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Abstract

In this paper, we construct new infinite families of regular graphs of girth 7 of
smallest order known so far. Our constructions are based on combinatorial and
geometric properties of (q + 1, 8)-cages, for q a prime power. We remove vertices
from such cages and add matchings among the vertices of minimum degree to achieve
regularity in the new graphs. We obtain (q + 1)-regular graphs of girth 7 and order
2q3 + q2 + 2q for each even prime power q > 4, and of order 2q3 + 2q2 − q + 1 for
each odd prime power q > 5.
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1 Introduction

Throughout this paper, only undirected simple graphs without loops or multiple edges
are considered. For terminology and notation not explicitly defined here, please refer
to [14]. Let G be a graph with vertex set V = V (G) and edge set E = E(G). We
denote the subgraph of G induced by a subset U ⊂ V (G) as G[U ], and it is the graph
with V (G[U ]) = U and for any u, v ∈ V (G[U ]) the edge uv belongs to E(G[U ]) if and
only if uv ∈ E(G). The girth of a graph G is the number g = g(G) of edges in a
smallest cycle. For every v ∈ V , NG(v) denotes the neighbourhood of v, that is, the
set of all vertices adjacent to v, we may denote it simply by N(v). Similarly, for each
positive integer t we denote by Nt(v) the neighborhood of v at distance t, i.e. the set
Nt(v) = {x ∈ V (G) : d(x, v) = t}, and the neighborhood of an edge uv at distance t is
the set Nt(uv) = {x ∈ V (G) : d(x, u) = t or d(x, v) = t}.

The degree of a vertex v ∈ V is the cardinality of N(v). A graph is called regular
if all the vertices have the same degree. A (k, g)-graph is a k-regular graph with girth
g. Erdős and Sachs [16] proved the existence of (k, g)-graphs for all values of k and g
provided that k > 2. Thus most work carried out has focused on constructing a smallest
one [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 15, 17, 19, 20, 22, 23, 27, 28, 31]. A (k, g)-cage is a k-
regular graph with girth g having the smallest possible number of vertices n(k, g). Cages
have been studied intensely since they were introduced by Tutte [35] in 1947, and their
construction is a very difficult task.

Counting the numbers of vertices in the distance partition with respect to a vertex
yields Moore’s lower bound n0(k, g) (cf. e.g. [18, Eq. (2)]) with the precise form of the
bound depending on whether g is even or odd:

n0(k, g) =

{
1 + k + k(k − 1) + · · ·+ k(k − 1)(g−3)/2 if g is odd;
2(1 + (k − 1) + · · ·+ (k − 1)g/2−1) if g is even.

(1)

Biggs [12] calls the excess of a (k, g)-graph G the difference |V (G)| − n0(k, g). The
construction of graphs with small excess is also quite challenging. Biggs is the author
of a report on distinct methods for constructing cubic cages [13]. More details about
constructions of cages can be found in the survey by Wong [39] or in the book by Holton
and Sheehan [21] or in the more recent dynamic cage survey by Exoo and Jajcay [18].

A (k, g)-cage with n0(k, g) vertices and even girth exists only when g ∈ {4, 6, 8, 12}
[19]. If g = 4 they are the complete bipartite graph Kk,k, and for g = 6, 8, 12 these graphs
are the incidence graphs of generalized g/2-gons of order k−1. This is the main reason for
(k, g)-cages with n0(k, g) vertices and even girth g are called generalized polygon graphs
[12]. In particular a 3-gon of order k−1 is also known as a projective plane of order k−1.
The 4-gons of order k−1 are called generalized quadrangles of order k−1, and, the 6-gons
of order k − 1, generalized hexagons of order k − 1. All these objects are known to exist
for all prime power values of k − 1, and no example is known when k − 1 is not a prime
power (cf. e.g. [30, p.25], [34]).

On the other hand, a general upper bound for n(k, g) has been given by Sauer (cf.
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e.g. [18, Thm. 7], [33]) and it states that for every k > 2 and g > 3

n(k, g) 6

{
2(k − 2)(g−2) if g is odd;
4(k − 1)(g−3) if g is even.

(2)

In particular, for g = 7, Sauer’s bound has been the best known so far, and it gives
that n(k, 7) 6 2(k − 2)5.

In this paper, we construct new infinite families of small regular graphs of girth 7.
Our constructions are based on combinatorial and geometric properties of (q+1, 8)-cages,
for q a prime power, which are summarized in Section 2. We remove vertices from such
cages and add matchings among the vertices of minimum degree to achieve regularity in
the new graphs (cf. Definitions 2 and 9). In Section 3 we construct (q + 1, 7)-graphs of
order 2q3 + q2 + 2q for each even prime power q > 4 (cf. Construction 1 and Theorem 7).
In Section 4 we construct (q + 1, 7)-graphs of order 2q3 + 2q2 − q + 1 for each odd prime
power q > 5 (cf. Construction 2 and Theorem 15). All these graphs are the smallest
(q + 1, 7)-graphs known so far, for each prime power q > 5.

