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Abstract

Proctor’s work on staircase plane partitions yields an exact enumeration of lozenge tilings
of a halved hexagon on the triangular lattice. Rohatgi later extended this tiling enumeration
to a halved hexagon with a triangle cut off from the boundary. In his previous paper, the
author proved a common generalization of Proctor’s and Rohatgi’s results by enumerating
lozenge tilings of a halved hexagon in the case an array of an arbitrary number of triangles
has been removed from a non-staircase side. In this paper we consider the other case when
the array of triangles has been removed from the staircase side of the halved hexagon. Our
result also implies an explicit formula for the number of tilings of a hexagon with an array
of triangles removed perpendicularly to the symmetry axis.

Keywords: perfect matching, plane partition, lozenge tiling, dual graph, graphical conden-
sation.

Mathematics Subject Classifications: 05A15, 05B45, 05C30

1 Introduction

A plane partition is an array of positive integers p; ; (called “parts”) so that p; ; > max(pi+1,5, Pij+1)-
R. Proctor [12] proved a simple product formula for the number of a class of staircase plane par-
titions. The plane partitions in Proctor’s result are in bijection with lozenge tilings of a hexagon

of side-lengths a, b, ¢, a, b, ¢ (in the counter clockwise order, starting from the northwestern side)

on the triangular lattice with a ‘maximal staircase’ cut off, denoted by Py . (see Figure 1(a)).
Here a lozenge (or unit rhombus) is the union of any two unit equilateral triangles sharing an
edge, and a lozenge tiling of a region is a covering of the region by lozenges so that there are no
gaps or overlaps. This way Proctor’s result yields the following tiling enumeration.

Theorem 1 (Proctor [12]). For any non-negative integers a, b, and ¢ with a < b, we have

a |b—a+l . . b—a+i . .
c+i+j5—1 2c+14+5—1
MPawo) =11 1l 5= I == | M
i=1 | j=1 i+l j=b—a+2 i+
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Figure 1: (a) The halved hexagon (with defects) Py 7 3. (b) The weighted halved hexagon Pj 7 3.
(c) and (d) The regions in Rohatgi’s paper [13].

where M(R) denotes the number of lozenge tilings of a region R, and where empty products are
taken to be 1.

When a = b, the region P, . above can be viewed as a half of a symmetry hexagon with
a zigzag cut along the symmetry axis. In this point of view, we usually call the region Py .
a halved hexagon (with defects). We also note that when a = b, Proctor’s Theorem 1 implies
an exact enumeration for one of the ten symmetry classes of plane partitions, the transposed-
complementary plane partitions (see e.g. [14]).

Lozenges in a region can carry weights. In the weighted case, we use the notation M(R) for
the sum of weights of all lozenge tilings of R, where the weight of a lozenge tiling is the weight
product of its constituent lozenges. We still call M(R) the (weighted) tiling number of R. We
also consider the weighted counterpart P! , = of P, ., where all the lozenges along the staircase
cut are weighted by 1/2 (see the lozenges with shaded cores in Figure 1(b)). M. Ciucu [2] proved
the following weighted version of Theorem 1.

Theorem 2 (Ciucu [2]). For any non-negative integers a, b, and ¢ with a < b

. b—a+1 : : b—ati ; i
_ 2c+b—a+it ctitj—1 2etitj—1
M(P' —9—a - - - _— 1 |- 2
(a,b,c) Hc+b—a+ZH H Z—I—]—l H Z+]_1 ()
i=1 i=1] j=1 j=b—at2
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Figure 2: Halved hexagons with an array of triangles removed from the non-staircase boundary
in [9].

From now on, we use the notations P . and P;b’ . for the numbers of tilings of the regions

Pap,c and Pa ber Tespectively.
Tiling enumerations of halved hexagons with certain defects have been investigated by a
number of authors (see e.g. [2], [4], [13], [7], [8] and the lists of references therein). It is worth

noticing that R. Rohatgi [13] generalizes the regions P, . and P}, a,c t0 halved hexagons with
a triangle removed on the northeastern side (see Figures 1(c) and (d)) In his previous paper
[9], the author generalized the tiling enumerations of halved hexagons by Proctor and Rohatgi
to halved hexagons in which an array of an arbitrary number of adjacent triangles has been
removed from the northeastern side (see Figure 2 for examples of the regions). In this paper, we
investigate the other case when the array of triangles has been removed from the western side
of the halved hexagon as shown in Figures 4, 5, and 6. Based on the positions of the array of
removed triangles and the weight assignments of the lozenges along the staircase side, we have
etght families of defected halved hexagons that will be described in detail in Section 2. We will
show that the numbers of tilings of these regions are all given by simple product formulas.

Our explicit enumerations for these halved hexagons also imply an exact tiling formula for
a symmetric hexagon with an array of triangular holes placed perpendicularly to the symmetry
axis (see Theorem 12).

It is worth noticing that Ciucu [3], in his effort on finding duals of the MacMahon classical
theorem on plane partitions [11], gave a closed form product formula for the tiling number of a
hexagon (not necessarily symmetric) with an array of triangular holes in the center. In Ciucu’s
result, if the array of triangular holes moves far away from the center, the tiling number is not a
simple product anymore. In contrast, our result (Theorem 12 in Section 2) shows that we have
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Figure 3:  (a) The region 9(2,1,2,2). (b) The region Q(0,1,1,1,2,2). (c) The region
Q'(2,1,2,2). (d) The region K(3,1,2,2). (e) The region K(0,2,1,1,2,2). (f) The region
K'(3,1,2,2). The lozenges with shaded cores are weighted by % This figure first appeared
in [9].

a nice tiling formula for any array of triangular holes placed perpendicularly to the symmetric
axis of the hexagon.

The rest of the paper is organized as follows. Due to the large number of new regions needed
to define, we leave the precise statement of our main results (Theorems 4-12) to Section 2. In
Section 3, we quote several fundamental results in the enumeration of tilings and introduce the
particular version of Kuo condensation [6] that we will employ in our proofs. Section 4 are
devoted to the proofs of our main theorems.

2 Precise statement of the main results

We define the Pochhammer symbol (x),, by

z(z+1)...(x+n—-1) ifn>0

() =<1 if n=0; (3)
1

(z—1)(z—2)...(z+n)

if n <O0.
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We also use the ‘skipping’ version of the Pochhammer symbol:

z(z+2)...(x+2n—-1)) ifn>0;

[z], = (1 if n =0; (4)
1 .
(@—2)(z—4)..(z+2n) if n <0.
We also define the following two products:
m—1
T(z,n,m) = H (x4 0)p—2i (5)
i=0
and
m—1
V(z,n,m) = H [T+ 2i]p—2;. (6)
i=0
Let a = (a1, as9,...,a,) be a sequence. We will use several operations on sequences as follows:
O@@) =Y a, (7)
7 odd
E(a)= ) a;, (8)
i even
k
Sk‘(a) = Zaia (9)
i=1
o(a) = Zazzq, (10)
ik
and

er(a) = ay. (11)
1>k

Before going to the statement of our main results, we quote here the tiling formulas of halved
hexagons with triangles removed on the base (see Lemma 1.4 in [9]).

Assume that t = (1, %2, ..., ty) is a sequence of non-negative integers. Consider a trapezoidal
region whose northern, northeastern, and southern sides have lengths O(t), 2E(t), and E(t) +
O(t), respectively, and whose western side follows a vertical zigzag lattice paths with E(t)
steps. We remove the triangles of sides to;’s from the base of the latter region so that the
distances between two consecutive triangles are t9;_1’s. Denote the resulting region by Q(t) =
Q(t1,ta,...,ta) (see the regions in Figure 3(a) for the case when ¢; > 0 and Figure 3(b) for the
case when ¢t; = 0). Inspired by the weighted region P&,b, .» we consider the weighted counterpart
Q'(t) of the newly defined region, where the vertical lozenges on the western side are weighted
by % (see Figure 3(c); the vertical lozenges with shaded cores are weighted by %)

We are also interested in a variation of the above Q-type regions as follows. Consider the
trapezoidal region whose northern, northeastern, and southern sides have lengths O(t),2 E(t) —
1, E(t) + O(t), respectively, and whose western side follows the vertical zigzag lattice path with
E(t) — 1 steps (i.e. the western side has E(t) — 1 and a half ‘bumps’). Next, we also remove
the triangles of sides t9;’s from the base so that the distances between two consecutive ones are
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toi—1’s. Denote by K(t) = KC(t1,t2,...,ty) the resulting regions (see the regions in Figure 3(d)
for the case when t; > 0 and Figure 3(e) for the case when ¢; = 0). Similar to the case of
Q'-type regions, we also define a weighted version K'(t) of the K(t) by assigning to each vertical
lozenge on its western side a weight 1 (see Figure 3(f)).

