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Abstract

Quite a lot of attention has been paid recently to the characterization and con-
struction of edge- or arc-transitive abelian (mostly cyclic or elementary abelian)
covers of symmetric graphs, but there are rare results for nonabelian covers since
the voltage graph techniques are generally not easy to be used in this case. In this
paper, we will classify certain metacyclic arc-transitive covers of all non-complete
symmetric graphs with prime valency and twice a prime order 2p (involving the com-
plete bipartite graph K, ,, the Petersen graph, the Heawood graph, the Hadamard
design on 22 points and an infinite family of prime-valent arc-regular graphs of
dihedral groups). A few previous results are extended.

Mathematics Subject Classifications: 20B15, 20B30, 05C25

1 Introduction

Throughout the paper, by a graph, we mean a connected, simple and undirected graph
with valency at least three.
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For a graph I' and an automorphism group X < Autl’", I' is called X-vertex-transitive,
X-edge-transitive or X-arc-transitive, if X is transitive on its vertex set, edge set or arc
set, respectively. For a positive integer s, an s-arc of I' is a sequence «g, aq, ..., ag of s+1
vertices such that «;_1, a; are adjacent for 1 < i < s and ;1 # a1 for 1 <i < s— 1.
Then I" is called (X, s)-arc-transitive or (X, s)-arc-reqular if X is transitive or regular on
the set of s-arcs of I, respectively. In particular, if Autl” is regular on the set of s-arcs of
I, then I' is simply called s-arc-regular.

An essential method for studying edge- or arc-transitive graphs is taking normal quo-
tient graphs. Let I' be a graph with vertex set VI', and suppose that X < Autl’ acts
edge- or arc-transitively on I’ and has an intransitive normal subgroup N. Denote by
V I'y the set of N-orbits on VI'. Then the normal quotient graph of I' induced by N,
denoted by [y, is defined with vertex set V I'y and two vertices B,C' € V I'y are adjacent
if and only if some vertex in B is adjacent in I" to some vertex in C'. If further, for each
adjacent B and C, the induced subgraph [B,C| = nK, is a complete matching, where
n = |B| = |C|, then I' is called a normal cover (or regular cover, or cover for short) of
I'y. In some cases, to emphasize the groups X and N, I' is called an X-edge-transitive or
X-arc-transitive N-cover of I'y respectively. If N is a cyclic, abelian or nonabelian group,
then I' is called a cyclic cover, abelian cover or nonabelian cover of I'y, respectively. We
remark that ‘the cover of graph’ can also be defined by using notions of fibre-preserving
group and covering transformation group, refer to [9, 25, 26].

From the above definition, an important strategy for studying transitive graphs nat-
urally arises, involving the following two steps. Step 1 would be concerned to obtain a
characterization of ‘basic’ transitive graphs (that is, the graphs which are not covers of
their normal quotient graphs). Step 2 would then consists in approaching all transitive
covers of basic graphs.

Characterizing covers of graphs is thus often a key step for studying edge- or arc-
transitive graphs. By using voltage graph techniques (which generally are powerful for
finding cyclic and elementary abelian covers, refer to [21, 25, 26, 36]), a lot of classifications
of transitive cyclic or elementary abelian covers of symmetric graphs have been obtained,
for example, see [16, 26, 27, 28] and references therein for edge- or arc-transitive cyclic
and elementary abelian covers of certain small graphs, and see [11, 12, 13, 39, 41] for
2-arc-transitive cyclic and certain elementary abelian covers of K,, (the compete graph)
and K, , —nKy (the bipartite complete graph with a 1-factor removed), see also [40] for
2-arc-transitive metacyclic covers of K,,. Quite recently, a new approach was founded
by investigating the action of universal group of basic graph and then used to find all
arc-transitive abelian covers of a few small cubic symmetric graphs (see [5, 6]). However,
since the voltage graph techniques are generally difficult for treating nonabelian covers,
the results of nonabelian covers are rare.

The main purpose of this paper is to determine all arc-transitive K-covers of graph J/,
where ) is a non-complete graph with prime valency r and twice a prime order 2p, and
K = Z,, : Z, is a split metacyclic but not cyclic group (the arc-transitive cyclic covers
of X have been determined by [32]), with ¢ a prime less than r. We notice that certain
special cases have been investigated in the literature: see [14] for K cyclic and X' = Ks 3
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(p =3 and r = 3); [15] for K cyclic and X' = O, the Petersen graph (p = 5 and r = 3);
[37] for K cyclic and X the Heawood graph (p = 7 and r = 3); [30] for K cyclic and
Y = K,, the complete bipartite graph with p > 3; and see [42] for K a dihedral group
and r = 3.

The terminology and notation used in this paper are standard. For example, for a
positive integer n, we denote by Z,, D, with n even, A, and S, the cyclic group and
the dihedral group of order n, the alternating and the symmetric group of degree n,
respectively. For two groups N and H, we denote by N x H the direct product of N
and H, by N.H an extension of N by H, and if such an extension is split, then we write
N : H instead of N.H. Also, we denote by F,,, F,A, F,,B etc. with n a positive integer
the corresponding cubic graphs of order n in the Foster census, see [1] or [4].

The main result of this paper is the following theorem. For convenience, the graphs
appearing in the theorem which are not explained above are introduced in Section 2.

Theorem 1. Let I' be an X-arc-transitive K-cover of a graph Y, where X < Autl’,
Y is a non-complete graph of odd prime valency v and order 2p with p a prime, and
K = Zy, : Zg is a metacyclic but not cyclic group with ¢ < r a prime. Then one of the
following statements holds.

