L)X AT =y > - Z Z (dy).  (6.1)

diy1=3 d;i=d; 1 do=d3 d1=
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The situation is illustrated in Figure 7. According to (4.2), the iterated sum is the
signed summation of (dy,ds,...,d;; 1) € Z" subject to the following restrictions: We
have 3 < d; 1 < 20+ 3, and for 1 < j <7 the restrictions are

div1 <d;j <25+1 if djp1 <2541, (6.2)
dj+1>dj>2j+1 lfdj+1>2j—|—1 .

Note that there is no admissible (dy,ds,...,di11) with d;j+1 = 25 + 2. The sign of

(dy,dy, ..., dis1) is computed as (—1)#{1<Isid>2+1}
& 46 2
ds 3
i 2i-1
iy 2041
3 2i+3

Figure 7: Combinatorial interpretation of (6.1) if p(y) = a(n;y,4,6,...,2n).

The proof now proceeds by showing that the signed enumeration of (dy,...,d;1)
with fixed d; is just (dlig)(—l)dlﬂ. The reversed sequence (d;i1,d;,...,d;) is weakly
increasing as long as we are in the first case of (6.2). However, once we switch from
Case 1 to Case 2, the sequence is strictly decreasing afterwards, because dj;1 > 25 + 1
implies d; > 25 + 1 > 25 — 1. Thus, the sequence splits into two parts: there exists an [,
0 <1<, with

3<di1 <d; < ... <dpy1 >dyp >0 > dy.

Moreover, it is not hard to see that (6.2) implies d;;1 = 2] + 3 and d; = 21 + 2. The sign
of the sequence is (—1)". Thus it suffices to count the following two types of sequences.

1. 3<dipn <dy < - < dpyo < dppq = 21+ 3.

2. dj=2l4+2>d_1>--->dy>dy >3and d, >2k+1for 1 <k <Il—1;d; fixed.
For the first type, this is accomplished by the binomial coefficient (f_r;)

If [ > 1, then the sequences in (2) are prefixes of Dyck paths in disguise: to see this,
consider prefixes of Dyck paths starting in (0,0) with a steps of type (1,1) and b steps
of type (1,—1). Such a partial Dyck path is uniquely determined by the z-coordinates
of its (1,1)-steps. If p; denotes the position of the i-th (1,1)-step, then the coordinates
correspond to such a partial Dyck path if and only if

O=p1<pa<---<p,<a+b and p. <2k—1.

In order to obtain (2) set a +— I — 1, b+ [ +3 —d; and pp — 2l + 2 — d;_g.1. By the
reflection principle, the number of prefixes of Dyck paths is

a—l—b a—l—l—bi 2l+2—d1 d1—3
b a+1  \Il+3-4 [
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Ifl =0, then d; =dy = ... = d;;; = 3 and this is the only case where d; = 3. Put
together, we see that the coefficient of p(d;) in (6.1) is

() (e

=1

if d; > 4. Using standard tools to prove hypergeometric identities, it is not hard to see
that this is equal to (dli_3) (_1)d1+1 if dg > 4 and ¢ > 0. For instance, C. Krattenthaler’s
Mathematica package HYP [Kra95] can be applied as follows: After converting the sum
into hypergeometric notation, one applies contiguous relation C16. Next we use trans-
formation rule T4306, before it is possible to apply summation rule $2101 which is the

Chu-Vandermonde summation. ]

In the following, we let x = (2;);<0 with z; = —2j 4+ 1 and z = (2;);<o with z; =

(n+2)(d+ 1)+ j — 5. Recall that x is crucial in the definition of C’f:?, see (4.4), while z
(d)

n, )

appears in the definition of D
show

see (5.2). To complete the proof of (1.2), it remains to

cel = DS (6.4)

fori = —n,—n+1,...,—1, since Proposition 5.2 and Proposition 6.1 then imply that the
numbers C’,(fi), i=-n,—n+1,...,n— 1, are a solution of the LES (1.6). The situation

is depicted in Figure 8. When trying to proceed as in the proof of Proposition 6.1 one

. . . . . . . .
. 4 6 v 2n—2  2n o 4 6 e 2n—2  2n
. 3 o 3n
. 5 . 3n—1
e —2i—1 e 3n+2+i
3 —2i+1 3 3n+l+i

Figure 8: Combinatorial interpretation of the open problem (6.4).

eventually ends up with having to show that the refined VSASM numbers B,,; satisfy a
different system of linear equations:

n—1 . .
Sn—i—2\ (3n—i-2 |
((.n ! 1)—(", " ))(—1)JBn7n_j=0, i=0,1,....n—1. (6.5
= 147+ 11—

While computer experiments indicate that this LES uniquely determines (B, 1, ..., Byn)
up to a multiplicative constant for all n > 1, it is not clear at all how to derive that the
refined VSASM numbers satisfy (6.5). We therefore try a different approach in tackling
(6.4).