We adopt here the notations Q(t), Q'(t), K(t), and K'(t) from [9] for the numbers of tilings
of the regions Q(t), Q'(t), K(t), and K'(t), respectively.

We define the hyperfactorial H(n) by

H(n):=0!-1!-21...(n— 1)},
and the ‘skipping’ hyperfactorial Ha(n) by
0'-21-4l...(n—2)! if nis even;
Hy(n) = o
112131, (n—2)! ifnisodd.
Lemma 3 (Lemma 1.4 in [9]). For any sequence of non-negative integers t = (t1,ta, ..., ta)
Hl ) ((821(?5) l
=1 (82
HQ 2E HH2 QSQZ +1)H2(2821 1(t)+2)

H(Sj(t) — si(t)) H(s;(t) + si(t) +1)
X 1<i<j<2lH(8j(t) + Si(t) =+ 1) 1<z’1<—j['<2l H(Sj(t) — Si(t)) ’ (12)

j—i odd J— 1 even

Q(t) =

, 9—E(1) !
A = rEm T L He@ea(®) + 1) Ha(2 o2 (1)

HSjt—
1 (()

X

z(t)) H H(Sj(t) + Si(t)) (13)

1<i<j<2l i(t)) 1<i<j<2l H(s;(t) —
Jj—1 odd J —1 even

l
K(t H 2 H 2 1
(t) = H2 2E 11—[1 2(2 82i(t)) Ha(2 8951 () + 1)

" H(s;(t) — si(t) H(s;(t) + si(t))
A seovsm 1 oo a9
J—ZOdd Jj —1 even
and
l
K’(t) = m il;[lHQ(Q Sgi(t) - 1) H2(2 82i71(t))
" H(s;(t) — si(t)) H(s;(t) + s;(t) — 1)
A sovso-o, U weo-sm (%)
j—1 odd J — 1 even
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Figure 4: The halved hexagons with an array
HY,(2.2,2,3,2,2) and (b) HY34(2.3,2,2,2,2).
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of holes on the staircase boundary:



We now go to the definitions of our 8 halved hexagons.

Assume that x,y, z are non-negative integers and that a = (aj,as,...,ax) is a sequence of
k non-negative integers (a may be an empty sequence). We consider a pentagonal region whose
northern, northeastern, southeastern, and south sides have respectively lengths =+ E(a),y+ 2z +
20(a),y +z+2E(a),z + O(a), and the western side follows a vertical zigzag lattice path with
y+z+E(a)+0(a) steps. Next, we remove an array of alternating up-pointing and down-pointing
triangles at level 2z + 2E(a) from the bottom. In particular, the array of triangles starts with
an up-pointing half triangle of side 2a1, then the next triangles have sides ao, as, . .., aj, ordered
from left to right (see Figure 4(a) for the case z = 3,y = 3,2 = 2,k = 6,a; = 2,a2 = 2,a3 =
2,a4 = 3,a5 = 2,a¢ = 2). Denote by H. (2 »(a) = Hg&z(al,ag, ...,a) the resulting region.

Next, we investigate a variation Hg(”}z( ) of Hélgz(a) as follows. We start with a pentagonal
region of side-lengths z+E(a),y+z—1+20(a),y+z—1+2E(a),z+0(a),y+2—1E(a)+0(a) in
the same order as in the definition of the H(M-type region. The array of triangles is now removed
at an odd level, 2z + 2E(a) — 1, from the bottom (instead of the level 2z + 2E(a) in the case
of the HW-type regions). Figure 4(b) illustrates the region for the case x = 3,y = 3,2 = 3,k =
6,a1 = 2,a3 = 3,a3 = 2,a4 = 2,a5 = 2,a¢ = 2. Lozenge tilings of the two ‘defected’ halved
hexagons Hélgz(a) and Hg&z(a) are always enumerated by simple product formulas.

Theorem 4. Assume that x,y,z,k are non-negative integers and a = (ay,as,...,ar) is a
sequence of k mnon-negative integers. The number of tilings of the defected halved hexagon
Hé}g,z(al, as,...,ax) is given by
M(H() ((Z b)) Pyy+2abPz+bz+baQ(abxy+Z) (:C+b+1,y—|—a—1,a)
Py+z+b,y+z+b,a T(b +Ly+ta—1, a)

" Tx+z+a+b+2,y+a—1,a)T2a+b+2,y+b—-1,0)T(z2+ 1,y +b—1,b)
T(z4+a+b+2,y+a—1,a)T(x+2a+b+2,y+b—1,0)T(x+2+1,y+b—1,b)’
(16)

fork >2

Q(Oaala cee 7a2kay) Q(a17' -, G2k + Z)

M(HY) (a1, as,...,az)) = M(HY) .(O(a), E(a))) P s
y¥,y+20(a),E(a) 1 z+E(a),z+E(a),0(a)

z,y T,Y,%

y ﬁ T(m + 2z + el-(a) + 1,a9,_2 + ol-(a) —1, ol-(a)) (y + ei(a) + 1,a90;_2 + oi(a) —1, oi(a))
5 Tz +y+ei(a) + 1,022+ 0i(a) — 1, 0i(a)) T(z + ei(a) + 1,a2-2 + 0i(a) — 1, 0i(a))
« ﬁ T(m +y+ 822‘_1(0;) + Sgk(a) + 2,a9,_9 + OZ(G,) 1 o,(a))
P T(m +z 4+ 822‘,1(0,) + Sgk(a) + 2, a0i—2 + Oz(a) 1, oz(a))
b T(Z + 822‘_1(0;) + s%(a) + 2,a9,_92 + oi(a) —1, oi(a))
X H , (17)
P T(y + Sgi_l(a) + sor(a) + 2,a2;—2 + 0;(a) — 1, oi(a))
and
M(H) (a1,az,... a05-1)) = M(H{!) (a1, a2, .., a2-1,0)). (18)

We can view a halved hexagon with an odd number of triangular holes as a special case of
the one with an even number of holes, when the rightmost hole has size 0, as illustrated in the
equation (18). For the sake of simplicity, in our next theorems (Theorems 5-11), we only show
the tiling formulas of halved hexagons with an even number of holes.
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Theorem 5. Assume that x,y,z,k are non-negative integers and a = (ay,as,...,a) is a
sequence of k non-negative integers. The number of tilings of the defected halved hexagon
Hé?:Z’Z(al,aQ, ...,ag) 1s given by

M(Hg(g?z(% b)) = Py yt+2ab Pogv—1240-1,a K(a,b, 2,y +2) T(x +b+ 1,y +a—1,a)
. Pytzto-1yt+z4b-1a Tb+1,y+a—1,a)
y Tx+z+a+b+1l,y+a—1,a)T2a+b+1,y+0—-1,0)T(2+1,y+b—1,b)
T(z4+a+b+1l,y+a—1,a)T(x+2a+b+1,y+b—-1,0)T(x+2z+1,y+b—1,0)’
(19)

and for k > 2

K(0,a1,...,a0;,y) K(ay,...,a9 + 2
M(HE) (a1, as, .. az)) = M(HLZ),(0(a), B(a))) b 025:y) Klon,. . az +2)

Py y+20(a),E(a) P24 E(a)-1,:4E(a)-1,0(a)
T+ z+ el-(a) + 1,a9,_2 + ol-(a) —1, 0@'( )) T(y + ei(a + 1, a9;_2 + oi(a) —1, oi(a))
z+y+e(a)+1,a2-2+ 0i(a) —1,0i(a)) T(z + e(a) + 1,a2—2 + 0i(a) — 1, 0;(a))

~—

X
=
~

N
[|
N

(
(
(x+y+ s2i—1(a) + sax(a) + 1,a2i—2 + o0i(a) — 1, 0;(a)
(x +z 4+ 822‘,1(0,) + Sgk(a) +1,a0i—2 + Oz(a) 1, oz(a)
(
(

X
=
~— | ~—

N
[|
N

z+ s2i-1(a) + sap(a) + 1,a2—2 + 0;(a) — 1, 0;(a))
Y+ s2i—1(@) + sor(@) + 1,a2i—2 + 0;(a) — 1, 0;(a))

== ===

Ew

(20)

I
[N}

Similar to the case of original halved hexagons P, ., we are interested in the weighted
versions Hé?g,z(a) and Hﬁg,z(a) of the above regions H. g;’z(a) and Hgg,z(a), respectively, where
the vertical lozenges along the western side are weighted by 1/2 (see Figures 5(a) and (b),
respectively; the lozenges with shaded cores are weighted by 1/2). The tiling numbers of these

weighted regions are also given by simple product formulas.