Indeed, for q = 4 our graph matches the order of the known (5, 7)–graphs of order
152 [26, 32]. For q = 5 there are smaller known (6, 7)–graphs of order 294 [26, 32] (our
(6, 7)–graph has 296 vertices). However, for prime powers q > 5, our graphs improve
Sauer’s upper bound (2), and their order lies within a constant factor of Moore’s lower
bound which equals (1 + o(1))q3. Specifically, we prove that

n(k, g) 6

{
2(k − 1)3 + (k − 1)2 + 2(k − 1) for each even prime power k − 1 > 4;
2(k − 1)3 + 2(k − 1)2 − (k − 2) for each odd prime power k − 1 > 5.

(3)

2 Preliminaries

It is well known [24, 30] that Q(4, q) and W (3, q) are the only two classical generalized
quadrangles with parameters s = t = q.

The generalized quadrangle W (3, q) is the dual generalized of Q(4, q), and they are
selfdual for q even.

In 1966 Benson [11] constructed (q + 1, 8)–cages from the generalized quadrangle
Q(4, q). He defined the point/line incidence graph Γq of Q(4, q) which is a (q + 1)–
regular graph of girth 8 with n0(q+ 1, 8) vertices, hence Γq is a (q+ 1, 8)–cage. Note that,
Γq is also the point/line incidence graph of W (3, q).

For any generalized quadrangle Q of order (s, t) and every point x of Q, let x⊥ denote
the set of all points collinear with x. For a nonempty set X of vertices of Q, we define
X⊥ :=

⋂
x∈X x

⊥. Note that N2(x) in the incidence graph Γq, corresponds in the geometry
to x⊥ for a point x ∈ Q.

The span of the pair (x, y) is sp(x, y) = {x, y}⊥⊥ = {u ∈ P : u ∈ z⊥ ∀ z ∈ x⊥ ∩ y⊥},
where P denotes the set of points in Q. If x and y are not collinear, then {x, y}⊥⊥ is also
called the hyperbolic line through x and y. If the hyperbolic line through two noncollinear
points x and y contains precisely t + 1 points, then the pair (x, y) is called regular. A
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point x is called regular if the pair (x, y) is regular for every point y not collinear with x.
It is important to recall that the concept of being regular also exists for a graph. Hence,
we will emphasize when the word “regular” refers to a point of a geometry or to a graph.

Remark 1. [30, p.33, dual of 3.3.1(i)] Every point in W (q) is regular (i.e. |sp(x, y)| = q+1
for all non-collinear x, y).

There are several equivalent coordinatizations of these generalized quadrangles (cf.
[29], [36], [37], see also [24]) each giving a labeling for the graph Γq. In Section 4 we
present a further labeling of Γq, equivalent to previous ones (cf. [1, 2]), which will be
central for our constructions since it allows us to keep track of the properties (such as
regularity and girth) of the small regular graphs of girth 7 obtained from Γq.

3 Construction of small (q + 1, 7)-graphs for even prime powers

In this section we construct a family of (q + 1, 7)-graphs of order 2q3 + q2 + 2q obtained
from a (q + 1, 8)-cage Γq for each even prime power q > 4. In general terms, we proceed
by removing, from a (q + 1, 8)-cage, a subgraph H consisting of a distinguished vertex x,
its neighbours, and almost all its second neighbours (the neighbourhoods of all but two
of the neighbours of x). The resulting graph is not regular, indeed the neighbours of the
subgraph H in the cage, are left with degree q. So we add appropriate matchings among
such vertices to restore the (q + 1)–regularity of the graph. The constructed graph has
girth at most 7 by Equation (1). The details in this Section are devoted to choosing the
matchings in an appropriate way to obtain girth exactly 7 in the graph.

Let x ∈ V (Γq) and N(x) = {x0, . . . , xq}. Label Xi = N(xi)− x = {xi1, . . . , xiq} for all
i ∈ {0, . . . , q}. We denote Xij = N(xij) \ {xi} for i ∈ {0, . . . , q} and j ∈ {1, . . . , q} and
observe that the sets Xij have even cardinality. Let Z = {X0, X1, Xij : i = 2, . . . , q, j =
1, . . . , q}. For each set Z ∈ Z, MZ will denote a perfect matching of Z. Let

H = N(x) ∪
q⋃

i=2

N(xi) ⊂ V (Γq) (4)

To obtain a small regular graph of girth 7, we consider the graph Γq −H and then add
matchings MZ between the remaining neighbors of the vertices in H.

Definition 2. Let Γq be a (q+ 1, 8)-cage for an even prime power q > 4 and H as in (4).

We define Γ1
q to be the graph with: V (Γ1

q) := V (Γq−H) and E(Γ1
q) := E(Γq−H)∪

⋃
Z∈Z

MZ .

Remark 3. The graph Γ1
q has order |V (Γq)|− (q2 +2) and all its vertices have degree q+1.