The task of the rest of the paper is to show that (6.4) follows from a more general
multivariate Laurent polynomial identity and present partial results towards proving the
latter.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R00 16



7 A first conjecture implying (6.4)

We start this section by showing that the application of the right inverse difference op-
erator zA,;l to a(n; k1, ..., k,) can be replaced by the application of a bunch of ordinary
difference operators to a(n+1; ky, 2, ks, ..., k,,). Some preparation that already appeared
in [Fis06] is needed: The definition of MTs implies (see Figure 9) that the polynomials
a(n; ky, ..., k,) satisfy the recursion

an; k... k,) = Z an—1;l,...,01,1), (7.1)

(llv---vlnfl)ezn711
k1<li<ko<lo <<k 1<l —1<kn,

li<lita
whenever ky < ky < --- < k,, k; € Z. In fact, one can define a summation operator
ll lQ ln—l
k1 k2 ks ko1 kn

Figure 9: Bottom and penultimate row of a Monotone Triangle.

(K1, k)
>~ such that
(l15e5ln—1)

an; ki, ... k,) = Z an—1;1,... 1) (7.2)

for all (ki,...,k,) € Z". The postulation that the summation operator should extend
(7.1) motivates the recursive definition

(k1,0 skin) (k1yskin—1) kn

> Al ) =Y > Al lala) (7.3)

(I1,-sln—1) (Liyeiln—2) ln—1=kn—1+1
(K1yeeiskn—2,kn_1—1)
+ Z A(ll,...,ln_g,/{?n_l), TL> 2
(I1,esln—2)

(k1)
with Y~ := id. Recall the extended definition of the sum over intervals (4.2) to make
0

sense of this definition for all (ki,...,k,) € Z". One can show that this definition ensures
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that the summation operator preserves polynomiality, i.e.

kh 7kn

(kiy. .. ky) — Z Ally, .. L)

(I1,sln—1)

is a polynomial function on Z™ whenever A(ly,...,l,—1) is a polynomial. Since a polyno-
mial in (ki,...,k,) is uniquely determined by its evaluations at k; < ky < --- < k,, we
may also use any other recursive description of the summation operator as long as it is
based on the extended definition of ordinary sums (4.2) and specializes to (7.1) whenever
k1 < ko < --- < k,. So, we can also use the recursive definition

(k1yeekn) (k2yeskn) Eko—1

S Al )= Y Y Al L) (7.4)

(I1,sln—1) (124 sln—1) l1=k1
(k2+1,ks,....Fn)

+ Z A(k‘g,lg,...,ln_l), TL>2
(I25-5ln—1)

Lemma 7.1. Leti < 0 and x; € Z='. Then
AL alni ke k) = (LIAT LA 805L LS gy

Oé( —Z,kl,...,/{j,l'i,f]?iJrl,...,l',l,/{jJrl,...,kn)

and
Xk, k) = (<)) AL AT ATTIATE L AD O 6

O[(TL — Z, k’l, ey k:j_l,:z:_l, T_9y...,T4, k?j, ey kn)
Proof. Informally, the lemma follows from the following two facts:

e The quantity xiA};ja(n; ki, ..., k,) can be interpreted as the signed enumeration of
Monotone Triangle structures of the shape as depicted in Figure 10 where the j-
th NE-diagonal has been prolonged. Similarly, for xié,ija(n; ki, ..., k), where the
shape is depicted in Figure 11 and the j-th SE-diagonal has been prolonged.

e The application of the (—A)-operator truncates left NE-diagonals, while the §-
operator truncates right SE-diagonals. This idea first appeared in [Fis11].