Theorem 6. Assume that x,y,z,k are non-negative integers and a = (ai,as,...,ax) is a
sequence of k mnon-negative integers. The number of tilings of the defected halved hexagon
Hs’g,z(al,aQ, ...,ap) 1s given by

M(H(s) (a,b)) = Py y+2abPz+bz+baQ,(0’a’b’x’y+Z) Tx+b+1,y+a—1,a)
24,2\ Qs y+z+b,y+z+b,a Tb+1,y+a—1,a)
Tx+z+a+b+1l,y+a—1,0)T2a+b+1,y+b—-1,0)T(z+ 1,y +b—1,b)
T(z4+a+b+1l,y+a—1,a)T(x+2a+b+1,y+b—1,0)T(x+2+1,y+b—1,b)’

(21)

THE ELECTRONIC JOURNAL OF COMBINATORICS 25 (2018), #P00 9



T+ ay+as+ag

T+ as+ ay + ag

NONININININININININ/N
AVAVAVAVAVAVAVAVAXAVAVA

/\
\V4 A
NININININININININININ/N
VAVAVAVAVAVAVAVAVAV#VAV#

\/ AVAVAVAN
AVAVAVAVAVAVAVAVAVAVAVAVAVAA
VAVAVAVAVAVAXAVAVAV#VAAAVAV

+ 2as + 2a4 + 2ag
2z — 14 2a9 + 2a4 + 2a4

2z

Vi INONINONIN/N
\VAVAVAVAVAVAVAVAVAVAY/
/VAVAVAVAVAVAVAVAVAY
\VAVAVAVAVAVAVAVAVAY,

r+a)+ag+as

@ (b)

r+ataz+a;

Figure 5: The weighted halved hexagons with an array of holes on the staircase boundary: (a)
H§?§72(2, 2,2,3,2,2) and (b) H?Ei,z’g(Z, 3,2,2,2,2). The lozenges with shaded cores are weighted
by 1/2.
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and for k > 2

Q'(a1,az,...,a,2)Q(0,a1,...,ay + 2)

P y+20(a).B(a) P24 E(a),24E(a),0(a)

M(HP) (a1, az, ..., a)) = 2 M<H§’Z,z(0(“)’E(")))

$7y7Z

k
" H T(x 4+ z+ ej(a) + 1,a2;—2 + 0i(a) — 1, 0;(a)) T(y + e;(a) + 1,a2,—2 + 0;(a) — 1, 0;(a))
Pl T(x+y+e(a)+1,a2-2+ o;(a) —1,0;(a)) T(z + e;(a) + 1,a2,—2 + 0;(a) — 1, 0;(a))
k
" H T(x +y+ s2i—1(a) + sop(a) + 1,a2;—2 + 0;(a) — 1, 0;(a))
=5 Tz + 2+ szi-1(a) + sa(a) + 1,a2i-2 + 0i(a) — 1, 0i(a))
k
y H T(Z + 822‘_1(0;) + s%(a) + 1,a9,_2 + oi(a) —1, oi(a)) (22)
=5 Ty + s2i-1(a) + sa(a) + 1, azi—2 + 0i(a) — 1, 0i(a))
Theorem 7. Assume that x,y,z,k are non-negative integers and a = (ai,as,...,ax) is a

sequence of k mnon-negative integers. The number of tilings of the defected halved hexagon
Hﬂ(ﬁg,Z(ala as,...,ax) is given by

M(H(4) (CL b)) _ P:/y,y+2a,bP,zJ,rb 1,z+b71,aK,(a7baxay+Z) T(x—l-b—i-l,y—i—a—l,a)
o P y+z+b—1,y+2+b—1,a T(b+1ay+a_17a)
y Tx+z4+a+by+a—1,a)T2a+by+b—-1,0)T(z+1,y+b—1,0)
T(z+a+by+a—1,a)T(x+2a+by+b-1,0)T(x+2z+1,y+b—1,b)’

and for k > 2

(23)

K'(0,a1,...,a0,y)K'(a1,. .., a0, + 2)
P/

M(H{) (a1, as,...,a)) = 2" M(HY) (O(a),E(a)))
Y2 0(a),B(a) Dot B(a)—1,5+F(a)—1,0(a)
x+z+ e(a)+ 1,a2-2+ 0;(a) — 1,0;(a)) T(y + €;(a) + 1,a2,—2 + 0;(a) — 1, 0;(a))
r+y+e(a)+1,az2+ 0;(a)—1,0;(a)) T(z+ e(a)+ 1,a2,_2 + o;(a) — 1, 0;(a))

T
T
T(z +y + s2i-1(a) + sax(a),azi—2 + 0i(a) — 1, 0;(a))
T(z 4+ 2z + s2i—1(a) + soi(a), azi—2 + 0;(a) — 1, 0;(a))
T
T(

z+ s9;_1(a) + sop(a), azi—2 + 0;(a) — 1, 0;(a))
Y+ Soi— 1(0) + Sgk(a),a%,Q + oi(a) —1, ol-(a)) '

(24)

Finally, we focus on four new families of defected halved hexagons with ‘mixed’ western
boundary. In these families, only a half of the lozenges along the western boundary (the ones
above the array of holes or the ones below the array of holes) are weighted by 1/2.

The first ‘mixed boundary’ region Hé?g,z(al, az,...,a) is obtained from the weighted region
H 3(54332 41(ar +1,as,...,a;) by removing all unit triangles running along the southern and the
southeastern sides, as well as the ones running along the portion of the western boundary below
the array of holes (see Figure 6(a) for the case x = 3,y = 3,2 = 2,k = 6,a1 = 2,a2 = 2,a3 =
2,a4 = 3,a5 = 2,a¢ = 2; the dotted triangles indicate the triangles removed; the lozenges
with shaded cores are weighted by 1/2 as usual). We can see that only the lozenges staying
above the array of holes and running along the western boundary side are weighted in the
region Hg(c“f’&z(al, ...,ag). The second mixed boundary region Hg(gvz(al,ag, ...,ag) is created

THE ELECTRONIC JOURNAL OF COMBINATORICS 25 (2018), #P00 11



Figure 6:

T+ ay+ag+ag

\ VAN AAAA \

INNININININININININININININONS

SOONOINININININININININL S
VAN NININININININE

2z + 14 2ay + 2a4 + 2a4

\\\\\\\\\\

r+14+a+as+as
@

X+ as+ay+ag

' ININININ

VA YAVAVAVAVAVAN VVAVAVAVAVAVAVAVAV
OOOINININININININININININININN
/NOOANININININININININININININ/N
AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAVAV A VAV \VAVA

y

2z + 2ay + 2a4 + 2ag

- =
x4+ a;+az+ad

©

X+ as+ ay+ ag

AVAN
NONINININNINININN/N
AVAVAVAVAVAVAVA‘AVAVAVA
VVVVVVVVVV ;

2z + 2as + 2a4 + 2a4

2
<
<%

19 &

AVAN
FAWA WA

T+ ay+az+ad

(b)

T+ ay+ay+ ag

\\\\\\\

INOOIINININININININN
ONNONINININININININININ
y VAVAVAVAVAVAVAVAVAVAVAV

2z — 1+ 2ay+ 2a4 + 2a4

AVAVAVAVAVAV VAVAV
\VAVAVAVAVAVAVAVAVAY

T+ a) + ag+ ad

(d)

The four mixed boundary halved hexagons: (a) H?E

HY) 5(2,3,2,2,2,2), (¢) Hy3,(2,2,2,3,2,2), and (d) Hyy,
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from Hg(c?&z(al, az,...,ar) by removing all unit triangles running along the southern side and
the portion of the western side below the array of holes (see Figure 6(b) for x = 3,y = 3,z =
3,/€ = 6,a1 = 2,@2 = 3,@3 = 2,a4 = 2,0,5 = 2,@6 = 2).