(1) ¥ =Kss, K =7y, X Ly withn odd, and I' is characterized in [5, Theroem 5.1];
(2) X = CD(2p,3) with p=1 (mod 3), and either
(i) K = 7% and I' = CGD(8p, 3) is 1-arc-regular. or

(ii)) K = Zpy X Ly, and I' = CGD(2, 7, A), or CGD(2p,2mp,)\) with p | m, where

m=2-3p'py?---pt =26, s<1,0<tandp,p,...,pt are distinct primes
such that 3 | (pi — 1) fori=1,2,...,t.

(8) X = Oq, and the tuple (I', K) is listed in the following table.

Row [’ K s —arc—regular
1 F40 Dy, 3 — arc — regular
2 F60 Dg 2 — arc — regular
3 F120B Dy, 2 — arc — regular

The structure of this paper as follows. We give some preliminary results and introduce
examples that appear in Theorems 1 in Section 2, and prove some technical lemmas in
Section 3. Then, we classify the mentioned covers of the complete bipartite graph K, , and
graphs CD(2p,r) in Sections 3 and 4 respectively, and complete the proof of Theorem 1
in Sections 5.
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2 Preliminaries and examples

2.1 Preliminary results

For a group G and its subgroup H, let Cs(H) and Ng(H) denote the centralizer and
normalizer of H in (G, respectively.

Lemma 2. ([22, Ch. I, Lemma 4.5]) Let G be a group and H a subgroup of G. Then
No(H)/Co(H) < Aut(H).

A graph I is called a Cayley graph of a group G if there is a subset S C G\ {1}, with
S =8"1:={g7'| g€ S} such that VI' = G and two vertices g and h are adjacent if
and only if hg~! € S. This Cayley graph is denoted by Cay(G, S). It is well known that
a graph X is isomorphic to a Cayley graph of a group R if and only if AutX' contains a
subgroup which is isomorphic to R and acts regularly on VX see [2, Proposition 16.3].
If this regular subgroup is normal in X with X < AutX, then V' is called an X-normal
Cayley graph. In particular, if this regular subgroup is normal in AutY’, then ) is called
a normal Cayley graph.

Let I' = Cay(G, S). Let

G={j|j: xr xg, forall g,z € G},

Aut(G, S) = {o € Aut(G) | §7 = 8.

Then both G and Aut(G, S) are subgroups of Autl’. Further, the following nice property
holds.

Lemma 3. ([19, Lemma 2.1]) Let I' = Cay(G, S) be a Cayley graph. Then the normalizer
Nauwr(G) = G : Aut(G, S).

We remark that G is the right regular representation of GG, and so isomorphic to G.
For convenience, we will often write G as G.

Let H be a group acting transitively on a set (2. Then H is called primitive on (2 if
H preserves no nontrivial partition of 2. A graph I' is called X-locally-primitive with
X < Autl', if the vertex stabilizer X,: = {z € X | o® = a} acts primitively on the
neighbor set I'(«) for each vertex a. Clearly, an edge-transitive graph with odd prime
valency is locally-primitive. By Lemma 3, one easily has the following assertion.

Lemma 4. Let I' = Cay(G, S) be an X -normal locally-primitive Cayley graph of a group
G, where G X < Autl’. Then X7 < Aut(G,S) and elements in S are involutions, where
1 denotes the vertex of I' corresponding to the identity element of G. In particular, if G
1s abelian, then G is an elementary abelian 2-group.

The following theorem provides a basic method for studying vertex-transitive locally-
primitive graphs (see [18] for the vertex-intransitive case), where parts (1-3) were first
proved by Praeger [33, Theorem 4.1] for 2-arc-transitive graphs and slightly generalized
to locally-primitive graphs by [24, Lemma 2.5]; part (4) follows easily by part (1).
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Theorem 5. Let I' be an X -vertex-transitive locally-primitive graph, and let N << X have
at least three orbits on V' I'. Then the following statements hold.

(1) N is semireqular on VI, X/N < Autl'y, I'y is X/N-locally-primitive, and I" is an
X -locally-primitive N -cover of I'y.

(2) I is (X, s)-arc-transitive if and only if I'y is (X/N, s)-arc-transitive, where 1 < s <
Sors=1T.

(8) Xo =2 (X/N)s, where a« € VI and § € VIy.

(4) If X has a normal subgroup M which is contained in N, then 'y is an X /M -locally-
primitive N /M -cover of I'y.

Given a group G and two subgroups L, R such that LNR is core-free in G (that is, LNR
contains no nontrivial normal subgroup of ). Define a bipartite graph I' = Cos(G, L, R),
called bi-coset graph, with vertex set [G : L] U |G : R] and

{Lz, Ry} is an edge in ' <= yx ™' € RL.

The following lemma gives some basic properties of the bi-coset graphs, refer to [18,
Lemmas 3.5, 3.7].

Lemma 6. With notation above, I' satisfies the following properties:
(1) T is connected if and only if (L, R) = G;
(2) G < Autl’, and I' is G-edge-transitive and G-vertez-intransitive;
(3) I'(L)={Rx |z €L} and I'(R) = {Lx | x € R};
(4) |I'(a)|=|L:LNR| and |I'(B)| = |R: LN R|, where « € |G : L] and 5 € |G : R].

Conversely, each G-vertex-intransitive and G-edge-transitive graph is isomorphic to
Cos(G, Gy, Gg), where o and B are adjacent vertices.