Formally, let us prove the first identity by induction with respect to i. First note that
(7.3) and (7.4) imply

(k1seskj—1,k5,2 k541,50 kn)

e Ok, > Ally, ..., 1) (7.5)

(ll,...,ln)

(=17 Agy o Ak, Ory 1 O

Jj+1

(kj)

= ZAkl,... ool ket k) = A ARy s, ).
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Figure 11: xi5,ijoz(n; ki,... kn)

Together with (7.2) the base case i = —1 follows. For the inductive step i < —1, apply
the induction hypothesis, (7.5), (7.2) and Proposition 4.1 (4) to obtain

xlA;{]O{(n, kl? ey kn)
_ aciA];jl(_l)(i-‘rl)jA];i_l L A,;;léo S St PR 51;5_1

Titl Tig2 " j+1
a(n —1— 1, kl, e k’j,l'i+1,£l?i+2, Y S N kj+17 e kn)
(1) A— —i «1 2 —i—1¢—i —i
= (=D)AL A O 0 TGy

(k1 sk 0,150, T 1,541,005k

Z OC(TL — 11— ]-;lla B 7lj7yi+17yi+27 s Jy—lalj—i-h . Jln)

(Il Yit 15 Y15l 415 50n)

(1) AT —i g1 —i—1¢—1 —1i
= (CD)IAL Aoy
O[(TL—i;kl,...,k?j,[L‘i,J}Z‘+1,...,l'_l,k?j_;,_l,...,k?n).

The second identity can be shown analogously. The sign is again obtained by taking
the total number of applications of the A-operator into account. O

In the following, we let V.., :== E; '+ E,— E;'E, and S, f(x,y) := f(y,z). In [Fis06]

it was shown that
(id 4B,y By Sk ) Vs ko (s by, k) = 0 (7.6)
for 1 <4 < n—1. This property together with the fact that the degree of a(n; ki, ..., k)
in each k; is n — 1 determines the polynomial up to a constant. Next we present a
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conjecture on general polynomials with property (7.6); the goal of the current section is
to show that this conjecture implies (6.4).

Conjectre 7.2. Let 1 < s <t and a(ky,...,ksry—1) be a polynomial in (ky,..., keie—1)
with

(id +Fx
for1<i<s+t—2. Then

Ek_ilskiaki-!—l)Vkivkiﬁ—la(k‘l’ ce 7ks+t—1> =0 (7.7)

i+1

S t
H pri2igicl H EE6s alyi, - Ys ko, oo )
i=1 =2

¢
= H HE2t+3 =D, alkay kYL, Ys)
—2

lfylzygzz —k’g—k’g :kﬁt.
Proposition 7.3. Let x = (=25 + 1)]<0 and z = (3n +j+1)j<0. Under the assumption
that Congecture 7.2 is true, it follows for all —n <1 < —1 that

1AL alnsky,4,6,.20)|, o =0,

2. XN ons ki, 4,6,...,2n) = %A} an;ky,4,6,...,2n); in particular Cfi) = D(22.

n,

Proof. According to Lemma 7.1 we have

xiA};la(n; k1,4,6,...,2n)

—1 n
) | | —2j j—1 | | 25 s—1i .
_1) Eyj2j+15gj;j Ek]](SkJ a(n_Z;klayivyi-‘rl)"'7y—17k27-"akn)
- i

(Yireory— 1) 0
(k2yeekin ) =0
We set §; = yivj—1 and s = —i to obtain
s 254+3—2j ¢j—1 2 s = = _
_1> HEEJ' jé%j ]lEkjakja(n+Sak17yl7y2)'"7ys7k27"'7kn) - -
= = Y1 "7yb =Y,
’ (ko) =0

By our assumption that Conjecture 7.2 is true, this is equal to

D TTEZ (A [T B (= ag,) Paln + siki ko, oo ko, B, G
L. Ll )

(yl "7?5) 0
(k2ye.oskin ) =0
Now we use (3.2) and (3.3) to obtain
( n+1 H E2J+n+s HE3n+3 23+s A?j)s—j
7j=2
an+s;kay, .. kn, Uy, Usy k1)
(yh 7ys):0:
(k2v 7k’ﬂ):
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According to Lemma 7.1, this is
(="t vig, alnyd+n—i,64+n—1i,...,3n — i, k)

where w;, = 3n+3+4,3n+5+14,...,3n+ 1 —1i). Setting k; = 3n + 2 + i, the first
assertion now follows since **1§_1p(z) = 0.

For the second assertion we use induction with respect to 7. In the base case 1 = —1
note that the two sides differ by 3”A,;11a(n; k1,4,6,...,2n) ‘k1:4. By (4.2) this is equal to

— A a(n; ke, 4,6, ’2n)|k1:3”+1 ’

which vanishes due to the first assertion. For ¢ < —1 observe that

ia(niki,4,6,...,2n)
— —2i+1A];11 Xi41 Aa‘la(n; kjl, 4, 6, o ,271)
—2i+1
S Z Xi+1A§j'1CY(’rL; l1,4,6,...,2n)

l1=k1

3n+1+i 3n+1+1
- Z ZiHA;;rloz(n; l1,4,6,...,2n) + g x"“AZrla(n; [1,4,6,...,2n),
h=k I =—2i+2

where we have used the induction hypothesis in the first sum. Now the first sum is equal
to the right-hand side in the second assertion, while the second sum is by (4.2) just the
expression in the first assertion and thus vanishes. O]