Furthermore, the girth of Γ1
q is at most 7 by Equation (1).

Remark 4. Let u and v be distinct vertices of a graph G of girth 8 such that there is a
uv-path P of length t < 8. Then every uv-path P ′ such that E(P )∩E(P ′) = ∅ has length
|E(P ′)| > 8− t.
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Proposition 5. Let Γq be a (q + 1, 8)-cage for an even prime power q > 4 and Γ1
q as in

Definition 2. Then Γ1
q has girth 7 if the following condition holds:

For each uv ∈MXij
and each Xkl, where i, k ∈ {0, . . . , q − 2}, j, l ∈ {1, . . . , q}
E(Γ1

q[N2(uv) ∩Xkl]) ∩MXkl
= ∅.

(*)

Proof. By Remark 3 the graph Γ1
q has girth at most 7. From Remark 4, the distances in

Γq −H between the elements in the sets Z ∈ Z satisfy the following:

(i) If u, v ∈ Z, then dΓq−H(u, v) > 6 because they have a common neighbor z in Γq.

(ii) If u ∈ X0 and v ∈ X1, then dΓq−H(u, v) > 4.

(iii) If u ∈ Xi and v ∈ Xkj, then dΓq−H(u, v) > 3, for i ∈ {0, 1}, k ∈ {2, . . . , q} and
j ∈ {1, . . . , q}.

(iv) If u ∈ Xlj and v ∈ Xlk, then dΓq−H(u, v) > 4, for l ∈ {2, . . . , q} and j, k ∈ {1, . . . , q}.

(v) If u ∈ Xtj and v ∈ Xlk, then dΓq−H(u, v) > 2, for t 6= l, t, l ∈ {2, . . . , q} and
j, k ∈ {1, . . . , q}.

Let C be a shortest cycle in Γ1
q. If E(C) ⊂ E(Γq−H), then |C| > 8. Suppose C contains

edges in M =
⋃
Z∈Z

MZ . If C contains exactly one such edge, then by (1), |C| > 7. If C

contains exactly two edges e1, e2 ∈M , we have the following cases:

• If both e1, e2 lie in the same MZ , then by (i), |C| > 14 > 7.

• If e1 ∈MX0 and e2 ∈MX1 , then |C| > 10 > 7 by (ii).

• If e1 ∈MXi
, i = 0, 1, and e2 ∈MXkj

, then |C| > 8 > 7 by (iii).

• If e1 ∈MXlj
and e2 ∈MXlk

, then |C| > 10 > 7 by (iv).

• If e1 ∈MXtj
and e2 ∈MXlk

, then |C| > 7 for t 6= l, by condition (*).

If C contains at least three edges of M , then |C| > 9 > 7 since dΓq(u, v) > 2 for all
u, v ∈ {X0, X1, Xij} with i ∈ {2, . . . , q} and j ∈ {1, . . . , q} by (i)–(v). From the above
and Remark 3 it follows that Γ1

q has girth 7.

Lemma 6. There exist q2 − q matchings MXij
satisfying condition (*) in Proposition 5.

Proof. Let Ωj :=

q⋂
i=2

N(Xij) for j = 1, . . . , q. Let wj1 ∈ Ωj. As dΓq(x,wj1) = 4 there exist

other q − 1 elements in Ωj mutually at distance four, since Γq is the incidence graph of a
generalized quadrangle W (q). Label Ωj = {wj1, . . . , wjq}.
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Figure 1: The dashed edges and their lower end-vertices illustrate the subgraph H, re-
moved from Γq, when q = 4. Above, find the choice of the matchings that lead to a
(5, 7)–graph of girth exactly 7 and order 152.

Every vertex wjh is adjacent to exactly one vertex in Xij since the girth of Γq is 8.
Denote {xijh} = N(Xij)∩N(wjh) for each i ∈ {2, . . . , q} and j, h ∈ {1, . . . , q} (see Figure

1). Note that xijh is well labeled, because if xijh had two neighbors wjh, wjh′ ∈
q⋂

i=2

N(Xij),

then Γq would contain the cycle xijhwjh′xi′jh′xi′jxi′jhwjh of length 6.
Therefore, take the complete graph Kq label its vertices as h ∈ {1, . . . , q}. We know

that it has a 1-factorization with q − 1 factors F1, . . . , Fq−1 since q is even (cf. e.g. [38]).
For each i = 2, . . . , q, let xijhxijh′ ∈MXij

if and only if hh′ ∈ Fi−1.
To prove that the matchings MXij

defined in this way fulfill condition (*), suppose
that xijhxijh′ ∈ MXij

and xi′jhxi′jh′ ∈ MXi′j
for i′ 6= i. Then Fi and Fi′ would have the

edge hh′ in common contradicting that they come from a 1-factorization.
To conclude, notice that for uv ∈ MXij

and a, b ∈ Xkl with l 6= j and possibly k = i,
the distances d(u, a) and d(v, b) are at least 4.