A group G is called perfect if G = G’, where G’ is the commutator subgroup of G;
and an extension G = N.H is called a central extension if N is contained in the centre
Z(G) of G. If a group G is perfect and G/Z(G) is isomorphic to a simple group 7', then
G is called a covering group of T. Schur [35] showed that a simple (and more generally,
perfect) group 7' possesses a universal covering group G with the property that every
covering group of 7" is a homomorphic image of G; in this case, the center Z(G) is called
the Schur multiplier of 7', refer to [20, P.43]. The Schur multipliers of all simple groups
are known ([20, P. 302-303]). The following lemma is known.

Lemma 7. Let G = N.T, where N 1is cyclic or isomorphic to ZZ with p a prime, and
T is a nonabelian simple group. Then G = N.T is a central extension, G = NG', and
G' = M.T is a perfect group, where M is a subgroup of both N and the Schur Multiplier
of T.
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The next lemma gives an observation regarding the vertex stabilizer of permutation
groups, that will be used later.

Lemma 8. ([32, Lemma 3.4]) Suppose that G = NH is a permutation group on a set
2, where N <G and H < G. Then G, = Ny.o for a € 2, where o < H/(HNN). In
particular, if N is transitive on (2, then o = H/(H N N).

2.2 Examples

We now introduce examples appearing in Theorem 1.

The first family of examples arises from Cayley graphs of dihedral groups, stated in
Example 9, where the first two letters CD of the notation CD(2p,r) stand for ‘Cayley
graph of a dihedral group’.

Example 9. Let G = (a,b | a? = b*> = 1,a® = a™') 2 Dy, be a dihedral group, with p an
odd prime. Let r be an odd prime and k a solution of the congruence equation

g 2" 4 42+ 1=0 (mod p).
Define
r—2 r—3
CD(2p,r) = Cay(G, {b,ab,a™™b,... o™ TF T Flpl),
We give some remarks here.

(a) The congruence equation above has a solution if and only if p =7 or r | (p — 1), see
[17, Lemma 3.3].

(b) The graph CD(2p,r) is a bipartite graph, and up to isomorphism, it is independent
of the choice of k by [17, Corollary 3.2]. This is the reason why the notation used
does not involve k.

¢) The graph CD(2p,p) = K, ,, CD(14, 3) is the Heawood graph, and CD(22,5) is the
p,p
incidence graph of valency 5 (the another one is of valency 6) of the Hadamard
design on 22 points.

A group G is called a generalized dihedral group, if G = H : (a) for some abelian
subgroup H and an involution a such that h® = h~! for each h € H. This group is
denoted by Dih(H). Obviously, Dih(Z,) = Dy,. The next family of examples arises from
Cayley graphs of generalized dihedral groups, which was first obtained in [42].

Example 10. Let m and k£ be positive integers. Let
Dih(Zpk X Z) = (a,b,c | a* = 0™ =™ = 1,0 =b~' ¢ = ¢! be = cb)

be a generalized dihedral group. Assume that A = 0 for k = 1, and A2+ A+1 =0 (mod k)
for k£ > 1. Define

CGD(m, k, \) = Cay(Dih(Zyp X Zpn), {a, ab, ab*c}).
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The first three letters CGD of the graph CGD(m, k, \) stand for ‘Cayley graph of a
generalized dihedral group’. By the notice before [42, Theorem 3.1], up to isomorphism,
the cubic graph CGD(2,p, A) with order 8p is independent of the choice of A, we thus
denote it simply by CGD(8p, 3).

The next lemma is quoted from [3], which classifies arc-transitive prime-valent graphs
of order twice a prime.

Lemma 11. Suppose that X is a non-complete arc-transitive graph of valency r and order
2p, where r and p are odd primes. Then r < p and one of the following holds.

(1) p=>5,r=3, ¥ =0y and AutY = S;.
(2) ¥ =K,, and AutX = 5,1 S,.
(3) X = CD(2p,

r)
(i) (p,r) =(7,3) and AutX = PGL(2,7);

(ii) (p,r) = (11,5) and AutX = PGL(2,11),

(iii) (p,r) # (7,3) and (11,5), and AutX = Dy, : Z,.

A classification of arc-transitive cyclic covers of prime-valent graphs with order twice

a prime is obtained by [32]. By [32, Theorem 1.1] (together with [30, Theorem 1.1] for a
detailed description in one case), we have the following result.

with v | (p — 1), and one of the following is true.

Theorem 12. Let I' be an arc-transitive Z,-cover of a graph X, with odd prime valency
r and twice a prime order 2p. Then one of the following statements holds.

(1) Y =Ky, n=2and I' = Kyy — 4Ky, orn =4 and I' = P(8,3) is the generalized
Petersen graph.

(2) X = 0y, n =2, and I' is the Dodecahedron graph or the standard double cover of
0.

(3) X =Ky, withp>3and2p—1=r,n=2 and I' = Ky, 9, — 2pKs.

4) X =K, and n = ppi'py? - pit, where s < 1 0 <t andpi,po,...,p are distinct
P.p 1 P2 t
primes such that p | (p; — 1) fori=1,2,...t

(5) ¥ = CD(2p,r) with v | (p — 1), and n = r*p*py?---pi*, where s < 1, 0 < t and
P1, P2, - - -, Py are distinct primes such that r | (p; — 1) fori=1,2,... t.
3 Technical lemmas

In this section, we prove some technical lemmas for the subsequent discussion.
For a group G, the socle of G, denoted by soc(G), is the product of all minimal normal
subgroups of G. Obviously, soc(G) is a characteristic subgroup of G.
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Lemma 13. Suppose G = (Zys X Zy,) : Z3, where p =1 (mod 3) is a prime and s > 1.
Then G has a normal cyclic subgroup of order p°.

Proof. By assumption, we may write G = ({a) x (b)) : (c), where o(a) = p*, o(b) = p
and o(c) = 3.