8 Proof of Theorem 1.2

Let p(x1,...,x,) be a function in (z1,...,2,) and T C S, a subset of the symmetric
group. We define

(Tp)(xq,...,2,) := Z SEN O P(To(1)s - - - To(n))-
ocT
If T = {0}, then we write (Tp)(x1,...,2,) = (op)(x1,...,2,). Observe that ASym as
defined in the introduction satisfies ASym p(z1,...,x,) = (Spp)(x1,...,2,). A function
is said to be antisymmetric if (op)(xy,...,x,) = sgno - p(xy,...,x,) for all 0 € S,,. We
need a couple of auxiliary results.

Lemma 8.1. Let a(zy,...,2,) be a polynomial in (z1, ..., z,) with
(id —i—EziHE;SZ“ZM)V;MZ.H@(zl, ceyzn) =0
for 1 <i<n—1. Then there exists an antisymmetric polynomial b(z1, ..., z,) with
a(zi, ..., 2,) = H W, 2b(21, .. 2)
1<p<g<n

where Wy = E,V,,, =id —E, + E, E,.
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Proof. By assumption, we have

S W.za(z) = E.,. S

Ziy%i4+1 i1~ 202041

v

Zz‘7zi+1a(z) - _Ezi‘/zi,zi+1a(z) = —thziﬂa(z).
This implies that

(21,0 2) = H W, za(z1, ... %)

1<p<gs<n

is an antisymmetric polynomial. Now observe that W,, = id +E,A, is invertible on
oo

Clz, y], to be more concrete W, = >~ (—1)"E; AL. Hence,
i=0

b(z1, ..., 2n) = H WZ;}ch(zl,...,zn)

1<p#q<n
is an antisymmetric polynomial with a(zy,...,2,) = [[ W, .b(z1,. .., 2). O
1<p<g<n
Lemma 8.2. Suppose Op(z1,...,x,) is a Laurent polynomial and a(z, . .., z,) is an anti-

symmetric function. If there ezists a non-empty subset T' of S,, with (T Op)(z1,...,T,) =
0, then
(Op(E., ..., E. )a(z,... ,zn))]h:@:mzzn =0.

Proof. First observe that the antisymmetry of a(zy, ..., z,) implies
(T'a)(z1, ..y 2n) = Z SgNOa(Zo(1)s - - - Zo(n)) = [T |a(z1, .. ., 2n).
oeT’

for any subset 7" C S,,. Letting

_ 11,42 i
Op(xy,...,2,) = g Ciy,in X1 XY -2
(7;17---7i7L)EZn
we observe that

(Op(E.,,...,E,))a(z,. .., zn))|(z1 77777 )= ()
= Z Cityina(in +d, ... i, + d)

(il,...,in)GZ"
1 _ . .
= > i T )+ d, iy + d)
(il,...,in)EZn
with 771 = {071 | 0 € T}, since (iy, ... ,i,) = a(ii+d, ..., i,+d) is also an antisymmetric
function. This is equal to
1 i1 i1
— Ciyoi sgno B0 Y BT Walz, ..z
d z’z)ez;n UGZT e EO )
1yeeyln
— 1 7:1 in
— m ) Z)GZ Civ,..oin ;Sgna Ezg(l) . Ezg(n)a(zl, ey Zn) )
215.005ln n o
1

= 0.
(2140e0y2n)=(d,...,d)

= ] (TOp)(E,,,....,E.)|a(z1,...,2,)
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Now we are in the position to prove Theorem 1.2.

Proof of Theorem 1.2. In order to prove (1.2), it suffices to show that Conjecture 7.2 holds
under the theorem’s assumptions. We set

s s+t—1
Op(Zl, o Zertfl) - HZZ.25+3722<1 o Z;l)zfl H 2121728+2(1 . Z;l)s
=1 i=s+1
-1 stt—1
. HZZ_21+2(1 . Zi)s H Z;Lt—&—l—QZ(l o Zi)s—l—t—l—z
=1 i=t

and observe that the claim of Conjecture 7.2 is that Op(E.,,..., E Ya(z1, .-y Zsit-1)