Therefore, there exist q2 − q matchings MXij
with the desired property.

Construction 1: Let q > 4 be an even prime power. Let Γ1
q be the (q + 1)-regular

graph of order 2q3 + q2 + 2q from Definition 2 with MXij
as in the proof of Lemma 6,

for i ∈ {2, . . . , q} and j ∈ {1, . . . , q}; and with MX0 and MX1 matchings of X0 and
X1 respectively, chosen arbitrarily. Then, the graph Γ1

q obtained with such a choice of
matchings has girth 7 by Proposition 5.

As a consequence we have the following theorem.
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Theorem 7. Let q > 4 be an even prime power. Then, there is a (q + 1)-regular graph
of girth 7 and order 2q3 + q2 + 2q. �

Figure 1 illustrates this construction for q = 4. Note that this (5, 7)–graph has 152
vertices, as the two found in 2001 by McKay and Yang [26, 32].

4 Constructions of small (q + 1, 7)–graphs for an odd prime
power.

In this section we construct an infinite family of (q+1, 7)-graphs of order 2q3 +2q2−q+1
for odd prime power q > 5. Analogously to Section 3, we will delete a set H of vertices
from a (q + 1, 8)-cage Γq and add matchings MZ between the remaining neighbors of H
to obtain a small regular graph of girth 7. In general terms, the subgraph H consists of
two distinguished vertices x and y at distance 4 in Γq; their neighbours and all but three
of the common second neighbours of x and y (see Figure 2). The removal of H from Γq

leaves a non regular graph. Thus, we add appropriate matchings among the vertices of
lesser degree, and three sporadic 2–paths, to restore the (q + 1)–regularity of the graph
(cf. Definition 9). The constructed graph has girth at most 7 by Equation (1). As in
Section 3, the details that follow are devoted to choosing the matchings in an appropriate
way to obtain girth exactly 7 in the graph. In particular, some of the matchings can be
chosen combinatorially, as for the even case (cf. Lemma 12). However, for the remaining
ones, we rely on an algebraic coordinatization of the (q+ 1, 8)-cage (cf. Definition 13 and
Lemma 14).

Specifically, the set H and matchings MZ , are defined as follows.

Figure 2: Subgraph of Γq used to define H and Z. The subgraph H is highlighted by the
dashed line.
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Definition 8. Let x, y ∈ V (Γq) be vertices at distance 4 in Γq, and let xxisiyiy be the
internally (vertex) disjoint xy-paths for i = 0, . . . , q (which exist since Γq is (q + 1)-
connected, see [25]). We define the following sets (see Figure 2):

H = {x, y, s3, s4, . . . , sq} ∪N(x) ∪N(y) ⊂ V (Γq);
Xi = N(xi) ∩ V (Γq −H), i = 0, . . . , q;
Yi = N(yi) ∩ V (Γq −H), i = 0, . . . , q;
Si = N(si) ∩ V (Γq −H), i = 3, . . . , q.

Notice that the vertices of Γq−H have degrees q−1, q and q+1. The vertices s0, s1, s2

have degree q − 1, those in Xi ∪ Yi ∪ Si have degree q and all the remaining vertices of
Γq −H have degree q + 1. Therefore, in order to obtain a (q + 1)-regular graph, we need
to add edges to Γq −H in such a way that cycles of length smaller than 7 are avoided.

Similarly as before, let Z be the family of all the sets Xi, Yi, Si. Note that, all sets in
Z have even cardinality. For each Z ∈ Z, MZ will denote a perfect matching of V (Z).

Definition 9. Let Γq be a (q + 1, 8)-cage for odd prime power q > 5.

• Let Γ1
q be the graph with: V (Γ1

q) := V (Γq −H) and E(Γ1
q) := E(Γq −H)∪

⋃
Z∈Z

MZ .

• Define Γ2
q as V (Γ2

q) := V (Γ1
q) and E(Γ2

q) := (E(Γ1
q)\{u0v0, u1v1, u2v2})∪{s0u0, s0v0,

s1u1, s1v1, s2u2, s2v2}, the deleted edges uivi belong to MXi
in Γ1

q and they are re-
placed by the paths of length two uisivi, i ∈ {0, 1, 2}.

Remark 10. Note that |V (Γ1
q)| = |V (Γ2

q)| = |V (Γq)| − 3(q+ 1) + 1. All vertices in Γ1
q have

degree q + 1 except for s0, s1, s2 which remain of degree q − 1. Hence, by Definition 9, in
Γ2
q all vertices are left with degree q + 1. From Equation (1) the girth of both Γ1

q and Γ2
q

is at most 7.

Proposition 11. Let Γq be a (q + 1, 8)-cage for odd prime power q > 5 and Γ1
q, Γ2

q be as
in Definition 9.

(a) Γ1
q has girth 7 if the matchings MSi

,MXi
and MYi

have the following properties:

(a1) For all uv ∈MSi
, E(Γ1

q[N2(uv) ∩ Sj]) ∩Msj = ∅.
(a2) For all uv ∈MXi

, E(Γ1
q[N2(uv) ∩ Yj]) ∩MYj

= ∅.