If s =1, then G = ZZ : Z3. Noting that ZIQ) has exactly p + 1 subgroups isomorphic
to Z,. Since 3 | (p — 1), p+ 1 =2 (mod 3), hence the action of (¢) = Zj on these p+ 1
subgroups is not fixed-point free. So at least one such subgroup must be invariant under
this action, namely (c) normalizes a cyclic subgroup Z,, which is clearly normal in G, the
lemma is true in this case.

Assume s > 2. Let H = (a) x (b). Then soc(H) = (a”" ") x (b) = Z: is a characteristic
subgroup of H, and so is normal in G. Hence (c¢) normalizes soc(H). As (c) = Zj acts
reducibly on soc(H) and (3,p) = 1, by Maschke’s theorem (see [38, Theorem 1.4]), (c)
acts completely reducible on soc(H), that is, we may write soc(H) = (b1, by) such that ¢
normalizes both (b;) and (bs). Noting that at least one of by and by is not in (a), say by,
then H = (a) x (b;). Hence, replacing b by b, if necessary, we may assume b¢ = b* for
some k. As o(b*) = o(b) = p, (k,p) = 1.

If a¢ € (a), the group (a) is a required normal cyclic subgroup. Suppose a® = a’l’
with pf j. If p | (k — ), then b = b* and (i,p) = 1, by a simple computation, we have
a® = (a'V) = (a'b)'b" = a”b?7 | and o = (a'b?)"b?9% = ¥ ¢ (a) as p f 3i%], which
is a contradiction because o(c) = 3. So pf (k — i), and hence the congruence equation

(k— 1)z = —7 (mod p)

has a solution, say z = [. Now, as o(ab!) = p* and (ab)® = a't/b* = a'b" = (abl)’,
(ab') 2 Z,s is normal in G. O

The next lemma presents some properties of the automorphism groups of metacyclic
groups isomorphic to Z,, : Zs.

Lemma 14. Let K = {(a) : (b) & Z,, : Zy be a metacyclic group, where m = 2%n > 1 with
d >0 and n odd. Then the following statements hold.

(1) If m is odd, then K = Z; x Doy, where st =m, and (s,t) = 1.

(2) If d =1, then either K is abelian, or the center Z(K) = Zoy, and K/Z(K) = Dy,,,
where nyng = n, ng > 1 is odd and (ny,ny) = 1.

(3) If d > 1, then (a®) is a characteristic subgroup of K with index 4.

(4) Suppose d = 2 and K is normal in an overgroup X. Then X has a normal subgroup
which 1s contained in K with index 2.

Proof. (1) Suppose that (a®) = Z, is a Sylow p-subgroup of (a), where p is an odd prime
dividing m and [ is a positive integer. Then (a®) <1 K, so (a®)® = (a®)* for some integer
k. Since b* = 1, k> = 1 (mod p'), and so p' | (k — 1)(k +1). As (k — 1,k + 1) divides 2
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and p' > 3, we have k = £1 (mod p'). Hence either b centralizes (a®), or (a®, b) = Dy,
Now, as (a) = Zyn X - X Z pi for some distinet odd primes py, ..., py, and (b) = Zy
acts trivially or dlhedrally on each Sylow p-subgroup of (a), collecting factors on which
(b) acts trivially gives the center Zs of K while collecting the remaining factors together
with (b) gives the dihedral group Dy;. Hence K = Zg x Dy,.

(2) Since d = 1, (a™) € Z(K) and K = {(a") x ((a®) : (b)). By part (1), (a?) : (b) =
Z, % Day,, where niny = n and (ny,ny) = 1. If ny = 1, K is abelian; if ny > 1, then
Z(K) 2 Zo,, and K/Z(K) = Da,,.

(3) Suppose a® = a? with ¢ an integer. Then ¢> = 1 (mod m), so ¢ is odd as m is
even. Let K@ = (¢? | g € K). Clearly, K® D (a?) is a characteristic subgroup of
K. Since each element of K has a form a’ or a'b for some integer i, (a')? € (a?) and
(a'b)? = a'*9? € (a?), we conclude that (a?) = K® is a characteristic subgroup of K
with index 4.

(4) By part (3), (a?) is a characteristic subgroup of K, so is (a*), hence (a*) <t X and
K/{a") < X/{a"). Since K/{a') = Z, : Z5 is a split extension, we have K/{(at) = Z, X Z,
or Dg. For the former case, K/(a*) has a characteristic subgroup, say M/{a*), such that
M/{a®) = Z3, so M/{a*) < X/{a), it follows that M is normal in X and is of index 2
in K. For the latter case, K/(a*) has a characteristic subgroup, say N/(a%), such that
N/(a*) = Z,, it follows that N is normal in X and is of index 2 in K. O

The following lemma is regarding normal arc-transitive Cayley graphs.

Lemma 15. Let G = Z3 X Dy, withp > 5 a prime. Then there is no normal arc-transitive
Cayley graph of G with prime valency r > 5.

Proof.  Suppose that, on the contrary, I' = Cay(G, S) is an X-normal arc-transitive
Cayley graph of G, where G X < Aut/" and S C G\{1}. Set G = ({(a) x (b)) x ({c) : (d}),
where (a) x (b) = Z2 and {(c) : (d) = Dy,. By Lemma 4, S = 5!/, where s € G is an
involution and ¢ € Aut(G) is of order r. Noting that (a,b) = Z2 is a characteristic
subgroup of G, the restriction o of o on (a,b) is an automorphism of (a,b). Clearly,
the order of ol divides o(o) = r, and so is 1 or . As r > 5 and Aut(Z3) = S;
has no element with order bigger than 3, we further conclude that ol is the identity
automorphism of {a,b). If s € {a,b), then (S) = (s\7)) C (a,b) < G, I' is disconnected,
which is a contradiction. Thus s € G\ (a,b), and so s = a't/c*d for some integers
1,7, k. Noting that there is an automorphism 7 which fixes a, b, ¢ and maps s to d, and
Cay(G, S) = Cay(G, S7), we may, up to isomorphism, assume s = d. Now, since (¢) = Z,
is a characteristic subgroup of GG, o has a form:

oc:a—a, b—b, c—>c d— a"b’c"d.