9 Zs+t—1

vanishes if z; = ... = z,,4_1. According to Lemma 8.1, there exists an antisymmetric
polynomial b(z1, ..., zs 1) with
CL(Zl, R 7Zs+t—1) = H qu,zpb(zl, e zs+t71>~
1<p<g<s+i—1
Thus, let us deduce that Op(E.,,...,E.., )b(21,...,2s04-1) = 0if 21 = ... = 241
where
s+t—1
Op(z1,- -+ Zspe-1) = Op(21, - - -, Zs 1) H (1— 2y + 2,2) H z;Q’t.
1<p<g<s+t—1 i=1

Now, Lemma 8.2 implies that it suffices to show ASym Op(zy,...,2zs¢—1) = 0. Observe
that

s+t—1
Op(Zb . 7Zs+t71) = Fs,t(Zl, Sy Zertfl) - ﬁs,t<zs_-i}t—1> Sy 21_1) H Zf+t_2
i=1

where P, (21, ..., 2s10-1) = Pag(21,- . Zsrt-1) I (zj —2z) and Py (21, ..., Zs14-1)
1<i<j<s+t—1

is as defined in Conjecture 1.1. Furthermore,

ASymOp(z1,..., zore1) = Rz, zse) [ (55— )

1<i<j<s+t—1

s+t—1
~1 1 1 ~1 sHt—2
= Rot(2gpim1s---21 ) H (Zartej = Zorii) H i
1<i<j<s+t—1 i=1

where Rg(z1,...,2s4t—1) is also defined in Conjecture 1.1. Since Rgy(21,. .., Zs4t—1) 18
symmetric we have that ASym Op(zy,...,2514-1) = 0 follows once it is shown that

1 1
Rs,t(zh S 7Zs+t—1) - RS,t(Zl Yo 7Zs+t71)' o
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9 Proof of Theorem 1.3

For integers s,t > 0, we define the following two rational functions:

s+t—2 )
~t- (1—z24z2)(1—2")
Ss,t(Z;Zh...,Zs_,’_t 2) = 223 t—1 Z |
111 (z; — 2)
s+t—2
1— 2 + 2
Torlss s zuia) 1= (1= 2122 [ 2,

el CRR kD

Based on these two functions, we define two operators on functions f in s+t — 2 variables
that transform them into functions in (zq,..., 2s14—1):

PSs,t[f] = s,t(zl; 22y 7Zs+t—1) : f(Z2> cee Zs+t—1),

PTs,t[f] = s,t(Zs+t—1; By Zs+t—2) : f(Z1, e ,Zs+t—2)-

The definitions are motivated by the fact that Ps(z1,...,2s4t-1) as defined in Conjec-
ture 1.1 satisfies the two recursions

st - PSS t[ s—1 t] and Ps,t - PTs,t[Ps,t—l]'

We also need the following two related operators, which are again defined on functions f
in s+t — 2 variables:

st,t[ﬂ SS,t( s+t 1 s+t 29 s+t 3""’21_1) 'f(zla---azs+t—2)v
QTs,t[f] Tst(zl 3 s—i}t 1> s+t 27"'722_1)'f(z27"'7zs+t—1)'

Note that if we set Qs.(21, ..., Zs+1-1) == Ps,t(Z;th_p ..,z 1), then

Qs,t = st,t[Qs—l,t] and Qs,t = QTs,t[Qs,t—l]-

From the definitions, one can deduce the following commutation properties; the proof is
straightforward and left to the reader.

Lemma 9.1. Let s,t be positive integers.
1. If (s,t) # (1,1), then
PS;toPTs 1, =PTs;0PSs;, 1 and QSS,?f o QTS_M = QTSJ o) QSs,t_1 .

2. Ift > 2, then PT, ;0 QTs,t—l = QT&t oPTy, ;.

We need the following identities, which follow from the fact that Ss.(2; 21, ..., 2s41—2)
and T (2521, .. ., Zs44—2) are symmetric in zy, ..., 25142 (the symbol Z; indicates that z;
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is missing from the argument):
s+t—1
Sym PSs,t[f] = Z Ss,t(zi; Rlye-- 72\% s 7zs+t—1) Symf(zh R '%\7;7 s 7Zs+t—1)7

s+t—1
Sym PTs,t[f] = Z Ts,t<zi; Blyeensy é\i; ) Zs-i—t—l) Sym f(Zla s 72a s 7Zs+t—1)7

s+t—1 o
1 1 ~
SymQS_,[f Z Serlzi b2t o2 ) Sym f (21, B Zere),s
s+t—1 -
1 1 ~
Sym QT ,[f] Z Too(zi 20 2 2 ) Sym f (21, 2y ey Zapte)-

(9.1)
We consider words w over the alphabet A := {PS,PT,QS,QT} and let |w|s denote
the number of occurrences of PS and QS in the word and |w|r denote the number of
occurrences of PT and QT. It is instructive to interpret these words as labelled lattice
paths with starting point in the origin, step set {(1,0),(0,1)} and labels P,Q. The
letters PS and QS correspond to (1,0)-steps labelled with P and @, respectively, while
the letters PT and QT correspond to (0, 1)-steps. With this interpretation, (|wlg, |w|r)
is the endpoint of the path (see Figure 12).