Similarly, the region Hg(gg,z(al, as,...,a) is obtained from the region Hgg,z(al, as,...,ax) by
removing all unit triangles running along the northern side and the western side above the holes
(shown in Figure 6(c) whenz =3,y = 3,2 =2,k = 6,a; = 2,a2 = 2,a3 = 2,a4 = 3,a5 = 2,a6 =
2). Finally, the region Hé?g,z(al, as,...,ar) is obtained by removing the unit triangles running
along the northern side and the western side above the holes in H;S;flg)hz(al, as, ..., ax) (illustrated
in Figure 6(d) for z =3,y =3,2 =3,k =6,a1 = 2,a9 = 3,a3 = 2,a4 = 2,a5 = 2,a¢ = 2).

The tiling numbers of the above four regions with mixed boundary are all given by simple
product formulas. These formulas are similar to that in Theorems 4-7 above, except for the

appearances of the product V.

Theorem 8. Assume that x,y,z,k are non-negative integers and a = (ai,as,...,a) is a
sequence of k non-negative integers. The number of tilings of the defected halved hexagon
H;E-?Z,Z(al,G,Q, ...,ap) 1s given by

P;7y+2a+17b Pz-i—b,z-‘rb,a Q(a’a b’x’y+z) V(2a+2b+3,y+z - 1,y)
Pyiztbytztba V(2z+2a+2b+3,y+2—1,y)
" Tx+b+1,y+2z+2a,y)T2a+b+2,y+b—-1,0)T(2+1,y+b—1,b)
Th+1,y+2+2a,y)T(r+2a+b+2,y+b—1,0)T(x+2+1,y+b—1,0)’

M(H®) (a,b)) =

7yz

(25)

and for k > 2

K'(0,a1 + 1,a9,. .., a,y) Qlai, ..., ay + 2)

M(Hé?gz,z(ah az, ... 7a2k)) =2 M(HSZ,Z(O(G,), E(a))) /
Py,y+2 O(a)+1,E(a) PerE(a),erE(a),O(a)

k
« H T(m +z 4+ el-(a) + 1,a9,_2 + ol-(a) —1, ol-(a)) (y + ei(a) +1,a9_9 + 02( ) —1, Ol( ))
S5 T@+y+e(a)+1 a0+ oi(a) — 1,0i(a)) T(z + ej(a) + 1,a2;—2 + 0;(a) — 1, 0;(a))
k
<11 T(x +y + s2i-1(a) + sw(a) +2,a2i—2 + 0i(a) — 1, 0i(a))
Pl T(m +z+ 822‘,1(0,) + Sgk(a) + 2, a0i—2 + Ol(a) —1, oz(a))
k
<11 T(z + s2i-1(a) + s2(a) + 2,a2i—2 + 0;(a) — 1, 0,(a)) (26)
25 Ty + s2i-1(a) + sz(a) + 2,a2i2 + 0i(a) — 1, 04(a))
Theorem 9. Assume that x,y,z,k are non-negative integers and a = (ay,as,...,a) is a

sequence of k non-negative integers. The number of tilings of the defected halved hexagon
Hi?&,z(al,az, ...,ag) is given by

Ply,y+2a,b P.oyp—1z40-1aK(a,b, 2,y + 2) V(2a+2b+3,y+2—2,y)

Pyiztb-1y+z4b-1,a V(22 +2a+2b+3,y+2z—2,y)
Txz+b+1lL,y+2z+2a—1,y) T2a+b+1,y+b—-1,00T(z+1,y+b—1,b)

To+1lLy+2+2a—1,y)T(x+2a+b+1,y+b—1,0)T(x+2+1,y+b—1,0)

M(HS) (a,b)) =

$7y72(

(27)
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and for k > 2

Q'(0,a1,az, ..., a0, y)K(ay, ..., a0 + 2)
P} y+20(a)E(a) Po+E(@)~1,2+E(a)~1,0(a)

M(HE) (a1, az,...,a)) = 22 M(H®) .(0(a),E(a)))

k
» H T(m +z 4+ ei(a) + 1,a9,_2 + oi(a) — 1, ol-(a)) (y + 62( ) +1,a9_9 + oi(a) —1, oi(a))
5 T +y+ei(a)+1,a22+ 0i(a) — 1,0i(a)) T(z + ei(a) + 1,a2-2 + 0i(a) — 1, 0i(a))
k
<11 T(z +y+ s2i-1(a) + sa(a) + 1,a2i—2 + 0i(a) — 1, 0i(a))
s T(m +z+ 822‘,1(0,) + Sgk(a) +1,a0i—2 + OZ'(G,) 1 oz(a))
k
I T(z + s2i-1(a) + so(a) + 1,a2i—2 + 0;(a) — 1, 0;(a)) (28)
s T(y + 32i_1(a) + Szk(a) +1,a2i—2 + oi(a) -1, oi(a))
Theorem 10. Assume that x,y,z,k are non-negative integers and a = (ay,az,...,a) is a

sequence of k non-negative integers. The number of tilings of the defected halved hexagon
Ha(cg,z(al,am ...,ap) 1s given by

Pyyr2a-10 Pl 00 Q@ b2,y +2)  V(2a+2b+ 1,y +2,y)
;+z+b,y+z+b,a V(2z +2a+2b+1,y+ z,y)
Tx4+b+1l,y+2z+2a—1,y)T2a+b+1,y+b—1,0)T(z+ 1,y +b—1,b)
To+1lLy+2z+2a—1,y)T(x+2a+b+1,y+b—1,0)T(x+2+1,y+b—1,0)

M(HL) .(a,b)) =

(29)

and for k > 2

K(Oa ap,ag, ... aa2kay) Ql(ala <o, A2k + Z)
Pyy+20(a)-1,E(0) P;—I—E(a),z—i—E(a),O(a)

M(H{T) (a1, a2, .. az)) = M(H{) .(O(a), E(a)))

k
y H T(x+ 2+ ei(a) +1,a2 2+ 0;(a) — 1,0i(a)) T(y + e;(a) + 1,a2; 2 + 0;(a) — 1, 0;(a))
5 T +y+ei(a) + 1,022+ 0i(a) — 1, 0i(a)) T(z + ei(a) + 1,a2-2 + 0i(a) — 1, 0i(a))
k
<11 T(z +y+ s2i-1(a) + sw(a) + 1,a2i—2 + 0i(a) — 1, 0i(a))
Pl T(m +z 4+ 822‘,1(0,) + Sgk(a) +1,a0i—2 + Oz(a) —1, oz(a))
k
« H T(Z + 822‘_1(0;) + s%(a) + 1,a9,_9 + oi(a) —1, oi(a)) (30)
P T(y + 32i_1(a) + sor(a) + 1, a92;—2 + 0;(a) — 1, oi(a))
Theorem 11. Assume that x,y,z,k are non-negative integers and a = (ay,az,...,a) is a

sequence of k non-negative integers. The number of tilings of the defected halved hexagon
Hf&,z(al,az, ...,ap) 1s given by

M(H® (a b))_Py7y+2a—2,bPlz+b—1,y+b—1,aKI(aab,ﬂf,y+Z) V(2a+2b+1,y+2—1,y)
z,y,2\b ;+z+b—1,y+2+b—17a VR2x+2a+2b+1,y+2—1,y)
Tx+b+1l,y+2z+2a—2,9)T(2a+by+b—1,0)T(z+1,y+b—1,b)
T+ 1ly+2+2a—2,9)T(x+2a+by+b—1,0)T(x+z+1,y+b—1,b)’

(31)
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and for k > 2

Q(0,a1 — 1,az, ... a0, y) K'(ar,. .., a9 + 2)
Py y+20(a)-25(a) P;-‘,-E(a)—l,y-i-E(a)—l,O(a)