(b) If both conditions (a1) and (a2) hold, the graph Γ2
q also has girth 7.

Proof. By Remark 10 the graphs Γ1
q and Γ2

q have girth at most 7. From Remark 4, the
distances in Γq − H between the elements in the sets Z ∈ Z satisfy the following (see
Figure 2):

(i) If u, v ∈ Z, then dΓq−H(u, v) > 6.

(ii) If u ∈ Xi and v ∈ Xj, then dΓq−H(u, v) > 4.
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(iii) If u ∈ Yi and v ∈ Yj, then dΓq−H(u, v) > 4.

(iv) If u ∈ Si and v ∈ Sj, then it may exist w ∈ Γq −H such that u, v ∈ N(w), that is,
dΓq−H(u, v) > 2.

(v) If u ∈ Si and v ∈ Xj ∪ Yj, then dΓq−H(u, v) > 3.

(vi) If u ∈ Xi and v ∈ Yj, then dΓq−H(u, v) > 2.

Let C be a shortest cycle in Γ1
q. If E(C) ⊂ E(Γq−H), then |C| > 8. Suppose C contains

edges in M =
⋃
Z∈Z

MZ . If C contains exactly one such edge, then by (i), |C| > 7. If C

contains exactly two edges e1, e2 ∈M , the following cases arise:

• If both e1, e2 lie in the same MZ , then by (i), |C| > 14 > 7.

• If e1 ∈MXi
and e2 ∈MXj

for i 6= j, by (ii), |C| > 10 > 7.

• If e1 ∈MYi
and e2 ∈MYj

for i 6= j, by (iii), |C| > 10 > 7.

• If e1 ∈MSi
and e2 ∈MXj

∪MYj
, by (v), |C| > 8 > 7.

• If e1 ∈MSi
and e2 ∈MSj

for i 6= j, by item (a1), |C| > 7.

• If e1 ∈MXi
and e2 ∈MYj

, by item (a2), |C| > 7.

If C contains at least three edges of M , since d(u, v) > 2 for all u, v ∈ {Xi∪Yi}ki=1∪{Si}ki=4,
|C| > 9 > 7. Hence Γ1

q has girth 7, concluding the proof of (a).
To prove (b), let C be a shortest cycle in Γ2

q. If E(C) ⊂ E(Γq−H)∪M , then |C| > 7.

• If C contains exactly one edge siui or sivi, then |C| > 7 since dΓq(si, ui) = dΓq(si, vi) =
2 which implies dΓ1

q
(si, ui) > 6 and dΓ1

q
(si, vi) > 6.

• If C contains a path uisivi, then (C − {si}) + uivi is a cycle in Γ1
q with one vertex

less than C, therefore |C| > 8.

• If C contains two edges siui, sjuj, for i 6= j, their distances dΓ1
q
(si, uj) > 4,

dΓ1
q
(si, sj) > 4, and dΓ1

q
(ui, uj) > 4.

Since in either case C has length at least 7 and by Remark 10, the result holds.

The following lemma states the existence of the matchings MSi
for the sets Si, which

fulfill condition (a1) from Proposition 11. Notice that in the incidence graph of a general-

ized quadrangle {x, y}⊥⊥ =
⋂

s∈N2(x)∩N2(y) N2(s), thus Remark 1 implies that |
q⋂

i=0

N(Si)| =

q−1, recalling that {si}qi=0 = N2(x)∩N2(y). Since |
q⋂

i=0

N(Si)| is contained in |
q⋂

i=3

N(Si)|,

and |
q⋂

i=3

N(Si)| = q − 1, then the condition for the following lemma holds.
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Lemma 12. There exist matchings MSi
, for i = 3, . . . , q, such that condition (a1) in

Proposition 11 holds.

Proof. From the regularity of W (q) we know that
⋂q

i=0N(Si) = {w1, . . . , wq−1}, and since
Si has q−1 vertices, every vertex wj is adjacent to exactly one vertex in sij ∈ Si. Moreover,
note that sij is well labeled, because if sij had two neighbors wj, wj′ ∈

⋂q
i=0N(Si), Γq

would contain the cycle (sijwjskjskskj′wj′) of length 6.
Therefore, take the complete graph Kq−1, label its vertices as j ∈ {1, . . . , q − 1}. We

know that it has a 1-factorization with q − 2 factors F1, . . . , Fq−2 since q − 1 is even. For
each i = 3, . . . , q + 1, let sijsil ∈MSi

if and only if jl ∈ Fi−2.
To prove that the matchings MSi

defined in this way fulfill the desired property suppose
that sijsil ∈ MSi

and si′jsi′l ∈ MS′
i

for i′ 6= i. Then Fi and Fi′ would have the edge jl in
common contradicting that they were a factorization.