A
t (2,4)
Q
Q
P .
Q .
P,"
Pl
. >
(0,0) s

Figure 12: Labelled lattice path corresponding to w = (PT, PS, QT, PT,QS, QT).

To every word w of length n, we assign a rational function F,(z1,. .., z,11) as follows:
If w is the empty word, then F,(z) := 1. Otherwise, if L € A and w is a word over A,
we set
Fyp = L\wL\s+L\wL\T+1[Fw]-

For example, the rational function assigned to w in Figure 12 is
Fw(Zl, ceey 27) = QT375 o QSSA o PT2’4 o QT273 o PSQ’Q o PTLQ[]_].

In this context, Lemma 9.1 has the following meaning: on the one hand, we may swap two
consecutive steps with the same label, and, one the other hand, we may swap two con-
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secutive (0, 1)-steps without changing the corresponding rational functions. For example,
the rational functions corresponding to the words in Figure 12 and Figure 13 coincide.

A
t (2,4)
Q
Q
Q
P
P,"
Pl -
. >
(0,0) s

Figure 13: Labelled lattice path corresponding to w = (PT, PS,PT,QT, QT, QS).

Proof of Theorem 1.3. We assume

Rei(z1, .oy 2Zs1t-1) = R&t(zl_l, e Zs_—i}t—l) (9.2)

ift = s and t = s+ 1. We show the following more general statement: Suppose wy, ws are
two words over A with |w|s = |we|s and |w;|r = |ws|r, and every prefix w) of w; fulfills
|wi|s < |wi|r, i = 1,2. (In the lattice paths language this means that w; and ws are both
prefixes of Dyck paths sharing the same endpoint; there is no restriction on the labels P
and ().) Then

Sym F,,, = Sym F,,. (9.3)

The assertion of the theorem then follows since Fy, = Py|s41,juwjr+1 if w is a word over
{PS,PT} and Fy = Qju|g+1,juwr+1 if w is a word over {QS, QT}, and therefore

Rs,t(zl, RPN Zs—l—t—l) = Sym Psﬂf(Zl, .. 7Zs+t—1) = Sym Qs,t(zla . 7Zs+t—1)
= Sym PS,t(Z;—i}t—D ce 72;1) = RS,t(zfla e az;&}t—l)'

The proof is by induction with respect to the length of the words; there is nothing to
prove if the words are empty. Otherwise let wq,wy be two words over A with |w;|g =
lwa|s =: s — 1 and |wq|r = |wa|r =: t — 1, and every prefix w] of w; fulfills |w}|s < |w|r,
i = 1,2. Note that the induction hypothesis and (9.1) imply that Sym F,,, only depends
on the last letter of w; (and on s and t of course). Thus the assertion follows if the last
letters of w; and wy coincide; we assume that they differ in the following.

If s = t, then the assumption on the prefixes implies that the last letters of w; and
wy are in {PS, QS}. W.lo.g. we assume w; = w| PS and wy = w) QS. By the induction
hypothesis and (9.1), we have Sym F,, = Sym P, and Sym F,,, = Sym Q. The
assertion now follows from (9.2), since Sym P; s(21, ..., 22s-1) = Rss(21,...,225-1) and
Sym Q,o(21,. .., 205 1) = Ras(27h, 0 250 )-
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If s < t, we show that we may assume that the last letters of w; and w, are in
{PT,QT}: if this is not true for the last letter L; of w;, we may at least assume by the
induction hypothesis and (9.1) that the penultimate letter Lo is in {PT, QT}; to be more
precise, we require Ly = PT if L; = PS and L, = QT if L1 = QS; now, according to
Lemma 9.1, we can interchange the last and the penultimate letter in this case.

If t = s+ 1, then (9.3) now follows from (9.2) in a similar fashion as in the case when
s =1.