M(H®) (a1, as,...,a2)) = M(H®) _(0(a),E(a)))

T,Y,2 T,Y,2

k
" H T(x+ 2+ e(a)+ 1,a2,—2 + 0;(a) — 1, 0,(a)) T(y + e;(a) + 1,a2;—2 + 0;(a) — 1, 0;(a))
s T +y+ei(a) + 1,022+ 0i(a) — 1, 0i(a)) T(z + ei(a) + 1,a2-2 + 0i(a) — 1, 0i(a))
k
" H T(z +y + s2i-1(a) + sox(a), azi—2 + 0i(a) — 1, 0;(a))
15 T(x+ 2+ s2i-1(a) + sox(a), azi2 + 0i(a) — 1, 0;(a))
k
I T(z + s2i-1(a) + sa(a), azi—2 + 0i(a) — 1, 0i(a)) (32)
=5 T(y + s2i-1(a) + sx(a), azi—2 + 0i(a) — 1, 0i(a))
Assume that x,1, 2z are non-negative integers and that a = (al,ag, R ,an) is a sequence

of nonnegative integers as usual. Consider a symmetric hexagon of side-lengths y +20(a) —
aj,z + 2E(b),y +20(a) — a1,y + 2E(a),z + 2E(a),y + 2E(a). We remove at level z (from
the bottom) a symmetric array of triangles of sides an,an—1,...,a2,a1,a2,...,a,—1,a, ordered
from left to right, so that the middle triangle is an up-pointing triangle of side a;. Denote by
Szy2(a) =Sz yz(a1,a9,. .., ay,) the resulting region (see Figure 17 for examples).

We note that, by the symmetry, if the total length of the array, 2(E(a)+ O(a)) — a1, and the
length of the base of the hexagon, x + 20(a) — a1, have the same parity, then z must be even.
Thus, z and = always have the same parity.

Theorem 12. Assume that x,y,z are non-negative integers and a = (ay,as,...,a,) is a se-
quence of positive integers. If 2E(a) — 1 < z < 2y + 2E(a) + 1, then the number of tilings of
Sey.z(a) is always given by a simple product formula as follows.

(1) If x is even (so z is even) and ay is even, then

S 2 (s (22
x M <H(§E( SR (ﬂ,az, ). (33)

(2) If x is odd (so z is odd) and ay is even, then

2
x M ([ H® ) ) 4 e, an > 34
< 2B () y— 25 B (o) - 1,55 - )(2’“2’ ’“) (34)

(3) If © is even (so z is even) and ay is odd, then

_ oytastaz+..tan (2) ai
M(Say,-(@)) = 27757 M<H” L +E(a),y—2+E(a),Z2—E(a)+1 <_’a2""’a")>

_ oytaztaz+t..tan (5) ap — 1
M(8z,y,-(@)) = 297927 M <H3+E(a),yz+E(a),;E(a) <T’a2’ e 7“">>

2

(8) ar +1
x M (H = B(a) y— 2 +E(a),5—E(a) ( 5 ,ag,...,an>> . (35)
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(4) If x is odd (so z is odd) and ay is odd, then

_ oy+tastaz+..+an (5) a; — 1
M(Sx,%z(a)) =2 27Tas M <H7“2r1+E(a),y Z;1+E(0’)*1,Z;17E(a) < —2 , A2y ..o,y
(8) a1+ 1
<M (H—’”;1+E(a),y—Z;1+E(a),z;—E(a>+1 ( g 0 a")) ' (36)

Finally, we note that when z < 2E(a) — 1 or z > 2y + 2E(a) + 1, then M(S,,,.(a)) = 0.
This will be explained later in Remark 23 of Section 4.

3 Preliminaries

Let G be a simple graph without loops. A perfect matching (or simple matching in this paper)
of G is a collection of vertex-disjoint edges that cover all vertices of G. We use the notation
M(G) for the number of matchings of G. The tilings of a region R can be identified with the
matchings of its dual graph G (the graph whose vertices are unit triangles in R and whose edges
connect precisely two unit triangles sharing an edge). In the weighted case, each edge of the
dual graph G has the same weight as the corresponding lozenge in the region R. In this case,
M(G) denotes the weighted number of matchings of G, i.e. the sum of weights of all matchings
in GG, where the weight of a matching is the product of all weight of its constituent edges.

If a region admits a tiling, then it has the same number of up- and down-pointing unit
triangles. We call the regions satisfying the latter balancing condition balanced regions.

Lemma 13 (Region-splitting Lemma). Let R be a balanced region. Assume that a subregion S
of R satisfies the following two conditions:

(i) (Separating Condition) All unit triangles in S that are adjacent to R — S are of the same
type (up-pointing or down-pointing).

(77) (Balancing Condition) S is balanced.

Then
M(R) = M(S) M(R — S). (37)

Proof. ! Assume there is a tiling of R which contains boundary-crossing lozenges between S and
R — S (i.e., lozenges which consist of a unit triangle from the boundary of S and a unit triangle
from the boundary of R — S). Since there is only one type of unit triangle on each side of the
boundary between S and R — S, and since S and R — S are balanced, the regions obtained by
removing such boundary-crossing lozenges would no longer be balanced, and hence would have
no tilings. Therefore, there can not be any boundary-crossing lozenges, and S and R — S must
be tiled independently, giving the factorization (37). O

One of the main ingredients of our proofs is the following powerful theorem by Eric H. Kuo
[6] that is usually mentioned as Kuo condensation.

IThis proof was provided by an anonymous referee for the paper [10].
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Figure 7: Ciucu’s Factorization Theorem. The edges cut off are illustrated by dotted edges.

Theorem 14 (Theorem 5.1 in [6]). Assume that G = (Vi,Va, E) is a weighted bipartite planar
graph with two vertex classes Vi and Vo of the same cardinality. Assume in addition that u,v,w, s

are four vertices appearing on a cyclic order on a face of G, such that u,w € Vi and v,s € V.
Then

M(G)M(G — {u,v,w,s}) = M(G — {u,v}) M(G — {w, s}) + M(G — {u, s}) M(G — {v,w}z.%)

The next lemma is often called Ciucu’s factorization theorem (Theorem 1.2 in [1]), that
allows us write the number of matchings of a symmetric graph as the product of the matching
numbers of two disjoint subgraphs.

Lemma 15 (Ciucu’s Factorization Theorem). Let G = (Vi, Vo, E) be a weighted bipartite planar
graph with a vertical symmetry axis £. Assume that a1,b1,as,bo, ..., ax, by are all the vertices of
G on £ appearing in this order from top to bottom?. Assume in addition that the vertices of G
on { form a cut set of G (i.e. the removal of those vertices separates G into two vertex-disjoint
graphs). We reduce the weights of all edges of G lying on ¢ by half and keep the other edge-
weights unchanged. Next, we color the two vertex-classes Vi and Vo of G by black and white,
without loss of generality, assume that ay is black. Finally, we remove all edges on the left of ¢
which are adjacent to a black a; or a white bj; we also remove the edges on the right of £ which
are adjacent to a white a; or a black bj. This way, G is divided into two disjoint weighted graphs
G and G~ (on the left and on the right of ¢, respectively). See Figure 7 for an example. Then

M(G) = 28 M(GH) M(G™). (39)

4 Proof of the main theorems

We first prove Theorem 4.

2Tt is easy to see that if G admits a perfect matching, then G has an even number of vertices on /.
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Figure 8: Splitting up a H®-type region into two Q-type regions in the case of z = 0
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Figure 9: Partitioning a H (1)—type region into two Q-type regions in the case of y =0
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Figure 10: The H(-type region can be divided into two Q-type subregions when z = 0.

Proof of Theorem 4. We first prove (16) by induction on = + y + z. The base cases are the
situations when at least one of the parameters x,y, z is equal to 0.

If z = 0, then we split the region Ho(ly) .(a,b) into two (balanced) subregions along the right
side of the a-hole: the lower subregion is the halved hexagon Py, 4. 4, and the upper subregion
is a union of the halved hexagon Py yq, q, and several forced vertical lozenges (see Figure 8(a)).
By Region-splitting Lemma 13, we get

M(HS!) (a,5)) = M(Pyrpr2.0) M(Pyyan), (40)

and (16) follows from Proctor’s Theorem 1.