So far, our construction has been independent from the coordinatization of the chosen
(q + 1, 8)-cage, however, in order to define MXi

and MYi
satisfying condition (a2) of

Proposition 11, we need to fix all the elements chosen so far. To this purpose we use the
following convenient description of a (q + 1, 8)-cage.

Definition 13. [1, 2] Let Fq be a finite field with q > 2 a prime power and % a symbol
not belonging to Fq. Let Γq = Γq[V0, V1] be a bipartite graph with vertex sets Vi =
F3
q ∪ {(%, b, c)i, (%, %, c)i : b, c ∈ Fq} ∪ {(%, %, %)i}, i = 0, 1, and edge set defined as follows:

For all a ∈ Fq ∪ {%} and for all b, c ∈ Fq :

NΓq((a, b, c)1) =

{ {(w, aw + b, a2w + 2ab+ c)0 : w ∈ Fq} ∪ {(%, a, c)0} if a ∈ Fq;

{(c, b, w)0 : w ∈ Fq} ∪ {(%, %, c)0} if a = %.

NΓq((%, %, c)1) = {(%, c, w)0 : w ∈ Fq} ∪ {(%, %, %)0}
NΓq((%, %, %)1) = {(%, %, w)0 : w ∈ Fq} ∪ {(%, %, %)0}.

Or equivalently

For all i ∈ Fq ∪ {%} and for all j, k ∈ Fq :

NΓq((i, j, k)0) =

{ {(w, j − wi, w2i− 2wj + k)1 : w ∈ Fq} ∪ {(%, j, i)1} if i ∈ Fq;

{(j, w, k)1 : w ∈ Fq} ∪ {(%, %, j)1} if i = %.

NΓq((%, %, k)0) = {(%, w, k)1 : w ∈ Fq} ∪ {(%, %, %)1};
NΓq((%, %, %)0) = {(%, %, w)1 : w ∈ Fq} ∪ {(%, %, %)1}.

Lemma 14. There exist matchings MXi
and MYi

, for i = 0, . . . , q, such that condition
(a2) in Proposition 11 holds.
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Proof. Let x = (%, %, %)1 and y = (0, 0, 0)1.
We will distinguish two cases, when q = p is a prime or when q = pa, a > 1 is a prime

power.
Case 1: q = p a prime.

Let xi = (%, %, i)0, yi = (i, 0, 0)0 for i = 0, . . . , p− 1, and xp = (%, %, %)0, yp = (%, 0, 0)0.
N(xi) = {(%, t, i)1 : t = 0, . . . , p− 1} ∪ {x}, i = {0, . . . , p− 1},
N(xp) = {(%, %, t)1 : t = 0, . . . , p− 1} ∪ {x},
N(yi) = {(t,−it, it2)1 : t = 0, . . . , p− 1} ∪ {(%, 0, i)1}, i = {0, . . . , p− 1},
and N(yp) = {(0, t, 0)1 : t = 0, . . . , p− 1} ∪ {(%, %, 0)1}.
Hence, we have the sets:
Xi = {(%, t, i)1 : t = 1, . . . , p − 1} and Yi = {(t,−it, it2)1 : t = 1, . . . , p − 1} for

i = 0, . . . , p− 1.
Xp = {(%, %, t)1 : t = 1, . . . , p− 1} and Yp = {(0, t, 0)1 : t = 1, . . . , p− 1}.
Define the following matchings, depicted in Figure 3:
MXi

= {(%, `, i)1(%,−(`+ 2), i)1 : ` = 1, . . . , (p− 3)/2} ∪ {(%,−2, i)1(%,−1, i)1}, and
MYi

= {(t,−it, it2)1(−t, it, it2)1 : t = 1, . . . , (p− 1)/2}, for i = 0, . . . , p− 1.
MXp = {(%, %, `)1(%, %,−(`+ 2))1 : ` = 1, . . . , (p− 3)/2} ∪ {(%, %,−2)1(%, %,−1)1}, and
MYp = {(0, t, 0)1(0,−t, 0)1 : t = 1, . . . , (p− 1)/2}.

Figure 3: The matchings MXi
and MYi

for i = 0, . . . , p− 1 and p = 7, determined by the
2nd and the 1rst coordinates of the vertices in Xi and Yi respectively.

Claim: Matchings MXj
and MYi

for i, j ∈ {0, . . . , p}, satisfy property (a2).
To prove it we must analyze the intersection of the second neighborhood of Xj with Yi.