If s+ 1 < t, we may assume w.l.o.g. that the last letter of w; is PT and the last
letter of wy is QT. By the induction hypothesis and (9.1), we may assume that the
penultimate letter of wy is QT. According to Lemma 9.1, we can interchange the last and
the penultimate letter of w; and the assertion follows also in this case. O

10 Remarks on the case s = 0 in Conjecture 1.1

If s=0and ¢ > 1 in Conjecture 1.1, then the rational function simplifies to

itz -1
I =——+ (10.1)

1—zz;
1<i<j<n v

where n =t —1. This raises the question of whether there are also other rational functions
T(z,y) such that symmetrizing [[ 7'(z;,2;) leads to a Laurent polynomial that is

1<i<yj<n
invariant under replacing z; by 2, 1. Computer experiments suggest that this is the case
for
[a(@" +y) + bz +y7") + ¢
1 —ay!

T(x,y) = +abzy +d (10.2)
where a,b,c,d € C. (Since T(x,y) = T(y~',27!) it is obvious that the symmetrized
function is invariant under replacing all z; simultaneously by z;'.)

In case @ = 0 it can be shown with a degree argument that symmetrizing leads
to a function that does not depend on zi,zs,...,2,. (In fact, this is also true for

[T 2228259+ D  and our case is obtained by specializing A = be, B = —d,C =

1<i<j<n A
+d,D=bc.)
In case T'(x,y) = f”:;;_yl (which is obtained from the above function by setting b =

d = 0 then dividing by ¢ and setting a = 1, ¢ = 0 afterwards) this is also easy to see, since
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the symmetrized function can be computed explicitly as follows:

SymH 1

—i—zj __ Sym H z; zjl—i—zzzj)

Ii<jsn N Zl 1<i<j<n —Fi
" Z.QZ;Z

= I +z2) H z " Sym szl :

I<i<jsn i=1 H1<i<j<n(zj - Zz)
= H (1+ z2) ﬁ Z—n+1det1<i,j<n((23)jfl)
- ad] i

I<i<jsn i=1 H1<i<j<n<zj - Zz)

- 22— zf "
1<i<j<n i=1 1<icj<n G TR 1<l i<n =1

We come back to (10.1). In our computer experiments we observed that if we specialize
Z1 = 29 = ... = z, = 1 in the symmetrized function then we obtain the number of
(2n+1) x (2n+1) Vertically Symmetric Alternating Sign Matrices. Next we aim to prove
a generalization of this.

For this purpose we consider the following slight generalization of a(n; ky,. .., k,) for
non-negative integers m:

antuitncc i) = T] @B g+ 00-208,) de (5 )

1<i,5<n -1 mao;
1<p<g<n J J + Jn

In [Fis06] it was shown that ag(n; k1, ..., k,) = a(n; ki, ... ky) if X = 1. For ky <t < ky,
choose ¢,,, € C, almost all of them zero, such that the polynomial >~ *_, ¢, (;’;) islifx=t
and 0 if v € {ky, k1 + 1,..., k. } \ {t}. In [Fis10] it was shown that

[e.9]

Zcmam n; ki, ko, .. kn) (10.3)

m=0

is the generating function (X is the variable) of Monotone Triangles (a;;)i<j<i<n With
bottom row (ky, ks, ..., k,) and top entry ¢ with respect to the occurrences of the “local
pattern” a;y1; < a;; < a;41+1. In fact, these patterns correspond to the —1s in the
corresponding Alternating Sign Matrix if (k1,...,k,) = (1,2,...,n).

Proposition 10.1. Fix integers ky, ko, ..., k, and a non-negative integer m, and define
e 1+ 22, + (X = 2)z
N ki (i) v
Q(z1,...,2,) := Sym (sz H — )
i=1 1<i<j<n J ¢
Then

l
am(n, k’l, cey kn) = Q(l, 1, RN 1>El) (m)
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Proof. We set P(z1,...,2,) = [[ 28 TI (1+ 2z + (X —2)z). Then

=1 1<i<j<n
Qo (M5 K1, oy k)
- Ezkll e Eiﬁam(n; li,... 71")‘11:...: 0
= P(E,,...,E) Z sgna(lo((]l)> .. (i;“f;) (n _lal(:)_ m)
cESn h=..=l,=0

. o i1 19 i P
With P(21,...,20) = 32 sy i Piris,in?1 75~ 25", this is equal to

iU 1 ia n—1 ia n
E: SEN T Djy s, ..., u((y)“'(;—;)(n—flﬂg

TESN, 11,02, 040n

~ ~ [ ln— l
_ N i lo(n) (1 n-l "
= Z SEN O Diy iy, in By, B (O) (n - 2) (n 14 m)