If y = 0, then our region has several forced lozenges on the top as in Figure 9(a). By removing
these forced lozenges, we obtained an upside-down region Q(a,b,x,z). Then (16) follows from
Lemma 3 in this case.

If z = 0, similar to the case when x = 0, we also split the region into two halved hexagons
and several forced lozenges as in Figure 10(a). Thus, our formula is also implied by Proctor’s
Theorem 1.

For the induction step, we assume z, y, z are all positive and that (16) holds for any H m—type
region with two holes whose sum of the x-, y- and z-parameters is strictly less than = + y + z.
We need to verify (16) for the region Hg&z(a, b).

We apply Kuo condensation to the dual graph G of the region Hé}g,z(a), for a general
sequence of nonnegative integers a = (ay, as,. .., a,) with the four vertices u, v, w, s chosen as in
Figure 11, each of the four vertices u, v, w, s corresponds to the black unit triangle of the same
label. In particular, the u- and v-triangles are respectively the up-pointing and down-pointing
black unit triangles at the upper-right corner of the region, and the w- and s-triangles are the
up-pointing and down-pointing black unit triangles at the lower-right corner of the region.

Consider the region corresponding to the graph G — {u,v,w, s}. The removal of the black
unit triangles yields several forced lozenges. By removing these forced lozenges, we get the region
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VAVAVAVAVAVASAV
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Figure 11: How to apply Kuo condensation to a HM-region.

H 3(61; 1..—1(@) (see the region restricted by the bold contour in Figure 12(a)) and obtain
M(G — {u,0,w,5}) = M(H .y (a). (41)
Similarly, we have
M(G — {u,v}) = M(H{ . (a), (42)
M(G — {w,s}) = M(H)) ., (a)), (43)
M(G — {u,s)) = MUH}Y, oy (), (44)
and )
M(G ~ {v,w}) = M(HY, . (a)) (45)

(see Figures 12(b)—(e), respectively). Plugging the above five identities into the equation (38)
in Kuo’s Theorem 14, we get the following recurrence:

M(HY () MEH) (@) =MH) | (2)MEHL) . (a)
+MEY, L @)MEY, (), (46)

for any sequence of positive integers a = (aj,as,...,a,). In particular, the number tilings of
the region Hg&z(a, b) satisfies this recurrence (by setting n = 2, a1 = a, ag = b). To finish the
proof of (16) we only need to verify that the expression on the right-hand side of (16) satisfies
the same recurrence (46). Indeed, denote by ¢, , .(a,b) this expression. We need to verify that

(bx,y,z(av b)¢m,y—1,z—1(a7 b) - (bx,y—l,z(av b)¢m,y,z—1(a7 b) + ¢x+1,y—1,z—1(a7 b)(bx—l,y,z(ay b) (47)
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Figure 12: Obtaining a recurrence for the number of tilings of H®-type region.
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It is equivalent to show that

¢x,y—1,z(a7 b) (bx,y,z—l(aa b) ¢m+1,y—1,z—1(aa b) ¢x—1,y,z(a7 b)
Qsm,yfl,zfl(aa b) Qsm,y,z(a, b) Qsm,yfl,zfl(a, b) Qsm,y,z(a, b)
We have several claims that are direct consequence of Theorem 1, the definition of the
product T, and Lemma 3:

=1 (48)

Claim 16.
P aa _ a+x(2a+ 2z —1)! x! . (49)
Pria1a T (2a+z)! (22 —1)!
Claim 17.
T(x,n,m) _ (x+n— m)m (50)
T(x—1,n,m) (x— 1),

Claim 18. For any sequence t = (t1,ta, ..., to)
Q(tl,...,t2l+1) (Szl(t)+1)(2 Sgl(t)+1)!
t)

Q(t1, ..., ty) (2E(

l -1
(Sgl(t) — SQZ',l(t))! (Sgl(t) —+ Szi(t) —+ 1)'
g 1 Semrermrren il | S rvr e

Claim 19. For any sequence t = (t1,ta,t3,14)

Q(t1,t2,t3,t4)  s4(2) i (f) — . (s4(t) — s51(t) —
Qo ts —Lta)  sa(t) 2B Vs = =
(83(8) — s2(t) — D!(s4(2) + 52(¢))!(s3(2) + s1(2))!

X .
(84(t) + Sl(t))!(83(t) + Sg(t))!(84(t) + Sg(t) — 1)!(84(t) + Sg(t))!
We now simplify the first fraction of the first term on the left-hand side of (48) by using the
above claim as
d(x,y —1,2) Tx+z+a+b+2,y+a—2,a) T(z+1,y+b—2,0)

(52)

p(r,y—1,2—1) T@+z+a+b+1ly+a—2,a) T(z,y+b—2,b)
T(z+a+b+1l,y+a—2,a) T(x+zy+b—20)
T(z+a+b+2,y+a—2,a) T(x+2+1,y+b—2,b)

Q
“Q

X

a,b,x,y+2—1) Poypoipa Pyreovv—2yt240-2a

a,b, 2,y +2—2)Poip1240-1,a Pyrztv1ytatb-la

z+y+z+a+d)a(y+z—1)p(z+a+b+1)s (x+2)

r+z+a+b+1), (2)p (y+z+a+by(z+y+z-—1)

X(:U+y+z+a+b—1)(2x+2y+2z+2a+2b—3)!

(2y + 22 + 2b — 3)!

" (y+z-2)(z+y+2+b—2)(z+y+2z+2a+2b—1)!
Ttyt+tz-2@+y+z+2a+b—1)(2r+y+2+2a+20—1)
a+b+2z2z+2a+20-1)! (b4 2)!
b+ z (z+b+2a)  (22+2b—1)!
y+z+b—-1 (y+z+2a+b-1)! (2y+2z+2b-—3)!
y+z+a+b—102y+22+2a+20—3)! (y+z+b—1)!

(53)

_ |
(

(54)
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¢z,y,zfl(a7b)
) Px,y,2(a,b)
by the above simplified form of the first fraction, we obtain

Working similarly for the second fraction, , of the first term and multiplying the result

Gzy—1,2(a,0) ¢py.—1(a,b) 2x+y+2+2a+2b)(2y + 22 +2a+2b—1)

bz y—1,2—1(a,b) ¢zy-(a,b) 2r +2y+22+2a+2b—1)(z+y+2+2a+2b)
(55)

Next, we work on the second term on the left-hand side of (48). The first fraction can be
written as

br1y:(a,b) T(w+by+a—-1a) Tl@+z+a+b+1l,y+a—1,a)
bry-(a,b)  T@+b+ly+ta—1a)T(x+z+a+b+2,y+a—1,a)
><T(m%—2a+b+2,y+b—1,b)T(m%—z%—1,y+b—l,b)Q(a,b,:r:—1,y+z)
T(x+2a+b+1,y+b—1,0) T(x+z,y+b—1,b) Qa,b,z,y + 2)
(x+b), (x+z4+a+b+1)y (z4+y+2a+b+1)p(z+y+2)
(r+y+b(zr+y+z+a+b+1), (x+2a+b+1) (x4 2)p
y (r+a+b) (z+y+z—Dl(z+b-1)!
(x+y+z+a+b)2r+2y+22z+2a+20—1)2x +2a+2b)! (x+y+2+b—1)(z—1)!
X(a:+y+z+2a+b)!(:v+2a+2b)!(2a+2b+2x+y+z—1)!(2a+2b+2x+y+z)!
(x +y+ 2+ 2a+ 2b)!(x + 2a + b)!

(56)

. (57)

Working similarly for the second fraction % and multiplying by the above simplification
of the first one, we get

¢m+1,y71,z71(a’ b) ¢mfl,y,z(aa b) _ .%'(2.%' +2a + 20+ 1) (58)

bzy—1,2-1(a,b)  Pgy-(a,b) (2r+2y+22+2a+2b—1)(x +y+ 2+ 2a+2b)

We have now

Qsm,yfl,z(a, b) Qb:v,y,zfl(aa b) ¢x+1,y71,z71(aa b) Qb:vfl,y,z(a, b)

¢x,y71,271(aa b) Qsm,y,z(a, b) Qsm,yfl,zfl(a, b) ¢m,y,z(aa b)

2z+y+z+2a+2b)(2y+22+2a+2b—1)
2z +2y+22+2a+2b—1)(x+y+ 2+ 2a+ 2b)
2 2 2b+1
2(2r+2a+2b+1) =1. (59)

* (2x +2y +2z2+2a+2b—1)(z +y+ 2z + 2a + 2b)
This finishes the proof of (16).