Recall that the vertices in Yi are in N((i, 0, 0)0) = N(yi), the vertices in Xj have
coordinates (%, `, j)1 for ` = 1, . . . , p− 1. We will show that there exists a unique vertex

wi`j ∈ Yi ∩N2(Xj) ∩N2(Xp)

and to this purpose we describe the coordinates of the vertices in Xp in terms of the
subscripts of wi`j as (%, %, si`j)1 where si`j ∈ {1, . . . , p − 1} and where the relationship
between wi`j and si`j is highlighted in what follows:

Note that wi`j = (a, b, c)1 ∈ N((i, 0, 0)0) ∩N2((%, `, j)1) ∩N2((%, %, si`j)1).
Since N((i, 0, 0)0) = {(t,−it, it2)1 : t = 0, . . . , p − 1} ∪ (%, 0, i)1, then a = t, b = −it,

and c = it2. Also, N2((%, %, si`j)1) = N({(%, si`j, x)0 : x ∈ 0, . . . , p − 1}) = {(si`j, u, x)1 :
x, u ∈ 0, . . . , p − 1}. Hence, si`j = a = t and (a, b, c)1 = (si`j,−isi`j, is2

i`j)1. Moreover,
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N((%, `, j)1) = {(j, `, s)0 : s = 0, . . . , p−1}∪{(%, %, j)0}; andN2((%, `, j)1) = N({(j, `, s)0 :
s = 0, . . . , p−1})∪{N(%, %, j)0)} = {(x, `−xj, `x2−2xj+s)1}∪{(%, `, j)1}. By substitution
in the first and second coordinates we obtain the following equation:

si`j(j − i) = ` for i, `, j ∈ Fp, ` 6= 0, j − i 6= 0. (5)

Notice that this equation is undefined for j = i, otherwise it would mean that yi has
a neighbor at distance 3 from xj and this would imply the existence of a cycle of length
6 in Γq.

By equation (5) we have si(−`)j = −si`j implying, for fixed i and j, that the vertices
wi`j = (si`j,−isi`j, is2

i`j)1 and wi−`j = (−si`j, isi`j, is2
i`j)1 in Yi are at distance two, re-

spectively, only from the vertices (%, `, j)1 and (%,−`, j)1 in Xj for j = {1, . . . , p}; and
to the vertices (%, %, `) and (%, %,−`) in Xp. Therefore the matchings MYi

and MXj
for

i ∈ {1, . . . , p− 1} and j ∈ {1, . . . , p} satisfy property (a2).
Finally, also the matchings MXj

and MYp satisfy property (a2), since for all (%, `, j)1 ∈
Xj it holds that Yp ∩ N2((%, `, j)1) = (0, `, 0)1; and the edge (%, `, j)1(%,−`, j)1 6∈ MXj

.
This ends the proof of the claim.
Case 2: q a prime power.

Let α be a primitive root of unity in GF (q) = {αi : i = 0, . . . , q − 2} ∪ {0}.
In this case, xi = (%, %, αi−1)0, yi = (αi−1, 0, 0)0, for i = 1, . . . , q − 1, x0 = (%, %, 0)0,

y0 = (0, 0, 0)0, xq = (%, %, %)0 and yq = (%, 0, 0)0.
N(xi) = {(%, αt, αi−t)1 : t = 0, . . . , q − 2} ∪ (%, 0, αi−1)1 ∪ x,
N(x0) = {(%, αt, 0)1 : t = 0, . . . , q − 2} ∪ (%, 0, 0)1 ∪ x,
N(xq) = {(%, %, αt)1 : t = 0, . . . , q − 2} ∪ (%, %, 0)1 ∪ x.
N(yi) = {(αt,−αi−1+t, αi−1+2t)1 : t = 0, . . . , q − 2} ∪ (%, 0, αi−1)1,
N(y0) = {(αt, 0, 0)1 : t = 0, . . . , q − 2} ∪ (%, 0, 0)1,
N(yq) = {(0, αt, 0)1 : t = 0, . . . , q − 2} ∪ (%, %, 0)1 ∪ y.
Hence, we have the sets:
Xi = {(%, αt, αi−1)1 : t = 0, . . . , q−2} and Yi = {(αt,−αi−1+t, αi−1+2t)1 : t = 0, . . . , q−

2} for i = 1, . . . , q − 1.
X0 = {(%, αt, 0)1 : t = 0, . . . , q − 2} and Y0 = {(αt, 0, 0)1 : t = 0, . . . , q − 2}.
Xq = {(%, %, αt)1 : t = 0, . . . , q − 2} and Yq = {(0, αt, 0)1 : t = 0, . . . , q − 2}.
In order to define the matchings MXi

and MYi
we proceed as above, but in this case

we obtain the following equations:

αsi`j(αj−1 − αi−1) = α` for i, j > 1;
αs0`j(αj−1) = α` for i = 0;
αsi`0(−αi−1) = α` for j = 0.

(6)

Notice that equation (6) is undefined for j = i, otherwise it would mean that yi has a
neighbor at distance 3 from xj and this would imply the existence of a cycle of length 6
in Γq.

Define the following matchings, depicted in Figure 4:
MXi

= {(%, α2`, i)1(%, α2`+1, i)1 : ` = 0, . . . , (q + 1)/2}; and
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MYi
= {(α2t,−αi−1+2t, αi−1+4t)1(α2t+3,−αi−1+(2t+3), αi−1+2(2t+3))1 : t = 0, . . . , (q −

1)/2}∪ {(α,−αi, αi+1)1(αq−3,−αi+q−4, αi+2q−7)}, for i = 0, . . . , q − 1.
MXq = {(%, %, α2`)1(%, %, α2`+1)1 : ` = 0, . . . , (q + 1)/2}; and
MYq = {(0, α2t, 0)1(0, α2t+3, 0)1 : t = 0, . . . , (q − 1)/2} ∪ {(0, α, 0)1, (0, α

q−3, 0)1}.