063n7i17i27---»in

= D smopne.a Bl B <o> (n - 2) (n -1+ m>

0ESR,i1,12,...in l1=...=l,=0
ll ln—l ln
:ASymP(Ell,...,El)
"7\ 0 n—2)\n—14+m/|, _ _ _
By definition,
ASym P(z1,...,2,) = Q(21,- -, 2n) H (25 — 2).
1<i<j<n
Now we can conclude that
Oém(/ﬁ, e k'n)
= Q(E,,E B, 1[I & - E) 4 fo-t b
N o Pl B 11 b o) \n=2)\n—1+m
1<i<j<n lh=...=1,=0
= Q(E,,E B, I @, -4y . o b
- L ¥ i Y o) \n=2)\n—14m
1<i<j<n l1=...=l,=0
= Q(Fy,, E Ey,) det (AT h i 5
o Pl T G\ 0/ \n=2/\n—14+m/|,_ , ,
o o(1)—1 o(n)—1 ll ln
_Q(E117E12,...,Eln)ngnaAll A (O)“'(n—l—i—m)
oESn l1=.=lp=0
In
:Q(lala'-'>1>Eln)( ) )
M/ i, =0
. o(1)—1 o(n)—1 /1 ln—1 ln _ _
since A A (0) o (n—2) (n—1+m) 0 except when o = id. O
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Corollary 10.2. Let ki, ko, ..., ky,m and Q(z1,...,z,) be as in Proposition 10.1. The
coefficient of 2! X* in Q(1,1,...,1,2) is the number of Monotone Triangles (a; ;)1<j<i<n
with bottom row ki, ks, ..., k,, top entry t and k occurrences of the local pattern a;iq; <
Qjj < Qjg1,541-

Proof. We fix t and observe that the combination of (10.3) and Proposition 10.1 implies

that l
> em Q(1,1,...,1,E,)<m)

m=0

=0

is the generating function described after (10.3). Now, if we suppose

Q(L1L,... Lz) =) bz X"
s,k

then we see that this generating function is equal to

ZcmZbkEle(l) ZcmZkak( ) S b Zcm( )

m=0 m=0 m=0
= Z bs,k’X 5s,t - Z bt,ka>
s,k k
where the third equality follows from the choice of the coefficients ¢,,. m

A short calculation shows that Sym applied to (10.1) is equal to [T z; "™ Q(21, . . ., 2,)
=1

if we set ky = 2(i — 1) and X = 1 in Q(z1,...,2,). If we also specialize z; = -+ =
Zp—1 = 1, then Conjecture 1.1 implies Q(1,...,1,2) = 22" 2Q(1,...,1,z'). However,
by Corollary 10.2, this is just the trivial fact that the number of Monotone Triangles
with bottom row (0,2,4,...,2n —2) and top entry ¢ is equal to the number of Monotone
Triangles with bottom row (0,2,4,...,2n — 2) and top entry 2n — 2 — t, or, equivalently,
that the number of (2n 4 1) x (2n 4 1) Vertically Symmetric Alternating Sign Matrices
with a 1 in position (¢, 1) equals the number of (2n 4 1) x (2n + 1) Vertically Symmetric
Alternating Sign Matrices with a 1 in position (2n+1—1¢,1). So in the special case s = 0,
Conjecture 1.1 is a generalization of this obvious symmetry.

Finally, we want to remark that the symmetrized functions under consideration in
Proposition 10.1 can easily be computed recursively. For instance, considering the case
of Vertically Symmetric Alternating Sign Matrices, let

VSASM(X; 21, ..., 2n) :SymHzfld H + zi( )—f—zzJ.

<j Zj— i
1<i<j<n
Then
. 14 2z(X =2 2
VSASM(X;Zl,...,zn):szzn—z H + 2i( ) + 22
Zj = Zi

Jj=1 1<i<n,i#j

X VSASM(X; 21,. .., Zj, ..., 2n).
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Similarly, in the case of ordinary Alternating Sign Matrices, let

H 1+21<X—2)+Z,LZ]
Zj — Z; ’

ASM(X;21,...,2,) = SymH P
i=1

1<i<j<n

Then

_ T4+ 2(X —2) + 22 N
ASM(X;21,...,2,) = 21 LASM(X; 21,y 25y ooy 2n)-
| ) ; 1<z’£z[,i¢j G ( ’ )
Let us conclude by mentioning that in order to reprove the formula for the number of
Vertically Symmetric Alternating Sign Matrices of given size, it would suffice to compute
VSASM(1;1,1,...,1), while the ordinary Alternating Sign Matrix Theorem is equivalent
to computing ASM(1;1,1,...,1).
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