By computation, d = d°" = a™brvew (kRN Go v = §™ = 1, implying a* = b* = 1
as r is odd and a,b are involutions. It follows that (s} = (d{®) C (c,d) < G, which
contradicts the connectivity of I'. O
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4 Metacyclic covers of K, ,

For convenience, we give the following Hypothesis 4.1 and Notations 4.2, which will be
used throughout the rest of the paper.

Hypothesis 4.1. Let I" be an X-arc-transitive K-cover of a graph X', where X < Autl’,
Y is a non-complete graph of odd prime valency r and order 2p with p a prime, and
K = (a) : (b) = Z,, : Z, is a metacyclic but not cyclic group with ¢ < r a prime. Then
K < X is semiregular on V', and Y := X/K < AutY acts transitively on the arc set of
.

Notation 4.2. If Y is a bipartite graph, let A; and A, be the biparts of X, let Y+ =
Y, = Y4, be the stabilizer of Y on the biparts, and let X* = K.Y (the full preimages
of Y under the natural homomorphism of Y to Y/K). Then |X : XT| =Y : Y| =2
and Y = (YT, y) forsome y € Y\ Y.

By Hypothesis 4.1, the tuple (X, AutY) is listed in Lemma 11. We will prove The-
orem 1 by analysing all the candidates ) in Lemma 11. Recall that, for a group G, a
subgroup H is called the Frattini subgroup of G if H is the intersection of all maximal
subgroups of G; and for a prime t | |G|, H is called a Hall t'-subgroup if (|H|,t) = 1
and |G : H| is a t-power. It is well known that the Frattini subgroup and normal Hall
t’-subgroups are characteristic subgroups. As usual, we use GG; and Gy to denote a Sylow
t-subgroup and a Hall ¢’-subgroup of G, respectively.

First, we prove an induction lemma.

Lemma 16. With notation above, the following statements hold.
(1) If ¢/ m, then g =2 and X = O,.
(2) If q | m, then there exists a graph {2 being an arc-transitive Zg—cover of X.

Proof.  1If q¢f m, then (a) is a characteristic subgroup of K, so is normal in X. Since
K/{a) = Zq, by Theorem 5(4), the normal quotient graph Iy is an X/(a)-arc-transitive
Zg-cover of Y. Then, as ¢ < r = val(X) and [ is not a complete graph, by Theorem 12,
we have ¢ = 2 and X' = Oy, as in part (1) of the lemma.

Assume now ¢ | m. Then m = ¢%n with d > 1 and (¢,n) = 1. Clearly, (a?") = Z, is a
normal Hall ¢’-subgroup of K, so is characteristic in K and normal in X. Let I} denote
the normal quotient graph I 4, By Theorem 5, I is an X/ (a?")-arc-transitive K/(ad")-
cover of X. Let ® be the Frattini subgroup of K/(a?"). Then & is characteristic in K/(a?")
and normal in X/(a?"). Since K/(a?") = Zya = ZLg, by [34, 5.3.2], (K/{a?"))/® = Z:. 1t
then follows from Theorem 5 that 2 := (I')e is an arc-transitive Z2-cover of X. O

In this section, we will determine all arc-transitive K-covers of the complete bipartite
graph K, .
The following lemma excludes the case where p > 5.
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Lemma 17. Suppose X = K, , with p = 5. Then no graph I' exists.

Proof. By Lemma 16, it is sufficient to show that Lemma 17 is true for the case where
K = 7. Recall that ¢ < r = val(X) = p.

Let K; and K, be the kernels of Yt acting on A; and A,, respectively. For any
o € Ay, since y€ Y+, we have o¥ ' € Ay and o¥ ' K2v = (o)KW = (¥ ) = o, so
Ky =y 'Kyy C K,. Similarly, K{ C K,. Thus K; = K and K, = K{. Since Y is
arc-transitive on X, Y, is transitive on the neighbor set X'(a) = As. If YT acts faithfully
on Ay, then Y can be viewed as a transitive permutation group of degree p on Ay, so
Y+ <S,. It follows that Y,” < S,_1, which contradicts that Y5 =Y, is transitive on A,
of size p.

Hence, Y acts unfaithfully on both A; and A,, that is, K1 & K, # 1. Clearly,
KiNKy=1,80 K1 Ky = Ki x Ko <Y T and YT 2 (K x K3).P, where P = Y™ /(K x K3).
It follows that K;.P & Y+ /K3 ; = (Y )41 is a transitive permutation group of degree
p, where 7 = 1,2. By the classification of transitive permutation groups of prime degree
(see [8, P. 99]), we have that either K;.P < Z, : Z,_; is an affine group or K;.P is an
almost simple 2-transitive group. Let T; = soc(K;.P) and let G = K.(T} x T3).

If T} is nonabelian, then T; is 2-transitive on 4;, so T} x T5 is transitive on the set of
all 4-cycles of X = K, ,,. Noting that G = Zg.(Tl x T3) is a central extension by Lemma 7,
then with quite similar discussion as in [10, Theorem 4.2] (or [30, Lemma 5.1]), we have
that I is disconnected, which is a contradiction.