Figure 4: The matchings MXi
and MYi

for i = 0, . . . , q − 1 and q = 9, determined by the
2nd and the 1rst coordinates of the vertices in Xi and Yi respectively.

On the other hand, we obtain that si`+1j = si`j + 1, multiplying the equation (6) by
α, which implies that the matchings MXi

and MYi
satisfy property (a2), because the two

vertices (αsi`j ,−αi−1+si`j , αi−1+2si`j)1 and (αsi`j+1,−αi−1+(si`j+1), αi−1+2(si`j+1))1 in Yi, are
at distance two in Xj only from the vertices (%, α`, j)1 and (%, α`+1, j)1, concluding the
proof.

Construction 2: For q > 5 an odd prime power let Γ2
q be the graph of order 2q3 +

2q2 − q + 1 given in Definition 9, with the choice of matchings as in Lemmas 12 and 14.
Then, the graph Γ2

q is a (q + 1)-regular graph of girth 7 with 2q3 + 2q2 − q + 1 vertices as
we prove in the following theorem.

Theorem 15. Let q > 5 be an odd prime power. Then, there is a (q + 1)-regular graph
of girth 7 and order 2q3 + 2q2 − q + 1.

Proof. Consider the graph in Construction 2, obtained with the choice of matchings from
Lemmas 12 and 14. Then, condition (a) in Proposition 11 holds, and by Proposition 11(b)
the graph Γ2

q has girth 7. By Remark 10, the order of Γ2
q is 2(q3 + q2 + q + 1)− (q − 3 +

2(q + 2)) = 2q3 + 2q2 − q + 1, as required.

Note that for q = 5, McKay and Yang found eighty-seven (6, 7)–graph has 294 vertices,
in 2001 [26, 32]. Our (6, 7)–graph has 296 vertices, but for q > 5, Theorem 15 improves
the previously known upper bounds from Sauer (cf. [33]).

the electronic journal of combinatorics 22(3) (2015), #P3.5 13



Acknowledgements

We would like to thank the Editor and the anonymous reviewers for their insightful
comments and suggestions to this paper.

References

[1] M. Abreu, G. Araujo–Pardo, C. Balbuena, D. Labbate. A Construction of Small
(q − 1)-Regular Graphs of Girth 8, Electron. J. Combin. 22(2) (2015) #P2.10.

[2] M. Abreu, G. Araujo–Pardo, C. Balbuena, D. Labbate. A formulation of a (q+ 1, 8)-
cage, (submitted).

[3] M. Abreu, G. Araujo–Pardo, C. Balbuena, D. Labbate. Families of Small Regular
Graphs of Girth 5. Discrete Math. 312(18):2832–2842, 2012.

[4] M. Abreu, M. Funk, D. Labbate, V. Napolitano. A family of regular graphs of girth
5. Discrete Math. 308(10):1810–1815, 2008.

[5] M. Abreu, M. Funk, D. Labbate, V. Napolitano. On (minimal) regular graphs of
girth 6. Australas. J. Combin. 35:119–132, 2006.

[6] G. Araujo, C. Balbuena, and T. Héger. Finding small regular graphs of girths 6, 8
and 12 as subgraphs of cages. Discrete Math. 310(8):1301–1306, 2010.

[7] G. Araujo-Pardo, C. Balbuena. Constructions of small regular bipartite graphs of
girth 6. Networks 57(2):121–127, 2011.

[8] E. Bannai and T. Ito. On finite Moore graphs. J. Fac. Sci. Univ. Tokio, Sect. I A
Math 20:191–208, 1973.

[9] C. Balbuena. Incidence matrices of projective planes and other bipartite graphs of
few vertices. Siam J. Discrete Math. 22(4):1351–1363, 2008.

[10] C. Balbuena. A construction of small regular bipartite graphs of girth 8. Discrete
Math. Theor. Comput. Sci. 11(2): 33–46, 2009.

[11] C. T. Benson. Minimal regular graphs of girth eight and twelve. Canad. J. Math.
18:1091–1094, 1966.

[12] N. Biggs. Algebraic Graph Theory. Cambridge University Press, New York, 1996.

[13] N. Biggs. Construction for cubic graphs with large girth. Electron. J. Combin. 5(1)
(1998) #A1.

[14] J. A. Bondy and U. S. R. Murty. Graph Theory. Springer Series: Graduate Texts in
Mathematics, Vol. 244, 2008.

[15] G. Brinkmann, B. D. McKay and C. Saager. The smallest cubic graphs of girth nine.
Combin. Prob. and Computing 5:1–13, 1995.
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