We now prove (17) by induction on = + y + z. The three base cases here are still the cases
ofx=0,y=0, and z = 0.

Similar to the case when k = 1 above, when = = 0, we can partition our region into two
O-type regions and several forced lozenges (shown in Figure 8(b)). By Region-splitting Lemma
13, we have

M(Hé,lgj,z(a’l’ s ?an)) = M(Q(Oa a1,a2, ..., A2k, y)) M(Q((Zl, ag,...,az + Z)) (60)

Our tiling formula (17) follows from (16) and Lemma 3.
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If y = 0, we partition our regions into two Q-type regions (and several forced lozenges)
along the line containing the bases of the triangular holes (see Figure 9(b)). By Region-splitting
Lemma, we can also write the number of tilings of our region here as the product of these Q-type
regions as follows:

M(Hé}o),Z(G/l’ . ,a%)) = M(Q(O, ai,a, ... ,agk,l)) M(Q(al, as,...,a9k, T, Z)) (61)

Then (17) follows again from (16) and Lemma 3.

The last base case is the case when z = 0. Similar to the cases of z = 0 and y = 0, we can
break our region into two Q-type regions as in Figure 10(b). Region-splitting Lemma gives us
the following formula:

M(Ha(c}o),z(ah e ,agk)) = M(Q(O, al,a,...,a9k—1,02k + xZ, y)) M(Q(al, ag, ... ,a%)). (62)

Then (17) is implied by (16) and Lemma 3.

For the induction step, we assume that z,y, z are all positive and that (17) holes for any
HW_type region with 2k holes (k > 2) whose sum of the z-, y- and z-parameters is strictly
less than = + y + z. We need to show that (17) holds for the general region Hggz,z(a), where
a = (ay,as,...,as) is a sequence of positive integers with k > 2.

As proved by using Kuo condensation above, the tiling number of the region H, :gz)h »(a) satisfies
the recurrence (46). Therefore, our work is now verifying that the formula in (17) satisfies the
same recurrence.

Denote by ®, , .(a) the formula on the right-hand side of (17). We now need to verify that

q)m,yfl,z(a) q)m,y,zfl(a) q)erl,yfl,zfl(a) q)mfl,y,z(a)
Pyy—1,:-1(a) Pry2(a) Ppy—1-1(a)  Puy.(a)

We write @, .(a) = ¢gy.-(0O(a),E(Q)) - fry-(a), where ¢y -(a,b) was defined as in the verifi-
cation of (16). We need to show that:

fry-12(2)foyo-1(a) ¢ey-1:(0(a),E(a)) ¢ury.-1(0(a), E(a))
foy—1:-1(a) fay,2(a) dzy-1,:-1(0(a), E(a)) ¢s4,:(0(a),E(a))
Sor1y-1,:-1(8) fa—1y,2() dat1y-1,:-1(0(a), E(a)) ¢z—1,4,:(0(a), E(a))
foy-1,2-1(a) foy,2(a) bzy-1,.-1(0(a), E(a))  ¢z,4,:(0O(a), E(a))
For given sequence a = (a1, ag, ..., ay), the function f, , .(a) only depends on the parameters

y and z and the sums x + y and x + z. The values of these quadruples for the four occurrences
of f in the first fraction in the first terms are:

~1. (63)

- =1.  (64)

(y—l,z,:v+y—1,x+z), (y,Z—l,Z+y,CU+Z—1)
(y—l,z—l,x—{—y—l,x—{—z—l), (y,z,x—l—y,x—i—z), (65)

where the two quadruples on the top row correspond to the two f-functions on the numerator,
and the two quadruples on the bottom row correspond to the two f-functions on the denominator
of our fraction. In particular, the values of these parameters in each row form the same set.
This means that the product of two f-functions on the numerator is equal to the product of the
ones on the denominator. It means that

Jey—1:(2)fry--1(a)
f:v,yfl,zfl (a)f:c,y,z(a)

— 1. (66)
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Similarly, we have
f:erl,yfl,zfl (a)f:vfl,y,z (a)

Jry—1,2-1 (a)fx,y,z(a)

—1, (67)

and (64) becomes
$ry-1.:(0(a), E(@)) ¢oy:-1(0(),E(@)) | $rt14-1.:-1(0(a), E(a)) ¢z-14.:(0(a) 1

Pry-1.:-1(0(a), E(@)) ¢zy,2(0(a), E(a)) Gry-1.:-1(0(2),E(a))  dzy.:(0(a), E(a)) o)
68

=
2

However, this is exactly a consequence of (16), then (17) follows.

Finally, as mentioned before, any H(-type region with an odd number of holes can be
viewed as a region with an even number of holes, when the rightmost hole has size 0. This
means (18) follows. O

The proofs of Theorems 57 are essentially the same as that of Theorem 4, and will be
omitted.

We devote the next part of this section to the proof of Theorem 8.

Proof of Theorem 8. This proof follows the lines in the proof of Theorem 4.

We first prove (25) by induction on = + y + z. The base cases are still: z = 0, y = 0, and
z=0.

Similar to the case of H(-type regions, if z = 0, we can split our regions into two disjoint
subregions (and several forced lozenges as in Figure 13). By Region-splitting Lemma 13, we get

M<Hé,53,z<a1, csagy)) =2 M(K'(0,a1 + 1, a9, . . ., agr, y)) M(Q(ay, ag, ... ,agy + 2)).  (69)

Then (25) follows from the above identity (when specializing k = 1) and Lemma 3.
If y = 0, Figure 14 and Region-splitting Lemma 13 tell us

M(Hi‘?&z(a’la s ,(lgk)) = 2" M(’C,(()? ai + 15 az, ... aa2k:—1)) M(Q(ala Az, ..., A2k, T, Z)) (70)
Finally, when z = 0, we have as in Figure 15

M(Hi?:z,o(ala cee aa2k)) = 2(11 M(’C,(O, ay + 15 az,...,azk—1,0a2 + Z, y)) M(Q(a’la az, ... aa2k))‘
(71)
Then (25) follows again from Lemma 3 in the cases y = 0 and z = 0.
For the induction step, we assume that z,y,z > 1 and that (25) holds for any H (5)—type
region with two holes whose sum of the z-, y-, and z-parameters is strictly less than x + y + z.

We need to show (25) for any region HS&Z(Q, b).

We apply Kuo condensation to the dual graph G of the region H, JE?Z)L »(a) for a general sequence
of nonnegative integers a = (ay,aq,...,ay,), based on Figure 16. The figure tells us that the
product of the tiling numbers of the two regions in the top row equals the product of the tiling
numbers of the two regions in the middle row plus the product of the tiling numbers of the two

regions in the bottom row. In particular, we have

(2) =M(HD) | () M(HY) . ()

+MES), L ()MED, (), (72)

M(H®) _(a)) M(H")

T,Y,2 z,y—1,z2—1
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as + ay

y+as

AVAVA AVAVA
\VAVAVA VAVAVAVA

z+as+ ay

zZ+ as

Z4as+ay

(NNININININN/
\VAVAVAVAVAVAY

Figure 14: The base case y = 0 for the H®)-type regions
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xr+as+ ay

y+as

) VAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAVAVA'
\VAVAVAVAVAVAVAVAVA
\VAVAVAVAVAVAVAVAY

as + ay

Figure 15: Applying the Region-splitting Lemma 13 to a H®)-type region in the case of z = 0.

for any sequence a = (ay,as,...,ax). To verify (25) we only need to show that the expression
on the right-hand side of its satisfies the same recurrence.
We denote by 1, 4 .(a,b) the product on the right-hand side of (25), we would like to show

that
¢x,y,z(aa b)¢x,y71,zfl (aa b) = ¢x,y71,z(aa b)¢x,y,zfl (aa b) + ¢x+1,y71,271(a> b)wmfl,y,z(aa b)a (73)

or

T;Z)m,yfl,z(aa b) ¢x,y,zfl(aa b) + ¢x+1,y71,271(a> b) ¢x71,y,z(a> b) -1 (74)
¢x,y71,z71(a> b) T;Z)m,y,z(% b) ¢x,y71,z71(aa b) wm,y,z(aa b)

We have several additional claims (that follow directly from the definition of the products T and
V) as follows:

Claim 20. v( )
T, m,m

o\ I — 2 m-

V(z,n—1,m) [ +2n = 2m] (75)
Claim 21.