Assume now that 7} is abelian. Then 77 x Tp, = Zg is edge-transitive and vertex-
intransitive on X, and so G = K.(T\ x Ty) = Z2 : 72 is edge-transitive and vertex-
intransitive on I'. By Lemma 6, I" = Cos(G, G,, G) for some adjacent vertices a and
of I'. Clearly, Go = Gg = Z,. If p > q+2, then |Aut(Z2)| = |GL(2,q)| = q(¢ —1)*(¢+1)
is not a multiple of p, by Lemma 2, the centralizer C¢(K) = G, and so G = Z2 x Z is
abelian. It follows that (G,,Gs) < G, < G, so I is disconnected by Lemma 6, which is
a contradiction. Thus p < ¢+ 1 and hence ¢ = p—1 as ¢ < p. Now, both p and p — 1 are
primes, the only possibility is p = 3 and ¢ = 2, which is a contradicts to the assumption
p = 5. 0]

We next consider the case X = Ks 3.

Lemma 18. Suppose X = K3 3. Then K = Zy, X Zy with n odd, and I is characterized
in [5, Theorem 5.1].

Proof. By assumption, r = val(X) = 3, s0 ¢ = 2 and K = (a) : (b) = Z,, : Zy. Then
Lemma 16(1) implies that m is even. Set m = 29n with d > 1 and n odd.

If d > 2, since K < X, by Lemma 14(4), X has a normal subgroup, say M, such that
M is contained in K with index 2. Then, by Theorem 5, I'y; is an arc-transitive Zs-cover
of X, so |V I'y| = 12; however, there is no cubic arc-transitive graph of order 12 by [4],
which is a contradiction.

Therefore, d = 1. Assume K is nonabelian. Then (a™) & Z, is in the center of K, (a?)
is a characteristic subgroup of K and as K is nonabelian, b is not in the center of K, we
conclude that (a) = (a*) x (a”) is normal in X. By Theorem 5, Iy, is an arc-transitive
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Zo-cover of X, in particular, |V I'| = 12, which is a contradiction by [4]. Thus K is abelian,
K = Zs, X Zs with n odd, and I' is characterized in [5, Theprem 5.1]. O

5 Metacyclic covers of CD(2p, r)

Let I', X, X, K and Y be as in Hypothesis 4.1, and as CD(2p, r) is a bipartite graph, we
use Notation 4.2.

In this section, we will determine all arc-transitive K-covers of the bipartite graphs
CD(2p,r) with | (p — 1). Noting that K = (a) : (b) = Z,, : Z, and ¢ < r are primes.

Lemma 19. Assume X = CD(2p,r) withr | (p — 1) and Y = Dy, : Z,. Then ¢ =2 and
r=3.

Proof.  Suppose that, on the contrary, ¢ > 3. Since Y = Dy, : Z,, X' is a Y-normal
arc-transitive Cayley graph of the dihedral group Ds,, so " is an X-normal arc-transitive
Cayley graph of R := K.D,,. Also, by Lemma 16(1), we have ¢ | m.

We first consider the case where m = ¢. Then R = Zg :Dgpand X = K.Y £ R: Z,.
Since K is abelian, the centralizer C' := Cgr(K) O K. If C' = K, Lemma 2 implies
Dy, = R/K = R/C < Aut(K) = Aut(Z?) = GL(2,q), as 3 < ¢ <7 < p, |GL(2,q)| =
q(q — 1)*(¢ + 1) is not a multiple of p, which is a contradiction. On the other hand, if
C = R, then R = K x Ry, so Ry = Dy, is normal in X and has ¢* orbits on VT,
by Theorem 5, I r, 1s arc-transitive of odd valency r and odd order ¢?, which is also
a contradiction. Hence K < C' < R, and C/K # 1 is a proper normal subgroup of
R/K = Dy,, we further conclude that C' = Ry = Z? X Z, and Z, = R, 9 X. Now,
Theorem 5 implies that ', is an X/R,-normal arc-transitive Cayley graph of the group
R/R,. Clearly, R/R, = Ry = K : Zy = Z?] : Zy. As q > 3, R, is nonabelian by
Lemma 4. Suppose that ¢ € R, is an involution. If z¢ = y &(z) for some = € K,
as o(c) = 2, y¢ = z, so (xy)¢ = yr = zy and (zy~')¢ = yz' = (zy~')~!, hence
Ry = (wy) x (xy~',¢) = Zs x Dyg. Since I'p, is an X/R,-normal Cayley graph with
valency r of R/R,, we may assume I'p, = Cay(R/R,,S), where S C R/R, \ {1}. By
Lemma 4, elements in S are involutions, and as R/R, = R, = Z, x Dy,, we have
(S) < Dy, < R/R,, I' is disconnected, which is a contradiction. Therefore, z° € (z)
for each x € K, and (z,¢) = Zy, or Dy, by Lemma 14(1). Since R, is nonabelian, and
as proved above, Ry%Z, x Dyg, we further have that Ry = Dih(Z}) is a generalized
dihedral group. Now, as X/R, = (R/R,) : Z = L. : Ly : Ly, and (X/Ry), = Z, with
u € V(I'g,) is not normal in X/R,, by Lemma 2, Z? in self-centralized in X/R, and
Ly : Ly < Aut(Z2) = GL(2, q). Hence r divides |GL(2,q)| = q(¢ — 1)*(¢ + 1). However, as
q < r are primes, the only possibility is ¢ = 2 and r = 3, which contradicts the assumption
that ¢ > 3.