V(z,n,m)  [z+42n—2m]y, (76)

V(z —2,n,m)) N [z — 2], '

Claim 22. T( )
r,m,m) B

27
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Using the above claims, we now have the first fraction in the first term on the left-hand side
of (74) simplified as

%g,y—l,z(a, b) _ Pz-l—b,z—i—b,a Py+z+b—2,y+z+b—2,a
Yay—1,-1(0,0)  Poip1290-1,04 Pytatb—1,y+24b-1.a
VR2a+20+3,y+2—-2,y—1)V2x +2a+2b+3,y+2—3,y—1)
V(2a+20+3,y+2z—3,y—1)VR2x+2a+2b+3,y+2—2,y — 1)

(
Tx+b+1l,y+2+2a—1,y—1)Tb+1,y+2+2a—2,y—1)

(

(

)T
Tx+b+1l,y+2z+2a—2,y—1)T(b+1l,y+2+2a—1,y—1)
T(z+1l,y+b—-2,b) T(x+z,y+b—2b0) Qa,bx,y+z—1)
T(z,y+b—2,b) T(x+z+1lLy+b—2,0) Qa,b,x,y+2z—2)
. Pz+b,z+b,a

X
X
X

Poyp-1:46-1a

y+z+b—1 (y+z+2a+b—-1)! (2y+2z+2b—3)!
y+z+a+b—1Q2y+2z+2a+2b—-3)! (y+z+b—1)!
y 2z+2a+20+1],—1 (x+z+2a+b+1)y1(y+2z—1) (T + 2)p
20 +224+2a+2b+1],1 (z+2a+b+1)y_; (2)p (x+y+2z—1)
X(ac—i-y—i-z—l—a—i-b—1)(2x+2y+2z+2a+2b—3)!

(2y + 224 2b - 3)!

(y+z—2z+y+z+b—2)(z+y+2z+2a+2b—1)

(z+ty+z-2)(z+y+2+2a+b-1!2r +y+2z+2a+2b—1)

(79)

wz,y,zfl(avb)

Working the same for the fraction TR Xy and multiplying up the two simplifications, we get

¢x,y71,z(a, b) wm,y,zfl(a, b) (y+z+a+b)(2x+y+2+2a+2b)

. 80
Yo y—1,2—1(a,0) gy -(a,b) (x+y+2z+a+b)(z+y+ 2+ 2a+ 2b) (80)
Next, we work on the second term in (74). We get the following simplifications:
Yo-1y:(a,0) V(22 +2a42b+3,y+2—1,y)
Yzy,2(a,b) - VR2xr+2a+2b+1,y+2—1,y)
T(x+by+2z+2a,y) Tx+2a+b+2,y+b—1,0)T(x+2z+1,y+b—1,0)
Tx+b+1,y+2+2a,y) T(z+2a+b+1L,y+b—1,0) T(zr+z,y+b—10)
Q(a’? b,l‘ - 1’y+z) (81)
Q(a’a b,x’y+z)
~ [2r 422420420+ 1], (x+0b)y (r+y+2a+b+1)p(z+y+2)
2z 4+2a+2b+1], (r+z4+2a+b+1), (r+2a+b+1) (x4 2)p
(z+a+b) 1 (z+y+z—Dlz+b—1)
(x+y+z+a+d) 2z +2y+22+2a+2b—1)2x+2a+2b)! (z+y+2z+b—1)(x —1)!
" (x+y+2z+2a+0b)(x+2a+2b)!(2x +y+ 2+ 2a+20—1)/(2x + y + 2 + 2a + 2b)! (82)
(x +y+ 2+ 2a+20)(x+ 2a+0b)! ’
and then
¢x+1,y71,z71(aa b) ¢x71,y,z(aa b) -%'(1'+a+b) (83)

Yoy—1,-1(a,0)  Vpy-(a,b) (z+y+z+a+bd)(z+y+2z+2a+2b)
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It is easy to see that

T;Z)m,yfl,z(aa b) ¢x,y,z71(aa b) + ¢x+1,y71,271(a, b) ¢x71,y,z(a, b) _
¢x,y71,271(a, b) wm,y,z(a, b) ¢x,y71,271(aa b) wm,y,z(aa b)
(y+z+a+b(2x+y+z+2a+2b) x(x+a+0)
(r+y+z+a+b)(z+y+z+2a+2b) (x4+y+z+a+bd(z+y+z+2a+2b)

)

(84)

and (74) follows.

We also prove (26) by induction on x + y + z. The base cases are also the situations when
at least one of the three parameters x,y, z is equal to 0. This cases follows from the equations
when proving the base cases for (25).

The induction step here is exactly the same as that in the proof of (25). We only need to
show that the formula on the right-hand side of (26) also satisfies the recurrence (72). Similar
to the proof of Theorem 4, this verification follows from (74). O

Theorems 9-11 can be treated similarly to Theorem 8 in a completely analogous manner,
and we also omit the proofs of these theorems here.

We finally prove Theorem 12.

Proof of Theorem 12. Apply Ciucu’s Factorization Theorem 15 to the dual graph G of S =
Szy,-(a), we obtain
M(S) = M(G) = 2¢¥FeFFan M(GT) M(G). (85)

We consider first the case when = and a; are both even. Note that we also have z even in this
case (z and x always have the same parity). It turns out that the component graph G~ (defined
by the cutting procedure in Theorem 15) is the dual graph of the region

(3) s
Hy 5a),y—21B(a), 2 -B(a) < 9 7“27"'7a">
(see Figure 17(a)). Thus,
- _ 173 ai
M(G7) = H o)y s vz ga) (002010 - (86)

The graph G after removed several forced edges (the edges corresponding to the forced lozenges
in Figure 17(a)) is the dual graph of the region

®) a1
H%JrE(a),yf%JrE(a),%fE(a) ( 5 7“27---7%> :

Since the removal of these forced edges does not affect to the number of matchings, we have

+y - @ a1
M(GT) = HE) o)y s vz ia (002010 - (87)

Then part (1) of the theorem follows from (85)—(87).
Parts (2), (3), and (4) can be similarly treated by using Ciucu’s Factorization Theorem,
based on Figures 17(b), (c), and (d), respectively. O
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/N
JAVAVANTY AVAVAVAVAY

2z + 2ay

(d)

AVAVAVAVAVAVAVAV‘
VAVAVAVAVAVAVAV‘

2z 4+ 2ay

\VAVAVAVAVAVY &4

T +a+ag T+ a;+ag
®

©

Figure 16: Applying Kuo condensation to a H®)-type region.
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T+ 2az T + 2ay

A\VA
T+ a + a3 T+ a) + 2a3
© )

Figure 17: Apply Ciucu’s factorization theorem to a symmetric hexagon with an array of holes
on the symmetric axis.
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Remark 23. If the parameter z in the region S = S, .(a) is too small or too large, then the
region does not have a tiling. We can still apply Ciucu’s Factorization Theorem to the dual
graph G of the region S for any z, and still get the equality (85). However, if z < 2E(a) — 1 or
z > 2y + 2E(a) + 1, then at least one of the component graphs Gt and G~ has no matching.
To see this, we consider the regions corresponding to them. Let us work in detail here for the
case of even z and a; (the other cases can be treated in the same manner). If z < 2E(a) — 1,
then the region corresponding to G~ is still an H®)-type region, denoted by R, however, it has
a negative y-parameter. In this case, divide the region into two subregions, denoted R; and Rs
for the upper and lower ones, along the line containing the bases of the triangular holes. By the
same arguments in the proof of the Region-Splitting Lemma 13, we can show that a tiling of R
(if exists) can be written as union of two independent tilings of R; and Ry. However, it is easy
to see that Ry has no tiling (since it is not balanced). Similar in the case of z > 2y +2E(a) + 1,
the upper subregion R; has no tiling. In summary, R has no tiling, so does S.
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