For the general case, by Lemma 16, there is a graph (2 which is an arc-transitive
Zg—cover of X, then above discussion also leads to a contradiction.

Therefore, ¢ = 2 and R = Z3.Dy,. We now prove r = 3. Since r > 3 divides
p—1,p > 7 and as |Aut(Z3)| = |S3| = 6, Lemma 2 implies R = (Z3 x Z,).Z> and
so R, < X. By Theorem 5, I'g, is an X/R,-normal arc-transitive Cayley graph of the
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group R/R, = Ry = 73.7Z,. If Ry is nonabelian, then Ry = Qg is a quaternion group
or isomorphic to Dg. The former case is not possible by Lemma 4 as (Js has unique
involution, and the latter case is not possible by [29, Lemma 3.1]. Thus R, is abelian.
By Lemma 4, Ry = Z3 and R = Z2 x Dy,. Recall that I" is an X-normal arc-transitive
Cayley graph of R, by Lemma 15, we have r < 5, hence r = 3, as required. 0

The next lemma excludes the case where X' = CD(22,5).
Lemma 20. Assume X = CD(22,5). Then no graph I' exists.

Proof. With Lemma 16, we only need to prove the lemma for the case K = Zg.

Since X = CD(22,5), AutX = PGL(2,11) by Lemma 11. Since Y < AutX acts arc-
transitively on X, 110 divides |Y'|, by Atlas [7], Y = Doy : Z5, PSL(2,11) or PGL(2, 11).
Noting that CD(22,5) is a bipartite graph, Y has a normal subgroup Y* with index
2, s0 Y2 PSL(2,11). If Y™ Dgy : Zs, by Lemma 19, we have val(X) = 3, yielding a
contradiction.

Assume Y = PGL(2,11). Then Y™ = PSL(2,11) and Y; = Y;m & A5 as [V Y] = 22,
where 0 € VX. By Lemma 7, X* = K.YT = Z2PSL(2.11) is a central extension,
X+ = K(X"), and as the Schur multiplier of PSL(2,11) is Zy (see [20, P. 302]), (X )" =
PSL(2,11) or SL(2,11). For a € VI', by Theorem 5(3), (X)), < X+ = X, = Y; = A;,
so (XT), =T1or A;. If (XT)), =1, a8 XT = K(X'), Lemma 8 implies A5 = X[ <
K/(K N (X)), which is a contradiction as K is abelian. Thus (XT)! = Aj, and hence
(X*) 2 SL(2,11) since SL(2,s) with s an odd prime power has a unique involution by
23, Lemma 7.4]. Therefore, (X*) = PSL(2,11), X* = K x (XT)" and each orbit of
(XY in VI has length |[PSL(2,11) : As| = 11. Since |[VI'| = 22¢?, (XT) < X has
2¢® > 8 orbits on VI'. By Theorem 5, I'(x+)y is an X /(X*)-arc-transitive graph, which
is also a contradiction as X+ /(X )" = Z2 is abelian. O

With Lemmas 19 and 20, we may now determine all arc-transitive K-covers of CD(2p, r)
with r | (p — 1).

Lemma 21. Assume X = CD(2p,r) withr | (p —1). Thenr =3 and I' is as in part (2)
of Theorem 1.

Proof. By Lemma 20, (p,r) # (11,5). If (p,r) = (7,3), the ¢ = 2 as ¢ < r; if
(p,r) # (11,5) and (7,3), by Lemma 11, AutX = D,, : Z, is arc-regular on X, so
Y = AutX) as Y is arc-transitive on J/, by Lemma 19, we also have ¢ = 2 and » = 3. Now,
by Lemma 16, m is even. Suppose m = 29n with (2,n) =1 and d > 1.

Assume d > 2. By Lemma 14(4), X has a normal subgroup, say M, such that M is
contained in K with index 2. It then follows from Theorem 5 that I'y; is an arc-transitive
Zs-cover of CD(2p, 3), which is impossible by Theorem 12(5).

Hence, d = 1 and K = (a) : (b) = Zao, : Zo. If n = 1, by [42, Theorem 3.1},
I' = CGD(8p, 3) (as C'Dg, there), part (2)(i) of Theorem 1 holds. If K is nonabelian, by
Lemma 14(2), the center Z(K) = Zy,, and K/Z(K) = Ds,,, where niny = n, ng > 1
and (nq,n2) = 1. Then, by Theorem 5, I';(g) is an arc-transitive Dy,,-cover of X, as n,
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is odd, which is not possible by [42, Theorem 3.1]. Hence K = Zj,, x Z, is abelian. Since
(a*) < X and K/(a®) = Z3, by Theorem 5, I'y,2) is an X/(a®)-arc-transitive Z3-cover of
2 = CD(2p, 3), then [42, Theorem 3.1] implies I',2y = CGD(8p, 3) is a 1-arc-regular normal
Cayley graph of the generalized dihedral group Dih(Zy, X Zs), so X/{a?) = Dih(Zg, X Zs) :
Zs. Noting that (a?).Z3 = K < X, we further conclude X 2 (Za,, X Zs).Dy,.Z3. Further,
as Ky = 732 is normal in X and K/K, = Z,, by Theorem 5, [k, is an arc-transitive
Zn-cover of CD(2p, 3). It then follows from Theorem 12(5) that n = 3°p}'psy* - - - p;*, where
s<1,0<t, and py,pa,...,p: are distinct primes such that 3 | p; — 1 fori =1,2,... ¢t
Recall that X = (Zg, X Z3).Dsp.Z3. Let R < X such that R = K.Dy,, and let
C = Cr(Ky). Then K C C < R. If C = K, Lemma 2 implies Dy, = Y/K =Y/C <
Aut(Ky) = Z7, yielding a contradiction. Thus C' > K and 1 # C/K <Y/K = Dy,
implying C' O K.Z,. Let L C C such that L/K = Z,. Then L is abelian and L =
Loy X Ly, Ot Loy, X Lo, with p | n. Clearly, L C K.D,, is semiregular and has exactly two
orbits on VI', by [42, Lemma 3.1], I' is a Cayley graph of the generalized dihedral group
Dih(L). Then, by [42, Proposition 2.6], we have I' = CGD(2,np, A), or CGD(2p,n/p, \)
with p | n, as in part (2)(ii) of Theorem 1. O

6 Proof of Theorem 1

To complete the proof of Theorem 1, we first prove that the graphs I" in part (2)(ii) of
Theorem 1 are really examples.

Lemma 22. Suppose that p = 1 (mod 3) is a prime and m = 2 - 3°p'py? - - - pit, where
s <1,0<t, and p1,ps,...,p are distinct primes such that 3 | (p; — 1) fori=1,2,...,t.
Then the graphs CGD(2, %%, X) and CGD(2p, 3, A) with p | m are arc-transitive (Zy, X Zs)-
covers of CD(2p, 3).

Proof. (i) Let Q = CGD(2, 2, )\). By Example 10, Q = Cay(G, {a, b, ab~*c}), where

» 9

G={abc|la*=b"=c=1,0"=b"c"=c' bc=ch),

and A + A+ 1 = 0 (mod Z2). By [42, Proposition 2.6(4)], Q is an arc-regular normal
Cayley graph of G, hence Aut({2 ) G : Zs.

Clearly, the center Z(G) = (b'2") x (c) = Z3 and G®) := (¢* | g € G) = (b*) = L
are characteristic Subgroups of G. Set M = Z(G)G®). Since (%2, 2p) = (3*p{'ph? - - - pj*p, 2p) =
p, we have M = (b2, %) x (c) = (W) X (¢) = Zp, X Zy is a characteristic subgroup of G,
and hence M < Aut(Q2). By Theorem 5, (2 is an arc-transitive (Z,, X Zz)-cover of Iy, and
as |[V(Qur)| = 2p with p =1 (mod 3) and val(Q2;,) = 3, by Lemma 11, ), = CD(2p, 3).

(i) Set " = CGD(2p, 3, A) with p | m. Then ' = Cay(G, {a,0, ab=*c}) by Exam-
ple 10, where

G={abc|la*=b"=c*=1,0"=b"c"=c' bc=ch),

and A = 0 if m = 2p, and A4+ X+1 = 0 (mod 5.) if 7- > 1. By [42, Proposition 2.6], 2’ is a
normal Cayley graph of G, and €2’ is 2-arc- regular 1f il = 1of 3, or is 1-arc-regular if ﬂ > 3.
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Hence Aut(€)') =2 G : Zz or G : Sg, it follows that there exists an automorphism group X <
Aut(£) such that X = G : Z3 acts arc-regularly on 2. Let <f) = Xa > Zs with o € V.
Noting that Z(G) = (b% ) x (cP) = Z2 and Gy = (b?) x (?) = Zm x Z, are characteristic
subgroups of G, we have (b,c) = (b ,b?) x (cP,c?) = Z(G)Gy is characteristic in G
and so normal in X. Let H = (b,¢, f). Then H = (b,c) : (f) = (Zy, X Zsp) : Z3 and
X =(H): {(a).

Claim. X has a normal subgroup N C G such that N = Z,, X Zs.

Since p = 1 (mod 3) and p | m, we may suppose p = p; and s; > 1. Now, (b, c)y =
L X Lo is normal in H, with order 2 =5t Consider the group R := (b7 x () : (f).
Then R = (Zp1 X Zyp) : Zs. As 3| (p—1), by Lemma 13, R has a normal cyclic subgroup
M C (b, c) with order p*'. Noting that M is normal in H, then N := (b,¢)y M = Z,, X Zs
is contained in (b, c) and normal in H, and as % = z~! for each = € (b,c), N is normal
n (H,a) = X, the claim is true.

Now, by Theorem 5, ' is an arc-transitive (Z,, X Zy)-cover of ;. Since p = 1 (mod 3),
and Uy is of valency 3 and order 2p, by Lemma 11, €}, = CD(2p, 3). O

Now, we are ready to complete the proof of Theorem 1.

Proof of Theorem 1. By assumption, X is X/K-arc-transitive of order 2p, and so X' is
listed in Lemma 11. To be precise, X' = 04, K, , or CD(2p,r) with r | (p — 1).

Assume I' = Oy, All edge-transitive metacyclic covers of Oy are determined in [31],
which are arc-transitive and exactly consist of seven graphs. Noting that K is not a cyclic
group and a quaternion group, by [31, Theorem 1.1], the tuple (I, K') satisfies part (3) of
Theorem 1.

Assume Y = K, ,. By Lemma 17, we have p < 5, then by Lemma 18, we have
K = 7y, X Zy with n odd, and I' is characterized in [5, Theorem 5.1], as in part (1) of
Theorem 1.

Assume Y = CD(2p,r) with r | (p — 1). By Lemma 21, we have r = 3 and part (2) of
Theorem 1 holds.

Finally, by Lemma 22, the graphs I" in part (2)(ii) of Theorem 1 are arc-transitive
Ly, X Zo-covers of CD(2p,r), and the graph CGD(8p,3) in part (2)(i) is arc-transitive
Dy-cover of CD(2p,3) by [42, Theorem 3.1], thus the graphs I" in Theorem 1 are really
examples.

This completes the proof of Theorem 1. 0
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